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1 Introduction

In n-dimensional Euclidean space R™, a compact convex set with non-empty interior is called
a convex body. Let K" denote the set of all convex bodies in R™ and K7 denote the set of all
convex bodies in R™ containing the origin in their interiors. The set of all origin-symmetric
convex bodies in R™ is denoted by K. Clearly, £ C K7 C K.

As one of main parts of the Brunn-Minkowski theory, a Minkowski problem characterizes
a geometric measure generated by convex bodies: Given a non-zero finite Borel measure on
unit sphere in R™, what are the necessary and sufficient conditions such that the given measure
is a geometric measure generated by a convex body? Furthermore, if such a convex body
exists, is it unique? These two problems are called existence and uniqueness of the solution
to Minkowski problem. There is a long history for study of Minkowski problem which greatly
promotes developments of the Brunn-Minkowski theory and fully non-linear partial differential
equations (see [38, 41]). We will review some Minkowski problems shortly.

In 1990s, Lutwak [30] introduced the L, surface area measure S,(K,-) of convex body
K € K7 by the variational formula of the n-dimensional volume (Lebesgue measure) V,, for L,
Minkowski combination as follows.

For p € R\ {0},

V(K 4pt-L) = Vo (K) 1

: I p
lim, : [ Hwasy(K ), (L1)
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where K +, t - L is the L, Minkowski combination of K,L € K (see the details in (2.2)),
and Ay, is the support function of L (see the details in (2.1)). Note that the case for p = 0
can be defined by similar way. It is called cone-volume measure which has intuitive geometric
significance and is the only one among all L, surface area measure that is SL(n) invariant.

When p = 1, the L; surface area measure S1(K, ) is the well-known classical surface area
measure Sk, that is, S1(K, ) = Skx. The Minkowski problem associated with the classical
surface area measure is called the classical Minkowski problem: What are the necessary and
sufficient conditions such that a given non-zero finite Borel measure on unit sphere is the
classical surface area measure of a convex body? Many important works for the existence and
uniqueness of this problem are due to Minkowski [35-36], Alexandrov [1-2], Fenchel-Jessen [15]
and others.

In [30], Lutwak not only introduced the L,, surface area measure but also studied associated

Minkowski problem called L, Minkowski problem as follows.

L, Minkowski problem For a fixed p and a given non-zero finite Borel measure p on
Sn=1 what are necessary and sufficient conditions in order that there exists a convex body K
in R™ such that its L, surface area measure S,(K, ) is equal to p, that is,

SP(Ka ) = ,U“7

The volume normalized form of this problem is called the normalized L, Minkowski problem.
What are necessary and sufficient conditions in order that there exists a convex body K in
R™ such that

Note that, when p # n, the L, Minkowski problem and its normalized version are equivalent.
This is due to positive homogeneity of degree (n — p) of the L, surface area measure S, (K, -).

It is not hard to see that the L, Minkowski problem is the generalization of the classical
Minkowski problem (p = 1). What’s more, the L, Minkowski problem has other two special
cases: The centro-affine Minkowski problem (p = —n) and the logarithmic Minkowski problem
(p = 0), see [6, 9, 13, 26, 39-40, 42, 52-53]. So far, there are many results for the existence,
uniqueness, regularity and continuity of the (normalized) L, Minkowski problem. For more
references, one can see [11, 18, 22, 25, 28, 30-31, 33, 44, 54-56]. As an important application,
the solutions to the L, Minkowski problem are powerful tools for discovering a kind of new
affine isoperimetric inequalities of which some new (sharp) affine L, Sobolev inequalities are
important parts, see [12, 19-21, 32, 46, 48]. Besides, the solutions to this problem have close
relation to some important flows, see [3—4, 39-40].

As “dual” case of the L, Minkowski problem, the dual Minkowski problem was posed by
Huang-Lutwak-Yang-Zhang [23] and is a characterization problem for dual curvature measure
defined by the variational formula of the dual volume (see [29]) for L; Minkowski combination.
Note that the dual volume is a generalization of volume. Recently, the dual Minkowski problem
and its generalization have rapid developments for the existence, uniqueness, regularity and
continuity, see [5, 7, 10, 16, 34, 43, 45, 47, 49-51].
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It is well-known that the volume (Lebesgue measure) is an important notion in R and has
some beautiful properties such as translation invariance, homogeneity and so on. In Brunn-
Minkowski theory, the Gaussian probability measure -, also has hot attention and is defined
by

1 _l=)?
'Yn(E) = W/Ee dzx,

where E is a subset of R™ and |z| is the absolute value of x € E. ~,,(E) is called the Gaussian
volume of E. It is a nature problem to study the Brunn-Minkowski theory for the Gaussian
volume 7,,. Since the Gaussian volume ~,, does not have translation invariance and homogeneity,
there are more difficulties to study the corresponding Brunn-Minkowski theory. The Brunn-
Minkowski inequality and the Minkowski inequality for the Gaussian volume =, are studied in
[8, 14, 17, 37].

Recently, Huang, Xi and Zhao [24] defined the Gaussian surface area measure S,, x of
convex body K € K7 by the variational formula of the Gaussian volume v, as follows.

For K, L € K7,

lim Yo (K +tL) — 7 (K)

t—0+ t

_ /SH hi(w)dS,, g (w). (1.2)

What’s more, they posed the corresponding Minkowski problem called Gaussian Minkowski
problem.

The Gaussian Minkowski problem Given a finite Borel measure p on the unit sphere
S7—1 what are the necessary and sufficient conditions on p so that there exists a convex body
K such that

S’Yn;K = /14?

If K exists, is it unique?

The Gaussian volume normalized form of this problem is called the normalized Gaussian
Minkowski problem. When g is even, this problem is called the even Gaussian Minkowski
problem. In [24], Huang, Xi and Zhao studied the even (normalized) Gaussian Minkowski
problem and obtained some results for the existence and uniqueness of this problem.

By the variational formula of the Gaussian volume ~,, for L, Minkowski combination, Liu
[27] defined the L, Gaussian surface area measure S, -, (K,-) of convex body K € K.

For K,L € K and p # 0,

im 'Yn(K+pt'L)_7n(K) 1

— P
fim : o[PS, (), 13)

In particular, when p = 1, it is the Gaussian surface area measure, that is, Sy -, (K,-) = S, k-

The corresponding Minkowski problem is called the L, Gaussian Minkowski problem as follows.

The L, Gaussian Minkowski problem For fixed p and a given non-zero finite Borel
measure 4 on S" !, what are the necessary and sufficient conditions on j in order that there
exists a convex body K € K such that
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If f is the density of the given measure p, then the corresponding Monge-Ampere type
equation on S™! is as follows.
For u € S»~1,

1 _1Yh@)2+hr2 ()
2

Vamr

where h : S"~t — (0,+400) is the function to be found, Vh, V2h are the gradient vector and

the Hessian matrix of h with respect to an orthonormal frame on S™~!, and I is the identity

RYP (u)det(V2h(u) + h(u)I) = f(u),

matrix. When p or f is even, this problem is called the even L, Gaussian Minkowski problem.
The existence of the solution to the normalized L, Guassian Minkowski problem is obtained
by Liu [27] as follows.

Theorem A (see [27]) Forp > 0, let i be a non-zero finite Borel measure on S™~! and be
not concentrated in any closed hemisphere. Then there exist a K € KU and a positive constant
A such that

A
-8 K, )= p.
» p,'yn( ) H

Due to the lack of homogeneity of L, Gaussian surface area measure S, ., (K,-), it is dif-
ficult that the coefficient % is eliminated. Next, the even L, Gaussian Minkowski problem is

considered as follows.

The even L, Gaussian Minkowski problem For fixed p and a given non-zero even
finite Borel measure p on S”~!, what are the necessary and sufficient conditions on j in order
that there exists a convex body K € K7 such that

Sp>’>’n (Kv ) = ,u?
For even case, Liu [27] eliminated the coefficient % and obtained the following result.

Theorem B (see [27]) For p > 1, let u be a non-zero even finite Borel measure on S™~!
2
T
chosen such that 4, (rB) = v,(P) = &, symmetry strip P = {x € R" : |z1| < a}. Then there
exists a unique K € K with v, (K) > % such that

a2
and be not concentrated in any closed hemisphere with |u| < r~Pae” 2, the r and a are

Sp7'Yn (K, ) = Q.

In this paper, when p > n, we find that the existence of the solution to the even L, Guassian

a2 .
Minkowski problem can do not need the condition |u| < \/gr_pae_T in Theorem B, and we
obtain the following result.

Theorem 1.1 Let p > n and p be a non-zero even finite Borel measure not concentrated
in any closed hemisphere of S"~1. Then, there exists Ko € K2 such that

SpAn (Ko, ) = p.
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2 Preliminaries

In this section, we list some notations and recall some basic facts about convex bodies.
For vectors =,y € R", x - y denotes the standard inner product in R™. The boundary of the
Euclidean unit ball B,, = {z € R" : \/z -z < 1} is denoted by S™~! called unit sphere. The
n-dimensional volume (Lebesgue measure) of B, is denoted by w,. We write 0K and int K for
the boundary and the set of all interiors of convex body K in R™, respectively. Let &’ K denote
the subset of 0K with unique outer unit normal. According to the context of this paper, | - |
can denote different meanings: The absolute value, the standard Euclidean norm on R™ and
the total mass of a finite measure. Let C(S"~!) denote the set of continuous functions defined
on S"71 and let C*(S™~1) denote the set of strictly positive functions in C(S™~1).

A convex body K € K7 is uniquely determined by its support function hx : R™ — R defined
by

hig(z) =max{z-y:ye K}, zeR" (2.1)

It is not hard to see that support functions are positively homogeneous of degree one and
subadditive. For K € KV

0

its support function hx is continuous and strictly positive on the
unit sphere S"~!. The support hyperplane Hx of K € K" with respect to outer unit normal
v € S" ! is defined by

Hig(w)={2zeR":z-v="hg(v)}

Clearly, Hx (v) N K C 9K for all v € S"~ 1.
The radial function pgx : R\ {0} — R of convex body K € K7 is another important function
for K € K7, and it is given by

pr(z) =max{A>0: \x € K}, xze€R"\{0}.

Note that the radial function px of K € K[ is positively homogeneous of degree —1, and it is
continuous and strictly positive on the unit sphere S"~!. For each u € S"™ 1, pg(u)u € OK.

The set K can be endowed with Hausdorff metric and radial metric which mean the distance
between two convex bodies. The Hausdorff metric of K, L € K is defined by

||hK — hLH = max |hK(u) — hL(u)|
ueSn—1
The radial metric of K, L € K7 is defined by
llox — pLl| = max |px(u) — pr(u)|.
’U,ES" 1
It is an important fact that the two metrics are mutually equivalent, then, for K, K; € K7,
hx, — hx uniformly if and only if px, — px uniformly.

If ||hk, — hi|] = 0 or ||pk, — px|] — 0 as ¢ — 400, we call the sequence {K;} converges to K.
The polar body K* of K € K7 is given by

K'={zeR":z-y<lforallyec K}.
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It is clear that K* € K7 and K = (K*)*. There exists an important fact on R \ {0} between
K and its polar body K*:

1
hig = and pg =-—.
PK~ hg+

Then, for K, K; € K, we can obtain the following result:
K; — K ifand only if K] — K*.
For f € CT(S™~1), the Wullf shape [f] of f is defined by
[fl={z eR":2-u< f(u) for all u € S"71}.

It is not hard to see that [f] is a convex body in R™ and hjs; < f. In addition, [hx] = K for
all K € K7,

By the concept of Wullf shape, the L, Minkowski combination can be defined for all p € R.
When p # 0, for K, L € K and s,t € R satisfying that shh. + thY is strictly positive on "1,
the L, Minkowski combination s - K +,t - L is defined by

s K +pt-L=[(sh +th?)»]. (2.2)
When p = 0, the L, Minkowski combination s - K +¢ ¢ - L is defined by
s- K +ot-L=[h5ht].

By the variational formula (1.3) of the Gaussian volume ~,, for L, Minkowski combination,
the integral expression of L, Gaussian surface area measure is obtained in [27].

Suppose p € R and K € K. For each Borel set n C S"~!, L, Gaussian surface area
Sp o, (I, ) of K is defined by

1 cpg o g
Sp7%(K,77):m/’jxl(n)(x.m;{(x))l e amn 1 (2). (2.3)

Here v : 'K — S™~1 is the Gauss map of K and H" ! is the (n — 1)-dimensional Hausdorff
measure.
By the definition (1.2) of Gaussian surface area measure S, x, L, Gaussian surface area

measure Sj -, (K, -) can be rewritten as follows:

S (B 1) = / BT (u)dS,, k (u). (2.4)

When p =1, we have S,, x = S1,, (K, ).
By the definition of L, Gaussian surface area measure (2.3), the following result is obtained.
For K € K and p € R, S, -, (K,-) is absolutely continuous with respect to the classical
surface area measure Sy, and

1 _ VAP hew)
2

ds, (m)ne hy P(u)dSk(u), weS™ .

PsYn (K7 u) =
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Besides, if K is C'_QH then

1 _IVhk )P rhiew)
2

(\/g)ne hye P(w)det(V2hie (u) + by (u)I)du, we S™ L

Hence, L, Gaussian surface area measure is also absolutely continuous with respect to the

dSp +, (K, u) =

spherical Lebesgue measure.

3 Existence

In this section, the existence of the solution to the even L, Gaussian Minkowski problem
is studied. By variational method, the first step for solving the existence of even L, Gaussian

Minkowski problem is properly to convert this problem to an optimization problem as follows.

Optimization problem For p # 0 and a given non-zero even finite Borel measure p on

S™=1 does there exist a convex body in K" that attains the supremum,
sup{l',(K): K € KI'}? (3.1)

Here the functional I', : K} — R is given by

1 n
FP(K):_E/S 71h§<du+%(K), K eKk;.

Since the set of support functions of convex bodies in K? is a subset of CF(S"71), the
functional I', can be extended to a functional on CF(S"~1), ', : CF(S"~1) — R, defined by

L) = [ W), he G,

Then, I')y)(hg) = T'p(K) for all K € K. Together with the definition of Wullf shape, we obtain

the following interesting lemma.

Lemma 3.1 Let p # 0.
(1) If Ko € K7 satisfies

[p(Ko) = sup{l'y(K) : K € K},
then
Ly(hi,) = sup{Ty(h) : h € CF(S"1)}.
(2) If hg € CF(S™71) satisfies
p(ho) = sup{Tp(h) : h € CF(S"™1)},
then

Ip([ho]) = sup{T',(K) : K € K¢}
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Proof By hp < hforall h € CF(S" 1), we have
Ly (b)) = Tp(h).
If
Ip(Ko) = sup{l',y(K) : K € K'},
then, for each h € CF(S™71),
Lp(hic,) = Tp(Ko) = Tp([h]) = Tp(hppy) = Tp(h).
Together with hr, € CF(S"™1), we obtain
Ly(hi,) = sup{ly(h) : h € CF(S"H)}.
If
Tp(ho) = sup{Lp(h) : h € CF(S"H)},
then, for each K € K7,
Lp([hol) = Tp(hing)) = Tplho) = Tplhic) = Tp(K).
Thus, by [ho] € K2, we have
Ip([ho]) = sup{T'y(K) : K € K¢}

To obtain the existence of L, Gaussian Minkowski problem, the following variational formula

for Gaussian volume =, is needed.

Lemma 3.2 (see [27]) Let K € K", p # 0 and f € C.(S™1). Suppose § > 0 is a
sufficiently small constant such that, for all w € S~ and t € (—6,0),

hY () = bl (u) +tf(u) > 0.
Then,

lim 20e) =9 (K) _ l/sni1 f(u)dSp 5, (K, u). (3.2)

t—0 t D

The following result shows that a solution to optimization problem (3.1) leads to a solution

to the even L, Guassian Minkowski problem.

Lemma 3.1 Let p # 0 and p be a finite even Borel measure not concentrated in any closed
hemisphere of ST~1. If there exists Ko € K such that

['p(Ko) =sup{l'p(K): K € K},
then

1= Sp,y, (Ko, ).
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Proof Since
p(Ko) = sup{l',(K) : K € K'},
then, by Lemma 3.1, we have
Dy(hi,) = sup{Tp(h) : h € CF(S" ™)}
For each f € C.(S"71), define hy € CFH(S"~1) by
e (u) = h’;(()(u) +tf(u), te(=6,0)
for all u € S"~1, where § > 0 is a sufficiently small constant. Thus, from (3.3),
Lp(ho) =Tp(hiy) > Tp(he), te (—6,9).

Together with Lemma 3.2, we have

d
0= Tp(h)],_

— %( _ % /;n—l hY (w)dp(u) + ’Yn([ht])) ‘
1

1
- /Sni1 fu)dp(u) + ; /STH F(u)dS, -, (Ko, u).

Since this holds for any f € C.(S"1), it follows that

n= Sp-,% (K()a )

To obtain a solution to optimization problem (3.1), we need the following lemmas.

Lemma 3.4 Letp >n. Then I'y(rB,) > 0 for sufficiently small r > 0.

Proof Combining the definitions of I', and +, with polar coordinates, we obtain

p
bl p 1 _l=?
= P — 2 dx
p ( 27T)n rBp
2
|l e 7
2 —rP + Vn an
D ()
— |:u| D Wn —§ n
p (V2m)n
— Tp( Wn, e 2 n—p |:u|)
(V2m)n D
Since, by p > n,
T2
lim e"2 =1 and lim "7 = 4o0,

187
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then

7‘2
lim e 27" P = +o00.
r—0+t

Therefore, for sufficiently small r > 0, we have I',(rB,,) > 0.

Lemma 3.5 Suppose K is a compact convex set in R™. If v,(K) > 0, then K is a convex
body in R™, that is, K € K.

Proof By the definition of the Gaussian volume ~,,, we have

1 _l=? 1 _ 1
() = (\/ﬂ)n/Ke dz < (\/%)"/de_ T V)
Together with ~,,(K) > 0,
Vi(K) > (V27) "y (K) > 0.

Therefore, compact convex set K has nonempty interior in R™, that is, K is a convex body in
R™.
The following lemma shows that there exists a solution to optimization problem (3.1).

Lemma 3.6 Letp > n and p be a finite even Borel measure not concentrated in any closed
hemisphere of ST=1. Then, there exists Ko € K2 such that

Ip(Ko) =sup{I'p(K): K € K'}.

Proof Let {K;} C K be a maximizing sequence for I',, that is,
‘ ligrn Ip(K;) =sup{l',(K): K € K'}.
1—>+00
By Lemma 3.4, we deduce that h—Igl Tp(K;) > 0.
1—r+00

Since K; € K", px, is continuous on S"~!. By the fact that S"~! is compact, we could
choose a constant R; > 0 and a unit vector u; € S™~! such that

Ri = pr, (u;) = max{pg, (u) : u € S" 1}
Then, R;u; € K; and K; C R;B,,. By the definition of support function,
hi,(v) > R;|u; - v]

for all v € S™~1. Since y is not concentrated in any closed hemisphere of S"~!, there exists a
constant ¢y > 0 such that

[ o) > e

for all u € S"~!. Together with K; C R;B,,, we have

1
P00 = = [ e ()ane) + 70
R?
<2 [ g oPdp(o) + o (RiB)
p Sn—1

IN

_%Rf + Wn(Ran)
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Suppose that {R;} is not a bounded sequence. Without loss of generality, we may assume

that liljrn R; = +00. By polar coordinates,

1—>+00
1 l|2 nwy, Ri 2
Yn(RiBp) = / e” 2 dr = / e~ T Ldt.
( \ 27T)n R; By, (\/ 27‘1’)" 0

2
Since the integral f0+°° e~ Tt"1dt is convergent, the sequence {7, (R;B,)} is also convergent

as ¢ — 4o00. Together with lim R; = 400, we have
1—+00

T, (K;) < —%OR’; + 7 (R;By) = —0

as @ — +oo. This is a contradiction to {K;} being a maximizing sequence. Therefore, {R;} is
bounded, that is, the sequence {K;} is bounded.

By Blaschke selection theorem, without loss of generality, we may assume that {K;} con-
verges to an origin-symmetric compact convex set K in R™. From the continuity of the Gaussian
volume with respect to the Hausdorff metric and the definition of I',,, we have

Yn(Ko) = lim v,(K;) > lim F;D(Ki) > 0.
1——+00 1—+00

Together with Lemma 3.5, we obtain Ky € K. Since {K;} converges to Ko € K in the
Hausdorff metric, then
I'y(Ko) = _liin Ip(K;) =sup{l,(K): K € K}
1—>+00
By Lemmas 3.3 and 3.6, we obtain the existence of the solution to the even L, Guassian

Minkowski problem for p > n. Theorem 1.1 is rewritten as Theorem 3.1 as follows.

Theorem 3.1 Let p > n and p be a non-zero even finite Borel measure on S"~' not

concentrated in any closed hemisphere of S"~1. Then, there exists Ko € K" such that

1= Sp, (Ko, ).

_a?
Remark 3.1 In Theorem 3.1, we eliminate the condition |u| < \/? r~Pae2  in Theorem

B. But, the following problem deserves to be considered.

2 ;‘12

Is the condition |p| < y/Zr~Pae™ necessary for p > n? In other words, when p > n, does

any K € K7 satisfy the following inequality:

2 —a2
|Sp ., (K, 0)] < \/jT_paeT?
s

If the answer is negative, then Theorem B does not cover Theorem 3.1 for p > n.

The following isoperimetric type inequality can be derived from Ehrhard inequality by Liu
[27] and gives a negative answer of the problem in Remark 3.1.

Lemma 3.7 (see [27]) Forp > 1, let K € K2 and symmetry strip P = {x € R™ : |21]| < a}
with v, (K) = 7 (P) = 5. Then,

2 70/2
|S:D7’Yn (K, )l > \/jr_paezv
m
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where r is chosen such that v, (rB) = 1.

a2
By Lemma 3.7, it is meaningful to eliminate the condition |u| < \/g r~Pae™2 in this paper.
Hence, when p > n, Theorem B does not cover Theorem 3.1.
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