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Well-Posedness of Stochastic Continuity Equations on
Riemannian Manifolds*
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Abstract The authors analyze continuity equations with Stratonovich stochasticity,

dp + divy, [p o (u(t, x) + zl_v: a; (m)Wl(t))] =0

defined on a smooth closed Riemannian manifold M with metric h. The velocity field u is
perturbed by Gaussian noise terms W1 (t),---, Wn (t) driven by smooth spatially dependent
vector fields a1 (), - - - ,an(x) on M. The velocity u belongs to L W, 2 with divy, u bounded
in L7, for p > d + 2, where d is the dimension of M (they do not assume divyu € L§).
For carefully chosen noise vector fields a; (and the number N of them), they show that the
initial-value problem is well-posed in the class of weak L? solutions, although the problem
can be ill-posed in the deterministic case because of concentration effects. The proof of this
“regularization by noise” result is based on a L? estimate, which is obtained by a duality
method, and a weak compactness argument.

Keywords Stochastic continuity equation, Riemannian manifold, Hyperbolic equa-
tion, Non-smooth velocity field, Weak solution, Existence, Uniqueness
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1 Introduction and Main Results
One of the basic equations in fluid dynamics is the continuity equation
Oip + div(up) =0 in [0,T] x R?,

where u = u(z, t) is the velocity field describing the flow and p is the fluid density. It encodes the
familiar law of conservation of mass. Mathematically speaking, if the velocity field u is Lipschitz
continuous, then the continuity equation (and the related transport equation) can be solved
explicitly by means of the method of characteristics. Unfortunately, in realistic applications, the
velocity is much rougher than Lipschitz, typically u belongs to some spatial Sobolev space and
one must seek well-posedness of the continuity equation in suitable classes of weak solutions.

Well-posedness of weak solutions follows from the theory of renormalized solutions (see [1, 13,
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33-34]), assuming that u € L{W,»' (or even L{BV,) with divu € L5,. A key step in this
theory is to show that a weak solution p is also a renormalized solution, that is, S(p) is a weak
solution for all “reasonable” nonlinear functions S : R — R. It is the validity of this chain rule
property that asks for W' (or BV,) regularity of the velocity u. The assumption that divu
is bounded cannot be relaxed (unbounded divergence leads to concentration effects).

Recently there has been significant interest in studying fluid dynamics equations supple-
mented with stochastic terms. This (renewed) interest is partly motivated by the problem of
turbulence. Although the basic (Navier-Stokes) equations are deterministic, some of their solu-
tions exhibit wild random-like behavior, with the basic problem of existence and uniqueness of
smooth solutions being completely open. There is a vague hope that “stochastic perturbation-
s” can render some of the models “well-posed” or “better behaved”, thereby providing some
insight into the onset of turbulence. We refer to [18] for a general discussion of “regularization
by noise” phenomena, which has been a recurring theme in many recent works on stochastic

transport and continuity equations of the form
dp+Vpo(u+aW) =0, dp+div[po (u+aW) =0, (1.1)

posed on R? with a given initial condition pli—g = po. Here W = W(t) is a Wiener process
with noise coefficient a and the symbol o refers to the Stratonovich stochastic differential. It
is not our purpose here to review the (by now vast) literature on regularization by noise (i.e.,
improvements in regularity, existence, uniqueness, stability, etc., induced by noise). Instead
we emphasize some of the papers that develop an analytical (PDE) approach [3, 6, 23-24, 39],
related to the one taken in the present paper. There is another flexible approach that study
the stochastic flow associated with the SPDE (1.1), relying on regularizing properties of the
corresponding SDE to supply a flow that is more regular than its coefficient u, see e.g. [19] for
the stochastic transport equation and [35-36] for the stochastic continuity equation. A good
part of the recent literature is motivated by the article [19] of Flandoli, Gubinelli, and Priola,
which in turn built upon an earlier work by Davies [11]. One of the main results in [19] is that
if u is x-Holder continuous, then the initial-value problem for the transport equation in (1.1)
is well-posed under the weak assumption that divu € L?. Most of the works just cited assume
that the noise coefficient a is constant. Well-posedness results for continuity equations with
a-dependent noise coefficients can be found in [39] (see also [40] and [29]). Subtle regularization
by noise results for some nonlinear SPDEs can be found in [23-24]. Let us also recall that first
order stochastic partial differential equations (SPDEs for short) with “Lipschitz coefficients”
have been deeply analyzed in Kunita’s works (see [9, 31]).

In recent years there has been a growing interest in analyzing the basic equations of fluid
dynamics on Riemannian manifolds instead of flat domains, with the nonlinearity (curvature)
of the domains altering the underlying dynamics in nontrivial ways (see e.g. [2, 7, 43]). A
Riemannian manifold provides a more general framework in which to study fluid dynamics
than a “physical surface”, with the relevant quantities becoming independent of coordinates

and a distance function. Partial differential equations (PDEs for short) on manifolds arise in
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many applications, including geophysical flows (atmospheric models of fluids constrained to
flow on the surface of a planet) and general relativity in which the Einstein-Euler equations
are posed on a manifold with the metric being one of the unknowns. Transport equations on
manifolds have been analyzed in [14, 17], where the DiPerna-Lions theory of weak solutions is
extended to (some classes of) Riemannian manifolds.

The mathematical literature on SPDEs on manifolds is at the moment scanty, see [15, 21,
27-28] for equations in which the noise enters the equation as an Itd source term. In [22] we
established the renormalization property for weak solutions of stochastic continuity equations
on manifolds, under the assumption that the irregular velocity field u belongs to L{W 2.
Corollaries of this result included L? estimates and uniqueness (provided divy, u € L°). The
purpose of the present paper is to establish the existence and uniqueness of weak L? solutions
without the assumption div, u € L.

To be more precise, we are given a d-dimensional (d > 1) smooth, closed and compact
manifold M, endowed with a (smooth) Riemannian metric h. We are interested in the initial-

value problem for the stochastic continuity equation

N
dp + divy (pu)dt + Z divp(pa;) o dW(t) =0 in [0,T] x M, (1.2)
i=1
where T' > 0 denotes a fixed final time, w : [0, 7] x M — T'M is a given time-dependent irregular
vector field on M, aq,--- ,ay : M — TM are suitable smooth vector fields on M (to be fixed
later), Wt ... W are independent real-valued Brownian motions, and the symbol o means
that the equation is understood in the Stratonovich sense. We recall that for a vector field X
(locally of the form X79;), the divergence of X is given by div, X = 9;X7 + ngX ¢ where
I‘fj are the Christoffel symbols associated with the Levi-Civita connection V of the metric h
(Einstein’s summation convention is used throughout the paper).

Roughly speaking, the proof of well-posedness for (1.2) consists of two main steps. In the first
step we construct an appropriate noise term that has the potential to suppress concentration
effects. Indeed, to remove the assumption divy, u € L%, we are led to consider a specific noise
term linked to the geometry of the underlying curved domain M, implying a structural effect
of noise and nonlinear domains on improving the well-posedness of weak solutions (more on
this below). Related results on Euclidean domains (with a-independent noise coefficients) can
be found in [3, 6] (see also [35-36, 39]). In the second step, with help of the noise term, we
establish a crucial L°LZ , estimate for weak solutions that do not depend on || divy, u|z~. To
this end, we make use of a duality method, inspired by Beck, Flandoli, Gubinelli and Maurelli
[6], Gess and Maurelli [23-24], and Gess and Smith [24] (more on this below).

We use the following concept of weak solution for (1.2) (for unexplained notation and back-

ground material, see Section 2).

Definition 1.1 (weak L? solution, Stratonovich formulation) Given py € L*(M), a weak L?
solution of (1.2) with initial datum pli—o = po is a function p that belongs to L>([0,T]; L?(2 x
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M)) such that Vi) € C°°(M) the stochastic process (w,t) — [, p(t)dVy has a continuous

modification which is an {F; }ie(o,1)-semimartingale and for any t € [0,T] the following equation

holds P-a.s.:
/M ()deh—/ powdvh+/ / () dVj, ds
+Z// ¥) dVj, o AW (s).

We have an equivalent concept of solution using the It0 stochastic integral and the corre-
sponding SPDE

N N

dp + divy,(pu) dt + ; divy,(pa;) dWi(t) — % ; Ai(p)dt =0, (1.3)
where A; is a second order differential operator linked to the vector field a;, defined by A;(p) :=
divy (divp(pas)a;) for i = 1,--- N. Recall that, for a smooth function f : M — R and a
vector field X, we have X(f) = (X,grad, f)n, (which locally becomes X79;f). Moreover,
X(X(f) = (V*)(X,X) + (VxX)(f), where V2f is the covariant Hessian of f and VxX is
the covariant derivative of X in the direction X. In the It6 SPDE (1.3) the operator A;(+) is
the formal adjoint of a;(a;(-)).

According to [22], the next definition is equivalent to Definition 1.1.

Definition 1.2 (weak L? solution, It6 formulation) Given pg € L?(M), a weak L? solution
of (1.2) with initial datum pli—o = po is a function p that belongs to L>([0,T]; L?(2 x M))
such that Vi) € C°°(M) the process (w,t) — [,, p(t) dVy has a continuous modification which
is an {Ft}efo,r)-adapted process and for any t € [0,T] the following equation holds P-a.s.:

/M ()deh—/ podeth// ¥)dV;, ds

+Z/ / ) AV, dW¥(s)
1 Z// )ai(ai(v)) AV, ds. (1.4)

To guarantee that these definitions make sense, we need the vector field u to fulfill some

basic conditions. First, we require spatial Sobolev regularity:
1 1,2
ue L ([0, T]; W*(M)), (1.5)

R
see Section 2 for unexplained notation. This means that v € L'([0,T]; L?(M)), which is suffi-
cient to ensure that the mapping t — fot Jas P(s)u(s)(1) AV}, ds is absolutely continuous, P-a.s.,

for any p € L°L2 , and ¢ € C°°(M), and hence it is not contributing to cross-variations

w,x

against W', These cross-variations appear when passing from Stratonovich to Itd integrals in
the SPDE (1.2).
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In addition, we will assume that
we L=([0, 7); L=(M)), (1.6)

and, more importantly, that the distributional divergence of u satisfies
divy,u € LP([0,T] x M) for some p > d + 2. (1.7)

To derive a priori estimates, we need the following concept of renormalization (see [22] for

details and comments).

Definition 1.3 (renormalization, 1t6 formulation) Let p be a weak L? solution of (1.2)
with initial datum pli—g = po € L?*(M). We say that p is renormalizable if, for any F €
C*(R ) with F, F',F" bounded on R, and for any 1 € C(M), the stochastic process (w,t)
fM t))1 dVy, has a continuous modification which is an {Fi}iepo,r)-adapted process, and,
setting Gp(f) =CF'(&) — F(£), for £ € R, the function F(p) satisfy the SPDE

dF(p) + divy (F(p)u) dt + Gr(p) divy, udt
N N
+ ) diva(F(p)a;) AW () + Y Gr(p) divy a; AW ()

N 1N

Ai(F(p))dt — 3 D A(1)Gr(p)dt
1

i=1

DN | =

N N

1 . . _

+5 Z F"(p) (pdivy, a;)?dt + ; div, (Gr(p)a;) dt, (1.8)

weakly (in x), P-a.s., where the first order differential operator @; is defined by @; := (divy, a;)a;
and N;(1) = divy a; for i = 1,--- | N; that is, for all p € C°(M) and for any t € [0,T], the

following equation holds P-a.s.:

/F N dVy, = / podeh—i—// ¥)dV;, ds

+Z//NW»MWMWU

=1 0 M
AR
+3 Z;/O | F(pls)) ailas(v)) dVa ds
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N t
_Z/O /MGF(p(s))Ei(Q/J)thds. (1.9)
i=1

Theorem 1.1 (renormalization property see [22]) Assume (1.5) and consider a weak L?
solution p of (1.2) with initial datum py € L*(M), according to Definition 1.2. Then p is

renormalizable in the sense of Definition 1.3.

To prove the L? estimate mentioned earlier, we actually need a version of the weak formu-
lation (1.9) that uses time-dependent test functions. Moreover, we are required to insert into
that weak formulation “non-smooth” test functions. These technical aspects of the theory are
developed in Sections 4-5.

One can only expect the noise term to improve the well-posedness situation for (1.2) if

the resulting second order differential operator > a;(a;) appearing in (1.4) is non-degenerate
i

(uniformly elliptic). The required non-degeneracy is not guaranteed. The reason is a geometric
one that is tied to the nonlinearity of the domain. Indeed, given an arbitrary d-dimensional
smooth manifold M, it is not possible to find a global frame for it, that is, d smooth vector
fields Eq,---, E4 that constitute a basis for T, M for all x € M. Manifolds that exhibit this
property are called parallelizable. Examples of parallelizable manifolds are Lie groups (e.g. R,
T?) and the sphere S? with d € {1,3,7}. We refer to Section 6 for further details, and a proof

of the following simple but useful fact.

Lemma 1.1 (non-degenerate second order operator) There exist N = N(M) smooth vector
fields aq,--- ,an on M such that the following identity holds

N N
1 1 _
52 ailai() = Awp = 5 3 a@(w), Vv e C*(M),
i=1 i=1
where Ay, is the Laplace-Beltrami operator of (M,h) and @y,--- ,an are first order differential
operators: @; := (divy a;)a; fori=1,--- /N.
It is now clear that with the specific vector fields aq, - - -, any constructed in Lemma 1.1, the

N

resulting second order operator 3 Y a;(a;(-)) in (1.4) becomes uniformly elliptic. The main
i=1

result of this paper, which shows how the use of noise can avoid concentration in the density

p, is the following theorem.

Theorem 1.2 (well-posedness) Suppose conditions (1.5)~(1.7) hold. Let the vector fields
ai, -+ ,an be giwen by Lemma 1.1. Then there exists a unique weak solution of (1.2) with

initial datum pli—o = po € L*(M).

As far as we know, this theorem provides the first result on regularization by noise on a
manifold (we are not aware of any such result even for ODEs). The proof consists of several
steps. The first one establishes the well-posedness of strong solutions to (1.2) with smooth data
(u, po), which is the topic of Section 3. Here the basic strategy is, with the help of a smooth

partition of unity subordinate to a finite atlas, to solve localized versions of (1.2) “pulled back”
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to R?, relying on Kunita’s existence and uniqueness theory for SPDEs on Euclidean domains
(see [30-31]). We “glue” the localized solutions together on M, obtaining in this way a global
solution. The gluing procedure is well-defined, because if two coordinate patches intersect, then
their corresponding solutions must agree on the intersection, in view of the uniqueness result
that is available on R? (with u, po smooth). In Section 8, we derive an L? estimate for general

weak solutions p (with non-smooth wu, pg):

E/M Ip(t,2)[2 dz < C/M po(@)2de, € [0, T, (1.10)

where the constant C' depends on || divy ul|pr , see (1.7), but not || divy ul[ze. The derivation
of this estimate is based on (1.8), and a duality argument in which we construct a specific
(deterministic) test function ¢(¢,z) that can “absorb” the bad divyu term in (1.8). This

function solves the terminal-value problem
Od(t) + Apo(t) — b(t,x)p =0 on [0,t0] x M, é(tg,x) =1 on M,

where tg € [0, T], A, is the Laplace-Beltrami operator, and b = b(t, ) < 0 is an appropriately
chosen irregular function (b € LP with p > d + 2). Using Fredholm theory and embedding
theorems in anisotropic Sobolev spaces Wéf"p (see [8]), we prove that this problem admits a

unique solution ¢ € Wt{f’p that satisfies
H(¢7v¢)”Lf"x < C(padaTvM)HbHLfma (111)

where V denotes the covariant derivative. Using this ¢ as test function in the time-space weak
formulation of (1.8), along with the estimates (1.11), we arrive at the L? estimate (1.10) via
Gronwall’s inequality. In the final step (Section 9), we replace the irregular vector field u and
the initial function py € L? by appropriate smooth approximations u, and pg r, respectively,
where 7 > 0 is the approximation parameter, and solve for each 7 > 0 the corresponding SPDE
with smooth data (ur, po,r), giving raise to a sequence {p;},r>o of approximate solutions. In
view of (1.10), we have an L? bound on p, that is independent of 7, which is enough to arrive
at the existence of a weak solution to (1.2) by way of a compactness argument. Uniqueness is
an immediate consequence of (1.10).

Before ending this (long) section, let us briefly discuss the nontrivial matter of regularizing
functions and vector fields on manifolds. In the Euclidean case one uses mollification. Mollifica-
tion possesses many fitting properties (e.g. it commutes with differential operators) that are not
easy to engineer if the function in question is defined on a manifold. Indeed, on a Riemannian
manifold, there are a number of smoothing devices currently being used, including partition of
unity combined with Euclidean convolution in local charts (see e.g. [14, 21-22]), Riemannian
convolution smoothing (see [25]), and the heat semigroup method (see e.g. [17, 21]), where the
last two are better at preserving geometric properties. In this paper, for smoothing of the data
po (function) and u (vector field), we employ standard mollifcation in time and convolution

with the heat semigroup in the spatial variables, where the heat semigroup approach is applied
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to functions as well as vector fields (the latter via 1-forms and the de Rham-Hodge semigroup),

see Section 10 for details.

2 Background Material

In an attempt to make the paper more self-contained and fix relevant notation, we briefly
review some basic aspects of differential geometry and stochastic analysis. For unexplained

terminology and rudimentary results concerning the target equation (1.2), we refer to [22].

2.1 Geometric framework

We refer to [4, 12, 32] for background material on differential geometry and analysis on
manifolds. Fix a closed, compact, connected and oriented d-dimensional smooth Riemannian
manifold (M, h). The metric h is a smooth positive-definite 2-covariant tensor field, which
determines for every x € M an inner product h, on T,M. Here T, M denotes the tangent

space at z, and by TM = [] T,M we denote the tangent bundle. For two arbitrary vectors
reM
X1, X2 € T,M, we will henceforth write h, (X1, Xs) =: (X1, X2)n, or even (X1, Xa)p if the

1 .
context is clear. We set | X|;, := (X, X)7?. Recall that, in local coordinates x = (z*), the partial
derivatives 9; := % form a basis for T, M, while the differential forms da’ determine a basis

for the cotangent space T, M. Therefore, in local coordinates, h reads
h = hij dxidxj, hij = (81, Bj)h.

We will denote by (h*) the inverse of the matrix (h;;).
We denote by dV}, the Riemannian density associated to h, which in local coordinates takes
the form
AV, = |h|? da* - - - da?,

where |h| is the determinant of h. Throughout the paper, we will assume for convenience that
Vol(M, h) = / vy = 1.
M

For p € [1, 0], we denote by LP(M) the usual Lebesgue spaces on (M, h). In local coordinates,

the gradient of a function f: M — R is the vector field given by the following expression
grady, f := h"0,f 0;.

The symbol V refers to the Levi-Civita connection of h, namely the unique linear connection
on M that is compatible with h and is symmetric. The Christoffel symbols associated to V are
given by

Dl = S @i + 0jha — by,

In particular, the covariant derivative of a vector field X = X0, is the (1, 1)-tensor field which
in local coordinates reads
(VX)§ = 0;X*+ T, X",
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The divergence of a vector field X = X79; is the function defined by
divy, X = 0;X7 + T, X",

For any vector field X and f € C'(M), we have X (f) = (X, grad,, f)s, which locally takes
the form X79;f. We recall that for a (smooth) vector field X, the following integration by

parts formula holds:

/ X(f)thZ/ (gradhf,X)thhz—/ fdthXth,
M M M

recalling that M is closed (so all functions are compactly supported).

Given a smooth vector field X on M, we consider the norm

/ XP Ve, pe o0,
= M

X nll e ary, P = o0

P
HXHW

The closure of the space of smooth vector fields on M with respect to the norm || - ||Lp—5 is
N (M
denoted by LP (M ). We define the Sobolev space W1P(M) in a similar fashion. Indeed, consider

the norm
» (| X7+ |VX|P)dVs,  ifpe[l,00),
HXHW = M .
X[+ VX n L any,  ifp = o0,
where, locally, [VX |7 = (VX);'» hih?™ (VX)E . The closure of the space of smooth vector fields
R —
with respect to this norm is W1P(M). For more operative definitions, LP (M ) and WiP (M)
can be seen as the spaces of vector fields whose components in any arbitrary chart belong to
the corresponding Fuclidean space.
We will make essential use of the anisotropic Sobolev space W12P([0,T] x M), with p €
[1,00) and T > 0 finite. This space is defined as the completion of C°°([0,7] x M) under the

norm

1
[wll w2 (o, x ary = Z [// |8§ka|2dtdvh}p7 (2.1)
[0,T]x M

J,k>0
2j+k<2

where VFw denotes the kth covariant derivative of the function w. We have the following

important embedding result (see Section 10 for a proof).
Proposition 2.1 Suppose p > d + 2. Then
WL2P((0,T] x M) cC CO'=57 (0, T) x M):;

the first-order x-derivatives of a function w = w(t,x) € WH2P([0, T|x M) are Hélder continuous

with exponent 1 — %, such that

lwllcogo,r1xar) + (VW oo, 1100y < Cllwllwrz.e (0,1)xa1)

for some constant C = C(p,d, M).
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Finally, we introduce the following second order differential operators associated with the

vector fields a1, -+ ,an:
A () := divy, (divy (Ya;)a;), € C*(M), i=1,---,N. (2.2)
It is not difficult to see that the adjoint of A;(+) is a;(a,(+)):
[ atwoavi= [ vaao) av,
M M
= [ 6T a0+ (Tua) ) Vi Vo6 € CH01),
see [22] for further details.

2.2 Stochastic framework

We use the books [38, 42] as general references on the topic of stochastic analysis. From
beginning to end, we fix a complete probability space (22, F,P) and a complete right-continuous
filtration {F}.epo,r. Without loss of generality, we assume that the o-algebra F is countably
generated. Let W = {W;}¥ | be a finite sequence of independent one-dimensional Brownian
motions adapted to the filtration {F;}iep0,77. We refer to (2, F,{Fi}iepo,r), P, W) as a (Brow-
nian) stochastic basis.

Consider two real-valued stochastic processes Y, Y. We call Y a modification of ¥ if, for
cach t € [0,T], P{w € Q: Y(w,t) = Y (w,t)}) = 1. It is important to pick good modifications
of stochastic processes. Right (or left) continuous modifications are often used (they are known
to exist for rather general processes), since any two such modifications of the same process
are indistinguishable (with probability one they have the same sample paths). Besides, they
necessarily have left-limits everywhere. Right-continuous processes with left-limits are referred
to as cadlag.

An {Fi}iepo,m-adapted, cadlag process Y is an {F;}¢ejo,r-semimartingale if there exist
processes F, M with Fy = My = 0 such that

Y, = Yo + Fy + My,

where F' is a finite variation process and M is a local martingale. In this paper we will only
be concerned with continuous semimartingales. The quantifier “local” refers to the existence
of a sequence {7, },>1 of stopping times increasing to infinity such that the stopped processes
17,50y Minr, are martingales.

Given two continuous semimartingales Y and Z, we can define the Fisk-Stratonovich integral
of Y with respect to Z by

t t 1
/OY(s)odZ(s)—/O Y(5)dZ(s) + 5 (Y, 2),

where f(f Y (s)dZ(s) is the Ito integral of Y with respect to Z and (Y, Z) denotes the quadratic

cross-variation process of Y and Z. Let us recall It6’s formula for a continuous semimartingale
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Y. Let F' € C*(R). Then F(Y) is again a continuous semimartingale and the following chain

rule formula holds:

FY) = FY©) = [ Freae +3 [ Fre)amy),.

0

Martingale inequalities are generally important for several reasons. For us they will be
used to bound It6 stochastic integrals in terms of their quadratic variation (which is easy to
compute). One of the most important martingale inequalities is the Burkholder-Davis-Gundy

inequality. Let Y = {Y;};cjo,7] be a continuous local martingale with Yy = 0. Then, for any

E( sw %) < GE(/(vY),. pe(.),

te[0,7]

stopping time 7 < T,

where C), is a universal constant.

3 Smooth Data and Strong Solutions

3.1 Strong solution

We are going to construct strong solutions to (1.2) when the data pg,u are smooth. More
precisely, throughout this section, we will assume pg € C*°(M) and that u : [0,00) x M — T'M
is a vector field on M that is smooth in both variables. The strategy we employ is the following
one: Firstly we solve a local version of (1.2) “pulled back” on RY, applying the “Euclidean”
existence and uniqueness theory developed in [30]. In a second step we glue these solutions all
together on M, obtaining a global solution. The gluing procedure is well-posed because there
is a uniqueness result on R¢ for smooth data (po,u).

Fixing a point p € M, we may find an open neighborhood U(p) C M of p and coordinates
Yp : U(p) — R? such that v,(U(p)) = RL. By compactness of M, there is a finite atlas A with

K
these properties, namely, there exist py,- -+ ,p such that M = |J U(p;) and ~,, (U(p1)) = R,
=1

Remark 3.1 To construct these coordinates, one is usually led to use that the ball B1(0) C

R? is diffeomorphic to the whole space, for instance via the map
z
NAESPE
If we now have a C! function f : B1(0) — R with bounded derivatives, then it is straightforward
to check that f o ® has bounded derivatives as well.

®:RY— B1(0), z—

Fix a point p;. In the coordinates given by ,,, (1.2) looks like

N
dp' + [p" divy, u + 9;plu?] dt + Z[ﬁjplag + pldiv, a;] odW/ =0 on [0,T] x RY,
i=1

p'(0) =poon," onRL
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Observe that the coefficients satisfy the hypotheses on [30, pages 264 and 267]. In particular,

the z-derivatives are bounded, in view of Remark 3.1. (In Kunita’s notation we have

Qo(t,z,v) =vdivpu, Qj(t,z,v) =vdivpa;, j=1,---,N,
Py=u, Pl=a}, r=1,,d, j=1,- N,

Qél) = divy, u, E)O) =0,
Q;l):le}La], ngo):O7 ]:1,,N)

Therefore, we may apply [30, Theorem 4.2] to obtain a unique strong solution which we call p
(for the definition of strong solution, see [30, p. 255]). Let us “lift” p! on M, via 7,,, namely,
for t € [0, T] define

0, z & U(p).
We repeat this procedure for all p;, thereby obtaining p! for I € {1,---, K}.
Suppose that U(p;) NU(py) # O for some | #1'. Fix g € U(p;) NU(pr). Arguing as above,
we may find coordinates 7, : V(q) — R? such that V(g) is an open neighborhood of ¢ with

ﬁl(t x) — {pl(tv'ypz(x))ﬂ xeu(pl)v

V(q) C U(p)) NU(pr) and n,(V(q)) = R Once again, we can find a unique strong solution p,
which we lift on M: For ¢ € [0,T] define

5 _ JPa(tng(2)), € V(q),
pq(t,ili) T {07 z ¢ V(q)

We now restrict p'(¢,-) on V(g). Trivially, the restriction satisfies (1.2) on V(g). This is
a geometric equation (and thus coordinate-independent), which implies that the restriction of
pl(t,) to V(g) must satisfy (1.2) when written in the coordinates given by n,. By uniqueness
in R (of strong solutions), we must have p'(-,n7'(:)) = pg(-,-) on [0,00) x R?, and thus
pl(t,x) = py(t,x) for all t € [0,T] and = € V(q). By symmetry, we infer

P(t,x) =7 (t,x) for (t,x) €[0,T] x V(q).
Repeating the whole procedure for all ¢ € U(p;) NU(pi), we conclude that
plt,x) =" (t,x) for (@) € [0,T] x Ulp) N Upr)).
In view of these compatibility conditions, we may unambiguously define
p(t,z) :==p(t,x), (t,x)€[0,T]x M, (3.1)

where [ is an index in {1,---, K} such that x € U(p;).

We have thus arrived at the following lemma.

Lemma 3.1 (strong solution, smooth data) The function p given by (3.1) is the unique
strong solution of (1.2) with initial datum py € C°° (M) and smooth vector field u : [0, 00)x M —

TM. Moreover, p is a C° semimartingale.
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3.2 Elementary LP bound

Let p be the solution constructed above. We observe that, in view of the results in [30],

locally in the coordinates induced by ~y,, on U(p;), we have the following explicit expression for

p:
p(t, 7,1 (2)) = p(t, 2)

:exp( /0 t divhu(s,ﬁs(y))ds+§; /O divy ai(y)odWSi>

x po(v,," 0 & (2))

t N
= exp (/0 divy, u(s, §S(y))ds) ‘y:gl(z) exp (Z divy, ai(ét_l(z))Wt’)

=1
< ot 0 &71(2)) (3.2)

y=¢&'(2)

for (t,z) € [0,T] x R?, where ¢ is a stochastic flow of diffeomorphisms, satisfying

d&i(2) = —u(t, &(2)) dt — Zal (&(2)) 0 dW, & (2) =
Here the vector fields u, a; are seen as vectors in R™ through our coordinate system.

Let us derive an LP bound. Fix p € [1,00) and let (x;); be a smooth partition of unity

subordinated to our atlas A. We have
[ @l i@ = [ @il i@
M Supp xi

- / Xt ()l 75, ()P, (2)|F dz,
Yp, (SUPP X1)

where |h,, |z denotes the determinant of the metric h written in the coordinates induced by

Yp,- Using (3.2) and the change of variable z = & (w), we obtain
| x@lptt.o)l avia)
M
t
=/ xi(7,, (2)) exp (p/ divy, u(s,ﬁs(y))dS)
¥p, (supp XL) 0
x exp (p Zdwh ail& DW) ool 0 & (2)IP IR, ()] dz
t
-/ Xyt o &u(w)) exp (p / divy u(s, € (w)) ds
& "oy, (supp x1) 0

N
xexp (p Y divi a (@)W ) lpo(3, ()P 06 ()]s, (61 () o

L t
= o ey X0 G0 (o [ vt )

y=¢"(2)
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N
. i _ 1
x exp (3 divi ai(w)W7 ) oo (v (@) e, ()% d
=1

In passing, note that ft_l © 7p, is a bona fide smooth chart. In the following, C' denotes a
constant that depends only on T', p, || divy, ul[ e , || divy a;|L~ and is allowed to vary from line

to line. For convenience, set A; := || divy, a;|| g ). We proceed as follows:

/ xi(@)lp(t, )P Vi (x)
M

<C Xi(v, ! 0 &(w))

&, oy, (supp x1)

N
xexp (p 2 AW Lo (@) lhg, 2, ()] du
1=1

N
= Cexp (pZAi|Wf|> / xi(vp, " 0 & (w))
=1

&, lo'ypl (supp x1)
3 1
< ooy (@) Plhg 1, ()] du
N .
< Cexp (pZAi|th|)HPOH:ZOO(M)
i=1

— 1
<[ i o &w))lhg 1o, (w)]} dw
& Loy, (supp xt) !

—Cexp (p ZA W) ool oy xi() Vi, ().

Supp X1

Taking expectation leads to

E /Mxl<x>|p<t,x>|pdvh<x>
< Cllpolmqary [ (@) Vi@ Eexp (o ZA ;1)

= C||p0||’£oo(M)/ () dVi (x HEexp (pA;|W}))

i=1

< Cllpole oy [ x1(e) V@),

where we have used that the Brownian motions are independent and satisfy the standard

estimate (see [20, page 54]),
Eexp(a|W{|) < B, t€0,T], a>0,

where the constant 8 depends on « and T'. Therefore, summing over [, we obtain

BIoOl ncan < Cllool ey [ dVh(@) = Cloallm
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where the constant C' depends on the L* norms of divyu, divay,--- ,divybay. Since we
are assuming that pg,u € C°, the right-hand side of the last expression is finite, and thus
p € LLE .. Moreover, using [30, Theorem 1.1], we infer that the stochastic process (w,t)
/ P th is a continuous Fi-semimartingale for any ¢ € C°°(M).

Let us summarize all these results in the following lemma.

Lemma 3.2 (LP estimates, smooth data) Suppose po,u € C. Let p be the unique strong
solution of (1.2) given by Lemma 3.1. Then, for any p € [1, 0],

p € L>([0,T]; LP(Q2 x M)), ts[lépT]EHp( o ary < ClloollT oo (arys
€10,

where C' = C(p, T, || divy UHLQO(OT]XM),ma.X” divy, a;i||pee(ary). Besides, for any ¢ € C(M),

the process (w,t) — fMp ) dVy, is a continuous Fi-semimartingale.

Let us bring (1.2) into its It6 form, still assuming that pg,u € C*°. We are not going to
spell out all the details, referring instead to [30] for the missing pieces. The solution p we
have constructed in Lemma 3.1 is a smooth semimartingale, and it satisfies P-a.s. the following

equation:

t N oot
p(t,z) = po(z) — / divy(p(s, z)u)ds — Z/o divy, (p(s, x) a;) AW (s)
i=1

NJI)—l

N .
Z divy,(p(-, 7)a;), Wi,

/dlvh $,) ds—Z/ divy, (p(s, z) a;) dW'(s)

——Zaz > ,_)t—%z<p(-,x),W>tdlvhai (3.3)

i=1
for all t € [0,T] and € M, by definition of the Stratonovich integral. By Theorem 1.1 and

[30, Lemma 1.3], we obtain

ai(p(t, 7)) = ai(pola)) — / ai(diva(p(s, ) w)) ds

1 _
—Z/ ai(divy(p(s, ) a;)) dW (s 52 a; (divy (p(-, x)aj)), W),
and
(ol W) == 3 { [ aslaivnp(s,a) ) a7 (.07,
j=1

N t . .
:_Z/O ai(diva(p(s, x) a;)) d(W9, W),

= —/ a;(divy(p(s,z)a;)) ds, (3.4)

0
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because the Brownian motions are independent, and the time-integral involving u is absolutely
continuous and thus not contributing to the quadratic variation.
Moreover, it is clear that

N

(o) W == S ( [ divnlols,z) ) (), W),

j=1 70

N t ) .
:—Z/O divy(p(s, x) a;) (W7, W)

:_/0 divy, (p(s, ) a;) ds. (3.5)

Re-starting from (3.3), using (3.4) and (3.5), we finally arrive at

t N ot
p(t,z) = po(x) — /0 divy(p(s, z)u)ds — Z/o divy, (p(s, z) a;) dW'(s)
N t
+ % ;/0 a;(divy(p(s,x)a;)) ds
N t
+ % ;/0 divy, a; divy(p(s, x) a;) ds
t N ot
= po(z) — /0 divy (p(s, z)u)ds — Z/o divy, (p(s, ) a;) AW (s)

1 [t
+§;/0 Ai(p(s,2))ds,

where the second order differential equation A; is defined in (2.2). This is the strong It6 form
of (1.2), derived under the assumption that pp,u € C*°. If we now integrate this against
P € C(M) (say), since the Itd integral admits a Fubini-type theorem, we arrive at the weak
form given in Definition 1.2.

In view of this, combining Lemmas 3.1 and 3.2, we eventually arrive at the following propo-
sition.

Proposition 3.1 (weak solution, smooth data) Let p given by (3.1) be the unique strong
solution of (1.2) with initial datum pg € C°(M) and smooth vector field u : [0,00) x M — T M.
Then p is a weak L? solution of (1.2) in the sense of Definition 1.1.

4 Time-Dependent Test Functions

During an upcoming proof (of the L? estimate), we will need a version of the weak for-
mulation (1.9) that makes use of time-dependent test functions. The next result supplies that

formulation.

Lemma 4.1 (space-time weak formulation) Let p be a weak L? solution of (1.2) with initial

datum pli—o = po. Suppose p is renormalizable in the sense of Definition 1.3. Fizx F € C%(R)
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with F, F', F" € L*°(R). For any ¢ € C>([0,T] x M), the following equation holds P-a.s., for
any t € 0,77,

/Fw»de—/mema@

/ / $))0) AV, ds + / / ¥) AV, ds

+Z// ) Vi dW(s Z//F ) ailas()) AV ds
//GF d1vhudehds—Z//GF )) divy a; AV, AW (s)
——Z//A ) Gr(p(s)) Vi ds

. Z / | F o) o) divs e wavi as

—Z//GF (1) dVj, ds. (4.1)

Proof Tt is sufficient to consider test functions of the form ¢ (t,z) = 0(¢)p(x), where
0 € CH(~1,T+1)) and ¢ € C>°(M), because the general result will then follow from a density
argument for the tensor product. We start off from the following space-weak formulation, see

(1.9):

/ F(p(t)¢dVi,

/ F(po) ¢th+/ / ¢)dVy, ds

+Z// 6) dV;, AW (s Z// ) aia(6)) dVi ds
//GF dIthgbdvhds—Z//GF )) divy a; 6 AV, AW (s)
——Z//A ) Gr(p(s)) ¢ dVi ds

i1 Z / / F”(p(s)) (p(s) div a,)? ¢ Vi, ds

—Z / | Grlo(om(o) dvi ds, P for any t € 0.7].

We multiply this equation by 6(¢) and integrate the result over ¢ € [0,7]. All the time-integrals
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are absolutely continuous by definition, and thus we can integrate them by parts. For example,

/ / / F(p(s)) u() dVy ds dt
// F(p thds—/(fﬁ(t)/MF(p(t))u(qS)thdt

and so forth. We can also integrate by parts the stochastic integrals. For example,

/ // 6) dVy, AW (s) dt
E)/ / F(p ¢) dVi, AW (s / /F ¢) AV, dW'(t)

and so forth. Finally,

/ta'(t)(/ Flp(t))p v, _/ Flpo)odVi) di
/ [, Fanisaviacs [ P~ [ Fposmsav.

where the last term is aggregated together with the other “0(t) foE (--+)” terms that appear, even-
tually leading to [,, F(p(t))0()¢ dVi. Therefore, after many straightforward rearrangements

of terms, we arrive at (now replacing 7 by t)

/F( (1)t ¢dvh—/ F(po)0(0)6 Vi

/ / s$)odVj, ds

// thd8+Z//F 0(s)6) AV, AW (s)
+3 Z / / F(p(s)) ai(a;(0(s)6)) dVi ds — /0 /MGF(P(S))dthu9(s)¢thds
—Z / [ @rtots) div o051 av;, )

—%Z A / A1) G (o)) B(s)0 Vi ds

3 Z / | P o) ots) divs a0 ooV ds

- g [ [ cripmos avias

By deunsity of tensor products (see [12]), this equation continues to hold for any test function
e CXP((—1,T+ 1) x M) and thus for any ¢ € C°([0,T] x M).
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5 Irregular Test Functions

We need to insert into the weak formulation (4.1) test functions ¢ (¢, z) that are non-smooth.
Clearly, in view of our assumptions, the stochastic integrals in (4.1) are zero-mean martingales.

Hence, after taking the expectation in (4.1), we obtain

/F t)dvy —E /FPO ¥(0) dVi

—IE//F atwdvhderE// ¥)dVy, ds
221@// )ai(a;i(¥))dV;, ds

—IE//GF ) divy w1 dVy ds

‘5ZE / A Grp(s) wavi as

+ = ZE/ / F"(p(s))(p(s) divy a;)? 4 AV, ds

—Z]E/ / Gr(p (1) dV}, ds, (5.1)

which holds for any test function ¢ € C'*°([0,71] x M).

The main result of this section is in the following.

Lemma 5.1 (non-smooth test functions) Let p be a weak L? solution of (1.2) with initial
datum pli—o = po and assume that p is renormalizable. Fiz F € C?(R) with F, F', F" € L>°(R).
Fiz a time tg € (0,T] and consider (5.1) evaluated at t = to. Then (5.1) continues to hold for
any 1 € WH2P([0,to] x M) with p > d + 2.

Proof By Proposition 2.1, W12:P([0, ] x M) compactly embeds into C°([0, o] x M) (since
p > d+2). Moreover, the first order z-derivatives of a W 2P function belong to C°([0, o] x M).
Therefore, given a function
€ WHAP([0,t0] x M),

the very definition of W27 implies the existence of a sequence {t;};>1 C C*([0,t0] x M)
such that ¢; — ¢ in WH2P([0,¢] x M). Besides, we have

Y; =, Vi; = Voo uniformly on [0,to] x M.

We extend the functions ¢; to C*°([0,T] x M) by means of Proposition 10.1. These extensions
are also denoted by ;. Consequently, we can insert ¢; into (5.1).

and u € L%W,
it is straightforward (repeated applications of Holder’s inequality) to verify that (5.1) holds for
test functions ¢ that belong to W12 ([0, 9] x M).

Equipped with the above convergences and the assumptions p € LOOLW .
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6 On the Ellipticity of ) a;(a;), Proof of Lemma 1.1

In this section we will prove Lemma 1.1. Before doing that, however, let us explain why the

second order differential operator > a;(a;(+)), in general, fails to be non-degenerate (elliptic).

To this end, we introduce the follov:zing (smooth) sections of the endomorphisms over T'M:
Ai(2)X = (X, ai(x)pai(z), zeM, XeT,M, i=1,---,N. (6.1)
It is clear that these sections are symmetric with respect to h, namely
(A ()X, V) = (X, Ai(x)Y ), z€M, X,)Y € T, M.
Set
A=A+ + Ay, (6.2)

which is still a smooth section of the symmetric endomorphisms over T'M. Given the sec-
tions A, -+, Ay and A, we define the following second order linear differential operators in

divergence form:
C2(M) 3 ¢ v divp(A;Vat), i=1,-- N,

N
C? (M) 3¢ — divy(AVpY)) = Zdth(Aivh¢)~

i=1

Observe that the following identity holds trivially:

ai(ai(¥)) = diva(A; Vi) — @i (y),

thus
N
ai(ai(v)) = divi(AVie) = > ai(¥), (6:3)
i=1 i=1
N
where @; is short-hand for the first order differential operator (divy a;) a;. Thus Y a;(a;(+)) is
i=1

non-degenerate (elliptic) if and only if divy, (AV},-) is so.

N
In view of (6.3), let us see why the induced differential operator > a;(a;(-)) may degenerate.
i=1
From the very definition of A, we have

N N
(A@)X, X)n =Y (Ai(@) X, X)n =Y (X,ai(x));, z€M, X €T:M,
i=1 i=1
and the last expression may be zero unless we can find vector fields a;, (), - ,a;,(z) that

constitute a basis for 7, M. Note that this can also happen in the “ideal” case N = d, that
is, one can always find suitable z € M and X € T,M such that (A(x)X,X); = 0. The

explanation for this fact is geometric in nature. In general, given an arbitrary d-dimensional
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smooth manifold M, it is not possible to construct a global frame, i.e., smooth vector fields
FEy, -+, Eyq forming a basis for T, M for all x € M. If this happens, the manifold is called
parallelizable. Examples of parallelizable manifolds are Lie groups (like R?, T4) and S¢ with
de{1,3,7}.

Nevertheless, by compactness of M, one can always find vector fields aq,---,ay with
N > d, depending on the geometry of M, such that the resulting operator div,(AV}-) be-
comes the Laplace-Beltrami operator (and hence elliptic). In other words, to implement our
strategy of using noise to avoid density concentrations, we will add to the original SPDE
(1.2) as many independent Wiener processes and first order differential operators @y, - ,an
as deemed necessary by the geometry of the manifold itself. Note that in the Euclidean case

(see [3, 6, 19]) one can always resort to the canonical differential operators a; = 9; and thus

N
> ai(ai(r)) = divy(AVy:) = A. (with N = d). This simple approach does not work for us
i=1
because of the Riemannian structure of the underlying domain M.
Having said all of that, let us now return to the proof of Lemma 1.1, which will be a trivial

consequence of the following crucial result.

Lemma 6.1 There exist N = N(M) smooth vector fields ay,--- ,an on M such that the
corresponding section A, see (6.1) and (6.2), satisfies

(A@)X,Y)n =2(X,Y),, Vo€ M, VXY € T,M.

Consequently, A(x) =2 I, for all z € M.

Proof Let p € M. Then, by means of the Gram-Schmidt algorithm, we can easily construct
a local orthonormal frame near p, that is, a local frame E,,---,E, 4 defined in an open
neighborhood U, of p that forms an orthonormal basis for the tangent space at each point of

the neighborhood (see [32, p.24] for details). Since {U,}perr forms an open covering of M,

the compactness of M ensures the existence of p1,---,pr, € M such that U Uy, = M and
7j=1
a collection of locally smooth vector fields {£,, 1} i=1,..,.a With the aforementioned property.
=1L

Let us now consider a smooth partition of unity subordmate to {Up, O j=1, which we may write

as {a] where a; € C*(M) and Zoz L. SetEpi::aj E, i fori=1,---,d and

J I
J =1,---,L. Extending these vector ﬁelds by zero outside their supports, we obtain global
smooth vector fields on M.

Observe that if a;j(z) # 0, then z € (suppa;)° = (suppaj)® C Up,,. As a result,
Ep; 1(x),---, Ep, a(z) constitute an orthonormal basis for T, M. For convenience, we rename

the vector fields {Ep Z}L_ Loea a8 B, -, BN, where N :==d - L.
. L

As before, we define sectlons B; of the endomorphisms over T'M by setting
Bz(z)X = (Xv ﬁz(x))h ﬁz(‘r)v T E Ma X e TzM

fori=1,---,N,and B:=By +---+ By.
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For an arbitrary x € M and X € T, M, we compute

N L d
B@)X, X ) =D (X, Be@)} = DY (X, B, i(2))}
k=1

Jj=11i=1

= Z Z(X,Epj,i( ;2104?(@

jo ()0 i=1

Jraj (2)#0 i=1
= Y a@IX[=IX
Jiaj (2)#0

By the polarization identity for inner products and the symmetry of B, this last equality implies
that
(B(:Z?)X,Y)h = (X, Y)h, Vee M, VX, Y € T, M,

and thus B(z) = I, m
Setting a; :=v/28;,i=1,---, N, concludes the proof of the lemma.

Proof of Lemma 1.1 Fix ¢ € C?(M). In view of Lemma 6.1, the identity (6.3) becomes

N N
Z ai(a;(v)) = 2divy (Vi) — Z = 2Ap1) — Z@-(d))
i=1 i=1 i=1

where @; = (divy, a;) a;.

From now on, we will be using the vector fields aq,--- ,ay constructed in Lemma 6.1, in
which case the It6 SPDE (1.3) becomes

N N
dp + divy, (p{ — % Zﬁl}) dt + Z divy,(pa;) AW (t) — Appdt = 0. (6.4)
i=1

i=1

The space-weak formulation of this SPDE is

/Mp(t)wdvhz / potp Vi + / t / p(s)[u(w)—% ai(w)} aVi, ds

+ Z/ / ) dV;, dWi(s / / s) Apyp dVy, ds,

see Definition 1.2 and (1.4).

7 Test Function for Duality Method

In this section we first construct a solution to the following parabolic Cauchy problem on
the manifold M: Given 0 < tg < T, solve

{Btv — Apv +b(t, z)v = f(z,t) on [0,t0] x M, (7.1)

v(0,2) =0 on M,



Stochastic Continuity Equations 103

where b and f are given irregular functions in LP([0,t] x M) (with p > 1 to be fixed later).
We follow the strategy outlined in [4, p.131] (for smooth b, f), making use of Fredholm theory
and anisotropic Sobolev spaces. Toward the end of this section, we utilize the solution of (7.1)
to construct a test function that will form the core of a duality argument given in an upcoming
section.

Consider the space W, ([0, 9] x M), which is the subspace of functions in the anisotropic
Sobolev space W22 ([0,t9] x M) vanishing at ¢ = 0. Let L designate the heat operator on M,
namely I = d; — A. According to [4, Thm.4.45], L is an isomorphism of W, '*?([0,t] x M)
onto LP([0,to] x M) for 1 < p < oo. Consider the multiplication operator

Ky : WE2P([0,t0] x M) = LP([0,t0] x M), v &% bu.

To guarantee that this operator is well-defined, we must assume p > d+ 2. In this way, in view
of Proposition 2.1, W01’2’p([0, to] x M) compactly embeds into C°([0, o] x M) and the first order

space-derivatives of v € Wy >?([0,to] x M) are continuous on [0, %] x M. It then follows that

to tO
/ /|bu|pdvhdtg|\u||go/ /|b|pthdt,
0 M 0 M

guaranteeing that Kj is well-defined.
Claim K} is compact.

First of all, K} is continuous:
1Ko e < [[ollcollbllze < Cllollyyzp 16 e,

where C' > 0 is a constant coming from the anisotropic Sobolev embedding, consult Proposition
2.1. Clearly, W, >?([0, o] x M) is reflexive, being a closed subspace of W122([0, ] x M). Hence,
to arrive at the claim, it is enough to prove that Kj is completely continuous. Recall that a
bounded linear operator 7' : X — Y between Banach spaces is called completely continuous
if weakly convergent sequences in X are mapped to strongly converging sequences in Y. Let
{vn}n>1 be a sequence in Wy >P([0,%9] x M) such that v, — v € Wy>”. By the compact
embedding W, '*? cc C°, v, — v in C°. Hence,

| Kpvn — Kpvl|le < |lvn — vl[col[bllLe — 0,

and so Kj is completely continuous. This concludes the proof of the claim.

Next, being an isomorphism, L is a Fredholm operator from VVO1 2P to LP. This implies that
L + Ky is a Fredholm operator, with index Ind(L + K}) = Ind(L), where trivially Ind(L) = 0

(L is invertible). Thus our goal is to verify the following claim.
Claim Either ker(L + Kjp) is trivial or codim(R(L + K3)) = 0.

If this claim holds, then we will be able to conclude that (7.1) is solvable for any f €
LP([0,t] x M). The proof of the claim is divided into three main steps.
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Step 1 b e C*([0,to] x M).

Our aim is to show that ker(L+K}) is trivial. Let v € Wy > ([0, to] x M) solve (L+Kj,)v = 0.
Since p > d + 2 and b is smooth, it follows from parabolic regularity theory that v is (at
least) in C12([0,9] x M). Indeed, by the anisotropic Sobolev embedding (Proposition 2.1),
v e C%([0,tg] x M) with y=1— %ﬁ. Therefore,

Lv = —bv € C%7([0,t) x M),

and v(0,-) = 0 on M. Parabolic regularity theory (see e.g. [4, p. 130]) implies that d;v and the
second derivatives of v with respect to x are Holder continuous.

By the chain rule, the function ¢ := é satisfies
Lip = —| Vol — 20 < —2by.

Since b is bounded and ¥(0,2) = 0, the maximum principle (see [10, Prop.4.3]) implies that
1 < 0 everywhere. On the other hand, ¢» > 0 by definition. It follows that ) = 0, and so v = 0.

Hence, given any b € C*°([0,to] x M), the Cauchy problem (7.1) admits a unique solution
for any f € LP([0,to] x M).

Step 2 A priori estimates (smooth data).

Let us consider the more general problem

(7.2)

v — Apv + b(t, z)v = g(x,t) on [0,t0] x M,
v(0,2) =c¢(x) on M,

where b,g € C*([0,t0] x M) and ¢ € C°°(M). This problem admits a unique solution v €
C12([0,t9] x M), given by v = v+c, where v solves (7.1) with right-hand side f = g—cb+Apc €
Lr([0, to] x M).

From known a priori estimates for the heat equation on manifolds (see [4, Thm.4.45]), there

is a constant Cy = Co(p, M) such that (v =v — ¢),

lvllwize = |04 cllwizr < |[0lwize + T|lcllwar )
< Collg — be + AncllLe + Tllellwzp(an
< Colllgllee + bl zellellcony + Tl Anel oqan) + Tliellwesan),

where W2P(M) denotes the standard Sobolev space on (M, h), which embeds into C°(M)
(recall p > 2 4 d). Therefore, for a constant C = C(p, M, T), we infer

[ollwrze < Clligllze + llellwzr o ([bllze + 1)) (7.3)

Summarizing, the general Cauchy problem (7.2) with b,g € C*°([0,t0o] x M) and ¢ € C(M)
admits a unique solution v € C12([0,to] x M) satisfying (7.3).

Step 3 Well-posedness of (7.2), non-smooth b, g.
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The aim is to prove the well-posedness of (7.2)—and thus (7.1)—for irregular b and g in
LP([0,tg] x M). Since C°°([0,to] x M) is dense in LP([0, o] x M) (see[4, Thm.2.9]), there exist

sequences {by, }n>1 and {g, }»>1 of smooth functions such that
by, L—p> b, gn L—p> g.

From the previous step, there exists a unique solution v,, € WH2?([0,¢9] x M) of

Opvn, — Apvy, + by (t, )vy, = gn(z,t) on [0,t] x M,
vp(0,2) = c¢(z) on M.

In view of (7.3), {vn}n>1 is bounded in WP([0,#9] x M). Therefore, up to a subsequence,
we may assume that

v — v € WE2P([0,¢0] x M),
v, — v € CO[0,t0] x M).

Given these convergences, it is easy to conclude that v solves the Cauchy problem (7.2) with
b,g € LP([0,tp] x M) and ¢ € C*°(M).

We summarize our findings so far in the following proposition.

Proposition 7.1 (well-posedness of parabolic Cauchy problem, non-smooth data) Suppose
b and g belong to LP([0,to] x M). Then there exists a unique solution v € WH2P([0,tg] x M)
to the Cauchy problem (7.2) with initial data ¢ € C*°(M). Furthermore, the a priori estimate
(7.3) holds.

Proof The only assertion that remains to be verified is the one about uniqueness, but

uniqueness of the solution is an immediate consequence of (7.3).

Remark 7.1 The “non-smooth” quantifier in Proposition 7.1 refers to the functions b and
g in (7.2). In upcoming applications it is essential that b, g are allowed to be irregular (but a

smooth initial function c¢ is fine, like ¢ = 1).

Let us now consider the special Cauchy problem

{Qtv — Apv 4 b(t,x)v = =b(x,t) on [0,te] x M, (7.4)

v(0,2) =0 on M

with b € C*°([0,t0] x M) and b < 0. This problem corresponds to (7.2) with a nonnegative
smooth source g (namely, g = —b > 0).
By the previous discussion, there exists a unique solution v € C12([0,¢9] x M) to (7.4).
Clearly, we have
Ov — Apv > —b(t, x)v,

where b > —C for some positive constant C (since b is smooth). Thanks to the maximum
principle (see [10, Prop. 4.3]), this implies that v > 0 on [0, o] x M.

Next, suppose that b is irregular with b € LP([0,t9] x M) (p > d+ 2) and b < 0 almost
everywhere. Let v € Wy >P([0,t0] x M) be the unique solution of the Cauchy problem (7.4),
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as supplied by Proposition 7.1. We would like to conclude that v is nonnegative. To this end,
approximate b in LP([0, ¢o] x M) by {by}n>1 C C°°([0,%0] x M) with b, < 0 for all n, and let

vy, be the corresponding (unique) solution in C*2([0,¢o] x M) of

Opvn — Apvy + by (t, 2)v, = —by(x,t) on [0, ] x M,
v, (0,2) =0 on M.

Then v, > 0. By the a priori estimate (7.3), which now reads
[onllwr20 < Cllbn]| L,

and the previous discussion, we infer that v, iO) w (up to a subsequence), for some limit
function 0 < w € Wy>P([0,to] x M) that solves (7.4) with b € L?([0, to] x M). By uniqueness,
we conclude that v = w > 0.

To summarize, we have proved that for 0 > b € LP([0,to] x M) (with p > d+ 2), there exists
a unique solution 0 < v € W *P([0,to] x M) of (7.4), satisfying

[ollwr2e < Clb]| s

We are now in a position to prove the main result of this section.

Proposition 7.2 (test function for duality method) Suppose b € LP([0,to] x M) with p >
d+2 and b < 0. Then the terminal value problem

{&qﬁ +And—b(t,2)p =0 on [0,t] x M, 5)

o(to,z) =1 on M

admits a unique solution ¢ € WH2P([0,to] x M) N C°([0,to] x M) with continuous first order

spatial derivatives. Moreover, ¢ > 1 everywhere and the following a priori estimates hold:

lollwrzm (o, xary < T 4 C(p, M, T)||b] Lo (j0,t0] x 1) (7.6)

and (consequently)

Dl coqo,t01x ar) + IVl co((0,t0)x M) Sanrpr 14 [10]| o((0,t0) x 1) - (7.7)

Proof The solution ¢ of (7.5) is obtained by setting ¢(t,z) := 1 + v(tg — t,x), where
v e Wy »P([0,to] x M) is the unique solution of the Cauchy problem

Av — Apv + b(t, z)v = —b(z,t) on [0,t] x M,
v(0,2) =0 on M,

where b(t, z) := b(to — t,x). Proposition 2.1 therefore supplies the existence and uniqueness of
¢, estimate (7.6), and also the lower bound ¢ > 1. The final estimate (7.7) follows from the
anisotropic Sobolev inequality (Proposition 2.1) and (7.6).

Remark 7.2 Observe that the right-hand side of (7.6) is non-decreasing in ||b]|z», a fact
that will be exploited in Section 9.
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8 L? Estimate and Uniqueness for Weak Solutions

The main outcome of this section is an a priori estimate that is valid for arbitrary weak L?
solutions of the SPDE (1.2), with a rough velocity field u satisfying in particular div, u € Lf@ for
some p > d+ 2. The proof relies fundamentally on the special noise vector fields a; constructed
in Lemma 1.1, the renormalization result provided by Theorem 1.1, and a duality method that

makes use of the test function constructed in Proposition 7.2.

Theorem 8.1 (L? estimate and uniqueness) Let p be an arbitrary weak L? solution of
the stochastic continuity equation (1.2), with initial datum py € L*(M), velocity vector field u
satisfying (1.5), (1.6) and (1.7), and noise vector fields ai,--- ,an given by Lemma 1.1. Then

sup [ p(t)122xary < ClloollZz(arys (8.1)
0<t<T

where C = C(d, M,p, T, as, || divy, ul|Le(jo,11x M), [tlloo) @5 @ constant that is non-decreasing in
| div, wl|Le(jo, 7% ) and ||ullso; here, for convenience, we have set |[u| o = ||u||Loo([O)T];m5).

Furthermore, weak L? solutions are uniquely determined by their initial data.

Proof Since u € LY([0,T]; W12(M)), the weak solution p is renormalizable, in view of
Theorem 1.1. However, Theorem 1.1 asks for bounded nonlinearities F'. To handle F(§) = &2,
we must employ an approximation (truncation) procedure.

We pick any increasing function y € C*°([0,00)) such that x(§) = & for £ € [0,1], x(§) =2
for £ > 2, x(&) € [1,2] for £ € (1,2), and Ay := 21;18)(’(5) > 1. Set 4y := ili%|x”(§)|. We define

the rescaled function x,(§) = ux(%) for p > 0._ The relevant approximation of F(§) = £2 is

Fu(€) = xu(€?) for E €R, > 0.
Some tedious computations will reveal that

F, € C®(R), lim Fu(§) =&, supF.(€)<2u, supF,(¢) < 2¢,

H—00 £€ER u>0
sup | F},(€)] < 2v24oy/p,  sup [F,(€)] < 2V240f¢],  lim Fj(€) = 2€, (8.2)
£ER n>0 H—r00
Jim F/(€) =2, |F/(€)] <841 +240.

Furthermore, the function Gr, (§) = £F),(§) — F.(§) satisfies

sup |G, (€)| < (440 +2)pu, sup|Gr, (€)] < 2(V24, + 1)&2,
£eR n>0

and lim Gp,(§) =&,

1—00
and the following estimate:
Fu(§)  for [§] < v/,

Gr () < O F(©), IEFLEI<C e for ¢l € [V V] (8.3)
O(n)  forlel > 2
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for some constant C', > 0 independent of .

Fix to € (0,7] and consider (5.1) evaluated at ¢ = ¢y and with F' = F,. Then, in view
of the choice of noise vector fields a; (see Lemma 1.1), the following equation holds for any
P € WH2P([0,t0] x M) (as long as p > d + 2):

E/ Eu(p(to))v(to) dVi — E /F (p0)(0) Vi,

—E/m/ 8t1/)thds+E/tO/ Fu(p(s)) u(t) dV, ds
+E/ / Ahdehds——ZE/ / (1) dV;, ds

—E/to/ Gy (p(s)) diviy up AV ds

‘iZE / / Ai(1) Gr, (p(s)) ¢ AV ds

1 ZE// EL/(p()(p(s) divi ) Vi ds

—ZE / ! / G, (p(s))@: () AVi ds, (8.4)

where we have applied Theorem 1.1 to (6.4) and the time-space weak formulation with non-
smooth test functions (¢, x), see Proposition 5.1. Let ¢ be the unique solution of (7.5) with
b = —C\y|divy u|, where C), > 0 is the constant appearing in (8.3). The existence of ¢ is
guaranteed by Proposition 7.2. Moreover, ¢ belongs to W12P([0,to] x M) N CO([0,t] x M),
the estimates (7.6)—(7.7) hold, and ¢ is lower bounded by 1 everywhere in [0,%o] x M. Thanks
to Proposition 5.1, we can use ¢ as test function in (8.4).

Making use of (8.3), we obtain

to tO
—]E/ /GF d1vhu¢thds<IE/ /|GFM p(s))]| divn u] 6 dVy ds

<IE/ / C\F,.(p(s))| divy, u| ¢ dVy, ds

to
:—E/ / ) bédV; ds.

Now, recalling that the test function ¢ is the unique solution of the PDE problem (7.5), (8.4)
(with ¢ = ¢) simplifies to

B /M Fu(plto))é(to) Vs < E / E, (00)(0) Vi

—HE/ / @) dVy, ds

——ZE/tO/ E,( (¢) AV}, ds
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—;ZNjE / ! / A1) Gr, (p(s)) Vi, ds
+ = ZE/ /F” p(s)divy, a;)? ¢ dVj, ds
—Z]E/to/ Gr, (p(s))ai(¢) AV, ds. (8.5)

Using the fourth property in (8.2) and the estimate (7.7) satisfied by the solution ¢ of (7.5)
with b = —C\ | divy, u|, we obtain

——ZE/tO/ (¢)dVy, ds

to
<mmvmwommM@E/ / §) dVi, ds
to
Clai, | divh u]l oo o3 ar) )E /‘/ 5) Vi ds

to
Clas, | divh ull 2o o110 an) /‘/ 5) dV, ds,

where we have also exploited that ¢ > 1. Observe that the constant C' is non-decreasing in
| divh u| e (jo,7)x a), see Remark 7.2, and we do not write its dependency on the d, M, p,T.

Similarly, using also (8.3), we have

—ZE/ /Gp al¢)thds<OE// s)dVj, ds

for a possibly different constant C' = C(ay, || divs ul| Lr(j0,7)x ar)), still non-decreasing in

| diva wl Lo (jo,77x M)

Similar bounds can be derived for the terms on the third and fourth lines of (8.5):

—Z]E/ / Fll(p(s))(p(s) divy a;)? ¢(s )thds<CE/ / $)pdV;, ds,
—%ZE/OtO/MAi(l)GFH( ))¢thds<O]E/to/ s)dVj, ds.

Therefore (8.5) becomes
IE/ F(p(to))d(to) Vi, gE/ Fo(po th+E/ / Fu( ) dVj, ds
M
to
+ Clag, || divy ull Lo o, 1) a1)) / / 5) dVy ds.
Arguing as above, since u € L*([0,T]; L*° M)

/ / ¢) Vi ds < Clas, || div ull 2o (o711 ] o) E / / J6(s) Vi ds,
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where the constant C' is non-decreasing in ||ul|- as well.

In conclusion, we have obtained

E /M Fy(p(to))é(to) dVi < E /M Fy(po)$(0) Vs, + CE / ) /M P*(s)b(s) dVids,  (8.6)

where C' depends in particular on ay,--- ,an, ||ul|e and || divy u||Le(jo,77x ar) but not on p; C
is non-decreasing in ||ul|oc and || divy wl| e (jo,7)x )

By the dominated convergence theorem (¢ is continuous, py € L?(M)), we obtain

B[ Flns) v~ [ po)av,

as . — oo. On the other hand, by Fatou’s lemma, we can send g — oo in the term on the
left-hand side of (8.6), arriving at

EAﬁ%@W@M@gAﬂMmMW+OEAi&ﬁ@M@&@®. (8.7)

Since ¢ is lower bounded by 1, we can replace the term on the left-hand side by E [, p*(to) dV;.
On the other hand, in view of (7.7), we can bound (remove) the ¢ part from the terms on the
right-hand side of (8.7) by [|¢[|co((0,t0)x ) S 1+ || dive ul| ([0, 77 a1y, Where < does not depend

on tg. As a result, (8.7) becomes

to
IE/ p2(t0)th§K/ pgdvh+K1E/ /pQ(s)thds,
M M 0 M

where K depends in particular on ay, - - -, an, [|ul|o and || divy, ul|Le (jo,77x ar), Still non-decreasing
in [Julloc and || diva ul| Lo (o,71x 01)-
Setting ®(to) = E [, p*(to) dVi € [0,00) and ®(0) := C [,, p5dV; € [0,00), the last

inequality reads as

to
MWg@@+K/‘NQ®,O<m§T
0

The integrability properties of weak solutions implies ® € L!([0,to]) for any tq < T. Hence, by

Gronwall’s inequality,

d(t) < ®(0)e™', te0,T).
This concludes the proof of (8.1), which also implies the uniqueness assertion.

Remark 8.1 Regarding the uniqueness assertion in Proposition 8.1, we mention that it is
possible to prove uniqueness without an additional assumption on divy u. This follows from
the renormalized formulation (1.8) with F(-) = |- |, modulo an approximation argument. Since
the existence of weak solutions (which asks that div, u € LP) holds in the L? setting, we have

chosen not to focus on L' uniqueness.
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9 Proof of Main Result, Theorem 1.2

We divide the proof of Theorem 1.2 into four parts (subsections), starting with the procedure
for smoothing the irregular velocity vector field wu, yielding u, € C° such that u, ~ wu for
7 > 0 small. In the second subsection we rely on the L? estimate in Proposition 8.1 to ensure
weak compactness of a sequence {p”},~o of approximate solutions, obtained by solving the
SPDE (1.2) with smooth initial datum py and smooth velocity field u,. The limit of a weakly
converging subsequence is easily shown to be a solution of the SPDE. In the third subsection
we remove the assumption that pg is smooth. Finally, we prove a technical lemma utilized in

the second subsection.

9.1 Smoothing of velocity vector field u

We extend the vector field w outside of [0,T] by setting w(¢,-) = 0 for t < 0 and t > T,
yielding u € L>®(R; L™ (Mb)

Let {&€;}->0 denote the de Rham-Hodge semigroup on 1-forms, associated to the de Rham-
Hodge Laplacian on (M, h). We refer to Section 10 for a collection of properties of the heat
kernel on forms.

For a.e. t € R and all 7 > 0, &;u(t) is a smooth vector field on M and

&)=y < o ) =

where ¢ is a constant such that Ricy > —e?h. By assumption, we clearly have u(t) € L"(M )

for a.e. t and thus
Eru(t) e u(t) in LT(M;7 r € [1,00),
where the null-set is r-independent.

Let n be a standard mollifier on R, and set

ne(t) = T‘ln(t

T

), teR.

We now define the following vector field:
ur(t,x) = / Eult',x)n (t =) dt € T, M,
R
which is well-defined because

i (8 2) | < / Epult, 2)|ane (¢ — ) dt
R

< Eru(t =0 ne(t —t')dt’
< e527/ u(t =07 n(t —t')dt’ < oo

for any t € R and « € M. Clearly, u, : R x M — T'M is smooth in both variables,

27'
||UT||LOQ(R;LWS) S e5 HUHLO"(R,LWS) (91)
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and suppu, C [-1,7T+ 1] x M for all 7 < 1.
For a.e. t € R,

divy (Eru(t,z)) = P divpu(t,z), z € M, (9.2)

where P, is the heat kernel on functions. Indeed, fixing ¢ € C1(M), we compute (see [17, eq.
4.3])

/ divh(é'Tu(t, x))qS dv, = —/ (&—U(f, x), V(b)h dv;,
M M
= —/ (u(t,x),é'TVqS)h dVv, = —/ (u(t,x),VPqu)h dv;,
M M
= / divy, u(t, :E)P7—¢ dV;, = / P, divy, u(t, :E)(b dVy,
M M
where we have used the relation [17],

ENG=VP ¢, ¢ecC'{M),

and so the identity (9.2) follows.

The next lemma expresses divy u, in terms of divy, u.

Lemma 9.1 (formula for divy, u,;) For anyt € R and v € M,
divp ur(t,z) := / divp (Eru(t', z))n, (t — ') dt’,
R

where divy (E;u(t’, x)) can be computed in terms of divy, u and the heat kernel on functions, see
(9.2).

Proof Locally expressing &, u(t, z) as

Eru(t,x) = (/M e(r,z,y)iju (t,y) th(Z/)) h'* () O

for a.e. t € R, see Section 10, we obtain (temporarily dropping Einstein’s summation convention
for k)

Ou(Eru(t. ) = [ Ouelr., ) (t.9) Vi) W (2)
M
+/ e(r,x,y)izu’ (t,y) AV (y) Och™ (x)
M

and thus
0k (Eru(t,2))k| < C(M, ul gz

Therefore we are allowed to interchange fR and Oy to obtain

Ot (t, 7)) = /R Ou(Erut!, )Py (t — 1) dt'.
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From here, recalling the local expression for divy, (see Section 2), it is now immediate to conclude
that locally

divy u,(t,z) = / divy (Erut', z))n: (t — ') dt’.
R

Fix 2 € M. In view of Lemma 9.1 and basic convolution estimates on R, || divy, u- (-, z)|| Lr(r) <

| divy, E-u(-, )| prr) for any 7 > 0, and thus
| divh urll Loy < || divi Exull L)
As a result, via (9.2), we obtain

| dive wr || pe@xary < ||Pr divy ul| pemx )

< |l divy ul Lrrxary = | dive ull L (o,7)x a1 - (9.3)

9.2 Weak compactness of approximate solutions

Let p™ be the unique weak L? solution of the SPDE (1.2) with initial datum py € C*° (M),
noise vector fields a; given by Lemma 1.1, and irregular velocity field u (satisfying the assump-
tions of Theorem 1.2) replaced by the smooth vector field u..

We refer to Propositions 3.1 and 8.1 for the existence, uniqueness, and properties of the
solution, which satisfies the It6 SPDE

N N
: T : T 7 T 1 : T—
dp” + divy,(p"u,) dt + E:l divy (pTa;) dW*(t) — App™ dt — 3 Ezl divy(p™a;)dt =0
weakly in x, P-a.s.,

that is, for any ¢ € C°°(M), the following equation holds P-a.s.:

/M ()deh—/ pm/)de/ / ur (1) dV;, ds
+Z / / ) dVy, AW (s / / s) Apt Vi, ds

__Z// L) AV ds, € [0,T). (9.4)

In view of (9.1), (9.3) and (8.1), recalling the “monotonicity properties” of the constant C,

we obtain the 7-independent L? estimate
sup ||p" (t)l|2axary < C(T' as, || diva ull oo, 7y a5 [ulloo) lool| 2(ar)
0<t<T

In other words, {p”},c(0,1) is bounded in L ([0, T; L*(2 x M)).

Since (L?(2 x M))* is separable and ([0,T],dt) is a finite measure space, we know that
L>°([0,T7; L*(2 x M)) is the dual of L*([0,T]; L*(Q x M)). Therefore, there exist {7, },>1 C
(0,1) with 7, L 0 and p € L>([0, T]; L3(2 x M)) such that

p S pin L0, T); L2(Q x M)
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as n — 0o, which means that
/ / / ) 0P @AV, @dt U5 0, VO e LY([0,T]; LA(Q x M)).

We follow the arguments in [37]. Fix ¢ € C°°(M). The process [,, p™ (t)¢dV}, is adapted
by definition and converges weakly in L?(Q7) to the process [ A P(t)¢dVy,. Since the space
of adapted processes is a closed subspace of L?(Q27), it is weakly closed, and hence the limit
process is adapted.

For the same reason, the processes [,, p™ (t)ai(¢) dVy, i = 1,--- , N are adapted and their
Ito integrals are well defined. Since the Itd integral is linear and continuous from the space of

adapted L?(Qr) processes to L?(27), it is also weakly continuous. As a result,

/ / s)a;(¢) dVj, dWi "I / / ¢) AV, AW in L2(Qr).

Exploiting the weak continuity of the time-integrals,

// $)AppdVy, ds "0 // $)AppdVy, ds in L2(Qr)
/ / ™ (s)ai(¢) Vi, ds " / / #)dVi, ds in L*(Qr).

It remains to pass to the limit in the term involving the velocity field u, in (9.4). The proof

and, for i =1, -

of the next lemma is postponed to the end of this section.
Lemma 9.2 For any r € [1,00), ur — u in LT(R;LT(M;) as 71 0.

Lemma 9.2 immediately implies
ur (8) S u(¢) in L"(R x M), 7€ [L,00).
Using this, the goal is to verify that
[ @ av " [ pu@)av i @), (9.5)
M M
Fix an arbitrary ¢ € L?(Q27). Then
1) = [ ([ run@an)erods— [ ([ o an)ereds
QT M QT M
— [ ([ 7o)~ wt)aviup e ds
Qr SJM
—i—/ (/ (™ — plu(p) th)wP@) ds =: I1(n) + Iz(n).
Qr NJm
By repeated applications of the Cauchy-Schwarz inequality,

(1 (n)| < /Q [llle™ ()l L2 an | (ur,, — u)(@)lL2(ar) P @ dis
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T
S/O V()2 lle™ (8) L2 xan | (wr, —u)(D)|lL2(ar) ds

T
< HPT"HLOO([O,T];L?(QxM))/O ()20 1(wr, — w) (D) L2(ar) ds

ntToo
< Cll¥ll 2l (ur, —w)(@)lz2(0,17x21) — 0.

For the I term it is enough to check that u(¢)y € L1([0,T]; L?(Q x M)), because in that
case we would get I5(n) — 0 directly from the definition of the weak convergence p” e p.

In point of fact, we have

/OT (/QXM u()[2 AV dP)%ds

-/ 1) /| u(@)P Vi) ds

T
< [ 196 zz I6llexcan ) g

T
< oleranllul o mz=rimy | 190)zeco ds
< |\¢||01(M)||U||Loo([0)T];m5)ﬁ”‘/’”m(m) ds < oo.

ntoo

Therefore Iz(n) e 0, and thus I(n) — 0. This concludes the proof of (9.5).

We may now pass to the limit in the SPDE (9.4) with 7 = 7,,, to conclude that p satisfies (1.4)
for a.e. (w,t) € Qp. Since the right-hand-side of (1.4) clearly defines a continuous stochastic
process, the process [, p(-,x)p(x) dVj, () has a continuous modification. In other words, we

have constructed a weak L? solution to (1.2) under the assumption that pg € C°°(M).

9.3 General initial datum, po € L%(M)

To finish off the proof, we must remove the smoothness assumption on the initial datum pg.
We follow the same strategy as above, but this time it is simpler since we have to regularize
functions (not vector fields) defined on the manifold M.

Given pg € L?(M), we employ the heat semigroup {P;},~o on functions to regularize po,

see Section 10 for details. The following properties are known:

Prpo € C™(M), || Prpollzzary < llpollzzary,

2
and P;rpg Lﬂ{) po asTl]O0.

According to the previous subsection, there exists a unique weak L? solution p” of (1.2) with
initial datum Prpy € C*°(M), irregular velocity field u satisfying the assumptions listed in
Theorem 1.2, and noise vector fields a; given by Lemma 1.1. As before, Proposition 8.1 sup-
plies the estimate [|p7(t)|[z2(axnm) < Crllpollz2(ary for all t € [0,T], where the constant Cr
is independent of 7. This implies that «™ is weakly compact, i.e., there exists a subsequence
{Tn}n>1 C (0,1) with 7, 2% 0 and a limit p € L([0, T]; L2(Q x M)) such that

pT S p o in ([0, T]; L*(Q x M)).
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For any ¢ € C*°(M), we have trivially that

n

/ P, popdVy "X / poddVi in L2(Qr).

M M

The limit of the remaining terms in (9.4) can be computed as before, which in the end leads to
the conclusion that p is a weak L? solution of (1.2).

9.4 Proof of Lemma 9.2

To conclude the proof of Theorem 1.2, we need to verify the validity of Lemma 9.2. Define
for convenience

TIr(t,x) = / wlt )t —t)dt', teR, x € M.
R

We have
lur(t,2) — T-(t, ) |n < / |E-u(t',z) —u(t', x)|pn. (t — 1) dt’.
R

By basic convolution estimates on R, for any r € [1, 00),
[ur(y2) = T- (@) |nllor@) < 1Euls2) —ul @) nllLr®), =€ M,
where || [ |5 [|7r@) = Jg | - [} dt. Thus,

e P

< 16—l ey = (] DErutt) = (e ) ae) ™

Observe that the integrand in the dt-integral converges to zero as 7 | 0 for a.e. t € R.

Furthermore, see Section 10,

I€-utt, )~ ult, Mg < (exp (21 = 2[r) +1) e, Mprgap,
which is integrable on R by assumption on u (here —¢ is a lower bound of the Ricci tensor on
M). Therefore, by means of the dominated convergence theorem, we conclude that u, — 7, — 0
in L"(R; L"(M)) as 7 ] 0.
Hence, with an error term o(1) — 0 as 7} 0,

ur —u=JJr —u+o(l),

so it remains to verify that J, —u converges to zero in L{I?m. Locally we have | T (¢, ) —u(t, z)|n
< C(M,h)|T-(t,2) — u(t, z)|euct. Since the right-hand side converges to zero in L"(R) for all
x € M, it follows that the same holds for the left-hand side. We have

// IJT(t,x)—u(t,x)lzdvh(x)dt:/ /|J7(t,x)—u(t,x)|2dthh(x)
RJM M JR
= Z/M an(2)</RIJT(t,Z) —u(t,2)|} dt) |he(2)]7 dz,

where (ay ), is an arbitrary smooth partition of unity. Arguing as we did above,

1T (s 2) = als @) n ey < 270 el @)l 7y

for any = € M, and hence, by means of the dominated convergence theorem, J. — u — 0 in
L"(R; L™ (M )) This concludes the proof of Lemma 9.1.
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10 Appendix

10.1 Heat kernel on functions
We collect here some relevant properties of the heat kernel H on (M, h), that is, the funda-
mental solution of the heat operator

L=20,—Ay.

(1) The mapping (z,y,t) — H(x,y,t) belongs to C°(M x M x (0,00)), is symmetric in z
and y for any ¢t > 0 and is positive.
(2) For any function w € L"(M), r € [1, 0], setting

Pow(x) == / H(z,y,t)w(y) dVi(y), x€ M, t>0, (10.1)
M
we have Paw € C*°(M). Moreover,
1Pewll -y < lwllzeary, >0,

and, for any finite r > 1,

Pw LIAD 0 ast— 0.

For proofs of these basic results, see [26].

10.2 Heat kernel on forms

During the proof of Theorem 1.2, we also make use of the heat kernel on forms. We recall
here its most salient properties without proofs, referring to [5, 12, 16, 21] for details. Firstly,
we define the space L?(M, h) as the closure of the space of smooth 1-forms on M with respect
to the norm

(/ CFavi)®, where [C = h**¢,Gy locally.
M

Denote by {€-}r>0 the de Rham-Hodge semigroup on 1-forms, associated to the de Rham-
Hodge Laplacian, which by elliptic regularity has a kernel e(7,-,-). More precisely, for any
7> 0, e(r,-,-) is a double form on M x M, such that for any 1-form ¢ € L?(M,h) and any
PeM,

(E-0)(P) = /M e(, P,Q) A %o C(Q).

where % is the Hodge star operator, @ is a point in M, and A is the wedge product between
forms. Concretely, in a coordinate patch (U, (z%)) around P and in a coordinate patch (U’, (7))
around @, if we write the double form e(r,-,-) as

6(7-7 x, y) = (6(7-7 x, y)lj dxl) dyj

and ¢ as ((y) = ((y) dy¥, then the above integral becomes
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For a vector field V, we denote by V° the 1-form obtained by lowering an index via the metric
h; analogously, for a 1-form ¢, we denote by ¢* the vector field obtained by raising an index via
the metric.

We define for a vector field V' the following quantity
EV = (&, V*)E

Let € > 0 be a constant such that Ricys > —e2h, where Ricy; denotes the Ricci tensor of
(M, h) (the constant e clearly exists because M is compact). We have the following remarkable
properties: For any V' € lm, p € [1,00],

e £,V is a smooth vector field for any 7 > 0,

e &V —=Vin Im as 7 | 0 for any finite p,

o ||STV||WS < ef =3Ir ”VHW for any 7 > 0 (see [5]).
Furthermore, in analogy with (10.1), the following local expression holds:

EVI@) = ([ elray V() Vi) h* ) o
Finally, one can show that (see [21] for details)
div EV() = [ duelri.p)is V() Vi) h )
+ [ el V) Vi) 0™ @)
+T0@) [ ern)y V) Vi) (@)
in local coordinates x (differentiation is carried out in z).

10.3 Proof of Proposition 2.1
Let {G;}£ | be a finite covering of M and {(G;, ¢;)}2, be the corresponding charts. With-

out loss of generality, we may assume that ¢;(G;) = B for all i, where B is the unit ball in
Re. Let {a;}1, be a smooth partition of unity subordinate to {G;}£ ;. On supp o; the metric
tensor h and its derivatives of all orders are bounded in the system of coordinates corresponding
to the chart (G;, ¢;). Define, fori =1,--- | R,

Y; 1[0, T] x G; = [0,T) x B, (t,P) > (t,¢:(P)),

which is a finite smooth atlas for [0,7] x M. Observe that [0,T] x G; is diffeomorphic to
[0,T] x B. Moreover, &; : [0,T] x M — [0,1], a;(t, P) := a;(P) is a smooth partition of unity
subordinate to {[0,7] x G},

Let w € WH2P([0,T] x M). Then clearly, in view of the discussion above,

w € WHP([0,T] x M) <= q;w € WH2P([0,T] x M), Vi
— (aqw) op;t € WH2P([0,T] x B), Vi,

where W12P([0,T] x B) denotes the more familiar Euclidean anisotropic Sobolev space (see
[8]), which can be defined similarly via (2.1) with dV}, = dz and V¥ = V*

eucl®
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For this space we have the compact embedding

+d

WL22([0,T] x B) cc C*'=57((0,7] x B)
and
O, (@w) otp; ' € Oo,l—%([O,T] xB), j=1,---.d,

provided p > d + 2, see [41] for example. In particular, for all 4,

H(o?Zw) o wi_l||co([07'1"]><§) + ||vcucl(07iw) 0 1/)i_lHCO([QT]XE)

< C(p,d, B)||(@w) o 7 w2 (0.1 x )

Exploiting the boundedness of the metric tensor, we get

llaiw|[cogo,myx ) + I V(@w) [ cogo,myx )
= [[aiwllcoo,r1x ) + IIV(@w)llcoo, <6y
< [(@w) o %7 Hlgoo.11xm) + Cil Vena(@w) 0 %7l o011 5)
< C(p,d, B,i)|[(@w) o ;w2 ((0,71x B)
< Cl(pa d, 37i)||ozw|‘W1’2vP([O,T]xM)~

Therefore, by the triangle inequality and summing over i,
1wl coqo,r1xary + IVl oo, 71x )
R
< C(p,d, M) ||@wllwrzro.r1xar) < C'(ps dy M)|[wllwr2.0 0,77 00,
i=1

where in the last passage we have used the fact that the derivatives of a; are bounded. The

compactness of the embedding is now evident.

10.4 An auxiliary result

We now prove a useful result about the extension of smooth functions, which is used during
the proof of Proposition 5.1.

Proposition 10.1 (extension of C*° functions) Let0 < S < T and consider w € C*([0, S]x
M). Then we can extend w to a function v € C([0,T] x M).

Proof Let {G;} | be a finite covering of M and {(G;, #;)}2, be the corresponding charts.
Without loss of generality, we may assume that ¢;(G;) = B for all i, where B is the unit ball
in RY. Let {a;} | be a squared smooth partition of unity subordinate to {G;}* |, such that

R
> a? = 1. Define, fori=1,--- | R,

=1
wi:[OaT]XGi_)[OaT]XBa (tap)’_)(tv(bZ(P))v
which is a finite smooth atlas for [0,7] x M. Observe that [0,T] x G; is diffeomorphic to

[0,T] x B. Besides, a; : [0,T] x M — [0,1], a;(t, P) := «;(P) is a squared smooth partition of
unity subordinate to {[0,7] x G} .
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Given w € C*([0, S] x M), we define w; € C>([0,S5] x RY), i =1,--- ,R by

(yw)op; b for (t,z) €[0,5] x B,

w;(t,x) =
ilt,) 0, otherwise.

Observe that for any ¢t € [0, S], supp w;(t,) C suppq; o d)i_l. Seeley’s extension theorem (see
[44]) supplies an extension operator

£:C>([0,5] x RY) — C=(R x RY).
Thanks to this, we can build an extension £w; of w; in O (R x R). Set
W; == (e 0 oy )EW; € C(R x RY),

and notice that for any t € R, suppw;(¢,-) C supp «; o (bi_l.
We may lift this function to M by setting

w;(t,p(P))  for (t,P) € R x supp a,

w; (t, P) = .
0, otherwise.

Clearly, w; € C*°(R x M) and for ¢ € [0, S] we have

a?(P)w(t,P)  for P € suppa;

0, otherwise.

R
Setting v := > w; € C°(R x M) C C°°([0,T] x M) we have
i=1

o(t,P)= > o}(P)w(t,P)=uw(tP), (t,P)€0,S]x M,

i
w:Pesupp «;

and thus the desired extension is established.
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