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Equivariant Tautological Integrals on Flag Varieties®
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Abstract The author apples the Atiyah-Bott-Berline-Vergne formula to the equivariant
tautological integrals over flag varieties of types A, B, C, D, and recovers the formulas
expressing the integrals as iterated residues at infinity, which were first obtained by Zie-
lenkiewicz using symplectic reduction.
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1 Introduction

Let P" be the complex projective space of dimension n and x € H?(P",Z) be the hyperplane
class. Then H*(P",Z) = Z[x]/(z""1). A general element in H*(P",Z) can be written as Q(z)
for some polynomial ) with coefficients in Z, and we have

Q)

(17) = Reszzom

Pn

dz. (1.1)

Note that there is a natural action of the torus T' = (C*)"*! on P™:
TxP® —P"  ((to, - tn),[xo: 1 2p]) = [toxo - tuTn). (1.2)

We can also consider integrals of T-equivariant cohomology classes. Let H be the equivariant
hyperplane class, t be the Lie algebra of T" and «; = 2nv/—1u;, i = 1,--- ,n+ 1 be the weights
of T defined by «;(X1, -, Xnt1) = X;,V(Xq, -+, Xnt1) € t. Then for any polynomial @ we
have 0(2)

—Q(z
Q(H) =ReSseo———————
Pn H (Ui + Z)

1<i<n+1

dz, (1.3)

where Res,_, is the residue at infinity (see [2, 8]). We call formulas like (1.1) nonequivariant
residue formulas and call formulas like (1.3) residue formulas. By taking nonequivariant limit,
we can see that (1.1) is a consequence of (1.3).

It is natural to ask for the similar formulas for general flag varieties. In [2], for a special

class of type A flag varieties (the full flag of k-dimensional subspaces of Symgk(C"), Bérczi and
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Szenes wrote the equivariant integrals as iterated residues at infinity. The main idea of [2] is to
apply the Atiyah-Bott-Berline-Vergne formula to express the equivariant integrals as sums over
fixed points and then play combinatorics. In this paper, we follow the idea of Bérczi and Szenes
to derive the equivariant residue formulas for generalized flag varieties of types A, B, C, D.
Since the formulas share a lot of similarities, we only present here the formula in the type
C case and refer the reader to later sections for other formulas. To state our result, we in-
troduce some necessary notations. Let S be a nondegenerate skew-symmetric bilinear form on
C?". For any increasing sequence of positive integers 0 = a9 < a3 < --- < as = k < n,
set r; = a; —a;_1. Let FI° = Fl%(ay,---,as;2n) be the variety parametrizing isotrop-
ic flags By C --- C E;, C C?>, where dimE; = a;. Then FI° can be identified with
Sp(2n;C)/P,,.... 4., Where P, ... 4. is a parabolic subgroup. The maximal torus T of Sp(2n; C)
acts canonically on FI°. This action lifts canonically to the i -th tautological vector bun-
dle which we denote by &;. Let cf(( Ef:)*) be the j-th equivariant Chern class of ( Efil)*

(p=1,---,s;7=1,---,rp). For any polynomial Q(x1,--- ,xx), which is invariant with respect
to any permutation of x4, 41, ,%q,,, for any i € {0,---,s — 1}, there exists a polynomial @
such that Q(ZEL to 7xk) = @(6%, to ae?v co aeiv co ’825)7 where eg = ez(xaifl-i-lv e 7x¢li) is

the j-th elementary symmetric polynomial. Letting

= [, () () A (),

then we prove the following theorem.

Theorem 6.1
—1)k
I (Q) :¥Resoo><
rileorgl
Q(zlv"' 7Zk) H(Z'?_ZJQ) Hl 11;.[‘ - (ZZ_ZJ)
R dzi---dzy. (14
[T I1(z —wi)(z + i)
i=1j=1
Note that the equivariant Chern classes ¢!’ ((Efi1 )*) (i=1,---,r;;j=1,---,s—1) generate the

equivariant cohomolgy ring. Hence in principle we can compute the integral of any equivariant
cohomology class over FI° via the above formula.

In the case of classical Grassmannians and maximal isotropic Grassmannians, the equivari-
ant residue formulas were also proved by Zielenkiewicz in [13] using the same idea. Zielenkiewicz
also suggested using JeffreyCKirwan nonabelian localization and symplectic reduction to obtain
the residue formulas. Using that method, Zielenkiewicz obtained the equivariant residue formu-
las for flag varieties of types A,B,C,D in [14]. Later in [9] Weber and Zielenkiewicz also proved
the residue formulas for the exceptional group Gs. In [7], Darondeau and Pragacz expressed
the images of the nonequivariant cohomology classes under Gysin homomorphisms in terms of

residues and Segre classes for flag bundles of types A, B,C,D. In [10-11] , the author also
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proved the nonequivariant residue formulas for flag varieties of type A using the ring structure
of the cohomology ring. Note that the formulas in [7] (in the case that the base manifold is a
single point) differs from the formulas obtained in [11, 14].

Our formulas coincide with those obtained in [14], except that in [14], the factor 2* is
missing in the type D case. In [14], the proofs of the formulas are based on the embeddings of
the various flag varieties into the type A flag varieties. Our approach does not rely on such an
embedding, and we believe that we can obtain the corresponding formulas for the exceptional
groups along this line. As an application of the nonequivariant formulas, we also reprove the
formulas (in the case that the base manifold is a single point) obtained in [7].

This paper is organized as follows. In Section 2, we fix some notations and collect the basic
facts about flag varieties. In Section 3, as a warm up, we prove the type A case. In Section
4, we prove the type D case. In Section 5, we prove the type B case. In Section 6, we prove
the type C case. In Section 7, we reprove the formulas (in the case that the base manifold is a

single point) obtained in [7].

2 Preliminaries

In this section, we fix some notations and recall some basic facts about flag varieties.

2.1 Notations

Throughout this paper, we use [n] to denote the set {1,---,n}, and set [0] = ). We use
M, % (C) to denote the set of nx k matrices over C. For any sequence of increasing positive inte-
gers0=aqag < a1 <---<as <n,wesetr; =a;—a;—1 and k = as. We will consider the varieties
parametrizing flags F1 C --- C Ey C C™, satisfying dim E; = a; and certain additional condi-
tions. In each case, we use &; to denote the i-th universal vector bundle of rank a; over the flag
variety. We will see that there is a natural action of a torus 7" on the flag variety, which lifts to &;

canonically. By tautological integrals, we mean the integrals of the cohomology classes written

as polynomials of the (equivariant) Chern classes of the bundles (55—i1)* (i=1,---,s). In gen-
eral, such a class can be obtained in the following way. Let Q(x1,- - ,xy) be a polynomial which
is invariant with respect to the Sy, x---x S, action. In other words, for any i =0, --- ,s—1, @
is invariant with respect to any permutation of 4,11, ,4,,,. There exists a polynomial @
such that Q(x1,---,xx) = Q(el, -~ ,elt, -+ el .- e) where e/ is the j-th elementary sym-
metric polynomial of x4, 41, ,%e,. Then @(c{((g—é)*), e ,CTTI ((g—;)*), e ,C;l,; ((55—:)*))

is such a class, where ¢! is the i-th equivariant Chern class with respect to the action of 7.

Next we introduce the notion of iterated residues (see [2, 8]). Let wy, - -+ ,wy be affine forms
. n .
on C", i.e., there exist constants al,i = 1,--- ,N;j = 0,--- ,n, such that w; = af + > alz; .
j=1

Then for any holomorphic function h(z), where z = (21, - , 2, ), the iterated residue at infinity
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of %dz is defined as

TTwi
i=1
h 1 n h
Res,, =00 Reszn:m#dz = (2 \/_1) / N(Z) dz, (2.1)
[T wi " M 1T w,
i=1 i=1
where the integral is taken over the real torus Mr = {(z1, -+ ,2,) | |zs| = Ri,i=1,--- ,n}, 1 K

Ry < --- < R, and the orientation of Mpg is chosen such that Res,, = - - - Reszn:wﬁdz =
(—1)™. For simplicity we use Resso 0or Resz—oo to denote Res,,—oo - - ReS,, —0. In practical

computation, we can evaluate the iterated residue at infinity by iterated integrals

h(z) 1 1 h(z)
Resoqo———dz = — R dzy, ) -+ -dz1 ), 2.2
CSco ¢ z ( 27v/=1 J |21 =k, ( 2rv/=1 Js, =R, & < ) Zl) (2.2)
.1:[1 Wi _1:[1 wj

where each integral is a contour integral of a function of one complex variable along a coun-
terclockwise circle in the complex plane, which can be evaluated by the residue theorem. Note
that in general the iterated residue depends on the order of the variables z;. For example, let

w dz1dze. We find that

_ 1
T (z1+22)21

1 ( 1 !
- - 7dz2)dz1 =1, R <Ry, (2.3)
21/ =1 Jisy=ry N 27V =1 Jisy=p, (21 + 22)21

while at the same time,

1 ( 1 1
- - 7(121)(122 =0, Ry < R;. (2.4)
2my/—1 |22]|=R> 21/ —1 |z1|=R1 (21 + 22)%1

We remark that the iterated residues in this article, however, do not depend on the order of

the variables, since we only consider residues of forms like

h(z)

g1 (Zl) e gn(Zn)dz7 (25)

where the g;’s are holomorphic functions in one variable.

2.2 Flag varieties and homogeneous vector bundles

Let G be a connected complex semisimple Lie group. Fix a maximal torus 7" in G. Let t and
g be the Lie algebras of T' and G, respectively. Let R(G) be the set of roots of G with respect to
T. By fixing an ordering on t*, R(G) can be written as the disjoint union of the set of positive
roots R*(G) and the set of negative roots R™(G). Let IT = {ay,- -+ ,a,} be the simple roots
with respect to this ordering. Then each positive root « can be written as a = Zn: m;oy; with

i=1
m; € Z>o, Y1 <4 <n. We have the root-space decomposition

g=to @ Yo, (2.6)

aeR(G)



Equivariant Tautological Integrals on Flag Varieties 467

where go = {X € g | adi(X) = a(t) X, Vt € t}.

Let B be the Borel subgroup corresponding to the Lie subalgebra b =t® @  go. Then
aceR~(G)
any parabolic subgroup containing B can be written in the form P;, where I C {1,2,--- ,n},

and Py is the parabolic subgroup corresponding to the following Lie algebra

p=te P 0o P o

a€R™(G) a€ER}

where R} = { Zn:miai ERT(G)|m;=0ifiel}.

Let X = d /_ ]131. Then X is a smooth projective variety which is called a generalized flag
variety. Recall that the restriction of every complex representation V' of G to T' is diagonalizable.
Hence, as a T-representation V' =2 @, V), where A € t* and V), is the subspace of V' on which
T acts by exp(t)(v) = exp(A(t)) - v, Vt € t. These N’s are called the weights of V. Let K be a
compact real form of G. By Mostow theorem, K acts transitively on G/P;. It is easy to see
that H = K N Py is a connected Lie subgroup of K, which is determined by its Lie algebra. In
this way, we represent the flag variety G/Py as the quotient of two compact Lie groups of the
same rank G/Pr = K/H (see [1] for details).

Let S = KNT be the common maximal torus in K and H. Denote the Lie algebra of S by s.
Then I' = {v € s | exp(v) = e} is a lattice in s which is isomorphic to Z™. The linear forms on s
which are integral on I' can be identified with H'(S,Z), and we have Homgz(T',Z) = H'(S,Z).
Under the transgression map (see [3]), each integral linear form on s corresponds to an element
in H2(K/S,Z). In this paper, we use the same symbol to denote the integral linear form and
the corresponding element in H?(K/S;7Z). Since S is a compact real form of T, any weight \ of
T when restricted to s takes the form 27mv/—1u, where u is an integral linear form on s. Hence
277—351 represents an element in H?(K/S;Z).

Let {uy, -+ ,u,} be a basis of H*(S,Z). Then the cohomology ring of the classifying space
of Sis H*(Bg,Z) = Z[uy, - -+ ,uy] (see [3, Theorem 19.1]). Denote the Weyl groups of K and H
by Wk and Wy, respectively. Then Wy can be viewed as a subgroup of Wy. H*(Bgy,Z) can
be regarded as the subring Z[uy,- -+ ,u,]"# of Z[u1,--- ,u,], which consists of Wy-invariant
polynomials (see [3, Proposition 27.1]). Let (Z[ug, - ,u,]"Y ) be the ideal in Z[u1, - ,u,]V#

generated by homogeneous Wi -invariant polynomials of positive degrees. Then we have
H*(K/Hv Z) = Z[ulv e 7un]WH/<Z[ula T aun]yK>' (27)

Note that the inverse of the above isomorphism is given by transgression (see [3, Theorem 22.2]):
For any f(ui,--+ ,un) € Zluy, - ,un]|V#, we regard u;,i = 1,--- ,1 as elements of H?(K/S,Z)
via transgression, then f(uy, -+ ,uy) is an element in H*(K/S,Z). The fact that f(uy, -, up)
is invariant under Wy implies that f(uq,--- ,u,) descends to an element in H*(K/H,Z).

Let (V,¢) be a complex representation of Pr of dimension [ and Ay,---,\; be the weights

of V' as a representation of T'. Let V = G xp, , V be the corresponding homogeneous vector
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bundle over X (see [6]). We can rewrite V in the compact picture

V=K xg,, V. (2.8)

elu
!

By [5, Thereom 10.3], the Chern class of V is ¢(V) = [] (1 + #\/_—1)\1-). The expression
i=1

l

IT(1+ ﬁ/\z) is Wy-invariant since Wg acts on {\,---,\;}. In particular, if we take
i=1

V = g/p and let ¢ be the adjoint representation, G xp, , g/p is the holomorphic tangent
bundle on G/ Py, which we denote by 7x. We have

()= ] (1—|—$o¢). (2.9)

a€RH(G)\RS

2.3 Torus actions on flag varieties

The compact torus S acts canonically on K/H by sending (t,k) € S x K/H to tk. The
fixed point set X can be determined completely (see [4]).

Proposition 2.1 (see [4])
X% ={wH € K/H | we Wg}. (2.10)

In particular, X° is bijective to Wi /Wi

For any homogeneous vector bundle V = K x g V', S acts on V by sending (¢, (k,v)) € S xV
to (tk,v) € V. Under these actions, the projection V — K/H is S-equivariant. For any
kH € K/H, let V|,u be the fiber of V over kH. Then for any fixed point wH € X*, S acts on
V|wr- Suppose that the weights of V' as a representation of T" are Aq,- -+, A,. Then the weight
of V|wu can be calculated as follows. Since Vg = {w} xygV, for any ¢t € S, (w,v) € {w} xgV

we have t(w,v) = (tw,v) = (ww ™ Hw,v) = (w,w twv) € {w} xy V. Hence one can see that

the weights of V|, are why, -+, wh,.
For any homogeneous symmetric polynomial Q(z1,- - ,2;), { =dim V, it can be written as
a polynomial in elementary symmetric polynomials, say @(el, e Let 2 (V), =1, 1,

be the equivariant Chern classes of V. By Atiyah-Bott-Berline-Vergne formula, we can express

Jx QS (V),- - ,c; (1)) as the sums of contributions at fixed points

[ am o) = ey S Q(“’”ﬁ”"w””, (2.11)

EWk /W wa
WEWKITH - (e R+ (G)\R}

where u; = %—\;—T)‘i’ i=1,---,1.

In the following sections, in order to use (2.11) we need to determine in each case the
following datum:

(1) The fixed point set;

(2) the complementary roots RT(G) \ R} ;

(3) the weights of the tautological bundles at fixed points.
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3 Partial Flag Varieties of Type A

To illustrate our method, we include here the simplest case: The type A flag varieties. Now,

let FI = Fl(ay,--- ,as;n) be the variety of type A parametrizing flags
EiC---CE,CC", (3.1)

satisfying dim E; = a;. SL(n;C) acts transitively on the set of such flags, and FI can be
identified with SL(n;C)/P for some parabolic subgroup P. The torus T'= (C*)™ acts on C"
by

(tla e 7tn) : (Zla e 7271) = (tlZl, e 7tnzn)7 (32)

which induces a T-action on Fl canonically. Note that unlike the type B,C,D cases, the torus
we use here is not a maximal torus of SL(n;C) (SL(n;C) has rank n — 1). In order to use the
Atiyah-Bott-Berline-Vergne formula to compute [, QT ((E1/€0)"), -+ L ((Es/Es-1)%)), we
need to determine the weights of the fibers of the tangent bundle and the bundles (&;/&;_1)*
at the fixed points. We refer the reader to [12] for an elementary analysis and we only state
the results. The fixed point set of this action is indexed by the set Z = {(I1,---,I,) | I; C
{1, k}, || = ri, ;N I; = @,Yi # j}. For any (I1,---,I5) € Z, the corresponding fixed
point Py, ... 1, is the following flag:

span{e; | i € Iy} Cspan{e; |i € [ UL} C--- Cspanfe; |[i€ L U---UL,} CC".  (3.3)

Let t be the Lie algebra of T'. Let A1, -+, A, be the standard weights of T', i.e., \;(X) = X,
VX = (X1, -+, X,) € t. Then the weights of the tangent space of Fl at Py, ... j, are

Ui-Nliel,i¢ hu---Ul}. (3.4)
p=1

The weights of (&;/&i-1)"[p, ., are

[N j e (3.5)
Denote u; = 271_—\}_—1/\1‘, i=1,---,n. Forany I = {i1, -+ ,ip} C [n] (i1 < -+ < ip), denote
ur = (Wi, ,u;,). Using the Atiyah-Bott-Berline-Vergne formula and combining (3.4)—(3.5),
we have
[ @sgr) - c@seyn = X G, (3.0)
o (I 1) €T
where
Cv]17 I = 9(_ul17 e 7_u15) ) (3 7)
I I ()
p=1  jel,

i¢ L U---UI,,
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We can rewrite Cr, ... 1, as

Q(~ur, -, —ur,) [ (uwi—uy)
i,j€U--UI,
ij

- , (3.8)
[T (uwi—wuy) [T TI I (ui—uy)
jenu--UI, 1<i<n p=1j€l, i€l,q1U-UI,
i#]

and we recognize it as the residue:

Qz1,-++yzk) Il (2 —2)

1<i,j<k
i
Res,—(—ur, v —ur,) 7 dz. (3.9)
[T II (witz) [l [ (zi—2)
1<j<k 1<i<n p=la,_1+1<i<a,
ap+1<<k

Hence, we have

(I, ,I,)€ET
Q(Zlv 7Zk) H (Z’L - Z])
1<i,j<k
ok
= Z Resz:(—u11,~~~,—uzs) . Rl dz
(I, Is)€T IT II (uitz) Il I[I  (zi—2z)
1<j<k 1<i<n p=1a, 1+1<i<a,
a,+1<5<k
Q(zlv azk) H (Zz Zg)
_1\k 1<i,j<k
= Res (' ) ' < 7 dz,
ryleerg!
FUUTTIT (wi ) T1 II (zi—z)
1<j<k 1<i<n p=1a, 1+1<i<a,
a,+1<5<k
where the last equality follows from the residue theorem and the factor r1!---r¢! comes from

the Sy, x -+ x S, -invariance of the function

Qz1,-ze) [I (2 —25)

1<ij<k
i
_ .
[T II (uitz) Il [ (zi—2)
1<j<k 1<i<n p=la,_1+1<i<a,
ap+1§j§k

We have proved the following theorem which was originally proved by Zielenkiewicz in [14,
Theorem 4.19].

Theorem 3.1 Let [4(Q) = fFl(al - awm) QT ((E1/€0)"), -+ L ((Es/E5-1)%)). Then we
have

Qlzr,---yz) T (21— 2)
(—1)* SR
M (tz) 1 I ()

1<j<k 1<i<n p=la, 1+1<i<a,
ap+1<i<k

dz. (3.10)



Equivariant Tautological Integrals on Flag Varieties 471
Taking the nonequivariant limit, we have the folloming corollary
Corollary 3.1 Let wa, 41, - ,Uq, be the Chern roots of (£,/Ep—1)*. Then
Qzr, -+ vz) I (2 — %)

1<i,j<k

1 it
/ Qur, -+ uk) = Res;o - 7 dz. (3.11)
Fl(ar,+ a0im) VU ) T II  (zi—%)

p=la, 1+1<i<a,
ap+1<j<k

The formula (3.11) coincides with the formula obtained in [11]. In [11], it was proved by

using the structure of the cohomology ring.

4 Flag Varieties of Type D

4.1 The flag varieties of type D

Consider the vector space C?", and fix a nondegenerate symmetric bilinear form & on it.
In this section, we consider flags in C2":

0=EyCE C---CE, CC™, (4.1)

Bgixe, =0, V1 <i<s. Wedenote by FI® = FI°(ay,--- ,as;2n)
the variety parametrizing the isotropic flags (4.1). Fix a basis e1,- -+ ,€n, f1," -+ , fn of C*" such
that G(e;,e;) = 0= &(f;, f;), S(es, fj) = 0i;. With respect to this basis, & has the following
matrix representation:
oy
L, 0, )’

where I, is the n x n identity matrix. Let SO(2n;C) be the group of linear isomorphisms of

satisfying dim F; = a; and &

C?" preserving & with determinant 1. Then SO(2n;C) acts on FI© in a natural way, and we

denote by P,, ... 4, the isotropy group at the following flag:

s

span{fi---, fa,} Cspan{fi---, fa,} C -~ Cspan{fi---, fo,} C C*". (4.2)

With respect to the basis e1,--- ,en, fi, -+, fn, matrices in P,, ... o, take the following form:

as M — ag
—~~ ——

A 0 B1 \}0s
.0 By |n —as (4.3)

CUV i 7
S0 W Jin—as

where U is a block upper-triangular matrix

Ul * *
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with U; € M, «r, (C), where r; = a; — a;—1. When a4 < n, the action of SO(n) is transitive and
we can identify FI9(ay, - ,as;2n) with SO(2n;C) /Py, ... .. When as = n, FI9(a1,- -+ ,as;2n)
has two isomorphic connected components, and SO(n) acts transitively on each of the compo-
nents. In the following, we assume that as < n. However, the results also hold for the case
as = n, and the reader can check that the proof is exactly the same. In the case as = n,
although (4.20) only contains the fixed points lying on one of the connected components, the
whole fixed point set is again indexed by (4.23) and is given by the formula (4.24).

Denote the Lie algebras of SO(2n;C) and P, ... o, by g and p, respectively. Let T be the

s

maximal torus in SO(2n; C) which consists of diagonal matrices in the following form
diag(ty, - b, t7 Y- 7Y, t€Cr i=1,---,n,

and let t be its Lie algebra. Choose an ordering on t* such that the simple roots of SO(2n; C)

are
)\1 - A27 e 7An—1 - A77,7)\71—1 + )\n7

where \;(X) = X;, VX = diag(Xy, -, Xp,—X1,---,—Xpn) € t, 1 < i < n. By a direct

computation, one can check that P, ... o, is exactly the parabolic subgroup associated to the

s

roots
A0.1 - A0,1—!—13 Aag - )\a2+17 e 7A¢ls - A115-‘1-1 (45)

(when ag =n—1, Py, ... 4. is the parabolic subgroup associated to Ag; — Aay+1, Aas — Aaat1, " s
Aas_1 — Aas_14+1sAay, — Aag+1, -1 + Ap; when ag = n, P, ... o, is the parabolic subgroup
associated t0 Mgy, — Aay+15 Aas — Aagt1s s Aauy — Aau_14+1, An—1 + An), and p consists of the

matrices of the following form

O}f n :\G;S g/‘i n—ag
as{/ A 010 0
n-ed B C 0 G | (4.6)
as{{ D E —At —Bt
n—as{\ —F! F 0 —Ct

where D, F,G are skew-symmetric matrices, B,C, E are arbitrary matrices whose sizes are

indicated in (4.6) and A is a block lower triangular matrix

Ay
o (.7
x Ay
with A; € My, xr, (C). Hence the weights of the adjoint representation of P, ... o, on g/p are
i+ N[ 1<i<j<as}
U{N £ |1 <i<agas+1<j<n} (4.8)
UNi = Al amar+1<i<apm,am+1<j<as,m=1---,s—1}.
By (4.8), we have
. Qs
dim F19(ay,- -+ ,as;2n) = (2> + 2a5(n —ag) + Z 7T (4.9)

1<i<j<s
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Let 7: F19(aq, -+ ,as;2n) — Gr(a;;2n) be the canonical map sending 0 C By C --- C Es C

C?" to E;. 7 fits into the following commutative diagram

Fl1%(ay, - ,as;2n) - Gr(a;;2n)

l l : (4.10)

SO(2n;C)/Py,.... a. —— SL(2n;C)/P,,

where ¢ is induced by the canonical inclusion of SO(2n;C) into SL(2n;C) and P,, is the

subgroup of SL(2n;C) consisting of the matrices of the following form

a; n—a;
PN —~—

A 0 By @i
-0 BQ n—a; (4'11)

One can check that the universal vector bundle over Gr(a;;2n) can be identified with the

following homogeneous vector bundle
SL(2n;C) xp, p; C*, (4.12)
where p; is the representation of P,, given by
pilg)(v) = U v (4.13)

for any element g € P,, in the form (4.11) and any element v € C%.
Since the universal bundle & over FI9(ay,--- ,as;2n) is just the pullback of £ under 7,

&i/Ei—1 can be identified with the following homogeneous vector bundle

&i/Ei—1 =5002n;C) xp, .. . m C, (4.14)
where 7; is the representation of F,, ... o, given by
mi(g)(v) =U; - v, YveC (4.15)
for any element g € P,, ... 4. in the form (4.3).
By (4.14), the weights of (£;/&;—1)|,, are
X141 —Aays (4.16)
and the Chern roots of &;/&;_1 are
Uy 4150 —Uays (4.17)
where pg is the flag represented by (4.2) and
u; = ;/\i, i=1,---,n.

T on/—1
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Let K be a compact real form of SO(2n;C), H = KN P, ... o, and S = K NT be the

common maximal torus of K and H. Let Wx and Wy be the Weyl groups of K and H with

respect to S. For any root «, denote the simple reflection with respect to « by s,. Then

Wie = (Sx1-X2>" " 3 SAu_1=Aus SAu_14A0 ) (4.18)
Wy = <S>\i_>\i+17s>\nfl+)\n | (S [n - 1] \ {alv T 7G‘S}>' (4'19)
By a direct computation, Wy is generated by all permutations of A1, -+, )\, and even sign

changes. Comparing (4.9) with (4.18), it follows immediately that Wy is generated by

permutations of {A\g, 41, ", Aa,}, =1, ,8,
permutations of {Ag 41, , A\n},
even sign changes of A\g 41, , An.

Any polynomial Q(uy, - ,ux) which is symmetric with respect to the canonical S, x --- X
S,.. action is Wy-invariant, and therefore represents a cohomology class on FI9(ay, -, as;2n).
4.2 Torus action on FI9(ay, - ,as;2n)

As is discussed in Section 2, the fixed point set of the action of S on FI(ay,--- ,as;2n) is

{wH € K/H |w € Wk}, (4.20)

which is bijective to Wk /Wpg. To determine the flag corresponding to wH, we recall the

following notation.

Definition 4.1 A k x k matrix M s called a permutation matriz if there exists a permu-

tation o € Sy such that the i-th row of M is €,(;), where

g = (0, ,0,1,0,-,0) (i=1,--- k).
ith

Let Per,, be the set of n x n permutation matrices. One can easily check that for any
element g in Perg,, N { (£ &) | A, B € Myxn(C)1}, g preserves & (here we identify g with the
linear isomorphism that it represents with respect to the basis e1,--- ,ep, f1, -+, fn). Note
that g7g = I, hence if we further require det g = 1 (i.e., g represents an even permutation ),

g must lie in SO(2n;C). We can characterize the condition det g = 1 in the following way.

Note that any g permutes {e1,--- ,en, fi, -+, fn}, and in turn determines a function ¢, :
{1,2,---,n} = {£1,+2,--- ,£n} such that
afs = Vosr 10 &g(0) (4.21)
e_g, (i), 1f ¢g4(i) <O.

Then det g = 1 if and only if

#{i | ¢4(i) < 0,7 € [n]} is even. (4.22)



Equivariant Tautological Integrals on Flag Varieties 475

Any g € Pera, N { (£ %) | A, B € Myxn(C)} satisfying (4.22) lies in the normalizer of the
maximal torus and in turn represents a element w in the Weyl group. This establishes a one-
to-one correspondence between the set of elements in Pera, N { (£ 5) | A,B € M;xn(C)}
satisfying (4.22) and the Weyl group Wy . And under this correspondence, the fixed point wH
is the flag obtained by acting g on the flag (4.2).

By the above description of the fixed point wH, geometrically, the fixed points can be
indexed by the set

F = {(Ila e 7Is; Jla e 7']5) | Iiv Jl C {17 o 7n}a |Il U J1| = TiaIi N ']j = @,VZ,]} (423)
For simplicity, we use (I;J) to denote (Iy,---,Is;J1, -+ ,Js). For any (I;J) € F, the
corresponding fixed point Pr,; is the following flag

| S 72 S Ts
span{ei,fj‘ ter, }Cspan{ei,fj’ 366{]2’ }C---Cspan{ei,fj’ ?EI }, (4.24)

jelJt jeJs

where for any (I;J) € F we denote [P = |J IL,and JP= |J Jn,p=1,---,s
1<m<p 1<m<p
Using this notation, the flag (4.2) is P(g.... 0);({1,- a1}, {ae_1+1,-,a,})- Under the identifi-

cation of \; with 7, the Weyl group Wi acts on the set {£1,---,4+n}, and for any w € Wxk
the fixed point wH is exactly Pr,; such that the image of [a;] under w is w([a;]) = (—1I%) U J,
1=1,---,s. Since the weights of the torus action on the tangent space at wH is obtained by

applying w to the weights of the tangent space at . The weights of the tangent space at Py ;

are
{)\ + X 4,5 e IFUJsi < j}
u{/\ + A lieIsUJs,j¢IsUJ U — A |zeISuJSg¢ISuJS} (4.25)
UNi = A i€ Ly Udpm,j e (IFUJH\I™UJ™), m=1,--- s},

where

~ A ifme Js,
—Am, otherwise.

Similarly, the weights of &;/&;—1 at Pr, are

(=) ljeLug}). (4.26)
For any (S,, X --- X S, )-invariant polynomial, Q(x1,--- ,xy), consider the following integral
Ip(Q) = Qef (E1/€0)"), -+ el ((E/Es=1)")). (4.27)

FI9(ay, - ,as;2n)

By the Atiyah-Bott-Berline-Vergne formula, the above integral can be expressed by the

following summation:

Z Qurur, -+ ,uru,) (4.28)
(I;))eF H (ﬂi+ﬁj) H (u — us ) H H (171' —ﬂj)
i,jETUJT? €I°UJ?, m=1 €L Udm,

i<j GEISUT° FEITUIH\I™UI™)
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where for any ¢ = 1,---,s, if LUJ; = {j1, - ,jr,} (1 < -+ < jr), we use ay,uy, to denote
(U, g, ), where

_— {uj, if j € J;,

7] —uy, otherwise.

To avoid nested subscripts, we simply denote as by k. In the following, we give a second
proof of the following theorem which was originally proved by Zielenkiewicz in [14, Theorem

4.25] using symplectic reduction.

Theorem 4.1

Ip(Q)
Qz1,--+y2k) [1(27 = 23) ﬁ Z; [1 (zi — 2zj)

> i=1 1<m<s

2k Ao — 1<j<am
= (~1)f - Resw . 1Ss dz.  (4.29)
ril-orgl n
[T I (25 — wi)(zj + wi)
i=1j=1
To prove the theorem, we make some preparations. Let
> o 2
Q(zh"' 7Zk)H(Z'L _Zg) _l:llzi 1__[1 H - (Zl_zj)
fz) = e . (4.30)
-H1 Hl(zj — ui)(z5 + ug)
1=17=

It is obvious that the set of poles of f that contributes nonzero residues can be identified with
P=A{(e,v) |e:[k] = {-1,1},v: [k] = [n],v injective}, (4.31)

where any (g,v) € P corresponds to the pole (z1,---,2x) = (e(1)uyr), -+ ,e(k)uym)). There
is a canonical projection
Tm:P—=F (4.32)

which sends (e,v) to (I,J) = (I1, -+ ,Is; J1, -, Js) € F, where
Ly = v([am] \ [am-1] N e (=1)),  Jm =v([am]\ [am_1]Ne"1(1)), m=1,---,s. (4.33)

The symmetric group Sy acts on P via acting on [k], and its subgroup S,, x --- x S, acts
transitively on each fiber of m. In particular, |P| = ri!---r!|F|. A key observation that will
be used in the proof of Theorem 4.1 is that the residues of f are the same at poles in a single
fiber of m. This follows from the fact that f is S, x --- x S, -invariant. To see this, we rewrite

f as follows

k
Q(z1,--+2k) [T(zi = 25) [1(zi + 25) [T 2
f(Zl,"' 72]{;) _ ~ i#£] - 1< i=1 . (434)
IT T1 (25— wa)(z5 +us) 11 I[I  (z—%)
1=175=1 m=1am_-1+1<i<am,

am+1<j<k
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Then the S,, x --- x S, -invariance of f follows from the S;, x --- x S, -invariance of

11 I G-z

M=1 a1 +1<i<am,

am+1<j<k
which is obvious since
H (2i — 25)i8Sy,, X Sy i1 4egr, — inVGTIGNL.
am—1+1<i<am,
am+1<j<k

Now we are ready to prove Theorem 4.1.

Proof of Theorem 4.1 By the residue theorem, (—1)*Resw f(2)dz = Y Res,f(z)dz.
peP
Using the S, x --- x S, -invariance of f, we have

Z Res, f(z)dz = Z ri!---rg!Res;, , f(2)dz, (4.35)

peP (I,))eF

where 27,7 is a pole of f such that 7(2;7,7) = (1, J) € F. We can compute Res., , f(z)dz directly

Res., , f(z)dz

Q21,5 zi) [1(zi — 25) [1 (2 + 25)

Zi
i#£] i<j i
dz

G- +u) T T Gi-2)

[f=E

i=1j5=1 m=1 am_1+1<i<am,
am+1<j<k
Qunus, - urug,) I (@—u;) [ (@+u;) I (@)
i,5€I°UJT? i,jEI°UJT? elsuJs
i#] i<j
[T TG =)y +u)- 28 JT (@) I1 I1 (Ui — uy)
jelsuJs i=1 ielsuJs  m=1 €10 U,
i#] eI UTH\NI™UIT™)
_ Qurur, -+ ,urur,)
- L .
28 I1 (W+wy) I (uf—wuf) I1 [1 (; — )
ijer*ug® igI°uJ m=1 i€l Udy,
i>j JEI*UJ® FEITUTHNI™UIT™)

Substituting the last expression into (4.35) and comparing with (4.28)—(4.29) follows.
Taking lin% in (4.29), we have the following corollary.
uU—r

Corollary 4.1 Let ua, 41, - ,Ua, be the Chern roots of (E,/Ep—1)*, then

/ Q(ulv"' ,Uk)
Fl9 (a1, ,as;2n)
Qz1,- -+ z) [1(27 = 23) I1 (2i — )

E i>j 1<m<s
A —1<i<Jj<am
2n—1

= ———Res.— dz. (4.36)

roleeerg! (21 2k)
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5 Flag Varieties of Type B

5.1 The flag varieties of type B

Consider the vector space C?"*! and let & be a nondegenerate symmetric bilinear form on

it. We denote by FI® = FI%(ay,--- ,as;2n + 1) the flag variety parametrizing the isotropic
flags

0=EyCFE, C---CEy, cC¥H! (5.1)
satisfying dim¢ F; = a;, ¢ = 1,--+ ,s. Unlike the type D case, Flo(al, <L ag2n+ 1) is always
connected.

Fix a basis g,€1," 7en7.fla' o 7.f’n. of C*"*! such that G(e’i?ej) = G(flafj) = 6(gaf’b) =
S(g,e:) =0,6(e;, fj) = dij, ©(g,9) = 1. With respect to this basis, & has the following matrix

representation:

1 (5.2)

where I is the n x n identity matrix. Let SO(2n + 1; C) be the group of linear isomorphisms of
C2n+1! preserving &. SO(2n +1;C) acts on FI9(ay,- - ,as;2n + 1) transitively, and we denote
by Pq, ... ,a, the isotropy group at the following flag

span{fi---, fa,} Cspan{fi---, fo,} C--- Cspan{fi---, fo,} C C*". (5.3)
With respect to the basis g,eq,- -, en, fi, -+, fn, matrices in P,, ... o, take the following form
c a 0 p
7 A 0 e
LA 2.0 B s, (5.4)
5t : O U vV pas
z 0 W o,
as n — ag
where «, 8,7, 0 are row vectors and U is a block upper-triangular matrix
U, * *
RRRT (5.5)
Us

with U; € M,,«.,(C). In this way, we identify FI%(ay,--- ,as; 2n+1) with SO(2n+1;C) /Py, ... a.-
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Denote the Lie algebras of SO(2n + 1;C) and P,, ... o, by g and p, respectively. Then g

T

consists of the matrices of the following form

where C' and D are skew-symmetric matrices.

Let T' be the maximal torus in SO(2n + 1;C) consisting of the matrices of the following
form

diag(1,t1, - tn, b7t "), H€C i=1,.,n
and let t be its Lie algebra. Choose an ordering on t* such that the simple roots of SO(2n+1; C)
are
)\1 _A27"' 7An—1 _Ana)\na (57)

where \;(X) = X;, VX = diag(0, X1, -, Xp, —X1,---,—X,) € t, 1 < i <n. Let n; be the
j-th simple root in (5.7). By a direct computation, one can show that the parabolic subalgebra

associated to 7; consists of the matrices of the following form

j om—j J  n_j

0 car a0 D

o R
n—ill =g B C o G | (58)

G| ot D UE T LA e

n—j{\-a : =B F 0 —Ct

where A, B,C, E are arbitrary matrices of given sizes, D, F, G are skew-symmetric matrices

and aq, ag, B are row vectors. Hence P, ... 4. is exactly the parabolic subgroup associated to

Nays - 5 Na., and its Lie algebra p consists of the matrices of the following form
as n—as %4 N —ag
0 far ‘a3 i 0 B
ad GTEA Ty o
n—afl -t . B C .0 G |> (5.9)
ard ORI A PR (R
n—a{\ -y *-E* F 1 0 -C!

where D, F,G are skew-symmetric matrices, B,C, E are arbitrary matrices whose sizes are

indicated in (5.9) and A is a block lower triangular matrix

A
* (5.10)
A,
with A; € M, «r,(C). By (5.9) the weights of the adjoint representation of P,, ... o, on g/p are:
{)\i+/\j|1§i<j§as}
U{)\ij:/\j|1§i§as,as+1§j§n} (511)

Ui — A lamar+1<i<am,am+1<j<as,m=1---,s—1}
U{)\i|1§i§as}.
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By (5.11), we have
dim FI1°(ay, - ,as;2n+1) = <a25) +2a5(n —as) + Z rirj + as. (5.12)
1<i<j<s

The quotients of the universal bundles can be written as homogeneous vector bundles in the

following way. Let 7; be the representation of F,, ... ,, on C™ given by
mi(g)(w) =U; -v, YveCr (5.13)

for any element g € P,, ... 4. in the form (5.4). Then we have

s

5i/(€i_1 = 50(2717 (C) XPal,m Las T (G (514)
Hence the Chern roots of &;/&;—1 are —ugq, ,+1," " , —Uq,, Where
1
U; = 7)\1'.
2my/—1

Let K be a compact real form of SO(2n + 1;C), H = KN P, ... o, and S = K NT be
the common maximal torus of K and H. Let Wy and Wg be the Weyl groups of K and H

with respect to S. By a direct computation, Wi is generated by all permutations of A, -+, A,
and all sign changes. Wy is generated by permutations of {Aa, ,+1, " ,Aa; 1,0 = 1,5,
permutations of {\, 41, -+, A, } and all sign changes of A 41, , Ap.

5.2 Torus action on FI®(ay, -+ ,as;2n + 1)

As in Section 4, the fixed points of the torus action are also indexed by the set F. For any

(I; J) € F, the corresponding fixed point P, is the following flag

iel, }Cs an{e» f‘ i€l }C---Cs an{e» f‘ rer }
j€J1 p l?ijJZ 1% l?]jejs

The weights of the tangent space at Pr.; are

span{ei, [ (5.15)

i+ A i, jel uJsi<j}

Ui+ A i elPUds,jg IFUJyU{N — A |ielsUJs j¢lsuJs)
U{Ni = Ajli € Ly Udpe,j € (ISU TS\ (I UJ™),m=1,---, s}

U{\ |ieIsUJs}

(5.16)

and the weights of £;/&_1 at Pr,; are
{—Xj | j e l; U Jl} (517)

For any (S,, X - -+ x S, )-invariant polynomial Q(z1,--- ,2j), we again use Atiyah-Bott-Berline-

Vergne formula to express

I5(Q) = Qel (E1/€0)7)s- -+ el (/&) ),

F10

el (Es/Es=1)")s s er ((Es/€s-1)")), (5.18)
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as sums over fixed points

Z Q(ﬂi;iEISUJS) (5 19)
@mner [T @+a) I (uf—u3) I1 I1 (W —wy) [1 (@)
i,jE€I*UJ®, i€l*UJ?, m=1 €L Udm, ielsuJs
1<J jg¢r°uJ® JE(I*UJH\I™UJ™)

To avoid nested subscript, we again denote as by k. By modifying the proof of Theorem 4.1
slightly, one can prove (see [14, Theorem 4.26]) the following theorem.

Theeorem 5.1

I5(Q)
Qv [IE-H I T (a-2)

2k M= a1 +1<i<j<am

= (-1 “Reso dz.  (5.20)

1>7
rleoor n ok
’ [T I1 (25 —ui)(z +us)
i=1j=1

Taking lin% in (5.20), we have the following corollary.
u—r

Corollary 5.1 Let ua, 41, " ,Ua, be the Chern roots of (,/Ep—1)*, Then

/ Quy, -+ ,ug)
Fl9(ay, - ,as;2n)
Qzr,---z) T1 (27 — 23) [1 (zi — %)

& i>] 1<m<s
Am—1<i<j<am

= 7'Reszzo

Tl!...rs (Zl,,,zk)Qn

6 Flag Varieties of Type C

6.1 The flag varieties of type C

Consider the vector space C?”, and fix a nondegenerate skew-symmetric bilinear form & on

it. Denote by FI° = FI%(ay,--- ,as;2n) the flag variety parametrizing the isotropic flags
0=Ey,CFE,C---CE,CC?, (6.1)
satisfying dimc E; = a;, i = 1,--- ,5. FI%(a1,--- ,as;2n) is always connected.

Fix a basis e1, -+, ey, f1, -, fn of C?" such that S(e;, e;) = 0= &(f;, f;), S(e;, fj) = bij.
With respect to this basis, © has the following matrix representation

o

where I is the n x n identity matrix. Let Sp(2n;C) be the group of linear isomorphisms of C2"
preserving &. Sp(2n;C) acts on Fl%(ay, -+ ,as;2n) transitively, and we denote by Py, ... ..
the isotropy group at the following flag

span{fi -, fa,} Cspan{fi---, fa,} C - Cspan{fi---, fa,} C C*". (6.2)
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With respect to the basis e1,- -, en, fi, -+, fn, matrices in P, ... 4, take the following form
as n— as
4 0 By \)as
........ 0. B n—as (6.3)

where U is a block upper-triangular matrix
Ul * *

- (6.4)
=

with U; € M, «»,(C). In this way, we identify FI®(a1,- - ,as;2n) with Sp(2n;C)/Pa; ... a. -
Denote the Lie algebras of Sp(2n;C) and P, ... o, by g and p, respectively. Then g consists

(é‘, _it) , (6.5)

where B and C' are symmetric matrices.

of matrices of the following form

Let T be the maximal torus in Sp(2n;C) consisting of matrices of the following forms
diag(ty, - b, t7 Y- 7Y, t€Cr i=1,---,n,

and let t be its Lie algebra. Choose an ordering on t* such that the simple roots of Sp(2n;C)
are
A1 _)\27"' 7)\11—1 _)\n72ATLJ (66)

where A\;(X) = X;, VX = diag(Xy, -, Xy, — X1, ,—X,,) € , 1 < i < n. Let n; be the
j-th simple root in (6.6). By a direct computation, one can show that the parabolic subalgebra

associated to 7); consists of the matrices of the following form

o A ey
i</ A 0 : 0 0
n—j4 B C: 0 G (6.7)
il D E VAT It |
n—j{\ E! F 0 —Ct

where A, B,C, E are arbitrary matrices of given sizes and D, F, G are symmetric matrices.

Hence P,, ... 4, is exactly the parabolic subgroup associated to 7,,, -+ ,74,, and its Lie algebra

s

p consists of the matrices of the following form

Qg n—ag a n—ag

as/ A 00 0
n—ad B C ‘0 G (6.8)

as{l D E : —A" —Bt
n—as\ E! F - 0



Equivariant Tautological Integrals on Flag Varieties 483

where D, F, G are symmetric matrices, B, C, E are arbitrary matrices whose sizes are indicated

in (6.8) and A is a block lower triangular matrix

Ay
s (6.9)
* x  Ag

with 4; € M, xr,(C). By (6.8) the weights of the adjoint representation of P,, ... ,, on g/p are

{2)\1'|1§i§a5}U{/\i+)\j|1§i<j§a5}
UM N | 1<i<asa,+1<j<n} (6.10)
UAhi — A lamar+1<i<am,am+1<j<as,m=1---,s—1}

By (6.10), we have

dimFlS(al, S ag;2n) = (C;S) + 2a5(n — as) + Z i + as. (6.11)
1<i<j<s
By a similar argument as in Section 4, the Chern roots of & /&;_1 are —uq, 41, ", —Uq,,

where u; = %—\1/_—1)\1-.
Let K, H, S, Wx, Wy be as in the previous cases. By a direct computation, Wi is generated

by all permutations of Ay,---, A, and all sign changes. Wy is generated by
permutations of {A\s, 41, -, e, }, i=1,--- s,
permutations of {Ag 41, , An},
sign changes of A 41, , An.
6.2 Torus action on Fl%(ay,--- ,as;2n)

As in Section 4, the fixed points are also indexed by the set F. For any (I,J) € F, the
corresponding fixed point Py ; is the following flag

iel, i€l z’eIs}

span{ei,fj‘ jet } C span{ei,fj’ je g } C---C span{ei,fj’ je s (6.12)

The weights of the tangent space at Pr ; are

(N lie PUTFU{N + Ay | 4,5 € IP UJ*, i < j}
Ui+ A i €eTfUJs, @ IsUTYU{h =\ |ie P UJs j ¢ I U} (6.13)
U{Ai = Aj [i €L Udp,j € IPUJ)\(IMUJT™),m=1,--- s},

where

Am =

~ Ams ifme J?,
—Am, otherwise.

Similarly, the weights of &;/&;,_1 at Pr_j are

{—Xj | j e l; U Jl} (614)
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For any (S, X ---x .S, )-invariant polynomial Q(x1,--- ,zx), by the Atiyah-Bott-Berline-Vergne
formula, the following integral
Ic(Q)
= Q(e] ((E1/€0)" )+ s ef (E1/€0)") -+ el ((Es/Es=1)")s-++ st ((Es/E6-1)7))  (6.15)

Fis

can be expressed as the sums over fixed points

2

(I,J)eF
w1 € I°U J*
x Qi ) — . (6.16)
[T @tw) I (uf-uf) I I (@ —uy) IT (2ui)
i,jEI*UJT?, iel*UJ?, m=1 i€l U, ielsuJs
1<j JEIUIT JEIUIHN\NUI™UI™)

Note that this expression differs from (5.19) only in the factor 2%, where as before k = as.
Hence by dividing 2* in Theorem 5.1 and Corollary 5.1, we immediately obtain the correspond-
ing formulas for FI%(ay,--- ,as;2n) (see [14, Theorem 4.22)).

Theorem 6.1
( 1)k Q(Zl,... ,Zk) (zQ_ZJQ-) Hl H (Zi_zj)
- i m=1a,,_ <i<j<am
Ie(Q) = — TResoo = k BEEASE dz. (6.17)
rilorgl n
[T TI (25 — ui)(z) + ui)
i=17=1
Corollary 6.1 Let ua, 41, - ,Uq, be the Chern roots of (£,/Ep-1)*. Then
/ Qur, -+ ,ug)
Fi5(ay, - ,as;2n)
Q21+, 2k) H(zf—z?) 11 (zi — 25)
i>] 1§1_n§_s<
= ————Res.— T SR dz. 6.18
rile-orgl 92=0 (21 25)2" z (6.18)

We remark that the absense of 2% in these two formulas is caused by the presence of the

weights 2);,4 = 1,--- , k in the adjoint representation.

7 Reprove Darondeau-Pragacz’s Formulas

In this section, we use our nonequivariant formulas (4.36), (5.21) and (6.18) to reprove the
formulas (in the case that the base manifold is a single point) in [7]. To state the formulas in
[7], for any monomial m and any laurent polynomial f, we denote by [m](f) the coefficient of
min f.

The formula for flag varieties of types B and D in [7, Theorem 3.1] is

/Fm( ..,as;m)Q(ul’”' Ju) = 2V [ "'sz](Q(zlw- ) ] —zf»)), (7.1)

1<i<j<k
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where m = 2n or 2n+1, e; = m—1—1 and ¢ is determined by the equation j = k —a; + i with
le{l,---,standie{1l,---,r}.
The formula for flag varieties of type C in [7, Theorem 2.1] is

/ Qur, - u) = o524 (Qa o2 [ GF=2D),  (72)
Fls(ll17' 7(15;271) 1§Z<]SI€

where e; = 2n — i and ¢ is determined by the equation j = k —a; + ¢ with [ € {1,--- , s} and
1€ {1,--- ,T‘l}.

We only give the proof for the Grassmannian OG(k;2n) = FI(k;2n) since the other cases
are essentially the same. In the case of OG(k;2n), the formula (7.1) takes the following form

Q(U P ,Uk) = 2]6[2,2”—22,2”—3_._2,2”—1—/6] Q(Z P ,Zk) (212 _ZQ)
Frn @ P Qe w e - )

i<j
Q(z1, , 21) I_I(Zz2 - ZJ2)
Rl N

However, by (4.36), we have

o Qzr,---,21) [1(27 = 23) T1 (21 — 2))

> i<j
U, -, U :_RGSZ:
/OG(k;2n) Qs ) k! 0 (o1 zp) 21
g QG ) [ -2
—_ . 1<J L
=% Res.— (21 2)2n 1 E(Zz 2j). (7.4)

We are going to show the right hand sides of (7.3) and (7.4) are equal. Since the right hand

sides of (7.3) and (7.4) both vanish unless deg(Q) = dim OG(k;2n) = (g) + 2k(n — k), we
Q(le"' )Zk) H(ZE_Z?)

assume deg(Q) = (;) +2k(n—k). Let f(z1,--,2k) = S . By

(z1:-21)?" 1

1 oz - 2t
[[e-z)=: + = |
i>j 1 2z - Z’;—l
we see that
FGatys s 2omy) = (1B fz, o 2). (7.5)
In particular, for any monomial z{" - -- 27", we have
(220, 2 () = (—1JE @2, (7.6)

Also note that
H(Zi —z) = Z (1220 1y 202 - Zg(_kl) (7.7)
i>j oSk
Hence the right hand side of (7.4) equals
2% ~ 1 -2 k
E (_1)sgn(0) [Z;(l)ZJ(Q) .. Z;(k)](f)7 (78)
€Sk
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which by (7.6) equals
k
% D lerte e 2 M) = 28 e 2 M) (7.9)

The proof is completed.
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