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1 Introduction

The coarse Novikov conjecture (cf. [4, 6, 15]) is one of the most important problems in non-
commutative geometry. It implies the Gromov-Lawson-Rosenberg conjecture for non-existence
of positive scalar curvature on aspherical manifolds, and the Gromov’s zero-in-the-spectrum
conjecture on noncompact complete Riemannian manifolds. Let X be a discrete metric space,
e.g. a discrete net of a Riemannian manifold or a finitely generated group with the word length
metric. The space X is said to have bounded geometry if for any r» > 0 there is N > 0 such
that any ball of radius r in X contains at most N elements. The coarse Novikov conjecture for
X states that the higher index map

e lim K (Py(X)) — K. (C*(X))

d—o0

is injective, where on the left hand side, K,(Py(X)) is the K-homology group of the Rips
complex P;(X) of X at scale d > 0, while on the right hand side, K,.(C*(X)) is the K-theory
group of the Roe C*-algebra C*(X) of X.

In [17], Yu introduced a localization C*-algebra C7 (P4(X)) to establish the following com-
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mutative diagram

lim K. (Pg(X)) —— K.(C*(X)).

d—o0

He showed that the local index maps p, is an isomorphism. It follows that the coarse Novikov
conjecture for X is equivalent to the statement that the evaluation map at the K-theory level:

e, lim K, (Cr(Py(X))) — lim K.(C*(Py(X))) = K,(C*(X))

d—o0 d—o0
is injective.

In recent years, operator algebras on LP-spaces have been studied quite extensively (cf. [2-3,
8-10]). One might naturally tend to formulate and study an LP-version of the coarse Baum-
Connes conjecture or an LP-coarse Novikov conjecture. In fact, this direction of generalization
has a very strong motivation, namely, the powerful Dirac-dual Dirac method in Kasparov’s
K K-theory for the Baum-Connes conjecture (cf. [5]) or the Strong Novikov conjecture breaks
down in the case of discrete groups with Kazhdan’s Property (T). As opposite of amenability,
groups with Kazhdan’s Property (T) do not admit a proper affine isometric action on a Hilbert
spaces. And it is well known that most of Gromov hyperbolic groups have Kazhdan’s Property
(T). However, Yu [19] proved that any hyperbolic group admits a proper affine isometric action
on an fP-space for some large p > 2. This remarkable discovery suggests that one might
go beyond Hilbert spaces to consider higher index problems on general LP-spaces. However,
difficulty on LP-spaces is much more tremendous than one might expect. For example, so
far, there are no reasonable generalization of the Roe algebra on LP-spaces. Only the Roe
algebra on ¢ for 1 < p < oo is defined (cf. [2]), so that the ¢P-version of the coarse Baum-
Connes conjecture and the coarse ¢P-Novikov conjecture have been properly formulated. In [3],
Chung and Nowak showed that expanders are counterexamples to the coarse ¢P-Baum-Connes
conjectures. In [14], Shan and Wang proved the coarse geometric ¢P-Novikov conjecture for
metric spaces with bounded geometry which admit a coarse embedding into a simply connected
complete Riemannian manifold of nonpositive sectional curvature. In [20], Zhang and Zhou
proved that K-theory for ¢P-Roe algebra are independent of 1 < p < oo for spaces with finite
asymptotic dimension.

Let X and Y be two metric spaces. Recall that a map f : X — Y is said to be a coarse
embedding if there exist non-decreasing functions p; and ps from Ry = [0, 00) to Ry such that:

(1) pr(d(z,y)) < d(f (@), f(y)) < p2(d(z,y));

(2) Tgngopi(r) = oo fori=1,2.

Kasparov and Yu [7] introduced a geometric condition to Banach spaces, called Property
(H), and proved the strong Novikov conjecture for groups coarsely embeddable into a Banach

space with Property (H).
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Definition 1.1 (cf.[7]) A real Banach space V is said to have Property (H) if there exists
an increasing sequence of finite dimensional subspaces {Vy, }nen of V', and an increasing sequence
of finite dimensional subspaces {W, }nen of a real Hilbert space such that

(i) U Vi is densein V,
nenN
(i) there exists a uniformly continuous map v : S( U Vi) = S( U Wa) such that the
neN nenN

restriction of ¥ to S(V,,) is a homeomorphism onto S(W,,) for each n € N, where S(-) denotes

the unit sphere of a subspace of a Banach space.

For example, the Banach space ¢ has Property (H) for any p > 1. In [1], Chen, Wang
and Yu prove the coarse Novikov conjecture for discrete metric spaces with bounded geometry
which are coarsely embeddable into Banach spaces with Property (H).

The main purpose of this paper is to prove the following result, which generalizes the above

result to the (P setting.

Theorem 1.1 Let X be a discrete metric space with bounded geometry, and let 1 < p <
oco. If X admits a coarse embedding into a Banach space with Property (H), then the coarse

geometric P -Novikov conjecture holds for X, i.e., the index map
e. : lim K, (BY (Py(X))) — K.(BP(X))
d—o0
18 1njective.

This paper is organized as follows. In Section 2, we recall the formulation of the coarse ¢P-
Novikov conjecture, and the idea of fP-localization. In Section 3, we define the twisted /P-Roe
algebra and its ¢P-localization counterpart for a metric space which admits a coarse embedding
into a Banach space with Property (H). We construct uniformly almost flat Bott generators to
establish a Bott map g from the K-theory of the ¢P-Roe algebra to the K-theory of the twisted
(P-Roe algebra, and a Bott map [y between the K-theory of the corresponding localization
algebras. In Section 4, we discuss various ideals of the twisted algebras and show that the
evaluation map from the twisted ¢P-localization algebra to the twisted ¢P-Roe algebra induces
an isomorphism at the K-theory level. In Section 5, we complete the proof of the main result of

this paper. To do so, we construct one more Bott map 57° and use it, together with the results

in previous sections, to show the injectivity of 5z, which implies Theorem 1.1.

2 The Coarse ¢P-Novikov Conjecture

In this section, we shall recall the concepts of the ¢P-Roe algebras (cf. [3, 12]), Yu’s ¢P-
localization algebras (cf. [3, 17]) and the coarse geometric £P-Novikov conjecture.

For r > 0, an r-net in X is a discrete subset Y C X such that for any y1,y2 € Y, d(y1,y2) > r
and for any x € X there is a y € Y such that d(z,y) < r. A general metric space X is called to
have bounded geometry if X has an r-net Y for some r > 0 such that Y has bounded geometry.
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Throughout the paper, p > 1. And IC, = KC(¢”), the set of all compact operators over ¢7.

Definition 2.1 (cf. [3,12]) Let X be a proper metric space (a metric space is called proper
if every closed ball is compact), and fix a countable dense subset Z C X. Let T be a bounded
operator on (P(Z, (P), and write T = (T(x,y))z,yez so that each T'(x,y) is a bounded operator
on fP. T is said to be locally compact if

(i) each T'(x,y) is a compact operator on (P;

(ii) for every bounded subset B C X, the set
{(z,y) € (BxB)N(Z x 2) | T(z,y) # 0}

is finite.

The propagation of T is defined to be
prop(T) =inf{S > 0| T(x,y) = 0 for all x,y € Z with d(z,y) > S}.

The algebraic Roe algebra of X, denoted by CP[X], is the subalgebra of B(P(Z,P)) consisting
of all finite propagation, locally compact operators. The (P-Roe algebra of X, denoted by BP(X),
is the closure of CP[X] in B({P(Z,¢P)). BP(X) does not depend on the choice of Z. See [20]
for a proof.

Definition 2.2 (cf. [3, 17]) Let X be a proper metric space, and let CP[X] be its algebraic
Roe algebra. Let CY[X] be the algebra of bounded, uniformly norm-continuous functions g :
[0, 00) — CP(X) such that prop(g(t)) — 0 as t — co. Equip C¥[X] with the norm

gl == sup |[lg(®)]l5r(x)-
te[0,00)
The completion of C [X] under this norm, denoted by BY (X), is the ¢P-localization algebra of
X.

The evaluation homomorphism e from BY (X) to BP(X) is defined by e(g) = g(0) for g €
BY (X).

Definition 2.3 Let X be a discrete metric space with bounded geometry. For each d > 0,
the Rips complex Py(X) at scale d is defined to be the simplicial polyhedron in which the set of

vertices is X, and a finite subset {xo,x1,--- ,xq} C X spans a simplez if and only if d(x;,z;) <
d forall 0 <14,5 <gq.

Endow P;(X) with the spherical metric. Recall that on each path connected component of

q
P4(X), the spherical metric is the maximal metric whose restriction to each simplex { 3 t;z; |
i=0

q
t; >0,> t; = 1} is the metric obtained by identifying the simplex with S{ via the map
i=0

q
t t t
Z tixi = ( 0 ) - y T = ) )
i—0 q 5 q 5 q 5
i=0 i=0 i=0
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q

where S? = {(s0,81,"*+,8¢) € R | 5; > 0,5 s? = 1} is endowed with the standard
i=0

Riemannian metric. If yo,y1 belong to two different connected components Yy, Y; of Py(X),

respectively, we define
d(yo,yl) = min{d(yo,xo) + dx($(),$1) + d(il?l,yl) | zo € X NYy,x1 € X N Yl}.

In [17], Yu proved that the local index map from K-homology to K-theory of localization
algebra is an isomorphism for finite-dimensional simplicial complexes. In [11], Qiao and Roe
generalized this isomorphism to general locally compact metric spaces. Therefore for 1 < p < oo,
considering the analogs of ¢P-Roe algebra and ¢P-localization algebra, we define the following
assembly map which is equivalent to the original map when p = 2. The following conjecture is

called the coarse ¢P-Novikov conjecture.

Conjecture If X is a discrete metric space with bounded geometry, then the index map

e lim K. (BY(Py(X))) = lim K.(B"(Pa(X))) = K.(B"(X))

d—o0

is injective.
3 Twisted ¢P-Roe Algebras and Twisted #P-Localization Algebras

In this section, we shall define the twisted ¢P-Roe algebra and its localization counterpart for
a metric space of bounded geometry which admits a coarse embedding into a Banach space with
Property (H). We shall then construct a Bott map S from the K-theory of the ¢P-Roe algebra
to the K-theory of the twisted ¢P-Roe algebra, and a Bott map [; between the K-theory of
the corresponding ¢P-localization algebras, to build the following commutative diagram for each
d>0,

K. (BY(Py(X))) —Z= K. (B (Pu(X), Q((Ar @ Kp)nerr)))

le* lef‘

K. (BP(Py(X))) —> K.(B(Pa(X), Q((An ® Kp)uen)),

where e is the homomorphism induced by the evaluation map from the twisted ¢P-localization
algebra to the twisted ¢P-Roe algebra. The diagram plays a central role in the proof of Theorem
1.1.

3.1 The twisted ¢P-Roe algebra

Let X be a discrete metric space with bounded geometry which admits a coarse embedding
f: X — V into areal Banach space V' with Property (H). There exists an increasing sequence of
finite dimensional subspaces V;, of V', and an increasing sequence of finite dimensional subspaces
W, of a real Hilbert space such that

(i) U Vi isdensein V,
nenN
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(i) there exists a uniformly continuous map ¢ : S( U Vo) = S( U W,,) such that the

restriction of ¢ to S(V},) is a homeomorphism onto S(WV, ) for each n € N

By a slight modification, we may assume without loss of generality that f(X) C |J Vi,
nenN
and the subspaces V,, and W,, are all even dimensional. For each d > 0, the coarse embedding

f:X = |J Vi can be extended a coarse embedding f : P;(X) — |J V, as follows: For any
neN neN
point

zchzzePd(X), ¢y >0, Zczzl,

reX reX

where all but finitely many coefficients ¢, are zero, we define

f2)=) ef@) e | Va

reX neN

For each n € N, let Cliff(W,,) be the complex Clifford algebra of W,, with respect to the

relation w? = ||wl|? for all w € W,,. Let
Ay, = Co(Vn, CLff (Wy,))

be the Banach algebra of all bounded continuous functions from V,, to Cliff(W,,) which vanish
at infinity.

Let H,, = L*(V,,Cliff(W,)), the set of all L? sections of Cliff(W,,), which is a Hilbert
space. A, acts on H,, by pointwise multiplication. For a € A,, and h € H,. Define ayax :=
max{|la(z)|| | * € V,}. Then |la - h| < amax||h| and A, C B(H,). For n € N, define
H%’Z,) :=Hy, By - Bp Han, the (P-direct sum of m copies of H,,. The P-norm of ’H,(ZTL) is defined

I(has- - sl = (Znhnp)

as

for hi, -+ ,hm € Hp.
Let M, (.A ) be the set of m x m matrices with entries in A,,. Then elements of M., (A,)
act on H{") »p by matrix multiplication. For M = (M; ;)i jef1,... m} € Mm(An) and h(m) ¢ 7{%73;),

|- Rt < eax }{(Mm)max}-llh(m)lk

Hence M,,(A;,) C B(’H( )) Let rmm+1 : Hn m+1) — 7{ be the projection map defined by
Ponamat (B1y -+ By hang1) == (h1s -+ 5 B

for (h1,-++ s lum, hmt1) € Hn ") Define Trnma1 P M (An) = Myp1(An) by
st (T)(®) 1= imms1 (Tt ()

for all T € M,,(A,) and v € 7—[7(1%4_ , where iy, mi1 : ’Hmp — ’H<m+l is the canonical
inclusion defined by (h1,--- ,hm) > (h1, -+, hy,,0). This is equivalent to embed M,,(A,)
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into M,,,+1(A,) by placing matrices at the top left corner and inserting 0 at the right column
and the bottom line. And |7}, ., 1 (M)[| < [[M] for all M € M, (Ay).

Let M (Ay) be the inductive limit of {M,,,(A,)}5—;. Define H°, to be the (P-direct sum

of infinite copies of H,, with the /P-norm

el = (i )

for {h;}52, € Hpop. Then Hio, = (P(N,H,,) and all M,,(A,) can be considered as subalgebras
of B(Hy,)-

Denote by A, ®qiq K, the algebraic tensor product of A,, and C,. Naturally A, ®q4 K,
acts on H;°, and A, ®aiy Kp C B(H;S,). Let A, @, K, = WB(H?’"). It follows that
Ay @p Kp = Moo(Ay).

For a function h € A, ®, K, = Cy(V,,, Cliff(W,,) ®, K,,), the support of h is defined to be

Supp(h) = {v € V,, | h(v) #0} C V,,.

Let ] A, ®, K, be the Banach algebra direct product, i.e., the algebra of all bounded

n=1
sequences (hy,--+ ,hp, ) with h, € A, ®, K, for all n € N, and let @ A, ®, K, be the
n=1
ideal of ] A, ®, K, generated by those sequences (h1,- -, hy,---) such that ILm ||hn] = 0.
n=1 n— oo
Denote the quotient algebra as
I A ®p Kp
Q((An @p Kp)nen) = "—.
D A, ®p Kp
n=1

Take a countable dense subset Z; C Py(X) for each d > 0 in such a way that Z; C Zg
whenever d < d'.

Denote by #A the number of elements in a set A.

Definition 3.1  For each d > 0, define
CPlPa(X), Q((An ©p Kp)nen)]
to be the set of all bounded functions
T:Zgx Zg— Q((An ®p Kp)nen)

such that
(1) for any bounded subset B C X, the set

{(z,y) e BxBNZx Z | T(x,y) # 0}

is finite;
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(2) there exists L > 0 such that

#HyecZ|T(r,y)#0} <L, #yecZ|T(y,x)#0} <L

for all x € Z;

(3) there exists R > 0 such that T'(z,y) = 0 whenever d(z,y) > R for x,y € Z; (The least
such R is called the propagation of T.)

(4) there exists r > 0 such that, for all x,y € Zg, T(x,y) is of the form

T(Zli,y) = [(hla o ahna o )] € Q(('A" ®P ICP)”«GN)
where h, € A, @, K, =2 Co(V,,, Clif(W,,) ®, K,)) such that
Supp(hn) C Bally, (f(z),7)

for n € N large enough such that f(z) € V,,.
The algebraic structure for CP[Py(X), Q((An ®p Kp)nen)| is defined by regarding elements

T as Zg X Zg-matrices. Let

b= { Z az[7] | az € Q((An ®p Kp)nen), Z lla.]|? converges}.

TEZy TEZy

Then E is a LP-X-module over Q((A, ®p Kp)nen):

( Z aw[x])a = Z azalx]

TEZg TEZy

for any a € Q((A,, ®p Kp)nen). The algebra CP[Py(X), Q((A, ®p Kp)nen)] acts on E by the

formula
T(Y ald) =3 (X T y)ay)la]
xELg TEZy YEZg
for T € CP[Py(X), Q((An ®p Kp)nen)] and > ag[z] € E. Note that T is a module homomor-
r€Zg

phism. Let B(E) be the Banach algebra of all module homomorphisms from E to E.

Definition 3.2  The twisted {P-Roe algebra BP(Py(X), Q((A, ®p Kp)nen)) is defined to
be the norm completion of CP[Py(X), Q((An ®p Kp)nen)] in B(E).

Definition 3.3  For each d > 0, define
CLIPa(X), Q((An ©p Kp)nen)]
to be the algebra of all bounded, uniformly norm-continuous functions
g:10,00) = CP[Py(X), Q((An ®p Kp)nen)]

such that
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(1) for any bounded subset B C X, the set

{(z,y) e BxBNZ x Z|(g9(t))(z,y) # 0}

is finite for any t € [0, 00);
(2) there exists L > 0 such that

#HyeZ|(g)(z,y) #0} <L, #{yeZ|(gt)(y,x)#0} <L

for any t € [0,00) and for all x € Z;

(3) there exists a bounded function R : Ry — Ry with tli)rgo R(t) = 0 such that (g(t))(x,y) =
0 whenever d(x,y) > R(t) for x,y € Z;

(4) there exists r > 0 such that, for all t € [0,00) and x,y € Zq, if (9(t))(x,y) is of the form

(9@®) (@, y) = [(h1,- -+ hny )] € Q((An ®p Kp)nen)
with hy, € A, ®, K, = Co(V,,, Cliff(W,,) ®, K,,), then
Supp(hy) C Bally, (f(z),r)

for all n € N large enough such that f(x) € V,,.

Definition 3.4  The twisted (P-localization algebra BY (Py(X), Q((An ®p Kp)nen)) is de-
fined to be the norm completion of C}[Py(X), Q((An ®p Kp)nen)] with respect to the norm
lglloo = sup |lg(t)||, where the norm ||g(t)| is the norm in BP(Py(X), Q((A, @p Kp)nen))-

t

[0,00)

The evaluation homomorphism e from BY (P4(X), Q((An®pKp)nen)) to BP (Py(X), Q((An®,
Kp)nen)) defined by e(g) = g(0) induces a homomorphism on K-theory:

el Jim K.(BY (Py(X), Q((Ay, @p Kp)nen))) — Jim K.(BP(Pi(X), Q((An ®p Kp)nen)))-

3.2 Uniformly almost flat Bott generators

In this subsection, we shall recall some basic facts of uniformly almost flat bundles.

For any n € N, x € V,, and r > 0, define a function
F 2V, — W, € Cliff(W,,)

by the formula
0)(w) = onlllo = 2o (o)

v — |
where ¢ : S( U Vo) = S( U Wy) is the uniformly continuous function as in the definition
nenN neN

of Property (H) for V, and the function

or 2 [0,00) = [0, 00)
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is defined by

0, if0<t<L_.
2
oo =92 il <r<n
r 2
1, ift>r

The following result describes a certain “uniform almost flatness” of the functions
(n)
{fr,r}neN,zGVn,r>0-

Lemma 3.1 For any R > 0, € > 0, there exists r > 0 large enough such that the family

of functions {fw(?r)}neN.,zeVn,r>O constructed above satisfy the following condition:

le =yl < R= sup £ () = M) < e
’Ue n

for all x,y € V,, n € N.
Proof For given R > 0, ¢ > 0, take r large enough, say, r > %. Then the result follows
from the uniform continuity of ¢ from Property (H) of V' and elementary calculations.

Note that fé”} € Cy(V,,, Cliff(W),,)), the Banach algebra of all bounded continuous functions
from V,, to Cliff(W,,), such that

(fi)? —1 € A, = Co(V,,, CLiff(W,)).
The invertible element
[£$9] € Cy(Vir, CLfE(W,,)) /Co (Vi CLEE(W,))

defines an element in K;(Cy(V,,, Clift(W,,))/Co(V,,, Cliff (W,,))). With the help of the index
map
9 : K1(Cy(V,,, Clift(W,,))/Co(Vy, CLiff (W) — Ko(Co(Vs,, CLff(W,,))),

we obtain an element
O([f)]) € Ko(Co(Va, Cliff (W) = Z,

where recall that we assume that all the subspaces V,, are of even dimensional. It follows from
the construction of fé"r) that, for every x € V,, and r > 0, the element J(| :Enr)]) is nothing but
the Bott generator of Ko(Co(V,,, Cliff (W,))).

The element O(| :Enr)]) can be expressed explicitly as follows. Let

(1 R0 (1o (0
W“_<o 1)(£f? )lo 1)\ o)

1 0
(n) — -1
bwﬂ‘ Ww,T <O 0) WJJ7’I‘7

1 0
=5 o)
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Then both b’} and by are idempotents in Ma (A7), where A is the Banach algebra unitization

of A, . It is easy to check that

b)) — by € Co(V,,, Cliff (W) ® Ma(C),

the algebra of 2 x 2 matrices of compactly supported continuous functions, with
Supp(by") — bo) C Bally, (f(w),r) :={v € Vi, | [l — x| <7},

ailr a2

of functions on V,, we define the support of a by
a21 22

where for a matrix a = (

Supp(a) = | J Supp(ai ;).

ij=1
Now we have the explicit expression
D)) = [F] = [bo] € Ko(Ayp).

Lemma 3.2 (Uniform almost flatness of the Bott generators (cf. [13])) The family of
idempotents {b;?r)}neN,zemeo in Ma(A}) = Co(V,, Cliff (W,,))T @ M2(C) constructed above
are uniformly almost flat in the following sense: For any R > 0 and € > 0, there exists r > 0

large enough such that, for any n € N and any x,y € V,,, we have
lz —yll < R= sup 652 (v) = b8 (v) | ctigw, o Mma () < €-
veVy

Proof Straightforward from Lemma 3.1.

It would be convenient to introduce the following notion.
Definition 3.5 For R >0, >0, r >0, a family of idempotents {bi”)}neN,zeVn in
Mo (AL = Co(Vy, Cliff(W,,)) T ® My (C),

n € N, is said to be (R,e;7)-flat if
(1) for any x,y € V,,, n € N with |z — y|| < R, we have

Sup 185 (v) — b5 (0) |t (wi Yo Mo (©) < €5

(2) b — by € C.(Vi,, CLiff(W,,)) @ M3(C) and
Supp(b{™) — bo) C Bally, (f(x),r) :={v eV, | ||v—z| <r}.
3.3 Construction of the Bott map 3

In this subsection, we shall use the uniformly almost flat Bott generators for Ky(A,,) con-

structed in the above subsection to construct a Bott map

8 Ku(BP(Pa(X))) = K. (BP(Pa(X), Q((An @p Kp)nen)))-
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Definition 3.6  For each d > 0, let Zy be a countable dense subset of Py(X). Define
CP[P4(X)] to be the set of all bounded functions

T: Zgx Zg— Ky

such that
(1) for any bounded subset B C Py(X), the set

{(z,y) e BXx BNZyx Zgq | T(x,y) # 0}

18 finite;
(2) there exists L > 0 such that

#{yEZd|T(x7y)7éO}<L7 #{yEZd|T(y7x)7éO}<L

for all x € Zg;
(3) there exists R > 0 such that T'(z,y) = 0 whenever d(x,y) > R for x,y € Zy.

The product structure on CP[P;(X)] is defined by

(T To)(x,y) = Y Ti(x,2)Ta(2,y).
2€Zq

The algebra CP[P;(X)] acts on ¢P(Zg4,¢P). The operator norm completion of CP[P;(X)] with
respect to this action is isomorphic to BP(P;(X)) when X has bounded geometry.
Note that BP(P;(X)) is stable in the sense that

BP(Pa(X)) = B"(Fa(X)) ® My (C)

for all natural number k. Indeed, since My (C) is finite dimensional, the ¢P-tensor product is
equivalent to the canonical tensor product. Notice that BP(Py(X)) ®, My (C) has a canonical
faithful representation on £P(Z, (P) ®, C* = (P(Z (P ®,CF) = ¢P(Z,(P). Since K(¢P) @ My (C) =
K (0P @ CF) = K(¢P), one has that BP(Py(X)) = BP(Py(X)) ®, My (C) by definition. Thus, any
element in Ko(B?(P4(X))) can be expressed as a difference of the Ky-classes of two idempotents
in BP(P4(X)). To define the Bott map

8 Ku(BP(Pa(X))) = K. (BP(Pa(X), Q((An @p Kp)nen)));

it suffices to specify the value B([P]) in K. (BP(Py(X), Q((A, ®p Kp)nen))) for any idempotent
P € BP(Py(X)).

Let P € BP(P4(X)) be an idempotent. For any 0 < 1 < 145, take an element @ €
CP[P4(X)] such that

€1
IP-Qll< 2P,

Then ||Q — Q?|| < &1, and there is R, > 0 such that Q(z,y) = 0 whenever d(x,y) > R., for
T,y € Zg.
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For any 2 > 0, take by Lemma 3.2 a family of (R, ,e2;r)-flat idempotents {bSJ‘)}neN,meVn

in Ma(Af), n €N, for a sufficiently large > 0, such that
Supp(b{™) — bo) C Bally, (f(x), 7).

3

Denote
H AI ® M2((C) ®p ’Cp
n=1

Q((M2(AY) ®p Kp)nen) =
@ Al @ M;(C) ®p Kp

n=1

IO_O[ An ® M2((C) ®p ’Cp

Q((Ma(An) ®p Kp)nen) = =
D A, @ My (C) ®, K,
n=1

Define
@7@0  Za % Zg — Q((Ma(AF) ®p Kp)nen)

by the formula

@0(17, y) = [(b() ®ZD Q(xvy)a e 7b0 ®p Q(Zli,y), oo )]’
respectively, for all (z,y) € Za x Z4, where b;’éi) is well defined for n large enough such that
10
> . Then

f(z) € V,,, and by = <0 0
Q. Qo € C7[Pa(X), Q((Ma(A}) @ Kyp)nen)]

and

Q — Qo € CP[Pa(X), Q((M2(An) @y Kp)nen)]-

Since X has bounded geometry, by the uniform almost flatness of the Bott generators
(Lemma 3.2), we can choose €1 and then 2 small enough to obtain C~2, @0 as constructed above
such that [|Q% — Q[ < L and [|Q3 — Qo < L.

It follows that the spectrum of either @ or @0 is contained in disjoint neighborhoods Sy of
0 and S of 1 in the complex plane. Let x : So U.S; — C be a continuous function such that

x(So) = {0}, x(S1) = {1}. Define © = x(Q) and Oy = x(Qo) by functional calculus. Then ©

and ©( are idempotents in the Banach algebra
BP(Py(X), Q((M2(A}) ®p Kp)nen))

with
O — Op € BP(Py(X), Q((Ma2(Ayn) ®p Kp)nen))-
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Note that BP(Py(X), Q((M2(A,) @, Kp)nen)) is a closed two-sided ideal of
BP(Py(X), Q((M2(AT) ®p Kp)nen))-

At this point we need to recall the difference construction in K-theory of Banach algebras
introduced by Kasparov-Yu [6]. Let J be a closed two-sided ideal of a Banach algebra B. Let
p,q € B be idempotents such that p — ¢ € J. Then a difference element D(p,q) € Ko(J)

associated to the pair p, ¢ is defined as follows. Let

q 0 1—¢q 0
_|1=¢ 0 0 q +
2=\ " o 4 1_g]|MB).
0 1 0 0
‘We have
q 1—gq 0 0
-1 0 0 0 1 4
0 q 1—q O
Define
p 0 00
B ,lo 1-¢ 0 0
Do(p,a) = (Z, )" | ¢ "0 o ol %@
0 0 0 0
Let
1 0 0 O
oo o0 o0
Pr=1o0 0 0 o
0 0 0O

Then Dy(p,q) € Ma(JT) and Dy(p,q) = p1 modulo My(J). We define the difference element

D(p, q) := [Do(p, q)] — [p1]

in Ko(J).
Now, for any idempotent P € BP(P;(X)) representing an element [P] in Ko(B?(Py(X))),

we define

B([P]) = D(©,09) € Ko(B?(Pa(X), Q((An ®@p Kp)nen)))-

The correspondence [P] — S([P]) extends to a homomorphism, the Bott map,
B : Ko(B?(Pa(X))) = Ko(B? (Pa(X), Q((An ®p Kp)nen)))-
By suspension, we similarly define the Bott map for K7,

f Ki(BP(Pa(X))) = Ki(BP(Pa(X), Q((An @p Kp)nen)))-
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3.4 The Bott map G for ¢P-localization algebras

In this subsection, we shall construct a Bott map [z for the K-theory of ¢P-localization
algebras:
AL+ Ku(BL(Pa(X))) = Ku(BL(Pa(X), Q((An ®p Kp)nen)))-

Definition 3.7 For each d > 0, let Zyg be a countable dense subset of Py(X). Define
CY [Pa(X)] to be the algebra of all bounded, uniformly norm-continuous functions

g:[0,00) = CP[Py(X)]

such that
(1) for any bounded subset B C Py(X), the set

{(,y) € Bx BN Zgx Zq | (9(t))(z,y) # 0}

is finite for all t € [0, 00);
(2) there exists L > 0 such that

#{y € Zal| (g(t)(z,y) #0} <L, #{yeZa|(9(t))(y,x) #0} <L

for allt € [0,00) and x € Zy;
(3) there exists a bounded function R : [0,00) — [0, 00) with tlim R(t) = 0 such that (g(t))
— 00
(z,y) = 0 whenever d(z,y) > R(t).
The ¢P-localization algebra B} (P;(X)) is isomorphic to the norm completion of C¥ [Py(X)]

under the norm

lgllc = sup [lg(®)|l
te[0,00)

s

when X has bounded geometry. Note that BY (Py(X)) is stable in the sense that
B} (Pa(X)) = BY (Py(X)) ® Mi(C)

for all natural number k. Hence, any element in Ko (B (P4(X))) can be expressed as a difference
of the Ky-classes of two idempotents in B} (P;(X)). To define the Bott map

Br : Ko(BL(Pa(X))) = Ko(BL(Pa(X), Q((An ©p Kp)nen))),
we need to specify the value 8 ([P]) in
Ko(BL(Pa(X), Q((An @p Kp)nen)))

for any idempotent g € BY (P4(X)) representing an element [g] € Ko(BY (Ps(X))).
Let g € BY (Py(X)) be an idempotent. For any 0 < &1 < 15, take an element h € C} [Py(X)]

100°
such that

€1
g — Nl < Zl\glloo.
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Then ||h — h?|| < &1, and there is a bounded function R, (t) > 0 with tl_i)m R, (t) = 0 such that

(h(t))(z,y) = 0 whenever d(z,y) > R.,(t) for every t and all z,y € Zg. Let R., = sup R(t).
teRy

For any g5 > 0, take by Lemma 3.2 a family of (Rgl,sg;r)—ﬂat idempotents {bE,”EneN,weVn in
Ma(AF) for a sufficiently large r > 0. Define

h,ho : [0,00) = CP[Pa(X), Q((Ma(AY) ®p Kp)nen)]

by the formulas

(), ) = [,y @p (A()(z.9), b“z)) @p () (@, 9), )],
(ho(1)) (,) = [(bo @p (h(1))(x,y), b0 @y (h(t))(x, ), +)]
for all t € [0,00) and z,y € Z4, where by = (1) 8) . Then we have

hyho € CLIPa(X), Q((Ma(AL) ©p Kp)nen)]
and
h—ho € CE[Pa(X), Q((Mz2(An) ®p Kp)nen)]-

Since X has bounded geometry, by the uniform almost flatness of the Bott generators,
we can choose €1 and then €5 small enough to obtain i~z, 710, as constructed above, such that
[h% = hllee < £ and [h2 = ho| < £. The spectrum of either h or hg is contained in disjoint
neighborhoods Sy of 0 and S of 1 in the complex plane. Let y : Sy U.S; — C be a continuous
function such that x(So) = {0}, x(S1) = {1}. Let n = x(h) and ny = x(ho). Then 5 and 7o
are idempotents in

BY(Pa(X), Q((M2(A}) ®p Kp)uen))
with
n =10 € B (Pa(X), Q((M2(An) ®p Kp)nen))-

Thanks to the difference construction, we define
Brlgl) = D(n,m0) € Ko(BL(Pa(X), Q((An @p Kp)nen)))-
The correspondence [g] — BL([g]) extends to a homomorphism, the Bott map,
BL : Ko(BL(Pa(X))) = Ko(BL(Pa(X), Q((An ®p Kp)nen)))-
The case for K7 can be dealt with by suspension. Thus, we obtain the Bott map S,
Br : K«(BL(Pa(X))) = K«(BL(Pa(X), Q((An ©p Kp)nen)))-

It follows from the constructions of 5 and 1, we have the following commuting diagram

K.(BY(Pa(X))) 2o K (BE(Pa(X), Q((An ®p Kp)nen))

le* le:‘

K. (BP(Py(X))) —= K.(B?(Pa(X), Q((An @ Kp)ner))-
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4 Isomorphism for Twisted Algebras

In this section, we shall prove the following result.

Theorem 4.1 Let X be a discrete metric space with bounded geometry which admits a

coarse embedding into a Banach space with Property (H). The evaluation map

e tim K(BR(Pa(X), Q(An @y Kp)ner))) = Jim Ko(BP(Pa(X), Q((Ay ©y Kp)ne))

d—o0

s an isomorphism.

The proof proceeds by decomposing the twisted algebras into various smaller ideals or
subalgebras and applying a Mayer-Vietoris sequence argument. Let X be a discrete metric
space with bounded geometry which admits a coarse embedding f : X — V into a Banach
space V with Property (H). To begin with, we shall discuss ideals of the twisted algebras

supported on open subsets of V.

Definition 4.1 Let O C V be an open subset of V. For each d > 0, define
CP[Pa(X), Q((An @p Kp)nen)lo
to be the subalgebra of CP[Py(X), Q((An ®p Kp)nen)] generated by the elements
T € CP[P4(X), Q((An @p Kp)nen)]

for which
Supp((T'(z,y))"™) cONV,

forallm €N, z,y € Zy, where we denote

Define
Bp(Pd(X)a Q((An Xp Icp)nEN))O

to be the norm closure of CP[Py(X), Q((An @p Kp)nen)lo in BP(Pa(X), Q((An @p Kp)nen))-
Similarly, define
(Ci[Pd(X)v A((An @p Kp)nEN)]O

to be the subalgebra of CY[Py(X), Q((An ®p Kp)nen)] generated by those functions
g :[0,00) = CP[P4(X), Q((An ®p Kp)nen)]
such that g(t) € CP[Py(X), Q((An ®p Kp)nen)]o for all t € [0,00). Define
B (Pa(X), Q((An @p Kp)nen))o

to be the completion of C [Py(X), Q((A, ®p Kp)nen)]o in BY (Py(X), Q((An ®p Kp)nen))-
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It is easy to see that
BP(Pa(X), Q((An ®p Kp)nen))o
is an ideal of BP(Py(X), Q((An ®p Kp)nen)), and BY (Py(X), Q((A, ®p Kp)nen))o is an ideal
of
B (Pa(X), Q((An ©p Kp)nen))-

There is also an evaluation map
et B} (Pa(X), Q((An ®p Kp)nen))o = BP (Pa(X), Q((An ®p Kp)nen))o

given by eA(g) = ¢(0).

Definition 4.2 (cf. [1]) Let T' C X and r > 0. An open subset O C V s said to be
(T, r)-separate if
(1) O = || O, where Oy C V such that O, N O = () whenever v # ~'.
vel
(2) O, C Bally, (f(x),r) for all y €T.
Lemma 4.1 Suppose I' C X and r > 0. Then for any (I',r)-separate open subset O of V,

the evaluation homomorphism induced on K-theory
e s lim Ko(BY(Pa(X), Q(An ®y Kphnew))o) = Jim K. (B (Pa(X), Q(An @y Kyhnew)o)
s an isomorphism.

We need some preparations before we can prove Lemma 4.1. For any d > 0, let (Y,)er be
a family of closed subsets of Py(X) indexed by I' such that

(1)yeY, forallyeT,

(2) the family (Y5 ) er is uniformly bounded in the sense that there exists A > 0 such that

diameter(Y,) < M

for all v € I.
In particular, we will mainly consider the following three cases of (Y, )qer:

(1) Y, = Ballp,(x)(7,S) := {z € Pg(X) | d(x,7) < S}, with respect to a common bound
S >0 forall y € T

(2) Y, =A,, asimplex in P;(X) with v € A, for each v € I’;

(3) Yy, = {v} for each v € T.

Let O = || O be a (T, r)-separate open subset of V. For each v € T, let
~el’

(Q((An Xp Kp)nEN))OW

be the subalgebra of Q((A,, ®,/K,)nen) generated by those equivalence classes [(h1,- -+, hn, -+ )]
such that the functions h,, € A, ®, K, = Cy(V,,, Clif(W,,) ®, ;) satisty

Supp(h,) C O, NV,
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for all n € N. We define

AT (Y )er) = [](B7(Y2) © (QU(Aw 5 Kp)nerr))o,)

yell

= {(T)er |7, € B2(Y2) @ (Q((An @y Khnewo,  sup | < oo,

where BP(Y,,) is the {P-Roe algebra of Y. Similarly we define A} ((Y5)~er) to be the subalgebra
of

{(bw)wep [by € BY(Y,) @ (Q((An ®p Kp)nen))o, ; sup (IS OO}

generated by elements (by),er such that

(1) the function

(by)rer < [0,00) = [ (B"(Y) ® (Q((An ©p Kp)ner))o, )

yel

is uniformly norm-continuous in ¢ € [0, c0);

(2) there exists a bounded function R(t) > 0 on [0, c0) with tlim R(t) = 0 such that
—00

(by(8))(w,y) =0
whenever d(z,y) > R(t) for all y € T, x,y € Z4 and t € [0, 00).

For any S > 0, let A,(S) be the simplex with vertices {z € X | d(z,v) < S} in Py(X) for
d>S.

Lemma 4.2 Let O = || O, be a (I',r)-separate open subset of V. Then
yel’

(1) BP(Pal(X), Q((An @y Kpluen))o = Jim A*((Ballp,(x) (7, 5))er);
) BYPAX), Q(Aa &y K)o 2 i A7 (Ballpy ) (7. S))ser)
(3) Jim BP(Pa(X), Q(An @) Kplnex)o = Jim A%((Ay(S))ner);
(@) T BR(RAX), Q(Ar 8y Ky )aen)o = Jim A3((A(S)yer)

Proof Similar to the arguments in [18, Section 6].
Now we turn to recall the notion of strong Lipschitz homotopy (cf. [18]).
Let (X, )yer and (Y;)yer be two families of uniformly bounded closed subspaces of Py(X)

for some d > 0 with y € X, y €Y, forevery y €. Amapg: || Xy — |] Y, is said to be
yell yel’
Lipschitz if

(1) g(X,) C Y, for each v € T

(2) there exists a constant ¢, independent of v € T', such that

d(g(z),9(y)) < cd(z,y)

forall z,y € X, y€T.
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Let g1, g2 be two Lipschitz maps from || X, to || Y,. We say g; is strongly Lipschitz
yel’ ~el’
homotopy equivalent to go if there exists a continuous map

<(Lx) =L

vel vel
such that

(1) F(0,2) = g1(x), F(1,z) = go(x) for all z € || X;
~ell
(2) there exists a constant ¢ for which d(F(t,xz), F(t,y)) < cd(z,y) for all z,y € X,,, v €T,
and t € [0, 1];
(3) F is equi-continuous in ¢, i.e., for any £ > 0 there exists ¢ > 0 such that d(F'(¢1, ), F(t2, x))

<eforallz € || X, if [t1 — 2] < 6.
~el’

We say the family (X ),er is strongly Lipschitz homotopy equivalent to the family (Y,) er

if there exist Lipschitz maps ¢1 : || X, — || Yy and g2 : || Y, = || X, such that g1¢- and
~el’ yell ~el’ ~el’
g291, respectively strongly Lipschitz homotopy equivalent to identity maps.

Define A7 (((Yy)yer) to be the subalgebra of A} ((Y;)yer) consisting of elements (b,),er
satisfying b,(0) = 0 for all v € T.

Lemma 4.3 (cf. [18]) If (X, ) er is strongly Lipschitz homotopy equivalent to (Y5 ) er,
then K.(A7 o((Xy)~er)) is isomorphic to K. (A7 o((Y)yer))-

Let e be the evaluation homomorphism from A7 ((X)yer) to A*((X5)yer) given by

(b'y)'yel‘ g (b'y (0))761‘-

Lemma 4.4 (cf. [18]) Let O = || Oy be a (', r)-separate open subset of V' as above, and
~el’

let d > 0. If (Ay)yer is a family of simplices in Py(X) such that v € Ay for all v € T', then

the induces map
K (AL ((Ay)ver)) = Ko(A™((Ay)qer))

s an isomorphism.

Proof Note that (A,),er is strongly Lipschitz homotopy equivalent to (y)yer. By an
argument of Eilenberg swindle, we have K.(A7 (((7)yer)) = 0. Consequently, Lemma 4.4

follows from Lemma 4.3 and the six term exact sequence of Banach algebra K-theory.

Proof of Lemma 4.1 By Lemma 4.2, we have the following commuting diagram

lim B (Pa(X), Q((An @y Kp)nen)o ——= lim B (Pa(X), Q((An ©p Kp)nen))o
lim_ A% (A (S))ser) e lim A" (A (S))er),

S—o0 S—o0

1R
IR
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which induces the following commuting diagram at K-theory level

lim K. (B (Pa(X), Q((An ©p Kp)nen))o) % lim K. (BP(Pa(X), Q((An ®p Kp)nen))o)

d— o0 d—o0

: :

lim K. (A7 (A (8))er)) & lim K. (A* (A (S))er).

S—o0 S—r00

Now Lemma 4.1 follows from Lemma 4.4 by using the above commuting diagram. This ends

the proof.

Lemma 4.5 Let N be a positive integer, and let 'y, --- ,T'ny be N mutually disjoint subsets
of X. For any r >0, let
Onj = U BallV(f(IY)?T)

el
foreachj € {1,2,---  N}. Then for anyrg >0 and k € {1,2,--- ,N—1}, we have the following

equalities:

(1)

lim Bp(Pd(X), Q((An Rp K:p)nEN))Or,k

r<7ro,r—T0

+ r<r10i,11?—>T0 Bp(Pd(X)’ Q((An ®p ICP)HEN))’COl T

= lim  BP(Py(X), Q((An ®p Kp)nen)) ;

k
r<ro,r—70 U O
j=1

lim ) Bp(Pd(X), Q((An Sp ICP)HEN))ONC

r<TQ, T —>"T

n r<r10i,17p—>ro Bp(Pd(X)’ Q((An ®p Kp)nGN))kol O j
j=1

= li BP(Py(X , A’I’L® K n o ’
r<rol,ITn—>ro ( d( ) Q(( P p) EN))Or,m(kQ OT’J‘)

lim B} (Pa(X), Q((An @p Kp)nen))o,..

r<TQ,r—>"T

+ r<r10i,17p—>ro Bi (Pd(X)7 Q((An ®P ICP)nGN))kOI T3
j=1

= lim Bi(Pd(X)a Q((An ®p K:p)neN))

k
r<Tro,r—70 U OT,j

lim Bi (Pd(X), Q((An Op ICP)HEN))ONC

r<ro,r—T0
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n lim Bi (Pd(X), Q((An Rp ICp)nEN))k—l

r<ro,r—T0 U Oy ;
j=1

— lm B(P(X), Q((An ®p Ky To)
r<rommo 7 (Pa(X), Q(( » Kp) EN))or,m(_U O..5)

Proof Similar to the proof of [18, Lemma 6.3].
We are now ready to give a proof to Theorem 4.1.

Proof of Theorem 4.1 For any r > 0, define
O, = U B&Hv(f(z),'l"),
reX

where f: X — V is the coarse embedding, and
Bally (f(z),r) :={v eV |[lv— fx)] <r}.
By definition, we have

Bp(Pd(X)v Q((An Xp Icp)nEN)) = lim Bp(Pd(X)v Q((An Xp Icp)nEN))Ow

T—00

Bi(Pd(X)a Q((An ®p ’Cp)nEN)) = TH_)IEO B? (Pd(X)v Q((An ®p Icp)neN))Ow

For any d > 0, if r < r/, then

Bp(Pd(X)v Q((An Xp ICP)TLEN))OT C Bp(Pd(X)a Q((An Xp Icp)neN))OTm
Bi(Pd(X)a Q((An ®p Icp)nEN))OT C Bg(Pd(X)v Q((An ®p Kp)neN))O =

r

Consequently, it suffices to show that, for each ry > 0, the evaluation map

e s Jim K. (| lim  BY(PU(X). Q(An @ Kpuew)o, )

r<ro,r—710

— lim K*( lim  BP(Py(X), Q((An ®p le)neN))oT)

d—oo r<ro,r =10

is an isomorphism.
Let 7o > 0. Since X has bounded geometry, there exists N > 0 such that #Bally (z,79) < N
for all x € X. It follows that there exists an integer N such that

N

(1) X = .|_|1 I'; for some subspaces I'; C X with I'; NT'j; = () whenever v # +/;
j=

(2) for each j € {1,2,---, N}, and for any distinct v,~" € I';, we have

£(v) = fOy)ll > 2r
inV.

For any 0 < r < rp and each j € {1,2,--- N}, let

0,; = | Bally(f(x),r).

zel'y;
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N
Then O, = |J O, ;, and each O, ; or

Jj=1

Jj—1

0r;n (U 0n)

i=1

are (I';,r)-separate for any j € {1,2,---,N}. Now, Theorem 4.1 follows from Lemma 4.5,

together with a Mayer-Vietoris sequence argument. This ends the proof.

5 Proof of the Main Result

In this final section, we shall complete the proof of Theorem 1.1. To do so, we need to
construct one more Bott map, 57°. Let Z; C Py(X) is the countable dense subset for each

d > 0 as before. Let H KC,, be the Banach algebra direct product of countably many copies of

Kp, and let @ K, be the ideal of H KC,, consists of those sequences (ki,- -+, ky,---) such that
hm [kn] = 0 Denote the quotlent algebra as

I1

Q((Kp)nen) = -
K

X

=

n=1

Definition 5.1  For each d > 0, define
CP[Pa(X), Q((Kp)nen)]
to be the set of all bounded functions
T: Zax Za — Q(Kp)nen)

such that
(1) for any bounded subset B C Py(X), the set

{(z,y) e BXxBNZgx Zyg | T(x,y) # 0}

is finite;

(2) there exists L > 0 such that

#Hy e Za| T(w,y) #0} <L, #yecZa|T(y,x) #0} <L

for all x € Zg;
(3) there exists R > 0 such that T'(x,y) = 0 whenever d(x,y) > R for x,y € Zy. (The least
such R is called the propagation of T.)
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The algebraic structure for CP[Py(X), Q((K,)nen)] is defined by regarding elements 1" as

Z4 X Zg-matrices. Let

E :{ Z aglz] | az € Q((Kp)nen), Z laz|? converges}.

TEZg TEZg

Then E is a LP-X-module over Q((ICp)nen):

( Z am[x])a = Z azalr]

TEZg TEZy

for any a € Q((Kp)nen). The algebra CP[Py(X), Q((K,)nen)] acts on E by the formula

T( Z aw[x]> = Z ( Z T(%Z/)%)[x]

r€Zy TE€EZy YEZg

for T € CP[Py(X), Q((Kp)nen)] and > ag[z] € E. Note that T is a module homomorphism.
r€EZy

Let B(FE) be the Banach algebra of all module homomorphisms from F to E.

Definition 5.2  The Banach algebra BP(Py(X), Q((Kp)nen)) is defined to be the norm
completion of CP[Py(X), Q((Kp)nen)] in B(E).

Definition 5.3  For each d > 0, define
CLIPa(X), Q((Kp)nen)]
to be the algebra of all bounded, uniformly norm-continuous functions
g :[0,00) = CP[Py(X), Q((Kp)nen)]

such that
(1) for any bounded subset B C Py(X), the set

{(z,y) € Bx BN Zax Za|(9(t))(x,y) # 0}
is finite for all t € [0, 00);
(2) there exists L > 0 such that

#{y € Zal| (g(t)(z,y) #0} <L, #{ye Za|(9(t))(y,x) #0} <L

for all t € [0,00) and x € Zg;
(3) there exists a bounded function R : [0,00) — [0,00) with tlim R(t) = 0 such that
—00
(9(t))(z,y) = 0 whenever d(x,y) > R(t).

Definition 5.4  The (P-localization Banach algebra BY (Py(X), Q((Kp)nen)) is defined to
be the norm completion of C} [Py(X), Q((Kp)nen)] with respect to the norm

l9llc = sup [lg(®)]-

te[0,00)
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We now define the Bott map
BE + Ku(B(Pa(X), Q((Kp)nen))) = Ku(BL(Pa(X), Q((An @p Kp)nen)))-
Note that BY (Py(X), Q((K,)nen)) is also a stable Banach algebra. Let

9 € BL(Pa(X), Q((Kp)nen))

be an idempotent. For any 0 < &1 < =, take an element h € CY [Py(X), Q((Kp)nen)] such

1
1007
that
€1
g — Nl < leglloo.

Then ||h — h?|| < &1, and there is a bounded function R, (t) > 0 with tlim R, (t) = 0 such that
— 00

(h(t))(z,y) = 0 whenever d(z,y) > Re, (t) for every t and all z,y € Zg. Let R., = sup R(t).
te[0,00)

For any £5 > 0, take by Lemma 3.2 a family of (R.,,es;r)-flat idempotents {bS,”>}n€N,zevn in
Ma(AF) for a sufficiently large r > 0. Define

h,ho : [0,00) = CP[Pa(X), Q((Ma(AY) ®p Kp)nen)]

by the formulas

(R(E) (@, y) = (b5 @p Voo b @y K,
(ho (1)) (w,y) = [(bo ®p kD, -+, bo @y k™))
for all t € [0,00) and z,y € Z,, where we denote
(A1) (@, y) = (KD, ™) € Q(Kp)nen),

and recall that by = <(1) 8) . Then we have

h, ho € CL[Pa(X), QUM2(AT) @p Kp)nen)]

and

7~ ho € CY[Py(X), Q((Ma(An) ®p Kp)nen))-

Since X has bounded geometry, by the uniform almost flatness of the Bott generators,

we can choose €1 and then €5 small enough to obtain i~z, 77,0, as constructed above, such that

[h% = hllee < L and [h2 = ho| < 1. The spectrum of either h or hg is contained in disjoint

neighborhoods Sy of 0 and S of 1 in the complex plane. Let y : Sy U.S; — C be a continuous
function such that y(So) = {0}, x(S1) = {1}. Let n = x(h) and 7y = x(ho). Then n and 1,

are idempotents in

B (Pa(X), Q((M2(A) @p Kp)nen))
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with
n—no € By (Pa(X), Q(M2(An) ®p Kp)nen))-

Thanks to the difference construction, we define
B (l9]) = D(n,mo) € Ko(BL(Pa(X), Q((An @p Kp)nen)))-
The correspondence [g] — 57°([g]) extends to a homomorphism, the Bott map,
AL+ Ko(BL(Pa(X), Q((Kp)nen))) — Ko(BL (Pa(X), Q((An @p Kp)nen)))-
The case for K; can be dealt with by suspension. Thus, we obtain the Bott map
BE + Ku(BL (Pa(X), Q((Kp)nen))) = Ku(BL(Pa(X), Q((An ®p Kp)nen)))-
Lemma 5.1 §%° is an isomorphism.

Proof Since X has bounded geometry, and the K-theory of BY (Py(X), Q((Kp)nen)) and
BY (P4(X), Q((An ®p Kp)nen)) has strong Lipschitz homotopy invariance, one can follow the
argument in [17, Theorem 3.2] to reduce the problem to proving 57° is an isomorphism when
P;(X) is O-dimensional. In this case, it suffices to show S, : K.(Q((Kp)nen)) = K (Q((A, @,
Kp)nen)) is an isomorphism, which holds clearly by Bott periodicity theorem, see [1, 7]. This
ends the proof.

Furthermore, there exists a natural homomorphism
H (BL(Pa(X))) = K. (B (Pa(X), Q((Kp)nen)))

which induces a homomorphism

11 K. (B (Pa()
- K(BL(P(X)

— K, (Bz (Pa(X), Q((Kp)nen)))

T

Lemma 5.2 7 is an isomorphism.

[T K. (B (Pa(X)))
Proof Note that both group 2=——————— and K. (BY (Py(X), Q((Kp)nen))) satisfies
D K.(BL(Pa(X)))

n=1
strong Lipschitz homotopy invariance and Mayer-Vietoris theorem by using a similar argument
with [17, Theorem 3.2]. If P;(X) is a single point (equally speaking, if P;(X) is O-dimensional),
then 7 is an isomorphism by definition. Then the general case follows from an argument of

strong Lipschitz homotopy invariance and Mayer-Vietoris sequence as in [17, Theorem 3.2].

Finally, we are ready to complete the proof of the main result of this paper.
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Proof of Theorem 1.1 Consider the commutative diagram

LI b0, 0 )
S K.(BL(P(X)) I e
CT BL
BrL
K (B (Pa(X)) == K. (BY (Pa(X), Q((An @) Ky)nen))
:

Ko (BP(Pa(X))) =2 K.(B?(Pa(X), Q((An ©p Kp)nen))),

where the map ( is defined by the mapping = — [(z,2, - ,z,---)] via constant sequences.

Clearly ( is injective. Passing to inductive limit as d — oo, Theorem 1.1 follows from Theorem

4.1

and Lemmas 5.1-5.2. This completes the proof.
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