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Abstract For an irreducible character x of a finite group G, the codegree of x is de-
fined as |G : ker(x)|/x(1). In this paper, the authors determine finite nonsolvable groups
with exactly three nonlinear irreducible character codegrees, which are Lo (2f) for f > 2,
PGL2(q) for odd ¢ > 5 or M.
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1 Introduction

In the last decade, there was considerable interest in studying the character codegrees of
finite groups. For instance, there are interesting connections among character codegrees and
element orders (see [5, 10]).

Recall that if G is a finite group and x is an irreducible complex character of GG, the codegree

of x is defined in [11] to be
|G s ker ()|

cod(x) = W’

and we write cod(G) = {codx : x € Irt(G)} to denote the set of irreducible complex character
codegrees of G. As usual, we use the standard notation cd(G) to denote the set of irreducible
complex character degrees of G. Similar to the study on finite groups with few character degrees,
the study on finite groups with few character codegrees appears extensively in the literature. It
has taken its first step by F. Alizadeh and his collaborators (see, for instance, [1]): They gave
a characterization of finite groups G with |cod(G)| < 3. Liu and Yang classified nonsolvable
groups with exactly four (resp. five) character codegrees in [7] (resp. [8]).

Let G be a finite group. Given that N < G, we write

Irr(G|N) = {x € Irr(G) : ker(x) £ N}.
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We also write cd(G|N) and cod(G|N) to denote the sets of degrees and codegrees, respectively,
of the characters in Irr(G|N). In particular, Irr(G|G’) is exactly the set of nonlinear irreducible
characters of G. For a group G with |cd(G|G’)| =1 (i.e., all nonlinear irreducible characters
of G have the same degree), Isaacs [4, Corollary 12.6] showed that the derived subgroup G’
is abelian. Analogously, Qian and the second author classified the finite nonnilpotent groups
G with |cod(G|G")| = 1 in [12]. Tt is easy to show by Theorem 2.1 that finite groups G with
|cod(G|G")| < 2 are solvable. So, in this paper, we determine nonsolvable groups such that
|cod(G|G")| = 3.

Theorem A Let G be a finite nonsolvable group such that |cod(G|G")| = 3. Then G is
isomorphic to one of the following groups: La(27), where f > 2; PGLa(q), where ¢ = pf is an

odd prime power larger than 3; and Myg.

Obviously, |cd(G)| — |cd(G|G")| = 1. However, |[cod(G)| — |cod(G|G")| is quite different: It
can be arbitrarily large; it equals 1 only for perfect groups; it has a lower bound 2 for non-
perfect groups (see Lemma 2.1). So, the next result (see [7, Theorem]) is a direct consequence
of Theorem A.

Corollary B If G is a finite nonsolvable group such that |cod(G)| = 4, then G is isomorphic
to Lo(27) for f > 2.

In the following, all groups considered are finite and p always denotes a prime. We use

standard notation in character theory, as in [4].

2 Proofs

We first present a lemma revealing the cardinality difference of cod(G) and cod(G|G").

Lemma 2.1 ([12]) Let G be a group such that p is the smallest prime divisor of |G/G'|.
Then p ¢ cod(G|G'). In particular, |cod(G)| — |cod(G|G")| > 2.

The next proposition is the key to prove Theorem A. Let G be a group and H be its
subgroup, and let § € Irr(H). To state the proof of the next result, we shall use the notation
Irr(G|0) to denote the set of irreducible characters of G lying over 6; cod(G|f) to denote the
set of codegrees of the characters in Irr(G|6); M(G) to denote the Schur multiplier of a group
G; nyp to denote the largest power of p that divides the positive integer n; (Cp)" to denote the

elementary abelian p-group of order p™, where n is a positive integer.

Proposition 2.1 Let N be a nontrivial normal subgroup of a group G. If G/N is an almost
simple group with socle Lo(q), where ¢ = p’ for some prime p, then cod(G/N|(G/N)") C
cod(G|G").

Proof Suppose false and let G be a counterexample of minimal possible order. Then N
is minimal normal in G and cod(G/N|(G/N)") = cod(G|G"). Notice that G/N is an almost
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simple group with socle K/N = Lo and hence an application of [13, Theorem A] yields
ple group q), pp ) y

q+e

cd(G/N) € {1,q, 5=} Ulla=1)j s g 1B} Ula+1)j 5 | b},

1

where ¢ = (—1)"= and b = |G/N : H/N|. Furthermore, if G/N contains the diagonal auto-
morphism 9 of order 2, then H/N = K/N x (d), ¢ is odd and

cod(G/N|(G/NY) € {b(g? — 1)} U {"q(qj—*” pe {%.‘” b} @

if G/N does not contain the diagonal automorphism of order 2, then H/N = K/N and

cod(G/N|(G/NY) C {%
2bq(q? — 1) balg+1) balg—1)
crmy el Chtor AR D C oy AL (22)

Now, we will complete the proof by carrying out the following steps.

Step 1 N is the unique minimal normal subgroup of G.

Otherwise, S is the other minimal normal subgroup of G, where S = Ls(g). Let ¢ be the
Steinberg character of S.

Assume first that NN is solvable. If G/S is nonabelian, then G has a quotient group which
is Frobenius. So, k € cod(G|G’), where k | 2b. However, since |K/N|, > |G/K]|, for every

r € w(K/N) by [9, Proposition 2.5], we conclude a contradiction k ¢ cod(G/N|(G/N)") by

(g=1)
(2,q—1)
ly coprime, k € cod(G/N|(G/N)’) implies that there exists a prime r € 7(K/N) such that

|K/N|, < |G/K],-
Hence, G/S is abelian, that is N = C, (for a prime ¢) is central in G. Let 0 € Irr(N|N),
1 = @ x 6, and observe that ¢ € Irr(S x N) is G-invariant. If G/N does not contain the diagonal

calculation. In fact, since ¢, ¢ + 1 and are Hall numbers of |K/N| which are relative-

automorphism of order 2, then G/K is cyclic, and hence ¢ extends to a faithful y € Irr(G). So,
_ 16| _IG/NIIN| _ (@~ it

x(1)  e(1) 61)  (2,¢-1)
By checking (2.2), cod(x) ¢ cod(G/N|(G/N)) as ¢, ¢+1 and L= being relatively coprime. If

(2,¢-1)
G/N contains the diagonal automorphism of order 2, then ¢ is odd. Observe that S has exactly

cod(x)

two faithful irreducible characters a; and as with degree %

(see, for instance, [13, Lemma 4.5]), and then (a; x 0)7 = (ay x 0)" € Irr(H) has degree q +¢.

Since H < G such that G/H is cyclic, we have that (a; x 6)7 extends to a faithful w € Irr(G).

So, cod(w) = % = blg(q — €) is not in cod(G/N|(G/N)") by checking (2.1), a contradiction.
Hence, N is nonsolvable. Then by [2, Theorems 2-4, Lemma 5] there exists an irreducible

which are conjugate under H

character 6 of N which is extendible to G. By the similar reasoning in the above paragraph,
we deduce by calculation that cod(G|¢) Ncod(G/N|(G/N)') = &, a contradiction.

Step 2 N is solvable.
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Otherwise, N is nonsolvable. By [2, Theorems 2-4, Lemma 5] there exists a nonlinear
irreducible character 6 of N which extends to y € Irr(G). Observe that by Gallagher corre-
spondence Irr(G|9) ={xpB: P €Irr(G/N)} and that ker(x5) =1 for all § € Irr(G/N), one has
cod(xp) = a0 Bl(l) In particular, for each faithful a € Irr(G/N),

cod(xa) = cod(a) g7+ & cod(G/N|(G/N)'),
a contradiction.

Step 3 Co(N) = N.

Otherwise, K < Cg(N). By the uniqueness of N, N < Z(K) N K’, and hence N embeds
into M(K/N) = M(La(q)). Since N is an elementary abelian ¢-group, either |[N| = 2 or
g =9 and |N| = 3. Assume the latter. Then K = 3.4g and G/K is a subgroup of (C3)2.
Let ¢ € Irr(K|N) be the character of degree 9, and observe that det(y) = 1x as K being
quasisimple. An application of [4, Corollary 6.28] yields that ¢ extends to x € Irr(G). By
calculation, we deduce a contradiction cod(x) = |G|/x(1) ¢ cod(G/N|(G/N)").

So, K = SLy(q) where ¢ is odd and |[N| = 2. It can be checked that there exists a faithful a €
Irr(K) of degree ¢+ 1 which is G-invariant. If G/N does not contain the diagonal automorphism
of order 2, then G/ K is cyclic. Therefore, a extends to x € Irr(G), and hence cod(x) = 2¢(g—1)b
which is not in cod(G/N|(G/N)), a contradiction. Suppose that G/N contains the diagonal
automorphism of order 2. Then it can be checked that there exists a faithful w € Irr(G) of
degree ¢ — . In fact, K has exactly two faithful irreducible characters g1 and [2 with degree
45= which are conjugate under H; as |[H : K| = 2, BH € Trr(H) has degree q — ¢; note that
H < G such that G/H is cyclic and that Irr(H|31) = Irr(H|B2) = {B{'}, and hence Bf is
extendible to G. So, cod(w) is not in cod(G/N|(G/N)’), a contradiction.

Step 4 Final contradiction.
Write |N| = (" for some prime £. For each x € Irr(G|N), ker(x) =1 and ¢" | x(1). Since

e | EXEIM(G\N)X(:UQ = |G| - |G/N|a

02" | 24by|L2(q)|e, and hence by [9, Proposition 2.5] £2 | (|L2(q)|¢)?. So, £2™ < (q + 1)2, i.e.,
0" < q+1. AsCg(N) = N = (Cy)™, G/N embeds into GL,,(£). Recall that G/N is nonsolvable,
and hence /™ > 8, ie.,, ¢ > 7. Set G = G/N, let F be a Frobenius subgroup of K of order
(2(‘31 11) and let E be the Frobenius kernel of F. Set Ny = Cx(E), then V = N/NO is an
F-module such that Cy (E) = 1. If £ # p, i.e., (|V|,|E|) = 1, then n > dim(V) > (2 = 1) by [4,

Theorem 15.16]. Therefore,

g+1> > een,

a contradiction. In fact, ¢ +1 < 2°z" where q>7T. So,{=pandn < f. Assume that f > 2.
By Zsigmondy’s theorem, there exists a prime divisor of p/ + 1 which does not divide |GL, (p)]
except for the case p/ = 23. If p/ = 23, then p/ 4+ 11 |GL, (p)| contradicting the fact that G/N
embeds into GL,(p). So, n = f =1, and hence G/N is solvable, the final contradiction.
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The following deep theorem (see [6, Theorem B]) is another fact needed to prove Theorem
A which is also the key to show that a group G with |cod(G|G")| < 2 is solvable.

Theorem 2.1 ([6, Theorem B]) Let N be a normal subgroup of a group G and suppose that
|cd(G|N)| < 2, then G is solvable.

Now, we are ready to prove Theorem A.

Proof of Theorem A Assume false and let G be a counterexample of minimal possible
order. Let N <G be maximal such that G/N is nonsolvable. Then G/N has the unique minimal
normal subgroup, say K /N, which is nonabelian.

Assume that N = 1. Recall that K is the unique minimal normal subgroup of G which is
nonabelian. For a nonprincipal irreducible character 6 of K and an irreducible character y of
G lying above 6, ker(x) = 1 and hence cod(x) = |G|/x(1). So,

| cd(G|K)| < [cod(G|K)| < |cod(GIG)] < 3,

where the second inequality holds because K < G’. As G is nonsolvable, it follows by Theorem
2.1 that |cd(G|K)| = 3. Therefore, [3, Theorems 1.1-1.2] yields a contradiction.

So, N > 1, and write G = G/N. By the discussion in the above paragraph, one see
that | cod(G|G')| = 3 as G being nonsolvable. By the minimality of G, G is isomorphic to
one of the following groups: Lo(2/), where f > 2; PGLa(q), where ¢ = pf is an odd prime
power larger than 3; and Mjg = La(g) X Ca. So, we conclude from Proposition 2.1 that
|cod(G|G")| > | cod(G|G)| = 3, the final contradiction.

Following similar argument in the above proof, one could prove that a group G with
|cod(G|G")| < 2 is solvable. Tt also explains why we study nonsolvable groups with exactly

three nonlinear irreducible character codegrees.
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