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A Dual Yamabe Flow and Related Integral Flows*

Jingang XIONG!

(In memory of my father)

Abstract The author studies a family of nonlinear integral flows that involve Riesz
potentials on Riemannian manifolds. In the Hardy-Littlewood-Sobolev (HLS for short)
subcritical regime, he presents a precise blow-up profile exhibited by the flows. In the HLS
critical regime, by introducing a dual @} curvature he demonstrates the concentration-
compactness phenomenon. If, in addition, the integral kernel matches with the Green’s
function of a conformally invariant elliptic operator, this critical flow can be considered as
a dual Yamabe flow. Convergence is then established on the unit spheres, which is also
valid on certain locally conformally flat manifolds.
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1 Introduction

1.1 Background and motivations

Let (M, go) be a smooth compact Riemannian manifold of dimension n > 3 and

[90] = {pgo : p € C(M), p>0}

be the conformal class of gg. The Yamabe problem asks whether there exists a metric g € [go]
of constant scalar curvature. Recall that the conformal Laplacian of gy on M is given by

Lgo = Ago - C(n)Rgoa

—2
4(7;1—1)
and Ry, represents the scalar curvature of go. It satisfies the conformal transformation law

where A, denotes the Laplace-Beltrami operator associated with the metric go, ¢(n) =

L & (¢)=u 2Ly (ud), Y éeCM).

un=2go

Hence, the Yamabe problem amounts to seeking a solution of

n+2
—Lgu=cu»=2 onM, u>0
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for some constant ¢. The existence was proved by the variational method through Yamabe [38],
Trudinger [37], Aubin [1] and Schoen [33]. In 1980s, Hamilton introduced the Yamabe flow

Org = —(Ry —14)g,

where t > 0 and r4 = Volg(M)™! [}, Rgdvoly and Volg(M) denotes the volume of M with
respect to the metric g. The Yamabe flow is the normalized negative L? gradient flow of the

Yamabe functional
Sy Ry dvoly

n—2

(fy dvolg) ™
and the conformal class is preserved along the flow. Thus it has a scalar form

Fyg] ==

n—2 n+42 n+2

m@t’d"*z = Lgou + c(n)r‘gun* .

The convergence was established by Chow [11], Ye [39], Schwetlick-Struwe [34] and Brendle [5].
Analogously, there has been much interest in the fourth-order Yamabe-type problem. If
n>5, let

. . n—4
Py, = Agg — divg, (anRg,9 + bnRicg, )d + TQQO,

L A r +n3—4n2+16n—16 s 2
20n—1)" P79 T T8 —1)2(n—2)2 %  (n-2)

S2
ng = ) |R1Cgo|
be the Paneitz operator (see [31]) and the @ curvature (see [4]), respectively. The Paneitz
operator satisfies the conformal transformation law

P i (§) =u "1 Py (ug), V¢eCHM).

u™=1 go
Hence, the Yamabe type problem for ) curvature is equivalent to solving
Py (u) = cun=1  on M, u>0
for some constant ¢. However, both the variational method and potential fourth-order flow
approach encounter difficulties in obtaining a positive object.

Recently, Gursky-Malchiodi [16] established the existence of solutions to the 4th order Yam-
abe problem under the assumption that there is a conformal metric with nonnegative scalar
and @ curvature, and that the @) curvature is strictly positive at some points. Hang and Yang
[20] demonstrated existence on manifolds of positive Yamabe type, provided there exists a
conformal metric whose @ curvature is nonnegative and positive at certain points. Both as-
sumptions of [16, 20] imply that P,, is invertible, positive and its Green’s function is positive.
Gursky-Malchiodi’s proof employs the normalized W22 gradient flow of the total @ curvature
functional

Fylg] = Vol (M)~ "+ /M Qg dvoly, (1.1)

whereas Hang-Yang’s proof leverages a dual variation problem (see [30] for a survey). We also
refer to [21, 32] for earlier results.
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The flow in [16] is given by

Oru = —u+ pu(t)(Py) ™" (Jul=2) (1.2)

and satisfies initial condition u(-,0) = 1, where g € [go], (P5)~" is the inverse of Py and p(t) is
a normalization. They showed that the flow converges to a solution of the fourth-order Yamabe
problem, gave that Fy[g] falls below a natural threshold. However, exploring the dynamic
behavior when g is any element within the conformal class [go] remains an intriguing problem.

In addition to the conformal Laplacian and Paneitz operator, there are many other important
conformally invariant operators of fractional and higher orders. See [7—8, 14, 17-18] and many
others. The fractional Yamabe flow has been studied by Jin-Xiong [23], Daskalopoulos-Sire-
Vazquez [12] and Chan-Sire-Sun [6].

Finally, we note that differential integral flows of (1.2) type were frequently used to deform
level sets of functionals in the critical point theory. In particular, it plays a crucial role in [2]
about the Nirenberg problem on the three dimensional unit sphere. In this paper, we would
like to conduct a detailed study of this type of flow.

1.2 A general framework and main theorems

Let M be a compact smooth Riemannian manifold of dimension n > 1, and Koy : M x M —
(0,00] be a C* singular kernel of the Riesz potential type. Namely, for any X,Y € M,

Ko(X,Y) =KoY, X), (K-1)
iy (X, Y277 < (Y, X) < Adgy (X, Y)?7", (K-2)
V0 Kol V)] < Adgy (V)27 o M (¥}, (-3)

where dg, is the distance function with respect to metric go, 0 < 0 < % and A > 1 are constants.
Define

Koo (F)(X) = /M Ko(X,Y)f(Y)dvoly, (Y) for f € L}(M).

For T' > 0, we study the Cauchy problem for the differential-integral equation

{atum = Kgo(w) on M x (0,T), (13)

U(,O) = Up 2 07

where m > 0 and uyp € CY(M) is not identical to zero. By Riesz potential estimates and
Picard-Lindelof theorem, (1.3) has a unique solution with ™ € C*([0,T*); C°(M)) for some
T* > 0 representing the maximum existence time.

If m > z;gg, m # 1, the steady problem

Kg(S)=8" onM, S>0 (1.4)

has a continuous solution. Moreover, the solution is unique if m > 1. See Section 2 below.

Theorem 1.1  Let u be a solution of (1.3) with u™ € C*([0,T*); C°(M)) for some T* >0
representing the maximum existence time. Then we have the following results.
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(i) If m > 1, then T* = oo and

lim (|t~ 7T u(-,t) — eS(-)||coqar) = 0.

t—o0

(ii) If Z;gg <m <1, then T* < oo and

1
li T —t)"mTu(-,t) — cS(- =0.
im0 = 7w 1) — eSOl

(iii) If m = Z;gg, then T < oo and

i * _+ . n -
Hl(l;rg)f(T 7 w0 2 =

Here S is a solution of (1.4) and c is positive constants.

One can obtain precise convergence rates for the above items (i)—(ii), as exemplified by
Jin-Xiong-Yang [25] in their study of a nonlinear boundary control problem. Section 6 provides
essential tools such as the linearized operator and eigenfunctions for further exploration. Our
proof is inspired by previous studies on the Cauchy-Dirichlet problem for the porous medium
equations (see [25] and references therein).

For the linear case m = 1, we also have T* = oo and

lim [le™ u(-, ) = ¢1(-)llcoary = 0,

t—o0
where ¢1 > 0 is a positive eigenfunction associated to the largest eigenvalue of Kyy. If 0 <m <

n—2o
n+20?

When m = %, the flow has an independent interest in conformal geometry as follows.
Let

we still have T* < co. But the blow-up behavior is unclear.

[90l0 = {uﬁgo cu € COUM), u>0}

be the C° conformal class of gy. For any g = uT 9o € [golo, we let

Ky(F)(X) = /M Ky (X,Y)f(Y)dvoly(Y) for f e L' (M),
where
K (X,Y) = (u(X)u(Y))" 777 Ko(X,Y).

By definition, Iy is a conformally invariant operator and

K () = u™ w25 Ky, (ug) for all ¢ € L (M).

_4__
unt22o 9o

This motivates us to define

g = Ky(1) (1.5)

and

n+

W /M Q%, dvoly. (1.6)

Freolg] == Volg (M)~
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We may call Q%Q a dual @ curvature, which is related to a quantity introduced by Zhu [40]
and Han-Zhu [19] for a specific kernel, although they are distinct. The normalized L? gradient
flow of Fk,[] takes the form

g = (R, — a(t))g, (1.7)

where ¢t > 0 and a(t) = [, Q%, dvoly. By setting g = w7 gg, we obtain

Qe = Ko (w) — a(t)u%. (1.8)
Suppose that
u(-,0) =ug() =20 on M, (1.9)

and ug € C°(M) is not identical to zero.

If Ky matches with the Green’s function of some invertible conformally invariant differential
operator, we may call (1.7) (or (1.8)) a dual Yamabe flow as it stems from the dual type
functional Fk,|g].

On the standard n-sphere S” equipped with the induced metric gy from Rt there defines
the intertwining operator P which is the pull-back operator of the o € (0,%) power of the
Laplacian (—A)? on R™ via the stereographic projection

n+2o0 n—2o

PP(g) o F = |Jp|” 2 (=A)7(|Jp| 7z (¢ o F)),

where F' is the inverse of the stereographic projection and |.Jr| is the determinant of the Jacobian

of F'. Moreover,

_ J(C n
(Pgo) 1(f)(€) = Cn,a‘/S % dVOlgo(C) for f € Ll(S )7 (110)
where ¢, , = %, p>1and || is the Euclidean distance in R"*t. The classical result
of [29] asserts that
sup { [ ey ) dvely, /S 7175 dvolg, =1} = 5, _, (1.11)
is achieved and the maximizers have to be form
— 2\ nt2e
U = fi A>0 s” 1.12
&M (€) (2+ 02— 1)1 - cosdgo(g,go))) or some A >0, & € (1.12)

upon a sign. Finally, we remark that by taking ICy = (P9)~! and using the stereographic
projection, (1.8) can be transformed into the prototype

n—2o n—20

Qe = (—A) v —a(t)vr2e  in R" x (0,00),

where v = |Jp| "% (uo F).

Our second theorem is as follows.
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Theorem 1.2  The Cauchy problem (1.8)—~(1.9) has a unique solution satisfying unF €
C1([0,00); CO(M)). Moreover, as t — oo,

a(t) = an  for some positive constant aoo

and ) )
n n -+
n o

n—20 n—20

/M |Q%, —a(t)|?dvol, = 0 for each 1 < ¢ <

This theorem guarantees that the flow is a Palais-Smale flow-line of the associated critical
functional (see Corollary 5.5). Consequently, following [36] one can show bubbling or global

compactness if
)}imy dgo (X, Y)" "2 Ko(X,Y) = ¢ uniformly for Y € M, (K-4)
—

where % < ¢ < Ais a constant, and without loss of generality we assume ¢ = ¢, .

Finally, we state a convergence result on S™.

Theorem 1.3  Suppose that M = S"™ and Kg4, = (P2)~" as in (1.10). If u is a positive
solution of (1.8) on S™ x (0,00) and u(O)% € C1(S™), then u € C1(S"™ x (0,0)) and

Jim [lu(-t) = cUgA(llcoan =0 on 8" x [1,00),

where ¢ > 0 is constant and Ug, A(+) is the function in (1.12).

A crucial step in the proof of the above theorem is establishing a differential Harnack
inequality, which is inspired by [39]. However, in the current integral framework, we need to
borrow ideas from [9] and [27]. The same differential Harnack inequality also holds on the family
of locally conformally flat manifolds considered by [32]. To prevent distractions, we exclusively
focus on spherical objects.

The limiting case 20 = n would involve a kernel having the rate of Indg, (X,Y’), which
deserves further exploration. In light of Dou-Zhu [13], it is intriguing to investigate the case
when 20 > n. The above differential-integral equations may be viewed as porous medium type
equations with Riesz potentials diffusion. In contrast to the (fractional) Laplacian diffusion,

/ |fIP~' fKyo (f)dvoly, may change signs, if p > 1. (1.13)
M

We further refer to [3] for the recent studies of weak dual solutions of porous medium type
equations, where Riesz potential estimates also play an important role.

The paper is structured as follows. In Section 2, we introduce a class of separable solutions
that serve as a guiding principle for Theorem 1.1. These solutions are crucial in the proof
of Theorem 1.1. In Section 3, we demonstrate the existence of local solutions to (1.3) with
u(t) € C(M) and provide a blow-up criterion that holds for all m > 0. For future applications,
we establish a regularity theorem for mild solutions, inspired by some idea of [27]. In Section 4,
we establish crucial lower and upper bounds. Section 5 is dedicated to the critical case. In the
first subsection, we prove Theorem 1.2. In the second one, we establish a differential Harnack



A Dual Yamabe Flow and Related Integral Flows 325

inequality. In Section 6, we prove a convergence theorem for all m > 0 if the solutions are
bounded between positive constants. The proofs of Theorems 1.1 and 1.3 are completed there.

Notations Letters x, y, 2z represent points in R™, and capital letters X, Y, Z represent points
on Riemannian manifolds. Denote by B,.(z) C R™ the ball centered at x with radius r > 0.
We may write B, in replace of B,.(0) for brevity. For X € M, Bs(X) denotes the geodesic ball
centered at X with radius . When it is clear from the context, we may use u(t) = u(-,t) for
instance. Throughout the paper, constants C' > 0 in inequalities may vary from line to line and
are universal, which means that they depend on given quantities but not on solutions.

2 Separable Solutions

Let Ko: M x M — (0, 00] satisfy (K-1), (K-2) and (K-3). We consider the functional

Jm(f) — fM f’cgo(f)dVOIQO (21)

2
(Sar 1 £l 51 dvolg, ) 77

and the variational problem

Jm = sup I (f) > 0.
feLm+1(M)\{0}

n—20

By the Hardy-Littlewood-Sobolev inequality, J,, < oo if m > =22

Proposition 2.1 If m > Z;gg, then J,, is achieved by a positive Hélder continuous

function.

Proof Let {f;}72; be a maximizing sequence with || f;| pm+1(ar) = 1 and

Jj—o0

lim /M Fikgy (£5) dvoly, = T (2.2)
We may assume that f; are nonnegative and

fi —f in L™(M).
After passing to a subsequence (still denoted by {f;}), we have

Koo (f5) = Ko (f) in L(M)

n(m+1)

for any 1 < ¢ < (CES TSy See for instance the proof of [19, Proposition 1.1] or [24,

Z;gg, we have % > 2l with noting that L is the

Holder conjugate exponent of m + 1. Thus, by (2.2),

Proposition 5.1]. Since m >

/ fj’Cgo(fj)dVOIQO _>/ f’cgo(f)dVOIQO :7771'
M M
By the lower semi-continuity of || - || Lm+1(ary, we have || f||Lm+1(ar) < 1 and thus

I(f) = T
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Hence, f is a maximizer and satisfies the Euler-Lagrange equation
Kgo(f) = T f™ on M. (2.3)

By the standard potential estimates, f™* is Hélder continuous. Since f > 0 but not identical to
zero, ICg, (f) must be positive everywhere on M. The proposition is proved.

Proposition 2.2 If m > 1, then (2.3) has a unique positive continuous solution.

Proof Suppose that we have two positive continuous solutions S; and S;. Let
a=inf{a>0:85; <aS; on M}.

Then S; < @Sy and 57 is equal to @Ss at some points of M. Since the kernel K(+,-) is positive,
it follows that either
Kgg(aSQ — Sl) >0 onM

or
@S, — S; =0.

If the former happens,
(@)™ — ST = @™y, (@S2) — Ky (S1) > Ky (@S2 — S1) >0  everywhere on M.

We obtain a contradiction. Hence, @Se—S1 = 0. By (2.3), we must have @ = 1. The proposition
is proved.

The following proposition extends a criterion of Aubin.

Proposition 2.3 Suppose that Ky additionally satisfies (K-4). If

Jn-2e > Sn7—o'7

n+20

where S, _, is the best constant of Hardy-Littlewood-Sobolev inequality in (1.11), then Jn—2o

n+20

18 achieved by a positive Hélder continuous function.

A related result has been obtained by [19]. Since (K-4) holds, one can show that 7% >
Sn,—o, but the strict inequality needs some further conditions, such as “positive mass” type
condition

Ko(X,Y) = cnodg, (X, Y) + A(X,Y),

where A > 0 on M.

Proof of Proposition 2.3 We shall adapt the blow-up analysis method in [24] (see

s _9 . )
Proposition 5.3). Let m; > e and Z1_1}1(1)10 m; = 1257
First, we claim that
liminf J,,, > Jn 20 (2.4)
71— 00 n+2o

Indeed, for any € > 0, we choose ¢ > 0 such that

160y =1 [ Ko (6)dvoly = Tope

n+20



A Dual Yamabe Flow and Related Integral Flows 327

and set

b= s

ol

Then we have

—e).

.. .. .. _9 —
liminf J,,, > liminf J,,, (¢;) > hl_n_l)logf ||¢HLW+1(M)(J"

i —20
12— 00 12— 00 n+2o

Sending ¢ — 0, (2.4) follows immediately.

Upon passing to a subsequence, we may assume that zliglo Im; = A > 72135 .

Next, let f; be the positive maximizers obtained in Proposition 2.1 for J,,,, satisfying
| fill st = 1 and (2.3) with m = m;.

We claim that {f;} are uniformly bounded. By Riesz potential estimates, they will be
uniformly bounded in some Hdlder space. The proposition will be proved by extracting a
subsequence.

If not, there is a subsequence, still denoted by {f;}, which satisfies
f(X;) = mj\%xfi — 00 asi— 0o,

where X; € M. Choose a geodesic normal coordinates system {z!,--- 2"} centered at X;, and

write the integral equation as

Jm; fiexpx, )™ = Ko(expy, z,expy, y)/det go fi(expx, y) dy + hi(z),

Bs
where h;(z) = fM\Bg(Xi)KO(eXpXi z,¢) fi(¢)dvoly (¢) and 6 > 0 is a small constant. Since
K additionally satisfies (K-4), following the blow up analysis procedure in the proof of [22,
Proposition 2.11] or [28, Proposition 4.1], we have, after passing to a subsequence, as i — 00,

1—m;

filexpy, fi(Xi)™ 2 x) = v(z) in C.(R")

_ 1
fi(X3)

vi(x) =

for some v > 0 satisfying

n—2o0 (%
AU(ZIJ) nt20c — Cn,g‘/\ % dy, T e R"™.
R Y

In fact, v is classified in [9]. It follows that

n+2c

A v — cn,g/ Mdydx < Sn,_g(/ v dx) "
Rn R n

nxpe [ =y

Since ||vi]| pmi+1(p o) S W illpmitian = 1, fgn viizs < 1. Tt follows that

5. fi(X;) 20

7ﬂ < A < Sn,—<77

n+2c

which contradicts to the assumption of the proposition. Hence, the claim is verified and the
proposition is proved. )
If m # 1, then S = J2~' f is a solution of (1.4).
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Suppose that S is a continuous positive solution of (1.4) and h(t)S is a positive separable
solution of

O™ = Kgy(u) on M x (0,T). (2.5)
Then h must satisfy the ODE
dh™
T =h on (O,T)
Integrating the above equation yields
m—1\mT
h:hc::(c—i— t) , ¢>0,

where ¢ > 0 if m < 1. Hence, we obtain the separable solutions

m—1

Uo(X, 1) = (c+ t)ﬁS(X). (2.6)

It is worth noting that if m > 1, Up(0) = 0 and hence Uy corresponds to the “friendly giant”
of porous medium equations in bounded domains. This solution originates from the loss of
uniqueness of the ODE.

3 Existence and Regularity

By the standard estimates for Riesz potentials, we have

n
||’Cgo(f)|\“—,"5;—p(M) < Cillflleeary, YV FELP(M), 1<p< %" (3.1)
n
1Ko (Flcoanry < Cillflleany, ¥ f € LP(M), 25 <P =0, (3.2)

where 0 < o < min{20,1} and Cy > 0 depends only on M, go,p, A and o.

Lemma 3.1  Suppose that ug € C°(M). Then (1.3) has a unique solution u satisfying
u™ € CL([0,T*); CO(M)) for some T* > 0 representing the mazimum existence time. If T* <
oo, then

lim
t—T*

u(t)”c()(M) = 0.
Proof Integrating (1.3) in ¢, we obtain
t
w(X, )™ = ug(X)™ + / Kgo(u)(X, s)ds. (3.3)
0
The existence follows from Picard-Lindel6f theorem, using (3.2). Noting that
Oru(X, )™ 1=0 = Kgo(up) >0 on S,

we conclude that u™ is positive for ¢ > 0 and increasing in ¢. If thrtlrl lu(t)||cocary is finite, we
g

can extend the solution further, which contradicts to the definition of 7. The lemma is proved.

We may say that a nonnegative function v € C((0,T); LP(M)), p > max{m,1}, is a mild
solution of (1.3) if the integral identity (3.3) holds for almost every X € M and ¢t € [0,T).
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Let us write the equation in local coordinates. For an arbitrary point X € M, choose a
geodesic normal coordinates system {z!,--- , 2"} centered at X, and write the integral equation
(3.3) as

t
w(z, t)™ = u(z,0)™ 4+ / Ko(z,y)u(y, s) dyds + h(x,t), (3.4)
0 JB;
where § > 0 is a constant,

iz, t) = u(expgz,t), Ko(x,y) = Ko(expy o, expxy)/det go(y)
and .
h(z,t) :/ / Ko(expx , Q)u(¢, s) d volg,ds.
0 JM\Bs(X)
In the next lemma, we show that h is a good term.

Lemma 3.2 Assume as above. Then the nonnegative function h satisfies that, for every
0<t<T,

sup h(-,t) < Cinf h(-,t), (3.5)
Bs B%
2
sup h(-,t) < C][ u™ dvoly, (3.6)
Bg Bs (X))
2 2
and
C
[Vh(z,t)] < gh(x,t), V€ B;, (3.7)
where JCB%(Y) = mﬂs&(){)’ and C > 0 depends only on n,o, X and ||gol|c(m

Proof Note that for any x1, 29 € B%, using (K-2),

eXprlaé-)
h(z1,t —————= Ky(exps 22, Q)u((, s)dvol, ds
! //M\Bg(X) Ko(expx 22, () olexpx 72, CJul(, <) %

20—n
<A2/ / go $17<)) Ko(expx 2, )u((, s) dvolg,ds
M\Ba

go x27<)
< Ch {EQ,

Hence, (3.5) is verified. Since h(z,t) < u(x,t)™, (3.6) follows immediately from (3.5).
Using (K-3) and (K-2), we have

2
(e, < 28 / / o Folexpx 7, (G, ol ds.
M\Bs

Hence, (3.7) is verified. The lemma is proved.

We shall establish regularity results for mild solutions, which are inspired by [27, Theorem
1.3]. For T > 0, suppose that V € L>([0,T]; L2= (Bs)) and h € L>([0,T]; L9(Bz)), ¢ > =

—20
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are nonnegative functions. We study the integrability improvement for nonnegative solutions
of the integral inequality

V(
Bs |$_y|

Suppose that w € L>°((0,7'); LP(B3)) for some —5- <p < gq.
The factor e*~! will serve to establish estimates independent of T'. In subsequent applica-
tions, it will be substituted with e*(*=% for a positive constant . For brevity, we set o = 1 in

this context.

Theorem 3.1 Assume as above. Suppose additionally that V € C([0,T); L2s (Bs)). Then
w € L*((0,T); L(B1)).

First, we prove the following proposition.

n

—5=, there exist positive constants 0 <1andC > 1,

Proposition 3.1 Forq > p >
depending only on n,o, p and q, such that if
||V||Loo 0 T) L2U (B';)) 6 (39)

then w € L*°((0,T); LY(B1)) and
1wl oo 0,1y L9(By)) < ClwllLes (0,10 (B5)) + Pl Lo ((0,7);09(B2)))-

Proof We may assume a priori that w € L*((0,7"); LY(Bs)) and only prove the estimate.
Otherwise, one can truncate the kernel and take an approximation as implemented by Li [27].

For any open set w C B3, we let

Dw(x,s):/Mdy, T € Bs,

|$ |n 20

and let
t
Il,r(x,t):/ e 'Dp (z,s)ds,
0
t
IZT(x,t):/ es_tDBs\gr(x,s)ds
0

with 0 < r < % For any fixed ¢, by the Minkowski inequality and estimates of Riesz potential
wehave,for0<p<r<%,

<c / VP, 2, g 00 03 )

- C/o es_tHV(S)HL%(BT)||w(5)||LQ(BT) ds
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T
< C(S”wHL“’((O,T);LLI(BT))/ e’ ds
0
< CBlwll o (o,7):29(B,))
1
< §||wHL°°((O,T);Lq(BT))’

1 1 2 sep5o1 :
where = = =~ — =2 if C§ < 5. For x € B,, using

1
D5, (T,8)] < 7/ V(y,s)w(y,s)dy
o (r=p)"=27 Jp,\B,
C
< (r — p)n—20 ”V”L%(BS)HIU||LP(B?,),
we have
C
||I27T('at)||L<1(Bp) < WHU}”LP(BS)'
Since w > 0,
1
1wl Loe((0,7):L9(B,)) §§||w|\Loo((01T);Lq(Br))
C
+ e Wlees) + Clbllz=o.ryza.)-

Using Lemma 1.1 of [15], we are able to establish the desired estimate.

Proof of Theorem 3.3 Let zg € By and 0 < ¢ < i be small, we have

20

we(z,t) = 2wz +ex,t), Ve(z,t)=e>V(xg+ex,t), x€ Bs

and

V(y, s)w(y, s)

2
B3\ Bsc (20) |$0 tex— |n 7

es™ t

dyds + ¢ " h(zg +ex,t).

Since V € C([O,T];L%(BB)) and

Va2 ) = IVE D ooy

we can find a small ¢ such that HVEHLOO((O - < ¢ as in the above proposition. The

T):L37 (B3))
theorem follows from Proposition 3.1.

4 Bounds at Large Time

In this section, we establish sharp asymptotical behavior of solutions of (1.3) if m > 1; and

20
T2 <m<1.

First, we need a comparison principle.

obtain sharp integral bounds if 2=2

Lemma 4.1 (Comparison principle) Let m > 0. Suppose that fi, fo € C1([0,T]; CO(M))

are nonnegative functions satisfying

atf{n > Kgg(fl), 8tf2m < ICQO (f2) on M x (OaT]
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and
f1(0) > f2(0) on M and  f1(0) > f2(0) somewhere.

Then f1 > fo on M x (0,T7].

Proof This proof is quite elementary. We omit it.

Proposition 4.1 Assume as in Lemma 3.1 If m > 1, then T* = co and

C
<

n fort>1.

I -1

Uy C(M)

Proof Let U, be the separable solution defined in (2.6). Let ¢ be large so that
0=Up(0) < up < Uc(0).

By Lemma 4.1, we have
Up<u<U, in M x(0,77).

Since U, is locally uniformly bounded, by Lemma 3.1 we must have 7" = oco. The two sides
bounds also imply that

u U ¢ ypm-ly g 1
0<——1<—C—1:(f7m) —120(—).
— Uy — Uy m—1 t

The proposition is proved.

When m = Z;gg, we will need to use the modulus

wi(p) == sup u™ T (t)dvoly,, p>0.
xem Js,(x)

Lemma 4.2 Suppose that Z;gg <m <1 and
[u(T)||Lmsrary < C
for some O <T <T*. Then
%%HUHCO(M) <,

where C' > 0 depends only on M,o,A,m,T,C and lluollco(ary, and further on the modulus wr(-)

_ n—20
when m = e
Proof Let

VI(X,t) = u(X, )™
Note that u(X, t) is increasing in ¢ for any fixed X. We have w;(p) < wr(p) for t < T. Moreover,

if m > Z;gg, for any X € M and p > 0, by the Holder inequality

[ W dvely, < [ 7@l dvol,,
By (X) By (X)

"6(17;7") — 20 (m+1)
< (D avoly, ) T ol (5,(X0) T
B
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n(d—m) 2no(m+1)

< Cc2v(m+1)p(n+2a)m (n— 2a)

333

(4.1)

which can be made to be small by choosing small p but independent of modulus wp(-). Then

the lemma is a consequence of Lemma 3.2, Proposition 3.4 and a bootstrap argument.

Corollary 4.1 If 222 <m < 1, then T* < 0o and

li m+ () dvol, =
R (t) dvolg,

Proof For a small ty > 0, choose a large ¢ such that

1-— -
Uo(X, to) = (c - mto) TS < u(X,ty) on M.
m
By the comparison principle, we have
u>U. in M X [tg, T).

Hence, T* < < 00.

*1m

As u(X,t) is increasing in ¢ for any fixed X € M, the limit in the lemma exists. If the limit

is finite, by the monotone convergence theorem we have

lim u(-,t) = u(-,T*) € L™ (M).

t—=T*

Using Lemma 4.2, we obtain

max ||ul|coary < C,
[0,7+]

which contradicts to Lemma 3.1. Therefore, the corollary holds.

Proposition 4.2 If 7= 2" <m <1, then

1, . 1 . 1
a(T — )" < u()|| gy < C(T™ —t) " 1=m
where C > 0 is a constant.

Proof By a direct computation using the first equation in (1.3), we obtain

d m m+1
Gt ledvolgozT MuICgo(u)dvolgOZO,

g/ ulyy (u) dvoly, = 2/ OrulCy, (u) dvoly,

2 —m
= [ K@t v,

We may drop dvolg, in the follow integrals. Hence,

d i (u) _ z(/ m+1 o / IKgo (u |2 e M}
M

dt m Sy umtt
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By the Holder inequality,

([ st = ([ o 6 )

It follows that

dJ, (u) -0
dt  —
Set )
Z(t) _ (/ um+1)_M+1+l

M

Then
1 1—m—
7'(t) = mTJm(u) Ly
By integration, for 0 <t < T < T,
1—m—

Z(t) <

——ToulT 1) + Z(T).

Sending 7" to T™, by Corollary 4.4 we have

1—m—
Z(t) < Im - (TF =t
() < — T ("~ 1)
On the other hand,
—-1d
2"(t) = 2= () < 0
(1) = "= ) <
For any 0 < s <t < T < T, we have
Z(s)—Z(T
2(t) > 2(1) + 2 T( V- 1),
P

Sending s — 0 and 1" — T™, by Corollary 4.1 we obtain

z() > 20

> ST - 1),

Therefore, the proposition is proved.

J. G. Xiong

In order to study the blow up profile of u near T*, let us introduce a re-normalization of u

as follows. For 0 < m < 1, let

T —t
T+

WX, 7)= (T —t)T=u(X,t), 7=—1In
Then we have

O™ = Ko (@) - 1 Tmam in M x (0, 00).

From Proposition 4.2, we know that

1
Om+1 —

</ a(r)™t dvoly, < C™H 7 €[0,00).
M

(4.2)

(4.3)
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Proposition 4.3 If 2222 < m < 1, then

n+20
1 ~
& < i@ eman <€, 7€ [1,00)
and thus
1
(T =87 T < ul®)|pmany < OT" =) =5, T*(1—e™') <t <T",

where C > 0 is a constant.

Proof By integrating (4.3), we have
UX, 7)™ =e T (X, 0)™ + / eT™m T, (W)(X, 5) ds.
0

n—20
n+20?

argument, we then can obtain

Since m > we have (4.1). Making use of Lemma 3.2, Proposition 3.1 and a bootstrap

ﬁﬂva)E;CH

for some C > 1.
On the other hand,

and using (K-2),

for some C independent of s. It follows that

~ 1 T m —
w(X, 7)™ > 5/0 e m (577) ds > o (L—e71om),

if 7 > 1. Hence, the first conclusion is verified. The second one then follows from the definition

of w. Therefore, the proposition is proved.

5 The Critical Regime

n—=2o
n+20 "

We may further normalize u in (4.3) as

In this section, we set m =

w(s) = @(t)/ @O pmrarys ¢ = B(s) with B(s) = [GON up

which turns out to be a solution of the normalized equation (1.8) on M x (0, c0).

On the other hand, by changing variables Lemma 3.1 implies that (1.8) and (1.9) admits a
unique positive solution u satisfying u™ € C1([0,7*); C°(M)), where 0 < T* < oo is taken to
be the maximal existence time of the solution.
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5.1 Long time existence and concentration compactness

Let u be a positive solution of (1.8) and g = w7 go. Set

V(t) = / u(t)"5 dvoly,
M
and
/|Q |qdv01g—/ |Q )|qun+2adv01g0, q>1,

where Q% = Ky(1) as defined in (1.5).

Lemma 5.1  Along the flow, we have

(i)

%un?ﬁ;g _ 2"20( 9 a(t))urtts
and thus V'(t) = 0;
(ii)
0 n+ 20
2 (@, —alt) = 27K, @, — )~ (@, —0)? — a(Q, —a) '
(ii)
d 2(n+ 20) n+2o0
—Jn—20 = . >
dtJan u - V(¢) Ms(t) >0,

where Jnlgcr is as defined in (2.1).

Proof By (1.8), we have

e _ 1420 60— a(r)). (5.1)

u n— 20

The first item follows. Using the definition of Q% and (5.1), we have

Dr 2
ot “Ko ot
n—208tu

T T ht2 w QKO tu "””’Cgo(atu)

TR Ky (1))

n-+20 _n-20
= (@, ~ @, + ot Ky (u(Q, )

n+ 20

= —(Q%, — @)Q%, + n—QUICg( %o — @)
n+ 20
— (@, — @ — a(Q, — )+ 2, QY )
Finally,
d 2(n + 20) _n+20 4o
EJ:;JSZ( ) = WV@) " : {w/S" |’Cgo (u)|2un+2a - a‘(t)U’ICgo (U’)dVOIQO
2(n + 20) _n+20 n-20 o _do_
= SRy [ 1K) — ol E P dvol,
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_ 2(n+20)
. n—20

n+2o0
n

V()R My(t).

The lemma is proved.

Without loss of generality, we assume from now on

Lemma 5.2 We have

and

Hence, lim a(t) =: an, exists.
t— oo

Proof Since V(t) =1,
a/(t) = !]ﬂ (u) S 771720 .

n+2o0 n+2o0
By item (iii) of Lemma 5.1,
2(n + 20)
"(t) = ————=M,(t) > 0.
(1) = 2029 0y ) >

Thus a(t) > a(0) = Jr-20 (ug). The lemma is proved.

n+20

Lemma 5.3 We have T* = co.

Proof By (1.8), we have
By (eo ¥ sy (pymy = o= Jo @) ds i () (t) > 0.

If T* < oo,

elo a(®) %u(T*) = lim ™ Joo(® dsgy(t)
t—=T*

exists and belongs to L™*1(M). Integrating (1.8), we obtain

t
w(t)™ = w4 / o STk (4)(s) ds, (5.3)
0
By Lemma 5.2,
o w7 Tnzza (o)-(s=D)
w(t)™ < w4 / o 57 Ky, () (s) ds.
0

It follows from Lemma 3.2, Proposition 3.1 and a bootstrap argument that

lu™ |lcarxjo,r+)) < 00

This contradicts to the definition of 7. Hence, T can not be a finite positive number. The

proof is thus finished.
Next, we compute the derivative of M,. By Lemma 5.1,

d

G0 = [ [alQk, —al"*(Qk, — 0(Qk, ~0)
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—al(Q%, —a)| dvol,
n+ 20 _
- / o2 1Q%, ~ alt*(@k, ~ 0y @, - a)
M n —
2n
+ (5 - q)|QKO — al’(Q%, — ) — aqlQ%, — al’
— qa’|QK0 CL|‘1_2(Q§7<0 — a)} dvol,. (5.4)
Denote the first term as
a)Ky(Q%, — a)dvoly,

n—
which is a ‘bad’ term to us because of (1.13). Using Hardy-Littlewood-Sobolev inequality,

2
|Nq|zw‘/ 1Q%, al(QY _a)ng(Qio—a)dvolg‘

Ny [ G o qy, -

Ko
|q—2u( o a’)lcgo (U(Qg(g - a‘)) dVOlgo

(n+20) q
T n-20 ‘/ |Q Ko
(n+20)q o g
< LE0)|QY, — ol ul(@, — a)l, . (@, — o)l 2
2 n+2o n+2o
— (n+ U) CM2n2(Z—1)M 227? . (55)
n— 20 Cenr 2o
Furthermore, for ¢ > 2 and v > QZ(_‘:;;), by the Holder inequality with using V(t) ,
n+2o0
N, < CMpZn M 5
nt20 n+2o
=1 1
<CM,” Mg
(5.6)

< oM, + — M

ev— q+1

where € > 0 can be very small, and the Young inequality is used in the last inequality. As for
the second term, since Q% > 0, we have (Q% —a) > —Jn-20 and thus

0 nt2c
Q%, — al’(Qf, —a) = |Q%, - (5.7)

So it is a ‘good’ term to us. As for the last term, we have the estimate, using Lemma 5.2

[ i@, - vk, -
M

Proposition 5.1 We have
2 2
fl<qe< —n_ nteo
n—20 n—20

ol
Al T2 Q% — al”

a)dvoly| < CMyM,— (5.8)

M,(t) =0 ast— oo,

Proof Step 1 We consider ¢ = 2.
By (5.5) and the Hoélder inequality, we have

INa| < C M.
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Noting that
/ a'(Q%, — a)dvol, =0,
M
by (5.4) and (5.7) we obtain

4o d 4o
My — CMy < —Ms(t) <
3 2=t 2()*71—20'

Mz + CMs,

n — 40

which implies that

o0 _2 o0
/ Mydt < ”(M2(1)+0/ Mth)
1 4o 1

and d
|20

< 0/ (Msy + M3) dt < oco.
L1([1,00)) 1

Therefore, lim My = 0.
t—o00

: 2
Step 2 We consider 2 < ¢ < =5,

By taking v = ¢ and € = 1 in (5.6), we obtain

which implies % <q.

IN,| < My + CM} < M, + CM,.

It follows from (5.4) and (5.7)—(5.8) that

2n
— C(My + Mo(L 4+ M) + (5= — ) My
d 2n
< TMy(t) < (n - q)Mq+1 + O(My + Ma(1 + M,_1)). (5.9)

—1
If, in addition, ¢ < 3 , then M, < M3z + M, € L'([1,00)) and Mg < M;T < C. Using
the left part of the above inequality first, we have

2n
n—20

Mgyr € LY([1,00)), ¢<3 and ¢ <

Hence, both the lower and upper bound of £ M, in (5.9) belong to L'([1,00)), so does it.

Repeating this process, we will conclude that

i = <qg<
tli)rgoMq(t) 0 forall2<g¢g< Y

My € LY([1,00)) forall2 < g <

n—20
Step 3 We consider —22 < ¢ < —22_ 4 2429 which implies % <q+1.
By taking v = 2?1(_32_01) and ¢ = 1 (¢ — -2%) in (5.6), in view of that
v n(g—1) n

2v—q+1) :2n(q—1)—(q—1)(n+20) :n—20>1’

then we have

IN,| < eM, + CM]™7 < e(Myi1 + M)+ CM]~
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<eMgp1+ CM,

1 2n
= 5(1=72g) Mo + 00

It follows from (5.4) and (5.7)—(5.8) that

—C(My+ Ma(1+ My—1))
d 1 2n
< “g—
- dth(t)+ 2((] n—2

—U)MqH < C(M, + Ma(1 + My_1)).

J. G. Xiong

(5.10)

Arguing as in Step 2, we will again conclude that My(t) — 0 as ¢ — oco. The proposition is

proved.

Let Djnlga (f,) : L5 (M) — R be the Frechét differential of the functional Jn;ga at

f € L=t (M).
Corollary 5.1  Along the flow,
DJ%(U,-)—)O as t — oo.
Hence, the flow is a Palais-Smale flow line.

Proof For any ¢ € Lt (M), we have

n—2o

DJ% (u, ) = 2/ (Kgo (w) — a(t)un+27 )p) d volg,
n+2o0 M h

n—2o n—20
—2 [ (@, - uiTE pdvoly, < 20 ol 2,
M n—20o0

Ln+2e (M)

The corollary follows from Proposition 5.1.
Proof of Theorem 1.2 It follows from Lemma 5.2 and Proposition 5.1.

5.2 Global bound via the moving spheres method

Theorem 5.1 Suppose that (M, go) is the standard sphere, Kqy = (P2°)~! in (1.10). If u
is positive solution of (1.8) on S™ x (0,00) and u(0)™ € C*(S") is not identical to zero, then

u € CL(S™ x (0,00)) and the differential Harnack inequality holds
[Vinu| < C  onS" x [1,00),

and thus L
Yol <u<C onS"x|[l,00),

where C' > 0 depends on u(t) with t € [3,1].

The global existence follows from (5.3) and the C! regularity follows from a bootstrap

argument for (5.3).

Next, we shall use the moving spheres method in [27] to prove the differential Harnack

inequality. Pick any point & € S™ as the south pole and let F' be the inverse of the stereographic

projection with Jacobi determinant |Jp|. Let

n n—2o

() = |Jp| T u(F(x)) "o
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Then we have

n+20
1 v(y,t)" 2 ,
O [A(t)v(x, t :cmg/ dy in R" x [0, 00), 5.11
:](t) t[ ( ) ( )] o |$_y|n_20- Y [ ) ( )

where
A(t) _ efot a(s) ds.
For A > 0 and z( € R", denote

A

|2 — x|

A2 (z — x0)

n—20 N N
) v(x®* 1),  where 270" = g +
|z — zo)?

Vo a (2, 1) = (

as the generalized Kelvin transform of v with respect to the sphere B (). Using the following
two identities (see, e.g., [27, page 162]),

n+2o0 n+2o0

A n—20 ’t n—20 ’t n—2c
(=) / LI LA / CIENCU LR (5.12)
|z — 2o lo—ao|2A TN — z|n =20 la—zo<r T — 2|72

and

n+20 n+20
by n—20o U(Z, t) n—20 ds — Uw07)\(za t) n—20 d (5 13)
_ To,\ _ ~|n—20 Z= _ A|n—20 2 :
|ZZ? $0| |z—zo|<A |$ Z| |z—zo| > |ZZ? Z|

it is easy to see that v, x is also a solution of (5.11) in (R™ \ {zo}) x [0,00). Notice that

1
mat[fl(t)(v(% t) — vz A (2, 1))]
= / K (o, \; 2, 2)[v(z,t) = Vo a(2,1) Zfﬁ‘;] dz, z€R"™\ Bx(zo), (5.14)
[z2—zo|>A
where 1 A e 1
K . — — .
($O,/\7$72) |:E—Z|"_2U (|5L‘—{E0|) |x$07>‘—z|"_2‘7

It is elementary to check that
K(xo, Nz, 2) >0, Y |x—ax0l,|z—x0] >A>0,
K(ZI:(),)\;ZZ?,Z):O, v|:Z:_'1:0|:)\7
VoK (zo, N2, 2) - (x —x0) >0, V|r—z0|=A |2 —20] >\

Lemma 5.4  There exist positive constants Ao and g such that for each xo € By, there
holds

1

Voo (@, 8) <v(w,t), YO<A<Ao, |t—a0|>\ te [5,1], (5.15)
€0 1

v(w,t) — vgo (1) > W, Vil >Xo+1, te [5, 1} (5.16)

and

3
v(x,t) —vgo a(x,t) > eo(lz —zol = A), VA<|z|<XN+1, t€ [Z’ 1]. (5.17)
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Proof This follows from a direct computation. See the proof of [27, Lemma 3.1].

We shall show that (5.5) holds for all ¢ € [1, 00).

Fix an arbitrary T > % and a point zo € By. Without loss of generality, we assume xg = 0
and write vy = v ) for brevity. Similar to Lemma 5.4, we have the following lemma which
asserts that one can start the moving spheres procedure up to 7.

Lemma 5.5 There exists Ay € (0, \o] depending on T such that

3<7§<T.

oa(z,t) <v(x,t), YVO<A<Ap, |z|>A 1 StS

Define

A =sup{p < Ao :oa(z,t) <wv(z,t), VO<A<p, || >\ 1<t <T}
Obviously, > Ap.

Lemma 5.6 There exists €9 > 0 such that

v(z,t) — vx(z, t)_l%% Vel >N+ 1, te[l,T]
and
v(z,t) —vg(x,t) > ea(jz] = A), VA< |z <A+1, te[1,T]
Proof Let
n+20 n+2o0
v(z,t) =20 —uy(z,t)n27
t
£z, \) G (0 @D FEnED,
0, v(z,t) = va(z,1)

and w*(z,t) = v(z,t) — va(z,t). By (5.14), we have

wx(x,t) =A(t)? x - / / j xo,x;x,z)w(z,t)xdzds
B)\ 10

for (x,t) € Bx(wo) x (2,T)]. Since w* > 0, we obtain

5 S x( 3 ' AlS) peto X x
) > L2 , ) '
w (z,t) > A(t) " w (x,4) —I—/% /Bk(rg)c A0 K(zo, \; z, 2)w(z,t)" dzds

The lemma then follows from Lemma 5.4.

Lemma 5.7 We have X = Ag.
Proof If not, by the above lemma,

3
Or[v(-,1) — vx(@,0)]] ;5 > 2 forte [Z’ a

By the continuity of Vv, there exists a small €3 > 0 so that

Or[(v(-,t) — ua(x,t)]|om, > %2 for A<\, 7 <

>|
=~ w
IN

~

IN

~
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Since v(-,t) — va(x,t) = 0 on OBy, we have

<t<T.

=] W

v(-t) —ua(x,t) >0 for A< A< |z| < X\ +es,
Using the first lower bound in Lemma 5.6 and choosing A — X to be very small,

v(-t) —oa(2,t) >0 for x| > A +e3, ~ <t <T.

= w

We obtain a contradiction and the lemma follows.

Proof of Theorem 5.1 By the above lemmas, we have, for all zg € By,

v(x,t) > vgoa(z,t), YO<A<Ag, |[z—20| >\, tE E,T}.

By [27, Lemmas A.1-A.2], we have

[VIno(t) <C in By, <t<T.

=~ w

Since & € S™ and T are arbitrarily chosen, the differential Harnack inequality follows. Since
the flow keeps the volume, the uniform positive lower and upper bounds follow. The proof is
finished.

6 Convergence

It is important to mention that the normalized flow, which preserves the volume
/ M u™ 1 dovly,, is equivalent to (4.3) upon a variable change. In this section, we aim to
demonstrate the convergence of solutions of (4.3), including the scenario where m > 1 with
replacing the 7 variable by 7 = In(¢ + 1) in (4.2), provided that the solutions are consistently

bounded between positive constants. Namely, suppose that

m
- —u
[1—m|

Ou"™ = Ky (w) ™ on M x (0,00) (6.1)

and

1
— <u<Cy onM x(0,00), (6.2)
Co

where K satisfies (K-1)—(K-3), Cp > 1 is a constant and m € (0,1) U (1,00). We shall prove

that u converges to a steady solution

m m
Koo (o) = m%’ on M, ¢ > 0. (6.3)

First we need two lemmas.

Lemma 6.1 Let ¢ be a solution of (6.3) and ( = u — ¢. Then there exists a constant

depends only M, g,n,o, A and Cy such that

¢t + )l p2ary < CeCHCC DLz, VE>1, 72> 0.
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Proof By the equation of v and ¢, a direct computation yields

Um0 = Kgy C + G, (6.4)

| m|
where .
n= / m((1— N)p + )™t dA.
0

By (6.1)-(6.2), n and d;u are uniformly bounded. Multiplying both sides of (6.4) by ¢ and

integrating over M, we have

I <2 =1 dvoly, <c/ Cu™ 1t dvol,.

By applying Gronwall’s inequality and taking into account (6.2), we finish the proof.

Lemma 6.2 Assume as in Lemma 6.1. Then we have

10:C(- t + Dllcoary + 1ICC t+D)llcoary < CIICE Oll2any, 21,

where C' > 0 depends only on M, g,n,o, A and Cy.

Proof Since ( satisfies the linear equation (6.4), the lemma follows from a bootstrap

argument with using Lemma 6.1 as a starting point.

Theorem 6.1 Assume as above. Suppose that u € C1([0,00); C°(M)) is a positive solution
of (6.1) satisfying (6.2). Then
lim u(t) =S wuniformly on M,

t—o0

where S is a positive solution of (6.3).

Proof Since the flow possesses a gradient structure, the idea of Simon [35] can be adapt-
ed. We follow the proof of [25, Theorem 1.2] with some slight deviation in establishing local
estimates.

Let = By (6.1), we have, for any 0 < ¢y < t,

11— ml
t
w(X, )" = e Pty (X 1) +/ AL, (u) (X, s) ds. (6.5)
to
By the potential estimates, we have
u(X, )™ —u(Y, )™
t
< e PU=0) (y( X, t)™ — u(Y, t)™) 4+ C|X — Y|“/ Pt ds
to

< e P (u(X, t0)" — u(Y.t)™) + CIX —Y|*, ¥ X,Y € M, (6.6)

where C' and « are positive constants depending only on M, go, Ko, m and Cj in (6.2). By
taking to = 0, it follows that w(t) is uniformly continuous for ¢ € [0,00) and there exists a

sequence t; — oo and a positive function u., € C(M) such that

u(tj) = us in C°(M) asj— oco.
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Claim wu is a solution of (6.3).
Indeed, let

— 1 ﬁ m—+1
Gm(u) = /M (iuICgou i ) dvoly,.

Then we have

d

—Gm(u) = / (Kgou — Bu™)drudvoly, = m/ |0pul*u™ " dvol,, > 0. (6.7)

By the assumption (6.2), G(u) is bounded and hence,
tliglo G(u(t)) = Guso)-

For 7 > 0, we have

[ttty 40" e ™ P dvol,
M

J,

1)2 ti+7
T% / / |0su(t; + s)|u(t; + )™ dsdvoly,

ti+T o 2
/ Osu(t; + )72 ds| dvolg,
t.

- Tm(c(u(tj + 7)) = G(u(t)))).

4m
Using the pointwise estimate

m-+41 m

|u(X7tj+T) 2 —U(X,tj)

m+1

| < Ju(X, t 4+ 7) — u(X, )"

we have u(X,t; +7) = us in L™+ uniformly in 7. By interpolation inequality, we have, for
any m+ 1 < q < o0,
u(X,t; +7) > us in LY(M)

uniformly in 7. By (6.5),
tj-’-l
u(X,t;+ 1) = e Pu(X, ;)™ + / ALt (u)(X, s)ds.

Sending j — oo, we obtain

i.e.,
Pull = Koy (thoo)-

The claim is verified.
Since the functional G(-) is real analytic on

we = {f e L™ (M) :

Ql=
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the so-called Lojasiewicz-Simon gradient inequality holds; see Chill [10]. Then one can use the
standard argument to show that

u(t) = us in C(M) ast— oo.

In fact, armed with Lemmas 6.1-6.2, one can mimic the corresponding proof in [25] to establish

the aforementioned full convergence. We omit the details. The theorem is proved.

As in [25], the linearized operator at S will play a crucial role in the convergence rate. We
may consider the eigenvalue problem

Kgo(¢) = AS™ 1 on M. (6.8)

To seek a symmetry structure, we introduce
di = §"dvoly,,  KM(f)(X) = / Ko(X, V) f(Y)d
M
and L2(M,du) space equipped with the inner product

(fih)L2(arap) = /M fhdp.

Note that
<K:#(f)a h>L2(M,du) = <fa K#(h)>L2(M,du)
and KM : L2(M,dp) — L?(M,dp) is compact. The eigenvalue problem

K(p) = X\p in L*(M,dp) (6.9)

has countable many eigenvalues, which must be real. If ¢ is an eigenfunction, then ¢ = S1=™¢
will be an eigenfunction of (6.8). In line with [25], one can establish a sharp convergence rate

under a further L? positive assumption. Namely,

/ FKgofdvoly, >0, VfeL*(M), f#0. (K-5)
M

We leave the details to the interested reader.

Proof of Theorem 1.1 If m > 1, it follows from Proposition 4.1. If :1122‘; <m<1,it

by Proposition 4.2 we have the

n—2o
m+20

lower and upper bound. Let @ be defined as in (4.3) and

G@) = /M [%mcgoﬁ— mgmﬂ]

By direct computation, we have

follows from Proposition 4.3 and Theorem 6.1. If m =

d o

Since G is bounded, tlim G = G exists. On the other hand,
—00

m d 1 m et 1
_— mrt=2G 4+ —— mAl
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/M Ay = et(/M o 2(me /Ote_SG(ﬂ(s))ds),

Since [,, u(t)™*! is bounded, this forces

2D [Tesateas—- [ wp

m

Thus

It follows that

/ At = _2m+1) /Oo o' =5G(ii(s)) ds — _2m+1)
M m + m oo

as t — oo. We complete the proof of Theorem 1.1.

Proof of Theorem 1.3 By Theorem 5.1, we have global positive upper and lower bounds.
Using Lemma 5.2 and a change of variable, we can transform the normalized flow into (6.1).
Theorem 1.3 then follows from Theorem 6.1.
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