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The Logarithmic Sobolev Inequality for a Submanifold in
Manifolds with Nonnegative Sectional Curvature*
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Abstract The authors prove a sharp logarithmic Sobolev inequality which holds for com-
pact submanifolds without boundary in Riemannian manifolds with nonnegative sectional
curvature of arbitrary dimension and codimension. Like the Michael-Simon Sobolev in-
equality, this inequality includes a term involving the mean curvature. This extends a
recent result of Brendle with Euclidean setting.
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1 Introduction

In 2019, Brendle [5] proved a Sobolev inequality which holds on submanifolds in Euclidean
space of arbitrary dimension and codimension. The inequality is sharp if the codimension is
at most 2. Soon, he (cf. [6]) proved a sharp logarithmic Sobolev inequality which holds on
submanifolds in Euclidean space of arbitrary dimension and codimension at the same year. In
2020, he (cf. [3]) extended the result of the Sobolev inequality to Riemannnian manifolds with
nonnegative curvature which gives the asymptotic volume ratio due to the Bishop-Gromov vol-
ume comparison theorem. Inspired by [3—4, 6], we extend the result of the logarithmic Sobolev
inequality to ambient Riemannian manifolds with nonnegative sectional curvature under an
assumption.

Let (M, g) be a complete noncompact Riemannian manifold of dimension k& with nonnegative
Ricci curvature. Define the asymptotic volume ratio of M:

0 = AVR(M, g) = lim 5-?)]

r—oo  wirk

for some (any) fixed point p € M, where B, (p) denotes the geodesic ball in M, |B,(p)| denotes
its volume and wy denotes the volume of the unit ball in R¥. By Bishop-Gromov volume

comparison theorem, the limit exists and 0 < 6 < 1. Moreover, by L’Hospital’s rule,
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Manuscript received October 31, 2021. Revised December 30, 2022.

1School of Mathematical Sciences, East China Normal University, Shanghai 200241, China.

E-mail: 52195500013@stu.ecnu.edu.cn  zhyu@math.ecnu.edu.cn

*This work was supported by the National Natural Science Foundation of China (No. 12271163), the
Science and Technology Commission of Shanghai Municipality (No. 22DZ2229014) and Shanghai Key
Laboratory of PMMP.



488 C. Y. Yi and Y. Zheng

We have the following result.

Theorem 1.1 Let M be a complete noncompact Riemannian manifold of dimension n+m
with nonnegative sectional curvature and Euclidean volume growth (i.e., § > 0). Let ¥ be
a compact n-dimension submanifold of M without boundary, and let f be a positive smooth

function on %. Then

/ (1ogf+n+ log(47r)+1og9)dvo1 /|ij|2

b
/fdvol log /fdvol

where H denotes the mean curvature vector of 3.

dvol — / fIH|*dvol
b

Minimal submanifolds have been studied for hundreds of years. We refer the readers to
[11, 17]. One of the topic is the nonexistence of closed submanifolds. For codimension 1,
Kasue [15] and Agostiniani, Fogagnolo and Mazzieri [1] have got the nonexistence of closed
minimal hypersurfaces in complete noncompact Riemannian manifolds with nonnegative Ricci
curvature and Euclidean volume growth. For higher codimension, Chen [8] have obtained
the nonexistence of closed minimal submanifolds of any co-dimension in R™. For complete
noncompact Riemannian manifold with nonnegative sectional curvature, we have the following

two equivalent results which have not been found in the literatures by us until now.

Corollary 1.1 If (M,g) is a complete noncompact Riemannian manifold of dimension n
(> 2) with nonnegative sectional curvature and Euclidean volume growth (i.e., @ > 0), then

there does not exist any closed minimal submanifold in M.

Corollary 1.2 Let (M,g) be a complete noncompact Riemannian manifold of dimension n
(> 2) with nonnegative sectional curvature. If there exists some closed minimal submanifold of
some co-dimension k in M, then M does not have mazimum volume growth, i.e., AVR(M, g) =
0.

Remark 1.1 The above two corollaries can be deduced from Brendle’s paper [3]. Indeed,
for co-dimension m > 2, assume that (M, g) is a complete noncompact Riemannian manifold of
dimension n+m with nonnegative sectional curvature and Euclidean volume growth (i.e., 6 > 0)
and ¥ is a closed minimal submanifold of M of dimension n, taking f =1 in [3, Theorem 1.4],
we obtain that 0 > n(%ﬁ,ﬁlm) |E| n > 0 which is a contradiction. For co-dimension
1, by the same method, one can deduce the conclusion from [3, Corollary 1.5] since the corollary
also holds in the co-dimension 1 setting which has been mentioned in the paragraph behind [3,

Corollary 1.7]. We will give a proof of Corollary 1.1 in Section 4 by using Theorem 1.1.

The logarithmic Sobolev inequality has been studied by numerous authors (cf. [9, 12, 14,
16]). Our proof of main result, Theorem 1.1, is in the spirit of ABP-techniques in [3, 6]. ABP-
techniques have been applied to various classes of linear and nonlinear elliptic equations in the
Euclidean space for a long time. Due to some difficulties, it was not until 1997 that Cabré [7]
developed them to Riemannnian manifolds.

This paper is organized as follows. In Section 2, we give some properties of the asymptotic
volume ratio. In Section 3, we give the proof of Theorem 1.1. In Section 4, we give the proof
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of Corollary 1.1.

2 Preliminaries

In order to make it convenient to use the asymptotic volume ratio, we get the following two
results.

Lemma 2.1 Let M be a complete noncompact Riemannian manifold of dimension k with

nonnegative Ricci curvature. Then

lim ((4#)_§r_k/ o 5E dvol(x)) =0
M

r—00

for any point p € M.

Proof Given a fixed point p € M, let B¥ denote the ball of radius s centered at the origin
in R*. By Bishop-Gromov volume comparison theorem (cf. [10, Chapter 1, §11.2]), we have

Okwys" 1 = 0|0BY| < |0B,(p)| < |0B*| = kwys" !

for all s > 0. By co-area formula, we get that

o ) 22
M 0 0B;(p)

o0 52
= / (4wr2)_%e_m|ﬁBs(p)|ds.
0

2
Since [p (47‘1’)_%6_%(1?; =1, we have

y 2
0=20 (47r7“2)_%e_ e dy
Rk

oo 52
= 9/ (47Tr2)_§e_m|8B§|ds
0

S/ (4mr?) 5”57 |9B,(p)|ds
0

z, 2
= (477)_%7“_’“/ 2 dvol(z).
M

We conclude that

_d(z.p)?

0 < liminf ((477)_%7“_’“/ e ar? dvol(:z:)).
M

T—00

On the other hand, since lim %
5—00

S0 = so(e) > 0 such that

= 0, for any ¢ > 0, we can find a positive number

|0B;(p)|

Tonsh 1 <O+e¢

for s > sg. Thus

z, 2
(47T)_§T‘_k/ o5 dvol(x)
M

:/ (/ (4#)_§r_ke_;7dvol)ds
0 OB (p)
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S0

— o S — —

52 o0 52
(m?)-%e-maBs(pﬂdH/ (47r?) "% e~ 42 |0B,(p)|ds
S0
50

52 o0 52
< (4wr2)_%e_mkwksk_lds+ (9+6)/ (47Tr2)_§e_47_~2kwksk_lds
s0
% 2\ k =2 k-1 OO 2y k =2 k-1
< (Arr2)~"2e” a7 kwys; ds—l—(ﬂ—!—a)/ (4rr®)~2e” 2 kwis™ 'ds
0
50 1 2 ko lyl?
= (4mr?)~ 20~ oz kwysk—1ds 4 (9+£)/ (4rre)~2e a2 dy
Rk

S0

4rr?)~5e 4r2kwks “tds+ (0 +¢).
0

Taking lim sup on both sides of the above inequalities, we have
T—00

T—00

x,p 2
lim sup ((47T)_§7‘_k/ o~ dvol(x)) <0+e.
M

Letting € — 0, we get that

lim sup ((477)‘%“"“/ 2 dvol(z )) 0.
M

T—00

Thus, the limit lim ( ke (z)) exists, and

lim ((4#)_§r_k/ e—d(ff;g) dvol(x)) = 0.
M

™00
Then, the lemma follows.

Lemma 2.2 Let M be a complete noncompact Riemannian manifold of dimension k with

dCe.p(2))?
T dvol(z)) ezists,

nonnegative Ricci curvature. Then the limit hm ( ka

and

x,p(x z,D 2
lim ((47)_%7"_k/ e T = a4 dvol(x )) = lim ((47T)_§T'_k/ T dvol(x))
M M

rT—00 rT—00

for any point py € M, any compact subset K C M and any Borel map p: M — K.

Proof Given a fixed point pg € M, a compact subset K C M and a Borel mapp: M — K,

define a nonnegative constant
C = sup{d(po, p()) : x € M}.

For any £ > 0, by triangle inequality we have

_d,p@)? _ d(@po)® d(z,p(x))?
4r2 4r2 d(x,po)?
_d(x,p0)®  |d(x, po) + d(po, p(x))?
472 d(x,po)?

d(z, po)? d(po,p(x))\2
- et
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d(x,p0)2 9
>~ - 7
12 (14 C¢)

for all x € M \ B.-1(pp). Similarly, we have

_ d(xap(x))Z < _d(il',po)2
42 - 472

(1 — Ce)?

for all z € M \ B.-1(po). Thus,

(1 + Ce)~*liminf ((47T)_§T'_k/ o 5% e dvol(z ))

T— 00
M

= lim inf 2
’ k/ s (1+C2% dvol(a ))
M\B_-1 Po)

T—00

= lim inf
T— 00
£

z,p(x))?
k/ _dlaaGn? dvol(:z:))
M\B_-1 Po)
k/ - _dep@n? dvol(x ))
M

k/ d(r po) (1— Cs)zdvol( ))
M\B, po)

k/ o d(r po) (1— Cs)zdvol( ))
M

=(1 — Ce) *liminf ((477)_%7"_7“/ o 5% pO) dvol(z ))
M

T—00

T—00

=liminf
T— 00

< lim inf
T— 00

=liminf
T— 00

()
()
<lim inf ((477
(@)
(@)
(@)

Letting € — 0, we conclude that

lim inf ((4#)_§r_k/ e pO) dvol(z )) = lim inf ((4#)_§T_k/ — e dvol(z ))
M M

T—00 T—00

Similarly, we have

(pg)?
lim sup ((4#)‘%““/ o N5 dvol(z)
M
k

r—00 r—00

Eo_

x,p(x 2
= limsup ((4#)_§r_k/ N dvol(x)).
M
By Lemma 2.1, the limit lim ((47)~2r d
T—00

d(z,p(2))>
/ o a2 vol(x)) exists, and

M

. ko d(z,p(x)? p(z))2 . ko (z :Do)
Tlggo ((47r) 2y k/Me dvol(z )) :rlgrolo ((4#) 2y k/Me dvol(z ))

Then, the lemma, follows.

3 Proof of Theorem 1.1
Recall the definition of the second fundamental form h of 3 with respect to M:
<h(X7 Y), V> = <BXYv V> = _<EXV7 Y>7

where X,Y are tangent vector fields, V' is a normal vector field and D denotes the connection
on M. Moreover, the mean curvature vector H is defined as the trace of the second fundamental
form h.
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We now give the proof of Theorem 1.1. We first consider the special case that ¥ is connected.

By scaling, we may assume that

s g2
/flogfdvol—/ V=1 dvol—/f|H|2dv01=0.
) s f =

From functional analysis and standard elliptic theory, we can find a smooth function u : ¥ — R
such that

3 r|12
divs(fV>u) = flog f — % — flH?.

In the following, we fix a positive number r. Define the contact set
_ 1 1 2, V)2
A= {(x, y) €T3 ru(z) + §d(x,exp5(rv u(T) + 7))
1
> ru(T) + §T2(|VEU(T)|2 +[71*), vV € E}.
Moreover, we define a map ® : T+X — M by
O(x,y) = exp, (rV=u(e) + ry)

for all (z,y) € T+X.

Lemma 3.1 Suppose that (T,y) € A. Then
d@, @(x,7))* = r*(IV7u@)* + [7°).
Proof Let 5(t) := exp,(rtV=u(T) + rty) for t € [0,1]. From the definition of A, we have
ru(®) + HA(F, exp (T u(®) +19) > ru(®) + (V@ + 7).
Thus, d(Z, ®(F,7))? > r2(|VZu(T)|? + [7|?). On the other hand,

r(IVEu@) + [7°) = 7 (0)

Then, the lemma follows.
Lemma 3.2 ®(A) = M.

Proof Fix a point p € M. Since X is compact without boundary, the function =
ru(z) + %d(gc,p)2 must attain its minimum at some point denoted by T on . Moreover, we
can find a minimizing geodesic % : [0, 1] — M such that 5(0) = Z and F(1) = p. For every path
~:10,1] = M satisfying v(0) € ¥ and (1) = p, we obtain
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= ru(y(0)) +
=ru(¥(0)) + E(®),

where E(v) denotes the energy of 4. In other words, the path v minimizes the functional
ru(y(0)) + E(y) among all paths 7 : [0,1] — M satisfying v(0) € ¥ and (1) = p. Hence, the

formula for the first variation implies
7(0) — rVZu(T) € TEX.
Consequently, we can find a vector § € T such that
7 (0) = rV>u(Z) 4 7.

It remains to show (Z,7) € A. For each point x € ¥, we have

ru(x) + %d(x, exp(rV=u(Z) +19))? = ru(x) + =d(z,p)?
d(z,p)*
SFO)P

r(IV=u@) + 7).

> ru(T) +

N =N =

=ru(7(0))

_|_

= ru(T) +

N =

The lemma follows.
Lemma 3.3 Suppose that (T,7) € A, and let §(t) := expx(rtV=u(z) + rty) for t € [0,1].
If Z is a vector field along 7 satisfying Z(0) € T2 and Z(1) = 0, then
r(D3u)(Z(0), Z(0)) — r{h(Z(0), Z(0)),7)
1
+ [ (DizoF - R 020070, 2@)3 20,
0

Lemma 3.4 Suppose that (Z,y) € A. Then g+ rDiu(T) — r(h(ZT),7) > 0.

Lemma 3.5 Suppose that (Z,7) € A, and let ¥(t) := exp (rtV=u(T) + rty) for t € [0,1].
Moreover, let {e1,--- ,en} be an orthonormal basis of TgX. Suppose that W is a Jacobi field
along 7 satisfying W(0) € T&% and (D;W(0),e;) = r(D&u)(W(0),e;) — r{h(W(0),¢;),7) for
each 1 < j<n. IfW(r) =0 for some 0 < 7 <1, then W wvanishes identically.

Lemma 3.6 The Jacobian determinant of ® satisfies
|det D®(z, y)| < r™det(g + rDfu(x) — r(h(z),y))

for all (z,y) € A.

The proofs of Lemmas 3.3-3.6 are identical to Lemmas 3.1-3.3 and Lemma 3.6 in [2],
respectively. We omit them. Lemma 3.3 is needed to proof Lemma 3.4, and Lemma 3.5 is
needed to proof Lemma 3.6. The assumption of nonnegative sectional curvature is necessary.
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Lemma 3.7 The Jacobian determinant of ® satisfies

(2. @ (w.y))2 o
€ —Qy—|detD<I>(x y)| < 7-71+mf( ) ne_%

for all (z,y) € A.

Proof Given a point (x,y) € A, using the identity divs(fV*>u) = flog f — WTNZ — fIH|?,
we have

Asu(e) — (H(z),y) =log f(x) — | ;({E():z;ﬂ )
- S .
—log () + w
C2VEf(@) + f@) V(@) [2H(z) +yP?
1@y ;
<log (@) + VT WE_ [2HE) ol

Using Lemmas 3.4, 3.6 and the elementary inequality A < e*~!, we have
|[det D®(x,y)| < r™det(g +rDiu(z) — r(h(z),y))

— r"+mdet(§ + D3u(z) — <h($)7y>)
prtmet+Asu(e)—(H(z),y)—n

IN

= 2 2 2
< pntmg 2 tlog f(a)+ YT H@ b _ 2@,

n_, _[2H@+y? d@.2(z.)?
:r"+mf(x)eT ng 7 e g

The lemma follows.

By Lemma 3.2, for any p € M, we choose some point (zp,y,) € A arbitrarily such that
®(zp,yp) = p. Using Lemmas 3.2, 3.7 and area formula in geometric measure theory (cf. [13]),
we have

d(rp p d(z,®(x,y))? 0
e “CE dvol(p ( e R A )dvol( )
M M z,y)EA:®(z,y)=p}

/ / — Lolga? ¥)? a7 |detD®(x,y)|1a(x, y)dy)dvol( )
TLE

(
< (/ T (2)e %_"e_wl,q(x,y)dy)dvol(z)
s Nris
</ (/ T (2)e %_"e_‘zH(?HPdy)dvol(a:)
s Nris
_"(47T)%/Ef(x)dvol(x)

where 0 denotes the counting measure. After dividing by 7™, by Lemmas 2.1-2.2 , letting
r — oo on both sides of the above inequalities, we have

(4r) 5520 < 0" (47)% /,: F@)dvol(z).
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Consequently,
+2 log(4m) + log 6 < log (/ fdvol).
2 s

Combining this inequality with the normalization

%2
/flogfdvol—/ Aisti dVOl—/f|H|2dV01=0
) s [ )

gives

[VEfP

/f(logf+n+ﬁlog(47r)+log9)dvol—/ dvol—/f|H|2dvol
b b b

= / f( 1og(4ﬂ') + log 9) dvol

/fdvol log /fdvol

It remains to consider the case when ¥ is disconnected. For completeness, we list Brendle’s
proof (cf. [6]). In that case, we apply the inequality to each individual connected component

of ¥, and sum over all connected components. Since
aloga+ blogb < alog(a+0b)+blog(a+b) = (a+b)log (a + b)

for a,b > 0, we conclude that

/f(logf+n+ 10g(4ﬁ)+log9)dvol /

b
/fdvol log /fdvol

if ¥ is disconnected. This completes the proof of Theorem 1.1.

5 412
|fo| dvol—/f|H|2dvol
b

4 Proof of Corollary 1.1

We prove the corollary by contradiction. Assume that (X, g|s) is a closed minimal k-
submanifold of (M, g). For any positive number ¢, we choose the rescaled metric e2g on M. Then
(M, e2g) is also a complete noncompact Riemannian manifold of dimension n with nonnegative
sectional curvature. Moreover, the asymptotic volume ratio of (M, e2g),

2

B n|BY__
AVR(M, e2g) = lim 1B 00)lezg _ py, 1B ()l = AVR(M, g),

r—00 Wy r™ r—00 wpr™

where B9 (p) denotes the geodesic ball of radius r centered at the point p with respect to some
metric go on M and |- |4, denotes the volume with respect to some metric go on M. So we can
denote both AVR(M, e2g) and AVR(M, g) by 6. Note that (3,e2g|s) is also a closed minimal
k-submanifold of (M, e2g). By Theorem 1.1, choosing f = 1 for (M,e2g), we have

n
(n+ 5 log(4m) +10g0) Slezg)y < [Zlezg) 108(Slezgis ),

Le., S|y > (4m)260e™(> 0), where |32
ric e2g|s on ¥. Note that |¥|.2

g|s denotes the area of 3 with respect to the met-

gls = €"[8lgs. Thus e¥[S],, > (4m)2fe™ > 0 which is a
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contradiction provided that e is chosen sufficiently small. This contradiction completes the

proof.
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