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Abstract In this paper, the authors consider an approximation to the isentropic pla-
nar Magneto-hydrodynamics (MHD for short) equations by a kind of relaxed Euler-type
system. The approximation is based on the generalization of the Maxwell law for non-
Newtonian fluids together with the Maxwell correction for the Ampere law, hence the
approximate system becomes a first-order quasilinear symmetrizable hyperbolic systems
with partial dissipation. They establish the global-in-time smooth solutions to the approx-
imate Euler-type equations in a small neighbourhood of constant equilibrium states and
obtain the global-in-time convergence towards the isentropic planar MHD equations. In
addition, they also establish the global-in-time error estimates of the limit based on stream
function techniques and energy estimates for error variables.
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1 Introduction

Approximations of second-order parabolic equations by first-order hyperbolic equations have
a long time history which dates back to the studies of Maxwell [24] in 1860s. Since then, there
are a lot of studies concerning this topic. These approximations have not only the mathematical
sense but also physical interpretations. The idea of these approximations can be explained by
the following Cattaneo law for the heat equation 0;6 — A8 = 0, which can be derived by the

first law of thermodynamics 9;0 + div ¢ = 0 together with the Fourier law of heat conduction
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q = —V0. The Cattaneo law perturbs Fourier law as
edqg +q=—V6,

then the heat equation becomes
{8t9+dlvq20, (1.1)

€diq +q = —V0,

which is a symmetric first order hyperbolic system with partial dissipation for ¢. Taking ¢ — 0,
we recover the classical heat equation. The parameter € > 0 is usually called the relaxation
time and the limit € — 0 is the relaxation limit in the sense that the Fourier law is regarded as
the stationary state of the system and zero relaxation means the recovery to the equilibrium.
The hyperbolic structure of the relaxed system (L)) is more physical since it avoids the major
paradox of the heat equation that the heat waves are with infinite propagation speed. We
refer the reader to [2-3] for the Cattaneo law for heat conduction, to [1, 25, 30, 32, 41] for
approximation of the incompressible Navier-Stokes with Oldroyd-type derivatives describing
non-Newtonian fluids, and to [6, 31] for the approximation of the Timoshenko-Fourier system
by the Timoshenko-Cattaneo system.

The main purpose of the present paper is to approximate the planar Magneto-hydrodynamic
(MHD for short) equations with relaxed hyperbolic systems. We start with the three-dimensional
compressible MHD equations of the form (see [4, 16]),

O¢p + div(pu) = 0,
¢(pu) + div(pu ® u) + Vp(p) = (V x B) x B 4+ divII, (1.2)
8B — Vx(uxB)= -V x (vWxB), divB=0,

where x = (x1,X2,X3) € R3 is the spatial variable and ¢ > 0 is the time variable. The unknown
variables p is the density, u € R3 is the velocity and B € R? is the magnetic field. The pressure
p(p) is sufficiently smooth and strictly increasing for all p > 0. The viscous stress tensor II is
given by

T = pu(Vu + Vub) + X (divu)ls, (1.3)

where Vu?® is the transpose of the matrix Vu, I3 is the 3 x 3 identity matrix and the viscosity
coefficients p and )\ satisfy
pw>0, 2u+3\N>0.

The parameter v > 0 is the magnetic diffusion coefficient.
Now we consider the planar MHD equation by assuming that the fluid moves in the x;

direction and is uniform in the transverse direction (x2,x3). Denote = x;, then
p=rplt,z), u=@uw)T(tz), B=0>b"T({tuz), (1.4)

where w = (ug,u3)" is the transverse velocity and b = (by,b3)T is the transverse magnetic

field. The first components u and b are the longitudinal velocity and longitudinal magnetic
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field, respectively. Since 0,b = 0 for all ¢, we may let b = 1 without loss of generality. After

direct calculations, (2] can be reduced to
Orp + 0z (pu) = 0,

1
Orlpu) + 0 (pu? + p(p) + 51bI2) = 8 (M0,

9 (pw) + Ou(puw — b) = 0, (uOs W),

Otb + 0, (ub — w) = 0, (v, b)

with A = X + 210 > 0. In addition, if we introduce v = p~!, define the Lagrangian variables

(y,t') by
o 0 o 0 B

o o oy o
and still denote ' by ¢ in the following, (IH) in Euler coordinates (z,t) can be transformed into

the following planar MHD equations in Lagrangian coordinates (y, t)

By — Oyu = 0,

oo+ 0, (p(0) + 2[bI2) = 0, (222,

—) a
orwm) = 0,(12),

where p becomes a function of v with p’(v) < 0.

There are rich literatures on the global well-posedness of the planar MHD equations (L.E)
as well as (L8). When the initial density is strictly positive, the MHD equations are of mixed
hyperbolic-parabolic type in the sense of Shizuta-Kawashima [13, 34], so that the global ex-
istence of smooth solutions near constant equilibrium is guaranteed. For other related well-
posedness results, we refer to [18, 22, 26, 37-38, 40]. For the results of non-isentropic planar
MHD equations, we refer to [5, 7, 14, 17, 21, 33, 36, 39] and the references cited therein.

We now introduce the approximate system. Let

VM VWi

” ’ » (1.7)

We approximate the perturbed form of (7)) by introducing the following constitution laws

2O
E%(BtT—i-uayT) +7= #7 (1.8)
0
2(8,S +ud,S) + S = @ (1.9)
b
£3(0: T +ud,J) +J = ﬁ%, (1.10)
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where g; > 0 (i = 1,2,3) are relaxation times. Denote &= (¢1,¢2,£3)T and e = /2 + €2 + 2.
Combining (L6)—(TI0), we establish the relaxed Euler-type approximations of the planar MHD

equations as follows
O — Oyu =0,

1
Oru+ 0, (p(v) + 5IbI?) = VAd, T,

Oyw — dyb = /i, S,

Oyu 1 Vvoy,J
Obt = bW =" (1.11)
A0
e2(OT +udyT) + 7 = \/—U yu’
10)
£2(0,S +ud,S) + S = \/ﬁvyw,
d,b
%@J+u%D+J=¢iy,
which is a first-order quasilinear hyperbolic system with initial data
(v,u,w, b, 7,8, J)|i=0 = (vo, uo, Wo, bo, 70, So, Jo) (). (1.12)

The variables 7,S and J are dissipative variables because there are damping terms in their
corresponding equations. Formally letting & — 0 recovers the planar MHD equations (LG)).

It is necessary to show that the approximations (L8)-(LI0) are physical. Constitutive
laws (L8)—(L9) are approximations of the non-Newtonian fluids. In [24], Maxwell combined
Newton’s law of viscosity with Hooke’s law of elasticity, and proposed a modification to the

constitutive law of stress tensor (L3)) as follows
20,11 + 11 = pu(Vu + Vu®) + N (div u)I;.
However, the above law is not invariant under the following Galilean transformation
t'=t, xX=x-Vt, =1, v=u-V, VVER?

which may lead to paradoxical evolution of particles in a moving frame. To overcome it, the

material derivative should be considered. The model then reads
2 (001 + (u-V)I)) + I = p(Vu + VuT) + X(div u)ls, (1.13)

which reduces to approximations (L8)—(L9) for our case. The constitutive law (LI0]) is actually
the combination of the Ampere law together with the Maxwell correction of the Ampere law.

Indeed, by the Ampere law with Maxwell correction, we have

eE -V xB=1J,
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where F is the electric field and J is the current density. We combine the above with the Ohm’s
law yielding
e +J =V x B+lo.t,

which reduces to approximation (II0) in our case. For more details, we refer to [1, 25, 30, 32]
and references cited therein for more details.

System (LI can be regarded as symmetrizable hyperbolic (see Section 2 below) and con-
sequently the local existence of smooth solutions is guaranteed by classical theories (see [12,
15, 23]). The global existence of smooth solutions and its convergence to the classical isentrop-
ic planar MHD equations (L.6]) remain open as far as we know. However, for the isentropic
Navier-Stokes equations with revised Maxwell constitutive laws, which is also called hyperbol-
ic Navier-Stokes equations, there are rich literatures. In 2014, Yong [41] obtained the local
existence and the local convergence to the classical isentropic Navier-Stokes equations under
condition tr(IT) = 0, where tr(IT) means the trace of matrix II. In 2021, Peng [27] constructed
approximate systems with vector variables instead of tensor variables by using Hurwitz-Radon
matrices in both compressible and incompressible cases, and established the uniform estimates
with respect to €1 and €5 of the global smooth solutions near constant equilibrium state and
the global-in-time convergence of the systems towards classical isentropic Navier-Stokes equa-
tions. He also obtained similar results for the isentropic Navier-Stokes equations with Maxwell
constitutive law without condition tr(IT) = 0. For the results of non-isentropic Navier-Stokes
equations with related Maxwell and Cattaneo constitutive law, we refer to [8-11, 30] and the
references cited therein.

The main purposes of this paper is to prove the global existence of smooth solutions to
Cauchy problem (LII)-(I2)) near constant equilibrium states and establish the global-in-time
convergence rates towards the classical isentropic planar MHD equations. The existence of the
global-in-time smooth solutions is based on the uniform estimates of the local-in-time smooth
solutions with respect to time and small parameters &= (e1, €2,3)T together with the classical
bootstrap arguments. The global-in-time convergence of solutions under the limit ¢ — 0 is
based on the uniform estimates and some compactness arguments. Remark that our system
can not be included in the studies of [19, 28-29, 42] in that the structure of our limiting system is
different from those of systems in these mentioned results. More precisely, our limiting system is
a mixed hyperbolic-parabolic type in the sense of Shizuta-Kawashima rather than a parabolic
system and violates the condition (e.g., [19, (A3)) needed for deriving a parabolic limiting
system. It is worth mentioning that the choice of 1,62 and 3 can be made independently,
hence our results indeed include some partial limits result, for example if we let e3 — 0 with &1
and g5 fixed, we can get the MHD equations for non-Newtonian fluids.

The major difficulty of this paper is to obtain the global-in-time convergence rates, i.e., to
establish the global-in-time error estimates between the smooth solution to the relaxed time
system and those to the planar MHD limiting system. The proof is based on the stream
function techniques together with the energy estimates of the error variables. We first use

energy methods to obtain directly the error estimates for dissipative variables 7,S,J. For the
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non-dissipative variables v, u, w, b, we have to adopt the stream function techniques to establish
the error estimates. It is worth emphasizing that our treatments are different from those in [19-
20, 42] in that the energy estimates of the error variables for dissipative variables 7, S, J can not
be decoupled from the stream function estimates for non-dissipative variables. Consequently,
careful combinations of estimates are needed.

This paper is organized as follows. In Section 2, we introduce preliminaries and state our
main results. In Section 3, we establish the uniform estimate of smooth solutions near the
equilibrium state with respect to the time and small parameters &= (g1, £2,e3)T and prove the
convergence of the relaxed system towards the planar MHD system. Section 4 is devoted to the

proof of the global-in-time convergence rate.

2 Preliminaries and Main Results

2.1 Notations and inequalities

For later purpose, we introduce the following notations. We denote || - ||, || - ||oo and || - ||s the

generic norms of L2 %' 12 (K), L= def oo (K) and H® s (K), respectively, with K = R for

Cauchy problem and K = T for periodic problem. Moreover, (-,-) stands for the inner product
of L?. In the following, we require that s > 2 is a positive integer and C' > 0 is a generic
constant independent of ;(: = 1,2, 3) and any time.

Next, we introduce the Moser-type calculus inequalities, which will be frequently used in

later proof.

Lemma 2.1 (Moser-type calculus inequalities, see [23]) Let s > 2 be an integer and 1 <
[ <s. Then it holds

16 (wv) = udyv]| < Clloyulls—illvli-1, (10, (wo)ll < Clulls|lv]l:.

For periodic problems, we need to introduce the following notation. For a given scalar or

vector function, we denote its mean value over the torus as
Mig(t.0)(0) = | oft.a)a.
2.2 Symmetrizable hyperbolicity
System (LTI can be rewritten into the following
Dy(e)oW + A(W)o,W = —Q(W), (2.1)
where

W:(’U - 17u7WT7bT7T7 STaJT)Ta DO(E):diag(HG,Ef,E%]IQ,E%]IQ), Q(W):(01X67T7 STaJT)Ta
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where I is the d X d unit matrix, T is the transpose of a vector or a matrix and

0o -1 0 0 0 0 0
p'(v) 0 0 b" —VA 0 0
0 0 0 —HQ 0 —/ Ml 0
b 1

0 2 -k 0 0 0 —%1[2
AW) =

0 —‘/TX 0 0 u 0 0

0 0 —%ﬂg 0 0 eZul 0

0 0 0 —gb 0 0 el

Now if we introduce the following symmetrizer

Ag(W) = diag(—p'(v), 1,1z, v]a, v, v]a, vla),

such that
Ag(W) := Ag(W)Do(e) = diag(—p' (v), 1, Iz, vz, £, £3vly, 30l
and
0 p(v) 0 0 0 0 0
pv) 0 0 bt VX 0 0
0 0 0 —HQ 0 —/ 1l 0
AW) = A (W)AW) =] 0 b —I, 0 0 0 — /7l
0 -V 0 0 cou 0 0
0 0 —ul 0 0 clvuly 0
0 0 0 —/Vs 0 0 e2vully

It is clear that Ag(W) is symmetric and positive definite and A(W) is symmetric, so that the
relaxed system ([IT)) is a first-order quasi-linear symmetrizable hyperbolic system, to which
the local existence of smooth solutions is guaranteed by classical theories (see [12, 15, 23]).

For later purpose, we need to split the giant matrix A(W) into several partitioned matrices.
Let W = (W', WHT with

Wi=@w-1uw",bDT and W, =(r,8T,J0)T. (2.2)

We call W7 non-dissipative variables and W5 dissipative variables in that it admits damping

structures in Q(W). In addition, we introduce the partitioned matrices defined by

Ao(W) = diag(AS (W), AZ(W)),  A(W) := (A”<W> A”(W))

A21(W) A22(W)

with
AN (W) = diag (—p'(v), 1,1z, v]p), A2 (W) = diag (v, v]z, vls),

0 -1 0 0 0 0 0

p(v) 0 0 bT —VA 0 0

AtWy=1{ 0 o 0o -L|, APW):=| 0o —ypl, 0

b 1

0 2 _IL, 0 0 o Y

v v v
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and
o VA 0 ,
v e1u 0 0
AWy =10 o VP, o |, AaZw)=(0 eul o
v 0 0 ctul,
0 0 0 Y

Clearly, A(W) = Ao(W)A(W) = (i:; (g) g%i) with

AN(W) = AT (WA (W), AW = A2H(W)T = A5 (W) A(W)
and
AZ(W) = AZ2(W)AZ(W).
2.3 Main results
The main results of this paper are as follows.

Theorem 2.1 (Global existence and uniform estimates) Let s > 2 be an integer and
(vo—1, ug, wo, bo, 70, So,Jo) € H®. Then there exist two positive constants 6 and C' independent
of €, such that if

[lvo = 1|s + fluolls + [wolls + [[bolls + e1ll7olls + &2l Solls + el Jolls <6,
then for all e1,e2,e3 € (0,1], the Cauchy problem (LII)-([LI2) admits a unique global smooth
solution (v,u,w,b,7,S,J) satisfying
t
W1 @)II2 + Xl + 311S@IE + 313 @12 + /O (18, W ()21 + W2 ()1 2)dt’
< C(Jlvo = LI + [luoll3 + IIwoll3 + [IbollZ + eZ |70l + €311Sol12 + €311 Tol12), (2.3)
where Wy and Wy are defined in (2.2)).

Theorem 2.2 (The relaxation limits) Let (v,u,w,b,7,S,J) be the global solution obtained

in Theorem theorem 2.1. If there exist functions (To, Uy, Wo, bo) € H® satisfying
(’UQ — 1,UQ,WQ,b0) — (50 - 1,EQ,WQ,BQ) weakly in H?,

then there exist functions (v — 1,1, w,b) € L>®(RT; H*) and (7, S,J) € L?>(R*; H®), such that

as € — 0, up to subsequences,

(v—1,u,w,b) = (T — 1,4, W,b) weakly —* in L®(R"; H®), (2.4)
(7,8,3) = (7,8,3) weakly in L*(RT; H), (2.5)
where - o
o VO g VIOW g JYOD
T T T

and (0,7, W, b) is the solution to the planar MHD system in Lagrangian coordinate (ILG).
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Theorem 2.3 (Global convergence rates) Under the conditions in Theorems 2.1-2.2, let
(v,u,w,b, 7, 8,J) be the unique smooth solution to (LI1)-(LIZ) and (T,7, W, b) be the unique
solution to ([LL6l). Then there exists a constant 6 > 0, independent of e, such that if

[lvo = 1|5 + lluolls + [wolls + [[bolls + e1ll7olls + &2 Solls + €3]l Jolls <6,
and for any given positive constants « and Cy independent of € satisfying
[ (vo — To, uo — o, Wo — Wo, bo — bo)||s—1 + [|[(6170, €250, 3J0) [|ls—1 < C1€%,
then for all € € (0, 1], there exists a positive constant Cs independent of €, such that
—8),e3(J =T )3y

t
+/ (v =7,u—a,w—-W,b—b,7—7,8—8J—J))|>_,dt < Coe®,
0

||(U—5,u—ﬂ,W—W,b—E,81(T—F),SQ(S

where iy = min(1, «).

3 Global Existence and Convergence

In this section, we establish the global uniform estimate of the smooth solutions with respect
to small parameters. Let T > 0 and (v,u,w,b,7,S,J) be the unique local smooth solution
defined on the time interval [0,T]. Recall the definitions of Wi and W5 in ([Z2]). We introduce
the total energy as

Et) = [Wi@)2 +tlr @13 + IS5 + 51T,

which we assume to be sufficiently small for all 0 < ¢ < T. We also introduce the dissipative
energy
2(t) = [|0,Wr(®)[I5-1 + [Wa(t)][3-

In this section, we tend to establish estimates of the following type
t
E(t) + / Z(t)dt’ < &£(0).
0
The smallness of &(t) leads to the fact that

<v< s, pP(v)<—p (3.1)

N~
N W

for p; > 0 a positive constant.
We first give the L2-estimate.

Lemma 3.1 (L%—estimate) It holds
[o() = 112 + [[u@®]* + [w@)I* + [b@)* + eillr()]* + 31 S + 51T ()1
t
+/ (I @I+ [1SEI + 13@)1*)d

0
<C t@@(t’)%@(t’)dt’ +CE(0). (3.2)
0
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Proof Let n(W) be denoted by
1 1 1 1 1 1
§u2 + §|W|2 + 51}|b|2 + 55%1}72 + §€%U|S|2 + §E§’U|J|2,

where P’(v) = p(v). Then according to the system (L.IT]), direct calculations give

n(W) = —=P(v) +

On(W) = —p(v)Ov + udu + w - Ow + l(?,gv|b|2 +vb-0ib+ 18%7‘26{(} + eJvTO T
+ 528tv|S|2 +e3vS - ;S + sgatv|J|2 + eI -0
= —p(0)0yu — By (p(v)) — Ludy (b + VRudy T+ w b+ iw -0,

+ %8yzL|b|2 — Oyub]®* +b-dyw + /vb-0,J + %5%7’23‘7”
— e2ourdyr — vt + VATO,u + %sgayu|8|2 — e3vuS - 9,8 — v|S|?
+/HS - dyw + %sgayu|J|2 —e3oud - 9,J — v|J|* + Vvo,b - J.

Then, if we denote

W) = —p(v)u — %u|b|2+\/XuT+w-b+\/ﬁw-S+\/§b~J
and the remaining terms
R(W) = %5%7287,1; — 2vutdyT + %sgﬁyu|8|2 —e3vuS - 9,8 + 538 ulJ? — e3vud - 9,J,

we obtain
In(W) +vr? +v[S|? +v|I* = 9,0 (W) + R(W).

Since v is close to 1, so that by the Taylor expansion of p(v) at v = 1, we obtain
0.P(v) = 0(P(v) ~ P(1) = 8 (p(1) + 20/ ) (v —1)°)
= 0, (p(1)u) + 01 (57 @) (0~ 1?),
where v is between v and 1. This yields
(W) + 8y (—p(L)yu — p(W)) + v7? + 0[S + v[J|* = R(W), (3.3)

where by ([B.I)), there exists a constant ¢ > 0, such that

. def 1, _
n(W) = n(W)+ P(v) - §p’(v)(v —1)?
> co(lv — 17 + v + |w|* + [b|* + &i7° + 3[S|* + £313]%).

Noticing that by the Cauchy-Schwarz inequality and the Moser-type calculus inequalities,
‘/R dy‘<cg ()% 2(t)

integrating (B3)) over [0,¢] x K with ¢ € (0, 7] ends the proof.

We then have the following higher order estimates.
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Lemma 3.2 (Higher order estimates) It holds

E(t) + /Ot [Wa(t)|2dt’ < C/Ot EN2 (')At + C&(0).

423

(3.4)

Proof For all integers | with 1 < [ < s, applying 8;/ to both sides of ([2II), making the

inner product of the resulting equation with 2A0(W)(%W yields

d

pr (Ag(W)OLW, 0L W) = (9, Ag(W), W, 0L W) + (9, A(W)0. W, 9, W)

— (2A6(W)OLW, BLQ(W)) + (2Ao(W)OLW, 1,
where the commutator J* is defined as
J=—0L(A(W)0,W) + A(W)a, ' W.

First, noticing that
[0rvllse < Cllulls,

then from the definitions of the Dg(g), Ag(W) and Ag(W), we get
(0 Ao (W)L W, 0L W)| < Cllow|wo |0, W * < CE(t)2 D(2).
Next, noticing that
10, A(W) oo < C10,Wi]loo < Cl0y Wi -1,

then
(0, A(W)OLW, 0L W) < Clla,AW)| | OLW | < CE(t)% D(t).

Afterwards, according to the definition of Q(W), we conclude from (B]) that

(2A40(W)OLW, 0LQ(W)) = (200, 7,0,7) + (20,8, 0. 8) + (200, F,0.T) > |0, Wa||>.

(3.5)

Finally, we estimate the term in (3.5)) containing commutator .J'. By the Moser-type calculus

inequalities, we have
17 < Clloy AW |51, W 11 < Cll 0y Wills—1l|8y W |2-1,

hence
[(2A0(W)OLW, J)| < C 18, Wills—1 |0, W ||s—1 |0, W | < CE ()% ().
Combining all these estimates, we obtain

4
dt

Notice that there exists a constant ¢; > 0, such that

cil|g,VII* < (Ao (W) Do(e)9, W, 0,W) < Clo,V |1,

(Ao (W) Do ()d, W, 0, W) + |0}, I| + 9, SII* + 19, 3]|> < CE(1)> 2(1).

(3.6)
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where

V= (v,u,w",bT g7, EQST,€3JT)T.
Integrating (3.6)) over [0,¢] with ¢ € (0, 7], summing for all 1 <[ < s and combining (3.2)) yield
B4).
Next, we obtain the dissipative estimates for d,W;. In the following, we denote x > 0 a

sufficiently small positive constant, of which the value is determined in (BIT]).

Lemma 3.3 (Dissipative estimates for dyu, 0yw and 9yb) It holds

1

/t 10, (u, w, b)Y ()2, ¢’ <cm/ 18, W1 (¢)|2_, dt’ +c/ VI NdE + CE©0). (3.7)
0

Proof Let Z = (VAu, \/awT,/vbT)T. The last three equations in (LII) can be rewritten
into the following

D1 (2)v(0;Wa + udyWa) + vWa = 9,7, where Dy (e) = diag(e}, 3], 312).

Let m be an integer with 0 <m < s —1. Applying ;" to the above equation, and taking inner

product with 97**'Z in L?, we have after certain integration by parts,

m d m m m m
10541217 = T (D1()) (s Wa), 95 2) = (D1 ()] (9,ulVa), 9+ 2)
+ (D1(e)y ! (vWs), 870, Z) + (D1 (£) 0 (vudy W), 8 Z)
+ O (W), O Z).

By the Moser-type calculus inequalities, we have
(D)0 (DyulWa), 071 Z)| < CE(1)2 (1),
and further by using the Young inequality,
(DA (vud, W), 07 2) + (0] (W), 9 2)] < S0 2] + C[Wall.
By using system (LIII), we obtain that
10y 0:Z|| < Cll0yW |51,

then we have
(D1 (€)' (vWa), 80, Z)| < kl|0,W|2_; 4+ C|Wa12.

Combining all these estimates, we obtain

d m T 1 T
_&<D1( )6y (UW2)76y +1Z>+§||6y +1Z||2
< CEM)ED(E) + C|Wa|? + w18, W12, (3.8)

Noticing that
(D1 (e)0) (vW2), 0,1 Z)| < CE(L), V>0,

integrating B8] over [0,¢] for any ¢ € (0,T], summing the resulting equation for all 0 < m <

s — 1 and using (B4) yield B0).
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Lemma 3.4 (Dissipative estimates for d,v) It holds

t t t
/||8yv(t')||s_1dt'§0m/ ||8yW1(t’)||§_1dt'+C'/ WV D)t +CEO).  (3.9)
0 0 0

Proof Let m be an integer with 0 < m < s — 1. Applying ;" to the second equation in
(LI, and taking inner product with @;"*'v in L?, we have

d
<—p’(v)8;n+1v, 8;”“1;) = E(@;”u, 8;”+1U> + (8;”+1u, 9, 0rv) + (9, (b - 9,b), 8;”+1U>

— (VA7 0 ) 4 (00 (0 (v)0yv) — P (0) 9, ).
It is clear that by B.1I),
(=1 (0)0y v, 8 ) = pu|0y ol
From the Moser-type calculus inequalities, we have
(05 (b 9,b), 0 v) + (35 (1 (v)yv) — P (v)0y v, 0 )| < CE()2 A (),
and further by using (ILT]) and the Young inequality,
(@, 8y 0r) + (VAG 1, 07 0)| < Cllo,ul2y + 5105 ol? + Ol

These estimates imply that

d

m m p m 1
= 2 (O 0y o) + oyl < Cloyulliy + TS + O (1) (1), (3.10)

Noticing that
(0] w, 0 lo)| < CE(L), Vit>0,

integrating ([BI0) over [0,¢] for any ¢t € (0,T], summing the resulting equation for all 0 < m <
s — 1 and using ([34) yield

t
| 10,0)]aa
0
t t . t
< Cm/ ||ayW1(t’)||§_1dt’+C/ 5’(t’)f@(t’)dt’+0£’(o)+c/ 10,u(t)||?_ dt’,
0 0 0

which yields (89) by noticing B7]).
Proof of Theorem [2.7] Combining (3.7 and (3.9]), we conclude that there exists a positive

constant co > 0, such that

t t t
/ 10y W1 ()] s—1dt’ < czﬁ/ 10, Wa (¢)[|2_,dt’ + C/ &tz ()dt + C&E(0).
0 0 0
We then choose k small enough such that

cok < 1, (3.11)
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then
/Hawl o 1dt’ <c/£ Lg(¢)dt’ + CE(0).

Combining the above estimate with (3.4]), we have

-

/9 dt’<0/ )22(t")dt’" + C&(0),

this yields (23] by noticing that &(t) is sufficiently small. By the bootstrap principle, it also

implies the global-in-time existence of solution to system (LIIJ).

Proof of Theorem The uniform estimate (2.3) implies that for any ¢ € (0,1], se-
quences {(v¢ — 1,u¢, w®, b®)}.50 are bounded in L= (R*; H*) and sequences {(7°,S%,J¢)}.~0
are bounded in L?(RT; H*). It follows that there exist functions (v — 1,7, W, b) € L>(R*; H®)
and (7,S,J) € L%(RT; H*), such that (Z4)—(235) hold. In addition, as ¢ — 0,

e1(0,7° +u9,7°) =0 in D'(RT x K),

£3(0:S° +u9,8°) = 0 in D'(RT x K),

£3(0,J° +u°9,J°) = 0 in D'(RT x K).
Moreover, from the first four equations in ([LITJ), it is easy to see that {0;v°}cs0, {9ius}eo,
{0w®}o>0 and {9;b°}. are bounded in L2(RT; H*~1). Hence, by a classical compactness

theorem (see [39]), for all T > 0, {v°}cs0, {u}es0, {W®Fes0 and {b®}.~¢ are relatively compact

in C([0,T); H: ' (K)). As a consequence, as € — 0, up to subsequences,

loc

(v° —1,u°, w*,b%) = (T — 1,7, W, b), strongly in C([0,T]; H: *(K)).

loc

This is sufficient to pass the limit ¢ — 0 in (LI in the sense of distributions to obtain that

8T — 0,1 = 0,
1 —
O + 0y (p(ﬁ) + 5|b|2’) = V9,7,
\ _ 12
0% — 0,b = /0, S, (3.12)
ob+ 25 - Lo w— Y3
v v
with .
_ 0. W _
7 ‘/Xj?y“, 5= VIO 5 _ VvO,b (3.13)
v v v

Substituting (313) into (B12) ends the proof.

4 Global Convergence Rates

In this section, we tend to establish the global-in-time convergence rate problems between
the relaxed system and the original planar MHD system in periodic domains. Let x € T with
T = R/[~m, 7] be a torus over R. For simplicity, we denote W = (W, W3)T with

Wl = (E_ 1aﬂaWT75T)Ta W2 ( §T73T)T
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and
U=W-W, U =W, Wi, Us=Ws—W,.

In addition, we denote
Et) = Ui ()I[3-1 +3ll7(#) = T3y +e31IS(#) = S)E_1 + 51T (1) = I3

and
D(t) = [U®)3-s-

In this section, we will establish the estimates of the following type
t
E(t) + /O D(t)dt' < Ce?™,
where « is defined in Theorem 2.3l We recall here the total energy
E(t) = llo(t) = 12+ Ju®)IZ + Iw(®)I2 + b2 + FllT@)II2 + 2IS@Z + 51 (¢)]2

as well as the dissipative energy

2(t) = 10,0 @) I12-1 + [18yu(®) 21 + 10, wB)|Z_1 + [8ybOZ_1 + I (@®)]Z + ISOZ + [T @®)]2.
For convenience, we also denote

E(t) = o(t) — 12+ [[a®)Z + W@ + b2

as well as
D(t) = 10,W1(O)]12 + [Wa )12 + 1|10:W 2 (t) || s—2-

We first give an estimate on the limiting system, which is a direct consequence of the weak

convergence of solutions together with the lower semi-continuity of norms.

Lemma 4.1 Let (To, o, Wo, bg) be the weak limit of (vo,uo, Wo,bo) in H*. Then the lim-

0
iting solutions (0,7, W, b, 7T, S,J) satisfy

E(t) + /Ot%f’)dt’ < C||(@o — 1,70, Wo, bo) |2
4.1 Error estimates of dissipative variables

The formal limit of (2] is the following
Do (0)0,W + A(W)9,W = —Q(W). (4.1)

Subtracting the above equation from (2.1I), we have

Do(e)0U + A(W)9,U + QW) — Q(W) = — (4.2)

where

f = (Do(e) — Do(0))0:W + (A(W) — A(W))d,W.
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For integers [ < s — 1, applying af, to both sides of ([@2]), and making the inner product of the
resulting equation with 2A0(W)BLU in L? yield that

S (Do(e) Ao(W)ILU, L) + (240(W)2LU, B(QUI) — Q)
= (8 Ao (W) + 9, A(W))ALU, OLU) — (2A40(W)DLU, 8, f) — (2A40(W)DLU, 0L, G")
K+ KL+ K] (4.3)

with the natural correspondence of K}, K% and K%, and the commutator is defined as
G' = 9L (AW)o,U) — AW)oSHU.
We then treat the terms K!, K} and K% one by one in a series of lemmas as follows.
Lemma 4.2 (Estimates of K!) It holds
K| < CE)>D(t).
Proof Notice that ||0;v] oo is bounded by ||u|s, then it is clear that
(0, Ao (W)BLU, DL U)| < CE(1)ED(L).

Similarly,
(0, AW U, 0LU)| < 1|0, W[l |OLT |12 < CE ()2 D(1).
This ends the proof.

Lemma 4.3 (Estimates of K1) It holds

KL < C2(D(t) + D(t)) + CE(t) 2 D(t). (4.4)
Proof We first treat the term in f containing (Dg(g) — Do(0))9;W. Recall that
(Do(e) — Do(0)0T = (01x6, 20,7, 28,5 ,e20,3 )7
Consequently, we deduce that for [ = 0,
[(240(W)U, (Do(e) — Do(0)0,W)| < Ce*9(t) + C*P(t),
and for 1 <[ <s—1,

[(240(W)LU, (Do(e) — Do(0))9: 0, W)
< [(20,A0(W QlyU, (Do(e) — DO(O))@%—lWH

+1(240 (W)} U, (Do) — Do(0)),0}~'TW)|
< C|0y0lol|U || s=110:W 2 ||s—2 + Ce®[|0yU || s—1[|0:W 2| s—2

< C2(D(t) + D(1)).
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For the term containing (A(W) — A(W))d,W, by the Moser-type calculus inequalities, we
deduce

10, (A(W) = AW )2, W)|| < ClIAW) = AW)ls=1[10,W | s-1.

Notice that for B = A1 (W), A2(W) and A%21(W), we have
I(BW) = BW)||s—1 < C|[U|ls-1 < CD(1)?,
as a result, we obtain that

[(2A40(W)OLU, 8L ((A(W) — A(W))3,W))]
E()FD(t) + | (200 Uz, O (A2(W) — AZ2(W)9,W>))|

< (¥
CE)2D(t) + Ce2(D(t) + D(t)).

IN

Combining all these estimates yields ([€.4).
Lemma 4.4 (Estimates of K) It holds
K| < &) D).
Proof The classical Moser-type calculus inequalities yield
1G] < CIVAW)ls-1|Ulls—1 < CE@)2 D= (2).

This implies that
K3 < OGO,V < CE()2 D),

which ends the proof.

Combining all these estimates, we have

S (Do(2) Ap(W)AU, L) + (240 (W)2LU, 04(QUW) — Q)

< C(E(t)? +E()2)D(t) + CeX(D(t) + D(t)). (4.5)
Notice that there exists a constant C; > 0, such that
C1&(t) < {Dole) Ao(W)LU, BLU) < CE (1),
and there exists a Co > 0, such that
240(W)2LU. 0L(QUW) — Q(W)) > Cal|ohUa >

Integrating ([@H) over [0, t] and summing up for all [ < s — 1 yield

/HUz 2 <c/

m\>—‘

E))DE)dt + Ce2. (4.6)
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4.2 Error estimates for non-dissipative variables

We now use the stream function to study the dissipative estimates for W; — W ;. We first
introduce the method of constructing stream functions over 1-D torus, the idea of which is

initialized in [42].

Lemma 4.5 (Existence of stream function over 1-D torus) Consider the following conser-

vation law over 1-D torus

8tz+8rh:0, zeT
with M(z) = 0. Then there exists a stream function ® satisfying

1
0h®=—-h+—M(h
k + 27TM( )
0P = z,
M(®) =0.

Proof Let ® be the unique solution to the following problem
0, D=2, M(®)=0 fort>0.
To this end, applying time derivative to both sides of the equation above yields
05 (01 ®) = Orz = —04h,
which yields that there exists a function x(t) independent of x, such that
0t® = —h + k().
Noticing that M(9;®) = 0, we deduce that

which ends the proof.

Noticing that the fourth equation in (ILIT)) is equivalent to the last equation in (6] by

using the first equation in (1)), we construct the error equation for b — b with
Oi(vb —ob) — 9, [(w — W) + V(I = J)] =0,
In addition, we subtract (B.12)-(3.I3) excluding the equation for b from system (LI excluding

the equation for b, which leads to the error system
O(v—71) = 9y(u—1u) =0,
1 1,—
Ou(u =) + 0, [p(v) = p(®) + 5|b* = 3 B> = VA(r =7)| =0,

o(w—w) —9y[(b—b)— /u(S—S)| =0,
9y (vb —Tb) — 9, [(Ww — W) — /v(J = J)] =0,

3T + E3udyT + (T —T) = \/X(% — 8%””), (4.7)
2 2 = 8yw 8yW
£20,S + c2ud,S + (S - 5) = \/ﬁ(T - T)
30,3 + 3ud, I + (I - TJ) = ﬁ(aL - ayTb),
v v
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Noticing that the first four equations of the above system are conservative. We immediately

have
M((v —T,u —u,w — W,vb —Tb)) = M((vg — T, uo — o, Wo — Wo,vobg — Tgbg)).

Without loss of generality, we may assume that M ((vo—Tg, uo—o, Wo—Wo, vobo —Tobg)T) = 0.
Otherwise, we may introduce new variables removing the average from the variables. According
to Lemma .5 we have immediately the following existence of four stream functions ¢1, ¢2, ¢3

and ¢4, in which the conditions for ¢, are
Oypr =u—1, Oypr=v—-7, M(¢1)=
The conditions for ¢, are
. 1 2 1= 2 _
duds = = [p(v) = p(®) + 5 IbI* = 3BI* = VA(r —7)]
1 1, 1, _
+5-M(p(v) = p(@) + [bJ? = 5B = VA(r 7).

8’y¢2 =u—1u,

M(¢2) = 0.
The conditions for ¢3 are
dr6s = (b —B) — VA(S ) + M(VA(S ~8)) - M(b—D), 9,é35=w W, M(@3)=0
The conditions for ¢4 are
Orpa = (W= W) = V(I =T) + VvM@I ~T), 9yds=vb—Tb, M(¢s)=0.
In the following, we denote p > 0 a sufficiently small constant to be determined in (£21]).

Lemma 4.6 (Dissipative estimates for u — @) It holds

/ I — 7|2 1dt<0/
0

Proof Letting 0 <1 < s — 1, applying 0., to the fifth equation in 1), we have

MI»—A

T
m%pwwﬂ+u4 D(t")dt' + Ce?*. (4.8)

5%&3;}7' + Efafj(uazﬂ') + 8;(7' —7) - \/Xaf/ (% %) =0

Taking the inner product of this equality with 875@ in L?, and integrating over [0, 7], we get

T
0= /O (862, 30,0, + 230} (™) + O} (7 = 7) — V20, (32“ 8vu) )t
= L(lﬁ2 + L22 + L32 + L42

with the natural correspondence of L}, , L2 , L3 and L} , of which the terms are treated one

by one as follows. For L} $,» We have

T
Ly, =¢€; / (0L po, 0,0, T)dt
0
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T 4 T

= g2 / (00, DLt — 3 / (040! o, D7)t

0 0

For all € € (0, 1], we use (23] to obtain
T
d
}E%/o &@é%ﬁéﬂdt} = 5%|(8§¢2(T),657(T)> - <5é¢2(0)753lﬁ(0)>|

< Oy ¢2(T)|1* + Cl10,62(0)|* + Cet
< )0} (u —)(T)||* + C=2

T
<c / (E(H)E +E(H)E)D(E)dt + Cer,
0
in which we have used (£6) and the Poincaré inequality. In addition,
T
= /O (0,002, 0,7)|
2 T l 1 2 L= 2 i
<<t [ (0h-p)+ p(0) = 5Ib + 5B + VA(r —7),94r)at
0
2 ’ 1 2 L= 2 !
+C28 [[(M(p(w) + p(o) = 3P + 5B + VAT~ 7).047)|ae
0
T
< u/ Dt )dt' + Ce3.
0

These estimates imply that

=

T T
|Lé2|§0/0 (&) +E(t’)%)D(t’)dt’+u/0 DAt + Ce?r. (4.9)

For Liw by using Poincaré inequality, we have
T
L3, - | /0 (002, 230, (ud, )|
T
< Ca?/O 10} (u = W[[|we]] 110y T[] s~ 1t
T
< u/ D(t)dt' + Ce3. (4.10)
0
For ng we have
T
L3 | = ‘/ <8é¢2,87§(r—F)>dt‘
0
T
< [ 1o —mo e —jar
T T
<u [ oyu-miPa+c [ 1oy -7

T T
< C/ (EX)2 +E())DE )t + u/ D(t')dt' + Ce?™. (4.11)
0 0
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For L;‘Q, we treat as follows. Notice that

Jyu Bzﬂ:(?yu—ayﬂ_ 0T ay(u—ﬂ)+8yv(u—ﬂ) =T

(% v (% Vv

Based on this, we have
(om0 ()
~(d-m.3(*))

_<8‘f’(u - M> - <3.i<u - ﬂ),af,(” ‘ﬂ) _Oy(u—1) >

v

where
3l u
(on -, 2Dy > 2yt e

and by the Moser-type calculus inequalities,

_ u—u 9} (u — ) _ D
(0w —m), 05 (=) - =) < Cloyelle- e -T2, < 0/ D)t
In addition, by the Moser-type calculus inequalities,
Oyv(u—1u v — v - 1
K%qﬁzﬁ{,( v (UQ ) — Oyu— < C/ )2+ &(t')2)D()dt.
These imply
Lt > / 164 (u — )2t — c/ )} L EW) D@t (4.12)

Combining all these estimates and summing for all | < s — 1 yield (£38).

Lemma 4.7 (Dissipative estimates for w — W) It holds

/HW w2 1dt<C/

Proof Letting 0 <! < s — 1, applying 816 to the sixth equation in ([7), we have

N\»—l

T
+&t)2)D(t )dt’—i—u/o D(t')dt' + Ce?™. (4.13)

o,w  O,W
£30L0,S + 30 (ud,S) + 9L.(S - §) — /), ( v %W) —0.

Taking the inner product of this equality with 85(;53 in L?, and integrating over [0, T], we get

T
0 :/ <a;¢3,a§a;,ats + 220! (ud,S) + 9L(S — §) — /), (8 W _ 9 W)>dt
0

v

71 2 3 4
T L¢3 +L¢3 +L¢3 +L¢3 (4'14)

with the natural correspondence of L}, L3 , L3 and szﬁs, of which the treatments are similar
to those in the above lemma. In fact, similar to ([@9)-@IZ), we have

ii<c [

l\.’)l»—'

T
E))DE)dt + u/ D(t')dt + Ce*,
0
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T
L@JS#/‘DWMﬂ+C£,

|ﬁ|<C/

2
L¢3 > 3/ ||8l(W W)H2dt—0/

These estimates are enough for us to obtain ([@I3]).

NI»—'

T
U%DWN#+M/ D(t')dt' + C>,

l\)\»—l

+EX))DE)dt.

Lemma 4.8 (Dissipative estimates for b — b) [t holds

T — 1
/|W—M|ﬁﬂ<0/ )2 +&(t)
0

Proof Letting 0 <1< s — 1, applying 0., to the last equation in (7)), we have

=

T
)DWmﬂ+u/)DWMﬂ+C¥m. (4.15)
0

€2010,3 + 20L (ud,J) + 83 — T) — Vv, (8 yb 3_710) ~o.

Taking the inner product of this equality with 8f/¢4 in L2, and integrating over [0, 7], we get
T
dyb 9, b
0= /0 (0461, 23040,3 + =30, (u0,3) + 043 — T) — vl (22 - 22) Yar
7l 2 3 4
=Ly, + L3 + L%, + LY, (4.16)

with the natural correspondence of L¢>4’ L?m, L3 and L4 ,» which are treated term by term as

follows. For L}m, we have
T
Ly, =22 / (064, 010,3)t
0

T T
d
= 512’) A E<aé¢4a aé,J>dt - Eg‘/o <61l/6t¢4, 8;J>dt
in which similarly
T
d
& /O (064, 0,3)dt| = €31(0)64(T), 0, 3(T)) = (0}04(0), D,3(0))]
< €8 (vb —Tb)(T)||* + Ce**

<c/

T T
Eg’/o (@061, 9, 3)t| < E%/ (0L (W =) = Vo (I = T) + VEM(I = T)), 0, D)ldt

0

E)H)DE)dt + Ce*™

N\»—l

and

T
gu/‘DWMﬂ+O£
0

These estimates imply that

ii<c [

l\.’)l»—'

T
m%pwmﬂ+g/'pwmﬂ+CQM.
0
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For L7, similarly to (@I0), we have
T —
L3 < € [ 19}(ub— B0} 00, )
0
T
< [0} (0 = b) + 0 (b — B)) 1} ud, 7)o
T
< u/ D(t')dt' + Ce3.
0
Similarly to (@I, for LY , we have
T — J—
25 <.C [ 10} (sb — 7B 2} ~T)
< c/ 10 (v — B)b) + L (5(b — B)) 043 — T)dt
T J—
<u / 0L Uy |2t + C / 0 (3 — T2t
0

<0/

For L‘}m, the treatments are similar to that for (£12]). We first have

wl>—'

Ob_OF_ab-0F ,po-0_, b-F) dulb_b)

v v v VU v

Notice also

vb —Tb = (v —7)b +7u(b — b).
We have

I, = _ﬁ/OT <8‘7§¢4,8‘7§+1($)>dt

- [ (ool (20 05T o

- ﬁ/OT (0}(0 ~w)b + (b - B)), 0} (22 s
-7 [ (o op (2D 0BT o

= ﬁ/OT (o1 =), 00 (2=2) Yar
v [ (w00 -, Lo o - B
+\F/ (w0} (b~ b)) (b;b) ia;(b—5)>dt
+ﬁ/ (806~ B)) ~ 5L (b — B)). 0L (22 Yar
_f/ (60,04 8vb2 b) 8yEU__6)>dt

T
E))DE)dt + u/ D(t')dt' + Ce®™.
0

~9,b

435
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41 4,2 4,3 4,4 4,5
- L¢4 + L¢4 + L¢4 + L¢4 + L¢4

with the natural correspondence. Making use of the Moser-type calculus inequalities, it is clear
that

T
LI+ Eg < 0 [ swybowar
0

and
T — d,v(b —b) —U—T
45| - / 1 = 1 (% _
Ll < | o 7)o} (2 0,b° ") at
T
<c / (&) +B(E) D)t (4.17)
0

In addition, we have for Lj)’f,
1 _
4,2
LY > 2|} (b — )%
These estimates imply

1
3

Nf=

szt [l -Bira—c [ e 3o
0 0

Combining all these estimates and summing for all [ < s — 1 yield (ZI5).

Lemma 4.9 (Dissipative estimates for v — ) It holds

T T
[ =vizaeze [C@w)
0 0

Proof Letting 0 <1< s —1, applying 9}, to the second equation in ([#7), taking the inner

Nl=

T
+EW))DE )t + u/ D(t')dt' + Ce®™. (4.18)
0

product of the resulting equation with 8,11/‘251 in L2, and integrating over [0, 7], we get
T ! I+1 Loiimi2 w2 I+1
0= /0 <ay¢luat6y(u - E) + 6y+ (p(’l}) - p(U)) + §ay+ (|b| - |b| ) - \/Xay+ (T - ?)>dt
=Ly + L3 +L3 +Lj, (4.19)

with the natural correspondence of Lll,Lil,Lg51 and L‘él, which are treated term by term as

follows. For Lén’ we have that
1 T d ! i T ! !
£ = [ oo —mat— [ @000 —m)at
in which
T
[ S ohon, 8w~ )] < €k (0~ THD)? + Ol — (D) + Ce>
Odtyl’yuu < (v — 0 (U — U €

T
<C / (E()E +E(H)E)DE)dt + O,
0



Relazed Planar MHD Equaitons 437

and by using (£3),
T
}/ (0001, 0L (u )|
0
T T
<u [ 10y -DPde+C [ 0w
0 0
T T . o .
< u/ D(t')dt' + O/ (&2 +EX)2)DH)dt’ + Ce?. (4.20)
0 0

These imply

For L7 , we first notice that
1
(0) =@ = [ P @0 D
0
where ¥ = v + s(v — 0) is between v and v. Then we have
T
13, == [ @4 on, 8l 0(0) o))
T 1
= —/ <afl(v - U),/ p’(ﬂ)@fl(v - U)ds>dt
0 ) 0 )
T 1 1
—/ (o —5),35(/ P(0)(v —~7)ds) —/ P )20~ )ds )dr,
0 0 0

in which
T 1 T
—/O <a;(v—v),/0 p’(a)a;(v—mds>dtzp1/0 104 (0 — o)t

and

These imply

ol
+
Sy

—~
o~
~
~—
o=
~—
S
~
~
~—
jol
o~
~

T T
oz [ oe-olfa-c [ 6w)
0 0

For Lgn’ we have by using the conditions of the stream function,

Nf=
+
O

—
~

<

~

S

~—
>}
—~
~
<
~—
o
~+
~

T T
251 =| [ w050+ b Byl <c [ @)
0 0
Now the last term is treated as follows

L3 | = ‘ /OT@;(U ~7),0%( — F)}dt‘
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T T
<u / lo— 2t +C / Ir =72yt
0 0
T T . o .
< u/ D(t")dt' + C/ (&2 +EX)2)DE)A + Ce?.
0 0

Combining all these estimates and summing for all [ < s — 1 yield (ZIJ).

Proof of Theorem Combining all these lemmas and (€G], we conclude that there

exists a constant C3 > 0, such that

=
=

E(t) + /0 Dt < ¢ /0 S LB DDA + O 1 Oy /0 " piar.

Notice that &(t) and &(t) are both sufficiently small for all ¢ > 0. Then there exists a constant
C4 > 0, such that

E(t) + Cy /OtD(t’)dt’ < O™ + Csp /OTD(t’)dt’.
We then choose p > 0 small enough such that
Csp < Cy. (4.21)
This ends the proof.
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