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Global Stability to Steady Supersonic Rayleigh Flows in
One-Dimensional Duct*

Fenglun WEI Jianli LIU?

Abstract Heat exchange plays an important role in hydrodynamical systems, which is
an interesting topic in theory and application. In this paper, the authors consider the
global stability of steady supersonic Rayleigh flows for the one-dimensional compressible
Euler equations with heat exchange, under the small perturbations of initial and boundary
conditions in a finite rectilinear duct.
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1 Introduction

The problem of supersonic flows passing a duct is well-known in gas dynamics, which can
be described by hyperbolic systems of conservation laws. Such flow usually is governed by the
compressible Euler equations, which is one of the most fundamental equations in fluid dynamics
and atmospheric dynamics. Engineers usually use various ducts to transport gas and control
their movement on the engineering. Therefore, it is quite interesting to understand what are
the stabilization effect for gas flows in ducts. The effects are considered by engineers such as
geometry, friction and heat transfer.

We first give some references about the stability effects of regional geometry on non-
isentropic Euler flows. The authors established the stability of a class of cylindrical symmetric
transonic shocks for two-dimensional complete compressible steady Euler system in [1]. Yuan
et al. showed stability of spherically symmetric subsonic flows and transonic shocks in space
R3 under multidimensional perturbations of boundary conditions in [2]. The main conclusion
is that almost all spherically symmetric transonic shock waves are stable, under perturbations
of the upcoming supersonic flows and back pressure at the exit of the ducts. Recently, Fang
and Gao [3] got the existence of transonic shocks for steady Euler flows in a 3-D axisymmetric
cylindrical nozzle, which are governed by the Euler equations with the slip boundary condition

on the wall of the nozzle and a receiver pressure at the exit. Fang and Xin got the existence of
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transonic shock solutions to the 2-D steady compressible Euler system in an almost flat finite
nozzle (in the sense that it is a generic small perturbation of a flat one), under physical bound-
ary conditions, in which the receiver pressure is prescribed at the exit of the nozzle in [4]. The
more related results can be found in [5-7] and references therein.

In engineering, if heat transfer is not considered, the gas flow in a constant area duct with
friction is called Fanno flow in aerodynamics (see [8]). For the three-dimensional steady non-
isentropic compressible Euler system with friction, Zhao and Yuan [9] showed existence of a
class of symmetric subsonic, supersonic and transonic-shock solutions in a straight duct with
constant square-section. They further formulated a boundary value problem of subsonic flows,
and considered their stability under small perturbations of boundary conditions in [10]. For
the unsteady flow, the related stability problem in multidimensional case is very difficulty.
Recently, the authors of [11] showed that the global stability of steady supersonic Fanno flows
under small perturbations of initial-boundary values in a one-dimensional rectilinear finite duct
with constant cross-sections.

The gas flow in a constant area duct with heat transfer and without friction is called Rayleigh
flows (see [12]). Tt is very important to study the hydrodynamic system with heat transfer, both
in practical application and theory. There are numerous monographs and textbooks available
which investigate three dimensional real fluid mechanics with heat transfer from the engineering
point of view (see [13] and references therein). A special global-in-time solution to the isothermal
Euler system with heat transport in the whole space was given by Dyson [14]. Global solutions
to the compressible Euler equations with heat transport by convection in three space dimensions
are shown to exist through perturbations of Dysons isothermal affine solutions in [15]. Yuan et
al. studied the steady Rayleigh flows, namely, the effects of heat exchange, on stabilization of
transonic shock for steady compressible Euler equations in two-dimensional rectilinear ducts in
[16]. The authors got that for given heat exchange per unit mass of gas, almost all the associated
one-dimensional transonic shock are stable, while for given heat exchange per unit volume of gas,
the resultant one-dimensional transonic shocks are not stable, provided the perturbations of the
upstream supersonic flow and downstream back pressure satisfy some symmetry requirements.

In this paper, we consider the steady Rayleigh flows, namely, the steady effects of heat
exchange, on stabilization of supersonic solutions in one-dimensional rectilinear ducts under
the perturbations of initial and boundary data. We will consider the stability of supersonic
solution by utilizing the method of characteristics (see [17-18]). The main ingredient is to
obtain the priori uniform C" estimates of the classical solutions by wave decomposition. In one-
dimensional duct, the motion of flow with heat exchange is governed by the full compressible
Euler equations as following

pe+ (pu)e =0,
(pu)t + (pu® + p)z = 0, (1.1)
(PE)t + (pEu + pu)e = pQ(x),

where p(t,z),u(t,x), p(t,z) denote the density of mass, the velocity, the pressure of the gas,

respectively, and E = %|u|? + %% is the total energy per unit mass of the polytropic gas.

Q(x) is a given function of z, representing heat produced (absorbed) per unit volume of the
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gas per unit time. @Q(x) > 0 stands for heat addition and Q(x) < 0 stands for heat rejection.

In this paper we only consider the polytropic gas with state function

p=p(p,S) = A(S)p",

where v > 1 is the adiabatic index, S is entropy of the flow. Let the length of the duct is L,
which is less than L,,. Here, L,, is the maximal length that the gas is supersonic in [0, L,,),
which will be determined later.

We first consider the following special while physically significant case to system (1.1).
Suppose that the flow only depends on z-variable, and v > 0. Then, system (1.1) is reduced to

(pu)w =0,
(pu2 +p)w =0, (1 2)
s 2w, - |
(2 52520), = st
Suppose that p,u,p are C! solutions. Then, we have
upz + puy =0,
putly + py =0, (1.3)
7P 2 gl _
————=upy + putu, + ——up, = pQ(x).
y—1p y—1
Thus, we can recast the above system with Mach number M > 1 as
du Q(x) 1
(v —1
dz (=1 2 1-M%
dp pQz) 1
— =—(v-1 1.4
dx (y=1) u 11— M2’ (14)
dp pQ(z) M?
— =—(v-1 .
dx (y=1) u 11— M?

Here, M = % is Mach number, and ¢ = , /7—;’ is the sonic speed. The flow is called supersonic

flow if u > ¢ at a point, i.e., M > 1. Noting ¢* = % and (1.4), we can also get that

decs = W% (%) == UQS:) 1 —1M2 (MQ N %) (15)
namely,
de _ 7-1Q(@) yM*—1 (1.6)
dz 2 & M(1-DM?)
Furthermore, by M, = “=3*% we can derive that
AM (= 1) Q) M2+ 1 W
dx 2 A 1— M?
If the heat exchange Q(z) is a positive C! function, we can easily get
j—Z<O, j—Z>O, j—i>0, %<0, %>0, (1.8)
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that is, the density, pressure and sound speed are increasing functions, while the velocity, Mach
number are decreasing functions with respect to x for supersonic flow.

Let Mach number of the flow at entry {x = 0} and the exit {x = L} be My > 1 and M,
and pg, ug, po are the density, velocity and pressure at the entry, respectively. By the third
equation of (1.4) and (1.7), and dividing Q(x), we can get

2yM dM _ 1dp (1.9)
yM?2 41 dz  pda’ '

Integrating the above equation (1.9) with respect to x, we have

j2 ”yM02 +1
p_O —_— m. (1.10)

Through direct computation, we can also obtain

i_(M)2fyMg+1 p_(M)*yM2+1

— ) —— — = 1.11
Mo/ vM2+1"  pg M) yMZ+1 (1.11)

Uo
Furthermore, by (1.7) and (1.9)—(1.11), we can get

VML~ M?) dM? _ Q(a)
MP+DT dr Qo

P0U0(7M0 + 1)
(v = 1)po Mg

Integrating the above equation from 0 to (I < L) with respect to z yields that

where Qo = > 0. (1.12)

CMP-MP) (1-2Mp) |
B(YMP+ 1% 6y(YMP+ 1) 392 (yMP +1)
M02(1 — MOQ) (1 — 2M02) 1 /
= — - — ds. 1.13
SE 1) G (ME 1 | BEAME D) Qo ), @ (L13)

Let
F(M;) & F(My) +—/ Q(s (1.14)

where
M?(1 — M?) (1 —-2M?) 1

F(M)=— — ]
(M) 3(YM2+1)3  6y(yM?2+1)2 + 3v2(yM?2 4+ 1)

For supersonic flow, note that

2y M3(1 — M?)

FOD) = =03y

< 0. (1.15)

Assume that Q(z) is a non-negative C! integrable function, and the antiderivative function is

O(x), which is a strict monotonic function. From (1.14), we can get
F(My) — F(Mo) = —-(6(1) — ©(0)), (1.16)

and we obtain that

= O07H{Qo[F (M) — F(My)] + ©(0)}. (1.17)
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Therefore, the maximal length L., of a duct for supersonic flow is given by
3742 Mg(1 — M) (1—2M¢)

VOy+1)? 0 3(yMg+1)% - 6y(yMG +1)°
1

- sl OO 45

for which the Mach number of the flow decelerating from My > 1 at entry to the sonic case

Lrm :e_l{QO{G

My, =1 at the exit. For any given My > 1, if the flow is continuous on z € [0, L,,), then it is
always supersonic, and the maximal length L., of the duct is given by (1.18).

We note that the length L,, > 0. Since the length of a duct is longer than L,,, chocking
phenomena shall occur and actually such steady supersonic flow model is impossible. Therefore,
throughout this paper, we assume that L is strictly less than the maximal length L,,. For given
v >1, My>1and L < L,,, we can determine a unique steady supersonic flow in [0, L]. In the
following we call such a steady solution as background solution, denoted by (p(x),u(z), p(z))
for € [0,L]. We remark that such a special solution plays a crucial role in gas dynamics
and engineering to understand flow field in ducts with frictions, heat exchange and related
numerical simulations. However, it seems that little stability analysis had been carried out
before by considering the corresponding initial-boundary value problems of the Euler systems.

In this paper, we are interested in the stability of such background solution in one space
dimensional case for system (1.1). It is assumed that the steady solution is supersonic even

after small perturbation. We can prescribe boundary conditions on the entry as follows:

r=0: p(t0)=pi(t), wu(t0)=u(t), pt0)=pi(t), t=>0. (1.19)

The initial datum are
t=0: p(0,2)=po(z), u(0,2)=uo(x), p0,z)=po(x), z €10, L]. (1.20)

The purpose of this article is to study that if pi(t) — p(0), u1(t) — u(0), p1(¢t) — p(0) and
po(x)—p(x), up(z) —u(x), po(x) — p(x), are small in some sense, can we have a classical solution
to the initial-boundary value problem (1.1) and (1.19)—(1.20) in {(¢,z) | (¢,x) € [0,00) x [0, L]}
which is still close to the background solution?

This paper is organized as follows. In Section 2 we will introduce the wave decomposition
for non-isentropic compressible Euler equations with heat exchange. In Section 3, we will give
the stability theorem. In Section 4 we prove Theorem 3.1 by using the method of characteristics

curves, on stability of classical solution of steady supersonic Rayleigh flows.

2 Wave Decomposition

In this section, we will introduce the wave decomposition for Euler system (1.1) under the
small perturbation of steady supersonic background states. The one-dimensional non-isentropic
compressible Euler equations with heat exchange is the following

Pt + upy + puy =0,
1

Ut + Uy + —py =0, (2.1)
p

Pt +Ypuz +upz = (v — 1)pQ(x).



284 F. L. Weit and J. L. Liu

Let
(t, z) + plx),
t,x) =u(t,z) + u(x), (2.2)

p(t, :E) = ﬁ(t,ZE) +5($)3

)
—~
S+
8
~
|
I

where U = (p(x), @(z), p(x))T is the steady supersonic background state, and U = (5(t, z), u(t,
x),p(t,x))" is the perturbation of the background state. Here, suppose that p(x) > 0 without
vacuum in = € [0, L].
Substituting (2.2) into (2.1), we can get
Pr + up, + Py + Upy + Pz + Upy + piz =0,
o 1 _
Ut + Ul + Uty + Uty + ;(ﬁr +pz) =0, (2.3)
Pt + VPl + UB, + YDUe + YDUs + Ups + Upe = (v — 1) (P + p)Q ().
By (1.3), we obtain
pt + uﬁw + pﬂw = _ﬂﬁw - ﬁawv
1 - -
Dy + 7puz +up, = —YPUy — Upz + ('7 - 1)ﬁQ($),

where H(p,p) = — .

7
Then system (2.4) can be rewritten as the following quasi-linear hyperbolic system

U, + A(U)U, + BOU = C(T), (2.5)

where U(t,z) = U(t,z) + U(z), and

u 0
avy=|o uw L|. BO=HEH @ 0 |, @)= 0
p 0 Pz YUg (’Y-l)ﬁ@(x)
0 v u

Remark 2.1 For 1-D quasilinear hyperbolic systems, the dissipation term maybe help to
prevent the formation of singularity. With the appropriate small initial data or other structure
assumptions, the global and blowup of classical solution to Cauchy problem of hyperbolic system

have been obtained, see [19-22] and references therein.

Through simple computations, we can get the eigenvalues of system (2.5) are
MU)=u—c, XU)=u, M{U)=u-+ec (2.6)

We can choose the right eigenvectors as follows

c? p 1 N\T
Tl(U):ﬁ(_Qa__ap) )
V% + 2+ p2ct \e
TQ(U) = (13070)T7 (27)
c? p 1 N\T
N p——

/p2 +C2 _|_p204
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Then,

r(U) ' ri(U)=1, i=1,2,3. (2.8)
Without loss of generality, we can also choose that

LWO)r; U) =65, 4,j=1,2,3, (2.9)

where §;; stands for the Kronecker’s symbol, [;(U) is the ith left eigenvector which has the same
regularity as r;(U).
Denote

V; =L,(U)U, W;=0LU0U)0U,, i=1,23. (2.10)

By (2.8)—(2.10), it is easy to see that

U=) Viri(U), U.=>» Wiri(U). (2.11)

Let

d 0 0

d_it = P + Z(U)% (2.12)

be the directional derivative along the ith characteristic. Noting (2.5) and (2.10)—(2.11), by
wave decomposition (see [17-18, 23-24]), we have

v, v oV,
4o MU
3 3
= > = L) (Vor (U) (U)W Ve + LU)BU) Y (Vor(U)) Tre(U)V; Vi
J.k=1 j,k=1
3 3
> L) (VureU)TC@Vi = Y XU L(U) T (Vyrk(U)) Vi
k=1 k=1

3
~1L;(U)B(U) Z Vi + Li(U)C(U)
=1

3 3 3
2N (W Vi + Y i (U)ViVi = Y Sur(U)Vi + L(U)C (D), (2.13)
k=1 k=1 k=1
where
®i(U) = (N (U) = X (U)L(U)(Vur; (U) 're(U),
®,i1(U) = L(U)BU)(Vyr;(U) i (U),
3 (U) = L;(U)(Vurn(U)TCO) + XU, L) T (Vurk(U) T + L(U)B(U)re (U).

Notice that

®,,(U)=0, Vk=1,23.
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Using similar procedures, we can get (see [17-18, 23-24])
oW, OW;)

ot ox
3 3
= > O = ML) (Vore(O) Try (U)W Wi = Y MU L(U) T (Vo (U)W
Jk=1 k=1
3
+ > L(U)(Vury) (BT = C(O) Wy, + L(U)(C(T) = BU)T),. (2.14)
k=1
Suppose that U is a C2 function. Therefore, we have
ddZi =) 2
3 3
= > N = MLO) Vo) Ty (U)W Wy = Y (Vo (U))re (U)W, W
7,k=1 k=1
3
— (VoM (U)W + > L(U)(Vure(U)) " BO)r; (U)V; Wy
g, k=1
3
—ZZZ(U)(VUM(U)) C(U)Wy
k=1
3 3
= MO L) (Vure(U) "Wy = LU)BO) Y rj (U)W, + L(U)C(T)q
k=1 Jj=1
3 3
2N (U)W Wi + > i (U)V; Wi
J,k=1 k=1
3
+ ) (U)W + L(U)C(O)a — 1L(U)BU).T, (2.15)
j.k=1
where
Ui (U) = {(\(U) = MO NLO)(Vork(U)) Tri(U) = (VoA (U)r; (V)85 + (i)},
Uy (U) = Li(U)(Vore(U)) T BO)r; (),

Ui (U) = =M\ (U) T L(U) T (Vore(U) T = L(U)(Vore(U) T C(0)
— (VoM (U)T, — L,(U)B(O)r; (U),

and (j|k) stands for all terms obtained by changing j and k in the previous terms (see [25-27]).

Hence
U;;;(U)=0, Vi#j, i=1,23.

Remark 2.2 Here, in order to get our desired result, we must change the order of the

variables ¢ and x. Then the Euler system (2.4) can be rewritten as

U, + AN U)U, + A~ (U)BU)U = A~ (U)C (). (2.16)
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Using similar procedures, we can get the characteristic form as (2.13) and (2.15).
Since the matrices A(U) and A=1(U) have the same left eigenvectors, we can still define
the variables V; and W; by the same formula (2.10). Suppose that Xl(U)(z = 1,2,3) are the

eigenvalues of matrix A=(U), and lAi(U), r;(U) (i =1, 2, 3) are the left eigenvectors and right
eigenvectors with respect to XZ-(U ), respectively. Let

o~

Vi=LU)U, W,=0L(U)T, i=123. (2.17)

By (2.16)—(2.17), we can get

av, oV~ oV,
d;iz Ox +A(U) ot
3. R P 3 R
= 3 O — MEO)NVuR ) ROV + LOBO) Y. A (Vo) 7T
7,k=1 7,k=1

k=1
3. L 3.~ . 3.2 S _
2N D)WV + D @iju(U)ViVi = Y @in(U) Vi + Aili(U)C(D), (2.18)
jk=1 3 k=1 k=1
where
ik (U) = (A (U) = N (UNL(U) (Vs (U)) 7 (U),

O, (U) = N (U)L(U)BO) (Vo (U)) 7 (U),

O (U) = N (LU (Vor(U) T CO) + U 1L(0) (Vuri(U) T + N (U)L(U)BU)7,(U).

Similarly, we can also get the equations of ﬁ/\l as follows

d;x ox i(0) ot
3 3
= (Aj = M) L(U)(VuFs(U) 7 ()W Wi = > U L(U) T (Voie(U) T Wi
7,k=1 k=1

+LU)AHU)CT)): — LU)YAH(U)BU)),U, (2.19)
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where
Uije(U) = {3 (U) = M (U)LY (Vurn(U)T75(U) — (Vore(U))F5 (V)80 + (1K)},
U (U) = L(U) (Vo (U)BO)7 (U),
Uik (U) = U L) T (Vuin(U)) T = HO)(Vore(U)T A~ U)C )

~ L(U)AH(U)BU)7;(U).

3 Stability of Steady Supersonic Solutions

In this section, we will get the global stability of steady supersonic solutions for compressible
Euler equations with heat transfer in one-dimensional duct with the length L, which is strictly
less than L,,.

For supersonic flows in the duct, the perturbations of initial data and boundary condition
have quite different effects on the stability of the solutions. Therefore, we consider the mixed

initial-boundary value problem of system (1.1) with the initial data

)
=To(x) + u(x), x€l0,L] (3.1)
)

= (t) +a(0), t>0, (3.2)

where Dy, Uo, Dy, Py, Ui, D; are O functions. Without loss of generality, the conditions of C!

compatibility are supposed to be satisfied at the point (0,0), i.e.,

p0(0) =7,(0), To(0) =w(0), Po(0)=p,(0), (3.3)
and

71(0) + (Wo(0) + u(0))(P5(0) + £(0)) + (Po(0) + p(0)) (wp(0) +w'(0)) =0,
(21(0) + p(0))1;(0) + (P9 (0) + p(0)) (o (0) + (0)) (T (0) + w'(0))
( (

Moreover, on the domain under consideration, we also suppose that the background solution
satisfies

klS)\l(U):ﬂ—E<A2(U):ﬂ</\3(U):a+5§]€2, (35)

where ki, ko are two positive constants.

Under the above assumptions, we can get the following stability result.
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Theorem 3.1 Suppose that ||(7o(x), To(x), Bo(e)llerpo.cy, IFu(E), T(t), Bu(e) ercary are
sufficiently small, and p(x),u(x), p(z) are C? function on [0, L] satisfying (3.5). Furthermore,
the conditions of C* compatibility (3.3)—~(3.4) are satisfied and Q(z) is a positive C? function
on [0, L]. Then, the mized initial-boundary value problem (1.1) and (3.1)—(3.2) admits a unique
C* solution U = (p(t,x),u(t,x),p(t,z)) " with small C* norm on the domain

D={(t,z) |t>0, 0<x <L}

Remark 3.1 Here we only give the boundary condition on z = 0. The reason is that, by
the supersonic condition w > ¢ in the duct, the flow at x = L is completely determined by the

initial data in [0, L] and boundary data on x = 0.

4 Proof of Theorem

According to the local existence and uniqueness of C! solutions (see [28]), in order to get the
global existence and uniqueness of C! solution (see [17, 24-25, 29-30]), it suffices to establish
a C' uniform prior estimate of the classical solutions. As a matter of fact, to prove the global
stability C! solutions of system (1.1) and (3.1)—(3.2), it suffices to get the bounded ||V (t,-)|o
and [[W(Z,)[o-

Without loss of generality, we suppose that

[(Po(), 1o (), Do () lcro,) < & (@), W (), y()lcr vy <&, (4.1)
and in the region D,
|Vi(t,z)| < Ce, |Wi(t,x)]| < Ce, Vi=1,2,3and (t,x) € D, (4.2)

where C' is a suffciently large constant which can be determined by the estimates in this section,

and & > 0 is a suitably small constant. Then by (2.9)—(2.10), it is easy to get
|U(t,z)| < Ce, V (t,z) € D. (4.3)

Here and hereafter, C', C; and C} etc. denote positive constants only depending on e, L,

(0, %, p)||c2(0,1] as well as T; defined by

L

Ti= min —0"
tZO,HwneI%O,L] Ai(U(t, x (1))

>0, i=1,23. (4.4)

In the end, we will show the validity of hypothesis (4.2).

Let
V(r) = sup [V(t-)o, W(r)= sup [W(t)]o, (4.5)
0<t<r 0<t<r
where || - [|o stands for the C° norm on [0, L]. Furthermore, let x = z}(t) be the characteristic

passing through the origin, on which it holds that

dzi(t) _ ;
— =Nt (1), (4.6)

x}(0) = 0.
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For any given point (¢,2) € D, we draw down the ith characteristic passing through (¢, z),
noting (2.6) and (4.4), there are four possibilities:
Case 1 The region (see Figure 1)

Dy ={(t,x) |0<t<T, z>x3(t)}

4
x=x¥(t)
r=x¥(1)
T r=x¥(t)
S (t,%)
. i / //
o X
a=L
Figure 1

The ith characteristic intersects the z-axis at a point (0, «;). Integrating the ith equation in
(2.13) along this characteristic curve with respect to 7 from 0 to ¢, and noting (4.2) and (4.4),

we get

t 3 t 3
[Vi(t, x)| = |I/;(O,ai)|+‘/ D B (U)W, Vi dT‘ +‘/ > (U Vi dT‘
O k=1 O jk=1

k=1

t 3 - t
+ ’ —/ > (U)Vi dT’ + ’/ LU)C(U) dT‘
0 0
T T _ 1
<o)+ [ v+ [ B[+ G+ ma]ar
0 0
T1 Tl
gmmwm+q/ wﬂm+@/ V(r)dr. (47)
0 0
By Gronwall’s inequality, we can get
V(t,z)] < C|V(0,")|lco, V (t,z) € D1. (4.8)

Similarly, integrating the ith equation in (2.15) along the ith characteristic curve, we have
t 3 t 3
|[Wi(t, z)| = [Wi(0, ;)| + ‘ / Z \I/ijk(U)WjWk‘ dr + ‘/ Z \Ifijk(U)V}'Wk‘ dr
(VI 0 .
J,k=1 7,k=1

+‘Atjglgijk(U)Wk‘dT+‘/)tli(U)O(U)z_li(U)B(U)mU‘dT

T T _
< W0 adllco +Co [ Wiryar+ [ DD e [wel + £ (wal + wa))]
0 0

HIQ @) [IVal + (V| + [V3])] } dr

C
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\a

+ /T1 {‘p2(H§r)z - (1 + V)PCﬂzz + Pua
2
0 C

~ 2 Hﬁm =+ (1 + Cﬂzz :Fﬁzz
FlplHpa )il Vol + | P2 £ U200 3/} dr
T T T
< ||[W:(0,9)|lco + Ca W(r)dr + C5 W(r)dr + C5* V(r)dr. (4.9)
0 0 0
Then noting (4.8), Gronwall’s inequality implies that
|W(t,x)| < C(HV(Ov ')”CO + HW(O, ')HCD)ﬂ v (t,x) € Ds. (4'10)

Case 2 The region (see Figure 2)

Dy ={(t,z)|0 <t <Ty, x5(t) <z < a5(t)}.

)
x=x¥(t)
1) === =x¥(1)
%)
T xr=x¥(1)
/
9 x=1 x
Figure 2

For any given point (¢, x) € D, integrating the 2nd equations in (2.13) and (2.15) along the

second characteristic curve that intersects the x-axis at a point (0, as), we can get

Vata)| < Va(0.00)| + G [ Virpar+ [ O @[ val + Lval+ va)] ar

T2 T2
< [Va(0, )| co + 03/ V(r)dr +C; / V(r)dr. (4.11)
0 0

Walt, )] < Wal0s0)| + Co [ Wirar+ [ O gl [wal + 5w + wa)

CQﬁrm + ('Y - 1)p0ﬂrr - fﬁrr

t
/ r
Q@ @I[lval+ Svil+man]ar+ [ ] . vl
~ _02~ww + -1 C,ﬁwm + Nww
+|cum||Vg|+‘ Prz + (¥ = )p P %'}dT
T> Ty T>
< |IW2(0, ) |lco + Cy W(r)dr + C} W(r) dT—l—CZ*/ V(r)dr. (4.12)
0 0 0
Then summing up (4.11)—(4.12), by Gronwall’s inequality, we have
Va(t, z)| + [Wa(t, z)] < C([V2(0,)llco + [[W2(0,-)[[co), ¥ (t,2) € Do. (4.13)

Similarly, integrating the 3rd equations in (2.13) and (2.15) along the third characteristic curve

that intersects the ¢-axis at a point (73, 0), one has
¢

Vat.a)| < Wit 0)|+ G [ vinyar+ [ B Do) [1val + S(vil + )] ar

T3 T3



292 F. L. Weit and J. L. Liu

Ty T>
gm@wm+@/ wﬂm+@/ V(r)dr. (4.14)

T3 T3

Walt, )| < W, 0+ Co [ Wryar+ [ Sl i@ [wal+ 5w+ wa)

t 2017 ~ ~
p P (Hpz)e — (L& y)pclizy + Pas
Q@[+ Sl + wa] par+ [ ] = il
T3
(R [Va] + [P LT T T Py g
T> Ty T>
< [[W5(-,0)|lco + Cs W(r)dr + C§ W(r)dr + Cg* V(r)dr. (4.15)
T3 T3 T3

Because the boundary data is sufficiently small. Using the Gronwall’s inequality, the combina-

tion (4.14)—(4.15) leads to
[Va(t, )| + [Wa(t, 2)| < C([IV5(-, 0)llco + [Wa(:,0)l[co), V (t,2) € Da. (4.16)
Case 3 The region (see Figure 3)

Ds={(t,x) |0 <t <Ts, 27(t) <ax<aj(t)}.

[4
L x=x¥(t)
/4 t%)
Y / x=a¥l)
F /

I x=x¥(1)

i g

L

[ X
I:I
Figure 3

For any given point (¢, x) € Ds, integrating the 1st equations in (2.13) and (2.15) along the
first characteristic curve that intersects the xz-axis at a point (0, 1), we can get
(=1

Wat.a)l < Vi)l + ¢ [ var+ [ @l [Wal+ Gvil+ 1) ar

Ts Ts
gmmm@+@/ wﬂm+@/ V(r)dr. (4.17)
0 0

Wit < o]+ [ wimar+ [ O g [wal + 5w+ wa)]

‘ 2
Q@) [Va] + (VA + V)| } dr
+ /Ot {‘PQ(H%)E — (1 +9)pClize & Prs

= vil

Hpy)z + (1 F ¥)pclizs F Paa
C2

2
. p
+ |p(Hp)x V2 +‘ ( |V3|}d7’
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Ts Ts T3
< ||W4(0,)||co + Cs W(r)dr + Cg W(r)dr + Cg* / V(r)dr. (4.18)
0 0 0

Then combining (4.17)—(4.18) and using Gronwall’s inequality, we can get

Vit o) + [Wa(t, o) < C([Va(0,)llco + [[Wr(0,)l[co), V(£ x) € Ds. (4.19)
Similarly, integrating the 2nd equations in (2.13) and (2.15) along the second characteristic
curve that intersects the ¢-axis at a point (72,0), one has

Vat.a)| < Walrao0)|+ Co [ vinyar+ [ B [Wal+ S il +11a)] ar

T2 T2
Ts

T3
V(r)dr +C§ / V(r)dr, (4.20)

2 T2

< |[Va(, 0)]lco +cg/

Wat,o)| < Watr,0)+ Cio [ Wiryar+ [ S fiGo el + Swal + wap)]

T2

+1Q' |[|vz|+ (1Val + va])] } ar

TT + -1 ClUgy — Nww

+/ {‘ *pue + (v 2)p Poz|y71

T2 ¢

~ _C2~rm + -1 Cﬂzz + ~zz
Fleliallva] + | Pzt O Dol 4By 1 g

T Ts T3
< IWa(O)lo + Cro [ W(r)dr+C5y [ W(r)dr+ c;g/ V(r)dr. (4.21)
T2 T2 T2

Because the boundary data is small enough. Using the Gronwall’s inequality, summing up
(4.20)—(4.21), we get

|V2(t7x)| + |W2(t7x)| < C(||V2('7O)||CO + HWZ(VO)HCO)v v (tvx) € Ds. (4'22)
Case 4 In the region (see Figure 4)

Dy={(t,x) | 0<t, z <z},

{
(t,x)
I it w=at(t)
2 - #
7/
’ r=x¥(1)
/
/
r
x=x¥(t)
o P 48
Figure 4

we want to exchange the order of the variable ¢ and x, and rewrite the wave decomposition
equations as (2.18)—(2.19). Denote

V)= s [V(tz), WE= sup |[W(ta) (4.23)
D4ﬂ{0§m§£} D4ﬂ{0§m§£}
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For any given point (¢,2) € D, integrating the ith equation in (2.18) with respect to z
along the i¢th characteristic curve, which is assumed to intersect the t-axis at a point (¢;,0), we
find that

z 3 = x
- }/ Z‘I’ik(U)deﬁ‘ + }/ /\ili(U)C(U)df‘
0

- v L [T (-1 -

<ol +on [ 7© i [ A" Hiu)in
0 0
< [T 0llev +Cu [ V@ dc+Chy [ Tlae (4.21)
0 0
Summing up for ¢ = 1,2, 3 and using the Gronwall’s inequality, we get
\V(t,z)| < CIV(-,0)||lco, ¥ (t,x) € Dy. (4.25)

Similarly, integrating the ith equation in (2.19) along the ith characteristic curve, it follows
that

z 3 R P z 3 = ~ o~
Wit =Wt 0)+] [ G WsWde] + | [ 3 B0V
0 k=1 0 k=1
z 3 = o T _ _
| [3 v Weae] + | [ T@)ya @0
g k=1

-| [ it @)@
< [Wi(t:,0)| + Cha / W) de + O, / (v — V)pul Q) | (W] + |3l + [V:Wil) de
+cf;/ A AATARY:
0
< Wi 0)]lco + O / W(e)de + O / W(e)de +C3 / Ve (4.26)
0 0 0

Using the Gronwall’s inequality after summing up the above inequality for i = 1,2,3, and
thanks to (4.25), we have

W (t,2)| < C([W(,0)lco + [V(-,0)l|co), V¥ (t,z) € Dy (4.27)

Hence, both [|Ul|o and || Dy .Ul||o are small if € is chosen to be sufficiently small, provided
that ||(p, @)||c2j0,r] are bounded. Then by (4.8), (4.10) (4.13), (4.16), (4.19), (4.22), (4.25) and
(4.27), |V (¢t, )|, |W(t,z)| must be sufficiently small. This implies the validity of hypothesis
(4.2). Therefore, we obtained a uniform C! a priori estimate for the global stability of steady
supersonic solution. The proof of Theorem 3.1 is completed.
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