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Markovian Quadratic BSDEs with an Unbounded
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Abstract This paper is devoted to the solvability of Markovian quadratic backward s-
tochastic differential equations (BSDEs for short) with bounded terminal conditions. The
generator is allowed to have an unbounded sub-quadratic growth in the second unknown
variable z. The existence and uniqueness results are given to these BSDEs. As an ap-
plication, an existence result is given to a system of coupled forward-backward stochastic
differential equations with measurable coefficients.
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1 Introduction

In this paper, we use probabilistic methods to study the Markovian backward stochastic
differential equations (BSDEs for short)

T T
Y, = g(X;“z) + / f(u’XE’z’Yu’ Zy)du — / ZudBy, s€10,T], (1.1)
where X® is the unique solution of the forward SDE

Xﬁ’wzx—l—/ b(u,XE’””)du—l—/ o(u, Xt")dB,, seclt,T],
t t (1.2)

X =g, se0,t.

The terminal condition g : R™ — R? is bounded and the diagonally quadratic generator
f:00,T] x R™ x R? x R4*! — R? has unboundedly sub-quadratic growing terms in its last
variable z, i.e., there exist ¢ € (0, 1], positive constants C' and v and nondecreasing function
p:RT — RT such that f?, the ith component of f, satisfies

[f'(s, 2, 2) < p(lyl) (L + |2 A+ [2P75) + CI", i=1,--- d.

Under some mild assumptions, we prove the global existence and uniqueness of strong solutions
to these Markovian BSDEs.
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The existence and uniqueness result for the nonlinear BSDEs is established by Pardoux
and Peng [20] under a Lipschitz continuity assumption on the generator. Since then, many
extensions (see [6]) have been devoted to relaxing the Lipschitz continuity assumption. In
2000, Kobylanski [17] proved the existence and uniquess result for the one-dimensional BSDE
whose generator has a quadratic growth in the second unknown variable z. Due to the lack
of a comparision property, the existence and uniqueness result for multi-dimensional quadratic
BSDESs meets with difficulty in the general case and several existing results (see [5, 9, 15]) are
restricted within various assumptions. For example, Tevzadze [21] studied the case under the
assmuption of small terminal value. Hu and Tang [14] studied the multi-dimensional quadratic
BSDEs with diagonal structure on the quadratic term of z. All of these works rely on the
boundness of terminal value and generator coefficients to let fo ZdW be a BMO martingale,
which is not true in the unbounded case.

On the other hand, quadratic BSDEs with unbounded terminal value and unbounded gen-
erator coefficients were studied to extend Kobylanski’s work [17]. Most of the papers, such as
Briand and Hu [2-3], studied the one-dimensional case due to the importance of comparision
theorem. For the multi-dimensional case, Fan, Hu and Tang [7] studied the multi-dimensional
diagonally quadratic BSDEs with unbounded terminal value and unbounded generator coef-
ficients, and their existence and uniqueness result requires that the generator is convex with
respect to z. Using analytic and PDE methods, Xing and Zitkovic [22] studied the Markovian
quadratic BSDEs and obtained a general result under weak regularity assumptions of the gen-
erator and terminal value by virtue of the Lyapunov functions. Their results can be applied to
the unbounded Markovian BSDEs somehow, but the generator and terminal condition have to
be sufficiently regular.

Unbounded Markovian BSDEs arise from Markovian Nash equilibriums. For example, Cetin
and Danilova [4] studied the one-dimensional Markovian BSDEs with unbounded quadratic
term coefficients and special forms. Hamadeéne and Mu [12-13] studied the multi-dimensional
Markovian BSDEs with unbounded linear term coefficients and special structure. In this paper,
we study Markovian quadratic BSDEs with unbounded sub-quadratic term coefficients and
rather general structure, which seem to be new.

Since the generator is unboundedly growing, fo ZdW is not necessarily a BMO martingale
and the standard techniques of BMO martingale (see [1, 14]) cannot be used to tackle the
quadratic term of z. For the multi-dimensional case, inspired by the L£?-domination method
in [11, 13, 18] and the #-method in [7-8], we prove the existence and uniqueness of Markovian
strictly and diagonally quadratic BSDEs with unbounded sub-quadratic term coefficients. Par-
ticularly, for the one-dimensional case, by virtue of monotone stability theorem and #-method
in [2-3, 17], we prove the existence and uniqueness results when the generator is not necessary
to be strictly quadratic.

The remaining of the paper is organized as follows. In Section 2, we list all the notations
used in this paper. In Section 3, we state and prove the existence and uniqueness results for
multi-dimensional Markovian strictly and diagonally quadratic BSDEs with unbounded sub-
quadratic term coefficients. The special one-dimensional case is discussed in Section 4. Finally,
a system of coupled forward-backward stochastic differential equation (FBSDE for short) is
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illustrated to have a solution in Section 5.

2 Notations

Let T > 0 be a deterministic finite terminal time and (Q,F, (F¢)te[o,7],P) be a com-
plete probability space where (F¢);c[o,7) is the augmented filtration generated by I-dimensional
Brownian motion (By):ejo,r). Denote by E; the conditional expectation conditioned on F;.
The Hadamard product of two vectors a = (ay,-,aq)® and b = (by,---,bg)T is denoted by
aob:= (arbi, -+ ,aqba)". |Z| represents the Frobenius norm |Z| := \/trace(ZZT) for a matrix
Z. Fori=1,---,d, denote by Z* the ith row (component) of the matrix (vector) Z. For p > 1,

e SP(R9) is the space of all the d-dimensional continuous adapted processes Y such that

1
|V sr := E[ sup |Yt|p} " < oo
te[0,T

e HP(R9*!) is the space of all the predictable processes Z which takes value in R?*! such
that

1

2|0 = IEK/OT |Zs|2ds)gr < o0;

o HBMO(RIX!) is the space of all the Z € H?(R*!) such that

< 00,

T 1
1Z]lB3o = supHE[/ Z2as | 7|
TET T Lo ()

where T denotes the set of all the stopping times 7 € [0, T7;
o M(R¥*!) is the intersection of all the HP(R¥*!), i.e.,

M(RXm) — m Hp(RXm).

p>1

For Z € HPMO(R4*!), we denote by &( [, ZdB) the stochastic exponential of stochastic process
{fot ZsdBg, 0 <t < T}. From the theory of BMO martingale (see [16, Theorem 2.3, p.31]),
E([f, ZdB) is a martingale.

3 Multi-dimensional Case

3.1 Assumptions for forward SDE (1.2) and auxiliary lemmas

First, we make the following two assumptions for the forward SDE (1.2). Let C' be a positive
constant.
(F1) (b,0) : [0,T] x R™ — R™ x R™*! are Borel measurable functions such that for all
(t,z,2') € [0,T] x R™ x R™,
|b(t,$) - b(t,$/)| + |O'(t,$) - U(ta Jj/)| < C|ZE - $/|;
b(£,0)] + |o(t,0)] < C.
(F2) There exists a constant A > 0 such that for all (¢,z) € [0,7] x R™,

M, <o(t,x)o’ (t,z) <A 'L, and |b(t,z)] < C.
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Following Hamadéne and Mu [12, Definition 4.2, pp.97-98], we state the definition of £9-

domination condition.

Definition 3.1 Let g € (1,400) and t € [0,T]. We say a family of probability measure
{v(s,dx)}sepe,m) is LI-dominated by another family of probability measure {D(s,dx)}ser, ) if
for all § € (0,T —t], there exists a function ¢? : [t + 6, T] x R™ — RT such that the following
conditions are satisfied: (i) v(s,dx)ds = ¢?(s,2)v(s,dx)ds, V(s,z) € [t +6,T] x R™ ; (ii)
Vk>1, ¢2 € LI([t +6,T) x [—k, k]™; (s, dz)ds).

Lemma 3.1 (see [12, Corollary 4.4, p.99]) Assume that (F1)—(F2) holds true. Let (t,z) €
[0, 7] x R™, s € (t,T] and fix xo € R™. Denote by p(t,z;s,dy) the law of X1, i.e.

VA € BR™), p(t,a;s,A):=P(XL" € A).

Then for any q € (1,400), the family of probability laws {p(t,x;s,dy)}sep,r) is LI-dominated
by {p(0, z0; 5, dy) }sep,m)-

Remark 3.1 In Lemma 3.1, assumptions (F1)—(F2) can be replaced with the following one:
(F3) (i) b:[0,7] x R™ — R™ is a Borel measureble function satisfying

| sup‘ |b(t, 1) — b(t,x2)| 4+ |b(t,0)] < C, V(t,x1,22) € [0,T] x R™ x R™;
z1—xo|<1

(ii) 0 € R™*! is a constant matrix with full row rank.
Assumption (F3) allows b to be linearly growing in variable z, but ¢ needs to be constant.
Under the assumption (F3), Nam and Xu [19, Propositions 4.5—4.6, pp.14-15] proved that (1.2)
has a unique strong solution X% and Lemma 3.1 holds true for ¢ = 2. Their arguments also
yield the result for any ¢ € (1, +00).

3.2 Main result

For the multi-dimensional case, we assume that Markovian BSDE (1.1) is strictly and diag-
onally quadratic and make the following assumption first. Let ¢ € (0,1], v and C be positive
constants, a € R? be a constant vector and p : Rt — R* be a nondecreasing function.

(B1) (F,f):[0,T] x R™ x Re x R*! 5 Re x R*! and g : R™ — R? are Borel measurable
functions such that for each (¢,2) € [0,T] x R™, (f, f)(t,z,,-) is continuous on R¢ x R?*! and
for all (t,z,y,2) € [0,T] x R™ x R* x R¥*! and i = 1,--- ,d, we have

. _. N ai .
fz(t,:z:,y,z) = fl(taajayvz)_F < zl,fl(t,:z:,y,z) > +?|Zl|2

. Tt 2] < oL+ [ )1+ 2]9),
|f(t,z,y,2)] < CA+ |y)),
l9(a)] < C.

Define

f'i(taxayvz) = fi(taxay72)+<Zia.]?i(taxay7z) >7 7’:17 7d'

We also make the following stronger assumption.
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(B2) Fori = 1,---,d, ' # 0 and ]E(t,x,y,z) varies with (t,2,y) and the ith row 2° of
matrix z only. The constant « lies in (0,¢) and there exists a nondecreasing function p: RT —
R* such that for all (¢,z,v,y',2,2") € [0,T] x R™ x R x R x R¥*! x Rd*!

1F (8, a,y.2)] < gL+ [2]7) (1 + 21779

and

[ft 2y, 2) — ft .y, ) < pllyl v 1Y) [ly =y [+ @+ 2+ [+ [ o)) - 2

We have the following existence and uniqueness result.

Theorem 3.1 Let assumptions (F1)—(F2) and (B1) hold. Then for each (t,x) € [0, T]xR™,

(i) Markovian BSDE (1.1) has a solution (Y5, Z5%) in S (R?) x M(R*1),

(ii) There exists a pair of Borel measurable functions (u,v) : [0,T] x R™ — R x R*! sych
that (Y2®, ZH%) = (u(s, X0®),v(s, Xb®)), Vs € [t,T], dP ® ds a.e.

(iii) If (B2) is further satisfied, the solution is unique.

Proof of Theorem 3.1 In the following proof, without loss of generality, we only consider
the case (t,x) = (0,x0) and omit the superscript (0, z¢) if there is no confusion.

Step 1 Construction of approximating solutions{ (Y™, Z™)},>1.

We define {f"},,>1, the approximating generator sequence, as follows. Let
® € CX(RUHD R)

be a smooth, compactly supported function and ¥ € C*(R*!*1) R) be a smooth function

¥y ) Loif fyl vz <1, (3.1)
,2) = )
Y 0, if [yl Alz| > 2.

satisfying

Under assumption (B1), by virtue of the techniques of mollification and truncation, we define

ity 2) =V (g, i) D F(t 2,0, 0)B(E, x,n(y —u),n(z — v))dudo
n n Rd(l+1)

and

.]?n(ta z,Y, Z) = ]]-{\m\gn}\ll(ga i) / nd(l+l)f/\(t7 €, U, U)(I)(ta xz, Tl(y - U), TL(Z - U))dU’dU
Rd(l+1)

n'n
Then we define the approximating sequence f" := (f™!,..., fm9T by
it oy, 2) = Uty 2)+ < zi,f"’i(t,a:,y,z) > +%i|zi|2, 1=1,---,d. (3.2)
Denote by ]7” = (]7”71, e ,f"’d)T the linear and sub-quadratic growth part of f", i.e.,
Freit @y, 2) = Foit a,y, 2)+ < 24 Frit ey, z) >, =1, ,d. (3.3)
We have

fn)i(taxayaz) = fn)i(taxay72)+%|zi|27 1= 17 7d~ (34)
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One can easily verify that

(i) For each n > 1, ?n and f" are globally bounded by a constant R, and are globally
Lipschitz continuous in the last two variables (y, z) with common Lipschitz coefficient L,,. Note
that both R,, and L,, depend on n.

(ii) There exist positive constants C' and ¢, and a nondecreasing function p : RT — RT
such that for all (¢,z,y,2) € [0,T] x R™ x RE x R¥*! n>1andi=1,---,d,

3 —€ ai 7
£y 2] < () )+ 2P75) + Tl
7 (¢, 2y, 2)] < C(1+|y)), (3.5)

. ai .
7, 2) < et L

(iii) For any (t,z) € [0,7] x R™ and any compact set K € R4+1)

sup |f"(t,x,y,2) — f(t,2,y,2)] = 0 as n — +oc. (3.6)
(y,z)€eK ’

For n > 1, consider (1.1) with generator f and terminal condition g. By virtue of the
boundness of f and f", we can get the unique solution (Y™, Z") € S (R%) x HBMO (Rdx!)
from Hu and Tang [14, Theorem 2.3, p.1072].

Without loss of generality, in the following proof we assume o = % foralli=1,---,d. The
proof of existence when o’ = 0 for some i = 1, - - ,d is discussed in the subsequent Remark 3.2.

Step 2 Uniform estimate of {(Y™, Z")};,>1.

From (3.5) we know that there exists a positive constant C' such that |¢'|2 < C and for all
(t,w,z,y,2) €[0,T] x R x R™ x R? x RI¥!,

Let 1 be the unique solution of the following ordinary differential equation:
n(t) = dC—|—/ dCds —|—/ (dC +1)n(s)ds, te€[0,T).
t t
One can easily verify that n(-) is a continuous decreasing function and we have

%:Cjtft C(1+n(5))d8+/t %dsv te (0,17

Define

A= sup 7n(t) =n(0).
t€[0,T]

By virtue of the fact that f” is bounded by the constant R,,, from Hu and Tang [14, Theorem
2.3, p.1072] we know that (Y™, Z™) is also the unique solution to BSDE (1.1) with generator

F™'(tx,y,2) = (t,z,y,2)+ < zl,f””(t,XtO’ oYzl > +§|zl|2, i=1---.,d

and terminal condition g.
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Since |g(X%")| < dC < A, from (3.7) and the proof of Hu and Tang [14, Theorem 2.3, pp.
1079-1082] we have
YIP<m <A te[0.7].

Therefore, there exists a positive constant C := /X such that

sup [|[Y " |ls = C < +00.

However, for {Z"},>1 € HEMO(R*!) we cannot get the uniform BMO norm due to the
unboundness of the coefficients. Instead, for each p > 1 we can get the uniform H” norm of
{Z"},,>1 with respect to n as follows.

Define nonnegative function

P(y) = elvl — lyl—1, YyeR

and stopping time
t
T = {t €[0,7]: / |Zs|2d8 > k} NT.
0

For all y € R we have

[0/ (y)] = e =1 and ¢"(y) —[¥'(y)] = 1. (3.9)
For each i =1, -+ ,d, using It6-Tanaka formula to compute w(Y,;"’i), we have

1

. tATE ) )
v(Y§") + 5 / WY 2P ds
0

tATE

= YY)+ / (V) (s, X000 Y, Z,)ds — / (V) 20 B,
0 0

) tATE )
< YY)+ / W (V) (YT ) (L4 [ X020 ) (1 + | 27>~ ds

1 tATE ) ) tATE ) )
by [ Tz [ 20,
0 0

Hence from (3.9), we have

1 tATE

tATE ) ) ‘
2 / 125" *ds <9 (¥rr,) + / [0 (V) (Y2 (L + (X7 (1+ 2727 ds

tATE ) )
- [ vz,
0

Since ||Y"||s~ has a uniform bound, taking the supremum over ¢ € [0, 7], we have

Tk . X Tk .
[ izztause sw w(vi) 2 [ OOV + XTI+ 22 ds
0 te[0,7) 0

tATE ) )
+2 sup ‘ / W (Y 2B,
telo,7]'Jo

T 2y 1 Tk 2
ng(1+/ |X§>ro|?ds)+—/ Z7[2ds
0 2d 0
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t/\‘l’]c
+2 sup ‘ / (YR ZmidB, |, (3.10)
te[0,T]
where Cy is a constant depending on d. Summing ¢ from 1 to d yields
tATE )
/ 1Z72du < 2dCd(1 LT sup | X “|*) + 42 sup ’ / W (Y 2 (3.11)
0 te[0,T)] 1 t€[0,7]
Using B-D-G inequality and Young’s inequality, for each p > 1, we have
T g s 0 ap Tk g
E[(/ Z2Pds)" | <Ca(1+E| sup X070 ¥] +E[(/ Z2%ds) "))
0 te[0,T] 0
1 T i \ 5
<Cap+ 51@[( 27| ds) } (3.12)
0
where CA'd is a constant depending on d and Cy,), is a constant depending on d and p.
Hence by Fatou’s Lemma, we have
n 1
sup || Z"||r < (2C4p)7 < +o0. (3.13)
n>1
Step 3 Exponential transformation and Markovian representation.
For alli =1,--- ,d, consider the exponential transformation
?n,i;(t,r) _ eY"’i’;(t‘m)
_ T (3.14)
Zn,z;(t,m) — Yn,l;(t,z)Zn,l;(t,z).

From (3.8) and (3.13), for each p > 1, there exists a positive constant C' := C(p) such that

sup [[Y ™) |5 +SHPHZ” “)|g < C. (3.15)

n>1

Moreover, (Y i(t) | 7n:i:(t2)) satisfies the BSDE
~ + T ~ ~
szn.,i;(t,r) _ eg(XT’I) +/ Y'Sn,i;(t.,z)fn,i(u7XZ,z7Yun,i;(t,z)’ Zg,i;(t,r))du

T
—/ zmEEDdB, s e[0,T], (3.16)

S

where f™ is defined in (3.3).
From Nam and Xu [19, Proposition 4.8, p.17], there exists a pair of Borel measurable
functions (u,,v,) : [0,7] x R™ — R? x R¥*! such that

(Y00, Z500) = (up (5, X07), 0a(s, X07)), Vs € [0,T7. (3.17)

So by virtue of (3.14) and (3.17) we know that for each n > 1 and ¢ = 1,--- ,d there exists a
Borel measurable function «f, such that

}"}Sn,i;(t,m) _ ’E%(S,Xﬁ’r), Vs € [O,T] (318)



BSDEs with an Unbounded Sub-quadratic Growth 449
We define respectively F™ = (F™1 ... Frnd)T and Fr = (Fml ... Frd)T by
F™i(t,x) i= fot m,un(t, ), va(t, x)),  (t,z) €[0,T] x R™
and
ﬁ"’i(t,x) = ﬁ;(t,x)f"’i (t, 2, un(t, @), vn(t, @), (t,x) €[0,T] x R™.

Let s = ¢, from (3.16) we know that for all (¢,x) € [0,7] x R™,
' T
un(t2) = Y, —E[g(xp") + / ™ (u, X5%)du] (3.19)
t

and
T

t
Moreover, by virtue of (3.8), (3.14) and (3.19)—(3.20), we have the uniform boundness of

1 d)T

Un = (unv y U, u, ~d)T

and Uy, = (U, - ,00) ",

i.e., there exists a positive constant, independent of n, ¢ and z, still denoted by C such that
tn (£, 2)| + |Un(t,2)| < C, Vn>1, (t,z) € [0,T] x R™. (3.21)

Step 4 Convergence of {Y"},>1 in LP(Q x [0, T]; R%).
Forn>1andgq¢€ (1, QL_E), in view of (3.8),(3.13) and (3.15), using Young’s inequality, we
have

IN

T T
B [ 1P Xt praa] < CE[ [TV X0 7)1+ |21

IN

T a?(2—e)y
CB[ [ (141X [T 1 |22 P
0

IN

% (2—e)y T
03(1 + TE{ sup |X37w0|7(2(35>31} + supE[/ |Zﬁ|2duD
we[0,T] n>1 0

< (4 < o0, (3.22)

where C1,Cs, C3 and Cy are four positive constants independent of n. Therefore, in the sense
of subsequence (without loss of generality, we assume that this subsequence is just the sequence
{n}n>1), there exists a Borel measurable function F : [0,7] x R™ — R? such that

lim F"=F, weakly in L([0,T] x R™; p(0, zo; s, dy)ds). (3.23)

n—-+oo

Fix (t,z,q) € [0,T] x R™ x (1, 72=). From (3.20), for any 6 € (0,7 — t], we have

T
iy (2) Tt )] = [E] [ (™ 0, X07) = (. X0))du|
t
< 1?1,712,5 —|—I;1’n2’5’k +I§11,n2,5>k, Vni,na k> 1, (3'24)

where
t+6 ~
I?l,n%é — E[/ |Fn1 (u, X;i,m) — fm2 (u,XZu1>|dU:|,
t
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T
ni,n2,0,k | __ n T n T
etk ‘E[/tH(F Hu, X5) — F2 (u, X ))]1{|X:L,z‘§k}du”

Iy = }E[/
¢

+6
First, similar to the proof of (3.22), we have

and
T

(F™ (4, X57) = B (1, X)L e g ] |

1

et < it {E| / C (x5 — P (u, X27)|du] }*
0
< CaT. (3.25)
Second, from Lemma 3.1, there exists a function
O o € LT ([t +8.T) x [~k k): p(0, 203 5. dy))
such that
p(t, z; s, dy)ds = ¢f’z,zo(s, y)p(0, zo; s,dy)ds, V(s,x) € [t+6,T] x R™,

where p(t, z; s, dy) is the law of X5*. So from the weak convergence (3.23) of F™, for fixed 4
and k, we have

T
et = | [ ) = B ) gy cnpp(tsasu dy)du
m St

T
= ’/ / 6(Fn1 (uay) — e (uﬂy))]]-{\y\fk}¢f,z,zo (u7y)p(07x07u7dy)du‘
m Jt+
— 0 asni,ng — +oo. (3.26)

Third, from (3.22) and Holder’s inequality, for all ny,no > 1 and § € (0,7 — t], we have

T a1 T _ ~ 2
ot (o [ g} ][5 Pt ]

aq

S AT

—0 ask — +oo. (3.27)

So for any g9 > 0, there is a sufficiently small § > 0 and a sufficiently large k such that
et < % and 1ok o € for all ny,ma > 1. Then for this fixed ¢ and k, there is a
sufficiently large N such that for ni,ns > N, I;l’m’é’k < 2. Thus

[, (t, @) — Un, (L, )| <9, Vni,ng > N.

Therefore, for each (t,z) € [0,7] x R™, {u,(t,2)}n>1 is a Cauchy sequence. We denote by
u(t, x) its limit.

Since u, is Borel measurable, the limit function @ is also a Borel measurable function
on [0,T] x R™. Define stochastic process Y; := u(t, X;"*°). Taking the pathwise limit of
U (t, X770, from (3.18) we know

V= Hm Gn(t, X)) = lim Y;", Vtel[0,T], dP®dt a.e.

n—-+o0o n—-+oo
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For all p > 1, bounded convergence theorem indicates that yn converges to Y in L? (Q x
[0, T];RY), i.e.,

T
IE{/ V" —Y,|?du| — 0 as n — +oo. (3.28)
0
Notice that for any C' > 0, we have
la —b| <e%le® — e, V(a,b) € [-C,C]>.
So by the uniform estimate (3.21), we have
|un1 (t7 CL') — Un,y (t7 x)' < eéleunl (Bo) etn2 (t)w)l = eé|an1 (t7 CL') - ﬁnz (t, x)l
Therefore, for each (t,x) € [0,T] x R™, {un(t,z)}n>1 is also a Cauchy sequence. Following
the same proof, one can deduce that there exists a Borel measurable function u such that the
stochastic process Y; := u(t, X{"°) is the limit of Y™ in LP(Q x [0,T7]), for all p > 1.
Step 5 Convergence of {Y"},>1 in S?(R?).
Take a fixed q; € (1, QL_E) For ny,ne > 1, t € [0,7] and A > 0, using It6’s formula to
compute [V — Y™ |2, from (3.15) and Young’s inequality, we have
~ ~ T ~ ~
T =P 120 - 2P
t
T ~ ~ ~ ~ ~ ~
= 2/ (Yunl - Yun2)T(Yun1 © fnl (U, XS@O’ YJ7-17Z3«2) - Y172 © fn2 (U, XS@O’ YJll ) Z'L,m))du
t
T ~ ~ ~ ~
2 [ -T2y - Zas,
t

T
<G / Yo = Ve (U (L + (X0 (L + 25 P75 + 12527 79))du
t

T
—2 / (Vo — V)T (20— Z12)dB,
t

Y4a1
a1 —

T
<Gy [ 1T = T+ X[ |2 GO 4|22
t

T
2 [ -T2y - Zas,
t
_ o1 T - _ T v 1 (T - _
§C3{—/ |Y$1—Y$2|2du—|—/\2/ (1—|—|X3’zo|ﬁ)2du+_ [y — Y|P dy
Ay t APz [y
T T _ _ ~ _
e [z P+ |z} -2 [ @ - VN2 - 2B,
t t
(3.29)
where 6’1, Cs and 6’3 are three positive constants independent of n; and ns,

2 2 q2 2
= S (1, ) d = = > 2.
S 2-c) M P TI T o 2o

Taking expectation on both side of (3.29) and using uniform estimate (3.13), we have

E[/T 17— ZyePau] < Ouf (55 + %)E[/T Vo = Ve du] + (02 +4m) ) (3.30)
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Since A > 0 can be chosen arbitrarily, in view of (3.28) and (3.30), we know that the sequence
{Z"}n>1 is a Cauchy sequence in H2(R*!) and thus has a limit Z € H2(R*).
From (3.29), using B-D-G inequality, we have

Ly L)JE[/OT [V = Ve 2du] + (02 + am) |

E sup]IYt"l—Yt"ﬂQ}SC‘”’{(F P

tel0,T

1 ~ ~ r ~
+ —]E{ sup [V, — Yt’“ﬂ n 21E{/ 1Zm Z{;2|2du}. (3.31)
te[0,7) 0

Since A > 0 can be chosen arbitrarily and {(Y™, Zn)}nZl is a Cauchy sequence in H?(R?) ®
H2(R!), from (3.31) we know that {Y"},,>1 is also a Cauchy sequence in S2(R%).
Notice that from (3.8) we have

Y =Y < et =M = Y Y.

So {Y"},>1 is also a Cauchy sequence in S*(R?). Therefore, Y has a continuous version in
S?(R?) and we still denote by Y this continuous version. Moreover, from (3.8) we know that
Y € S®(RY).

Step 6 Convergence of {Z"},>1 in H?(R4*!).

By virtue of the inequalities
la1by — asbe| < |a1 — az||ba| + |a1||b1 — ba|, V(a1,as,b1,be) € R?

and
le™® —e Y2 <20z —y|, Y(z,y)€[-C,CP

we have that for i =1,--- ,d,
T . . T ny.i o~ . no.i o~ .
E[/ |z =zl :E[/ oY Zd — TV 2
0 0

T
< 28] / o e Y RN 2 2
0

T ni,t
+ QE[/ e 2Vu
0
T

T
gc{E[/ |YJ“’1'—Yu”2’i||Zg2>i|2du}+IE{/ |Zghi—zgz>i|2du]}
0 0

1

< s e3P} (o[ [ ) )

T
+ CE[/ |Zmi — Z;‘?’i|2du], (3.32)
0

N’I’L17i _ ~n2,i 2
Zmi _ Znai] du}

where C' := 4Ce® v 2¢2C is a constant which only depends on C' defined in (3.8). From the
convergence of Y™ in S?(R?), the convergence of Z" in H2(R?*!) and the uniform estimate
(3.13) of {Z"},>1 in HA(R*!), (3.32) indicates {Z"},>1 is a Cauchy sequence in H?(R?*!)
and has a limit Z € H?(R%*!). Moreover, following the similar proof as in (3.13), one can prove
that Z € HP(R?*!) for all p > 1. Therefore, Z is actually in M (R¥*?).
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Step 7 Verification.

Then, we prove that (Y, Z) is a solution to BSDE (1.1) and has a Markovian representation.
By the triangle inequality, we have

T
E[/ | £y X070, Y2, Z0) — f(u, XO™, Y, Zu)\du} <IpF 4t g, (3.33)
0

where

T
Ik = E[/ 7y X070, Y2, 20 = f(, X920,V Z2)| - vz <y
0

T
Ig.’k = E[/ |f"(u7X3-,10’YJ7«’ Z’ZZ) - f(qugﬂz()quna Z3)| : ]]-{|Yu"|\/\Z{}|>k}du:|
0
and

I ::E[/T |f(u, X0,y Zn) — f(u,X3>f0,Yu,Zu)|du]
0
First, from (3.6), for & > 1, we have
L™ (u, X0V Z0) — fu, X050, Y ZI| - Ljyn vizoi<ky — 0 as n — 4o0.
Moreover, there exists Cy > 0 such that
7w, X0, Yol Z) = fu, X, Yt Z] - Ly vizpi<iy < Cr(1+X07]).
From Lebesgue’s dominated convergence theorem, for fixed k£ > 1, we have
I 50 asn — +oc.

Second, for a fixed ¢ € (1, 5%), in view of (3.5), (3.8) and (3.13), using Hélder’s inequality
and Chebyshev inequality, we have

n,k
I5

T q

< {E[/OT ™ (u, Xm0, Y, Z70) — f(u,X37w°,Yu”,ZZ)quu}}%{E[/O 1{\Y;|vwzm>k}dﬂ}q71
e[ [ pxom=m 1120 ([ [ e mzsnad )

6'Z{E[/OT ]1{\Y$\v|zm>k}d1‘} }qj

sk, (3.34)

IN

IN

IN

where Cy,Cs and C3 are three positive constants independent of n and k.
Third, since Z™ converges to Z in H2(R%*!), in the sense of subsequence Z" converges to
Z, dP ® dt a.e. From the continuity of the last two variables of f, we have

|f(u, X270 ¥ 7Y — f(u, X0® Y, Z,)| =0 asn— +oo, dP®@dt a.e.
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From Kobylanski [17, Lemma 2.5, p.569] we know that in the sense of subsequence, sup |Z"| €
n>1

H2(R4*!). Notice that,

[, X000,V Z0) = (0, X020, Vo Z4)| < C (14 X007 4 sup | 202 + | ZJ?).
n>1

Therefore, dominated convergence theorem yields
Ig =0 asn — +oo.

In summary, for sufficiently large k first and then sufficiently large n, I;"" + I2F + 17 is

sufficiently small. Thus, we have
T
E[/ P, X020, Y2, Z2) = f, X050, Yoy, Zo)|du| = 0 as n = +oo, (3.35)
0

By virtue of the construction and the convegence of (Y™, Z") and (3.35), we have

}:o.

T T

IE[ sup ‘Yt - (g(X%”CO) +/ Flu, X0, Yy, Z,)du — / ZudBu)
te[0,T] t t

So (Y, Z) is a solution to Markovian BSDE (1.1).

Moreover, we get the Markovian representation of (Y, Z) from the the Markovian repre-
sentation of (Y™, Z™). From the above proof, without loss of generality, we can assume that
(Y™, Z™) converges to (Y, Z) in S?(R) x H2(R*!). So for all ¢ € [0, 7], we have

Y} =limsup ;""" and Z}7 =limsup 2"/, i=1,---,d, j=1,---,L
n——+oo n—+o0o
In view of (3.17), we define a Borel measurable functions pair (u,v) : [0, 7] x R™ — R x Rx!
by
u'(t,x) := limsupu’ (t,z), i=1,---,d

n—-4o0o
and
v (t,x) = limsup v’ (t,z), i=1,---,d, j=1,---,L
n—+o0o
Therefore, for each t =1,--- ;d and j =1, --- [, we have
Yy = limsup Y, = limsup(u, (¢, X)) = (limsup u?, ) (¢, X)) = ' (t, X*™°)
n—-+oo n—-+oo n—-+oo

and

ZH =limsup Z;"" = limsup(v%7 (£, XP™)) = (limsup v27) (¢, X 70) = v (¢, X"0)
n—-+oo n—+oo n—-+oo
Step 8 Uniqueness under additional assumption (B2).
Assume that (Y, Z) and (Y’, Z') are two solutions to Markovian BSDE (1.1) in S*°(R%) x
M(RP>Y) and denote M := [|Y ||se V [|Y]|go -

Define the truncated generator

M
Mtz y,2) = f(t,x, |y|Ty]\4’Z)’ Y(t,x,y,2) € [0,T] x R™ x RY x R¥*!,
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One can easily verify that f is Lipschitz continuous in variable y. In addition, (Y, Z) and
(Y', Z") are also solutions to Markovian BSDE (1.1) with generator f and terminal condition
g.

Denote by fM:* the ith component of f*. Since f is strictly quadratic in each component
f%, from (B2) and Young’s inequality we know that there exists a positive constant C' := C(M)

such that for all i = 1,--- ,d, we have
, 1.
My, 2) < OO+ o] ) + 512

and .
. 2~ .
F @, y,2) =2 —CO+ [2] =) + 7127

Since 2 € (0,2), using Dambis-Dubins-Schwarz representation (see [3, Section 5, pp.563-564]),

we have )
]E{exp (/\ sup |X§m|%)} <oo, YA2>0. (3.36)
s€[0,T]
So by virtue of [8, Proposition 2, p.230], we know that for any ¢ = 1,--- ,d and ¢ € (0, 1],
T
E[exp (/\/ |Z;‘|2—5ds)} < 400, VYA>0. (3.37)
0
Notice that v € (0,¢), so we can take two fixed constants p; € (%, %) and ¢ € (%, 2—36)

From Young’s inequality, for (,z, z,2') € (0,1) x R™ x Rl x R¥*! we have
(4 [z (X + 2] + [ F79) ]z = ]
S+ )+ |27+ [0z = 02 + (1= 0)[2])

€ /e z =022
<Cpran(1 = O (1+ 2l + |21 + |20 + |Z—| )
(L [ 72 4[] 279 4 || 2y | (3.38)
where g1 and po are the unique constant satisfying
1 1 1 1 1
—+—+-=1 and —+—=1.
g 2 P2 Q2

Notice that all the four positive constants yp1,eq1,yp2 and (2 — €)go lie in (0,2). Hence from
(3.38) and the fact that the function z — |2|? is convex, following the similar proof as in [8,
Proposition 3 and Remark 4, pp.231-233], one can verify that for (0,t,z,y,v’,2,2") € (0,1) x
[0,7] x R? x R? x R? x R4*! x REX! and

i i My i Lo :
fM) (tazayvz):f(tazamvz)+§|z|23 Zzlv"',da
we have
. . —0 / i_e 1,2
Pt ey, 2) = 0F M (L, y' ) SC(l—Q)(‘yl—oy 21_; +h(x,y,y',z,z’,6)),

where C' > 0 and 0 € (0, 1] are positive constants and

h(@,y.y' 22',8) = a0 + |yl + |y + P70 + [

Therefore, in view of (3.36)—(3.37), we can get the uniqueness using 6-method with similar
proof as in [7, Theorem 2.8, pp.22-23].
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Remark 3.2 Actually, the above proof of existence still holds true when a' = 0 for some
i=1,---,d. The only difference is for each i € A := {i = 1,--- ;d : o' = 0}, the exponential
transformation (3.14) in Step 3 needs to be replaced with

i‘}n,i;(t,r) _ Yn,i;(t.,z)7
~ 3.39
Zmi;(t,w) — Zmi;(t,w)' ( )

Remark 3.3 In Theorem 3.1, the drift term b is required to be uniformly bounded. From

Remark 3.1 and the above proof, assumptions (F1)—(F2) of Theorem 3.1 can be replaced with

assumption (F3) and b can be unbounded.

4 One-dimensional Case

For d = 1, by virtue of the comparision theorem, we can get a stronger existence and
uniqueness result for the scalar Markovian quadratic BSDE (1.1) with an unbounded sub-
quadratic growth.

For example, the generator can be f(t,z,y,2) = 1 —y+ |z|*|z|2 + |z|2. It should be noticed
that this generator cannot be fully covered by the framework of one-dimensional unbounded
quadratic BSDEs (see [3]), since fOT | B¢|Pdt does not have exponential moments of all orders
for p > 2.

First, we make the following assumption. Let € € (0,1], v and C' be positive constants and
¢ :RT — RT be a nondecreasing function with ¢(0) = 0.

(H1) f:0,7T] x R™ x R x R™! — R and g : R™ — R are two Borel measurable functions
such that for each (t,z) € [0, T|xR™, f(t,z,-,) is continuous on RxR**! and for all (¢, z,y, z) €
[0,7] x R™ x R x RY*!

{ |f(t 2y, 2)] < OO+ (ly]) + |22~ + |2%),
lg(x)] < C
and

y(f(t,z,y,2) = f(t,2,0,2)) < Cly|*.

We also make the following stronger assumption. Let p : RT — R be a nondecreasing function.
(H2) For each (t,z,y) € [0,T] x R™ x R, f(t,z,y,-) is a convex function, and constant -y
lies in (0, ¢) such that for all (t,z,y,y/,2) € [0,T] x R™ x (R)? x R*!,

|f(t, 2,9, 2)] < OO+ [yl + |22~ + |2[?)
and

[f(t 2y, 2) = [t 2,y 2)| < p(lyl v Iy DIy = ol

We have the following existence and uniqueness result for one-dimensional Markovian BS-
DEs.

Theorem 4.1 Let assumptions (F1) and (H1) hold true. Then
(i) Markovian BSDE (1.1) has a solution (Y*®, Z4%) in S®(R) x M(R'*!).
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(ii) There exists a pair of Borel measurable functions (u,v) : [0,T] x R™ — R x R such
that (Y2®, ZH%) = (u(s, X0®),v(s, Xb®)), Vs € [t,T], dP ® ds a.e.
(i) If o is bounded and (H2) is further satisfied, the solution is unique.

Proof For notational convenience, we omit the superscript (¢, ) if there is no confusion.
Step 1 Existence for nonnegative f.
For each n > 1, we define the approximating generator by

fn(taxayaz) = ]]-{\z\fn}f(tvxayaz)
From assumption (H1), we have
[t 2y, 2)] < O+ ¢(lyl) +n? |27 + [2).

According to [3, Lemma 2, page 549], there exists (Y, Z") € S®(R) x H?(R'*!) such that
Y™ is the minimal bounded solution to the Markovian BSDE with generator f™ and terminal
condition g.

Define k := C(4 — €) and nonnegative function

Y(y) = m_z(e”‘y‘ —kly|—1), VyeR.
For all y € R, we have

W () =r""Ee N —1) and ¥'(y) — kY (y)| = 1. (4.1)

Let 7 € [0,T] be a stopping time. Since Y € S*°(R), using Ito6-Tanaka formula to compute

¥(Y") and taking the conditional expection with respect to F,, we have
1 T
w(vy)+ 5B [ vz

_ mwFr t,x Fr r / ny gn t,x n n
B (o) + B | [ w0 s X vy 22 ds)

T
<O+ OB [ [ DI+ o0 + |27 +|2.)ds]
T

W (o) + 2517 as). (12)

§c+C1EfT[/ : .

T

In view of (4.1)—(4.2), we have

[ [ zzpas] <o om0 (B 4 )]

2
2 +en’s
n EN n
< O+ CTY/ (Y s=) (5 + 911V " 5=) ). (4.3)
Hence Z" € HBMO(RIX!),
Define stochastic process

ynrzn

Ky 1= (CnY|Z0|1F + C| 21 |) =L 2n (4.4)

Ypzpl
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For k > 0, using It&’s formula to compute e*$|Y"|2, we have

T
P =g -2 [ vz,

T
k 1
2 (VR XY 2 - GNP - 51 )du

T T
:eks|g(X§lw)|2—2/ ek“YJ‘Z;‘dBZ—i—Q/ MU (u, X5 Y ZMdu,  (4.5)

where B? := B, — Jo (k)T du and

k 1
Fn(quvi)waYunvZS) = lelfn(qufL@vYJZvZS) - §|Y:|2 - §|Z’ZLZ|2 - YunZg(’%u)T' (46)

Since Z™ € HBMO(R'¥!) and Y™ € S®(R), we can deduce that £ € HEMO(R'*!) from Young’s
inequality. Hence Girsanov theorem indicates that {E;‘}SG[O)T] is a Brownian motion under the

equivalent probability measure P", where

%l = 5(/0 /cudBu)T. (4.7)

Notice that by virtue of (H1), we have

yf"(u,x,y,z) = y(fn(taxayaz) - f”(t,x,O,z)) + yfn(taxaoaz)
< Cly* + Clyl(L + 7272 + |2
< Clyl(1 + lyl) + lyz|(Cn?|2|' =% + Cl2)). (4.8)

From (4.4), (4.6) and (4.8), using Young’s inequality, we have
n t,x n n n n k n|2 1 n|2

< -+ =(C*+20 - k)Y, (4.9)

N =
N =

Denote by E™ the expectation operator with respect to P". Setting k = C? + 2C, taking the
conditional expectation E” on both sides of (4.5), using (B1) and (4.9) we finally have

T T
|st|2 < 2k (T—s) +/ ek (u=s) 4y < O2ekT +/ ek“du, Vs € [0, 7). (4.10)
s 0

Therefore, the process Y has a bound uniformly in n and thus sup [|[Y"||se < +o00.
n>1

Notice that f™ < f"+1 and Y is a minimal solution, so we ha;e Y™ < Y™t From Briand
and [3, Lemma 2, p.549], there exists a solution (Y, Z) € S®(R) x H?(R**!) to BSDE (1.1).
Following the similar proof as in (3.13), Z is actually in M (R!*!).

From [19, Proposition 4.9, pp.17-18], there exists a pair of Borel measurable functions
(U, vn) 2 [0, T] x R™ — RY x R such that

(Y00, Z00) = (un (s, X07), 0a (s, X07)), Vs € [0,T]. (4.11)
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So, we can get the Markovian representation of (Y**, Z%*) with similar proof as in Theorem
3.1.

Step 2 Existence in the general case.

Define P := Ly j<ny fT(t 2y, 2) — Lijoj<py f (£, 2,9, 2). Following the proof of Step 1,
we can get a sequence of (Y™P, Z™P) € S®(R) x H?(R'*!) with the property

ymet) <ynr < yte o yp > p> 1,

sup [V s~ < C.
n,p>

(4.12)

Setting first p — 400 and then n — 400, we get the desired result identically as in Step 1.
Step 3 Uniqueness when o is bounded and (H2) is further satisfied.
Assume that (Y, Z) and (Y’, Z’) are two solutions to Markovian BSDE (1.1) in S*°(R) x
M(R™) and denote M := [|Y ||se V [|Y||soc -
Define the truncated generator

M
Y ) V(t,z,y,2) € [0,T] x R™ x R x R,

M
t? g = (t77 Y
Py 2) = f (e i

One can easily verify that f™ is Lipschitz continuous in variable y. In addition, (Y, Z) and
(Y', Z') are also solutions to Markovian BSDE (1.1) with generator f and terminal condition
g.

By virtue of Young’s inequality, we have

1FM (8 2,y,2)] < CA+ |7 + |yl +1212), V(tz,y,2)€0,T] x R™ x R x R*L,

Notice that 2?” € (0,2). Therefore, the uniqueness follows from (3.36) and [3, Theorem 5,
p.554].

5 Application to Coupled FBSDE with Measurable Coefficients

We consider the following system of coupled FBSDE:

t t

X ==x +/ [b(S,XS) + U(S,Xs)h(s,Xs,Ys,Zs)]ds +/ o(s,Xs)dBs, tel0,T],
0 0

(5.1)

T T
Yt:g(XT)—i—/ f(s,XS,YS,ZS)ds—/ Z.dB., te0,T].
t t

We assume that X and B take values in the same space R™ and the coefficients of (5.1) satisfy
the following assumptions:

(C1)b:[0,T] x R™ — R™ and o : [0,T] x R™ — R™*™ gatisfy (F1) and (F2);

(C2) h:[0,T] x R™ x RY x R4*™ — R™ is a Borel measurable function and there exist
a positive constant C' and a nondecreasing function p : Rt — R¥, such that |h(t,z,y,2)| <
C(1+ p(|y])) for all (t,z,y,z) € [0,T] x R™ x R x Rxm;

(C3) g:[0,T] x R™ = R% and f:[0,T] x R™ x R% x R¥*™ — R? satisfy (B1);

(C4) for each (t,z) € [0,T] x R™, f(t,z,-,-) + zh(t,z,-,-) is continuous on R% x RI*™,

By virtue of Theorem 3.1, we have the following existence result for coupled FBSDE (5.1)
with measurable coeflicients.
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Proposition 5.1 Under the assmuptions (C1)—(C4), FBSDE (5.1) has a strong solution
(X,Y,Z) € S2(R™) x S®(R?) x M(RI*™).

Proof Consider the decoupled FBSDE

t t
X =z +/ b(s, Xs)ds —|—/ o(s, Xs)dBs, t€][0,T],
0 0

T
Vi —gi(Xr) + / (s, X0, Vo, Z,) + Zih(s, X, Vi, Z4))ds (5.2)
t

T
—/ Z'dB,, i=1,---,d, t€[0,T].
t

From Theorem 3.1, we know that FBSDE (5.2) has a solution (X,Y, Z) € S2(R™) x S (R%) x
M(R¥>™). Moreover, there exist two Borel measurable functions u and v on [0, 7] x R™ such
that (Yy, Z;) = (u(t, X;),v(t, X¢)) and u is bounded.

From (C1)—(C2) and [10, Theorem 2.1, p.767|, we know that there exists a unique strong
solution X € S?(R™) to the following SDE with measurable drift:

X, :‘H/o [b(s, X.) + (s, X)h(s, X, us, X.), v(s, Xs))|ds
+/to(s,XS)st, te0,7). (5.3)
0

Define .
B, = B, —|—/ h(s, Xs,u(s, Xs),v(s, Xs))ds.
0

From (5.3), we have
t t _
Xy == —|—/ b(s, X,)ds +/ o(s,Xs)dBs, te€0,T]. (5.4)
0 0

Since u is bounded, from Girsanov theorem we know that {Et}te{O,T] is a Brownian motion
under the equivalent probability measure ]I~D, where

dF — 5( _ /'[h(s,Xs,u(s,Xs),v(s,XS))]TdBS) . (5.5)

dP 0 T
So from the uniqueness of solutions to SDE (5.4), we know that X and X have the same law.

On the other hand, from (5.2), for i =1,--- ,d, we have

u'(t, X;) = g'(X7) —l—/t [f'(s, Xs,u(s, Xs),v(s, Xs)) + v (s, Xs)h(s, Xs,u(s, Xs),v(s, Xs))]ds

T . ~
—/ v'(s, Xs)dBs
t
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Since X has the same law as )Z, fori=1,---,d, we have

T
u'(t, X)) = g'(X7) —l—/t [fi(s, Xs,u(s, Xs),v(s, Xs)) + v (s, Xs)h(s, Xs,u(s, X,),v(s, X,))]ds

T T
+/ ui(s,Xs)a—l(s,Xs)b(s,Xs)ds—/ vi(s, Xs)o (s, X )d X,
| t . | t
:gl(XT)—I—/ (s, Xs,u(s, Xs),v(s, Xs))ds
+/T Ui(S,XS)U_l(S,XS)[U(S,XS)h(S,XS,U(S,XS),U(S,XS))]dS
tT T
+/ vi(s,Xs)cr_l(s,Xs)b(s,XS)ds—/ Vi (s, Xa)o— (s, X4)dX,s

T T
:gi(XT)+/t fi(s,Xmu(s,Xs),v(s,Xs))ds—/t v'(s, X5)dBs. (5.7)

Combining (5.3) and (5.7), we know that {(X;,u(t, X;),v(t, X;)),0 < t < T} € S2(R™) x
S*®(R4) x M(R¥*™) is a solution to FBSDE (5.1).

Remark 5.1 Similar assertions can be inferred from Theorem 4.1 for d = 1. In addition,

as stated in Remark 3.1, (F1)—(F2) can be replaced with (F3) in assumption (C1).
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