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Existence of Global Solutions to the Nonlocal mKdV
Equation on the Line*
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Abstract In this paper, the authors address the existence of global solutions to the
Cauchy problem for the integrable nonlocal modified Korteweg-de Vries (nonlocal mKdV
for short) equation under the initial data uo € H*(R)NH"*(R) with the L (R) small-norm
assumption. A Lipschitz L?-bijection map between potential and reflection coefficient
is established by using inverse scattering method based on a Riemann-Hilbert problem
associated with the Cauchy problem. The map from initial potential to reflection coefficient
is obtained in direct scattering transform. The inverse scattering transform goes back to
the map from scattering coefficient to potential by applying the reconstruction formula and
Cauchy integral operator. The bijective relation naturally yields the existence of global
solutions in a Sobolev space H*(R) N H"!(R) to the Cauchy problem.
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1 Introduction and Main Results

In this paper, we establish the global existence of solutions to the Cauchy problem for the
nonlocal mKdV equation

ut(t, ) + Ugaa(t, ) + 60u(t, x)u(—t, —z)uy(t,z) =0, (1.1)
u(0, ) = uo(w), (1.2)

where ug € H3(R)NHY*(R) and o = +1 denote the focusing and defocusing cases, respectively.
The nonlocal mKdV equation (1.1), introduced in [1-2], can be regarded as the integrable

nonlocal extension of the classical mKdV equation
we(t, ) + Upga(t, ) + 60u>(t, 2)uy(t, z) = 0. (1.3)

By replacing u?(t, x) with the PT-symmetric term u(t, z)u(—t, —x) (see [3]). In physical appli-
cation, the nonlocal mKdV equation (1.1) possesses delayed time reversal symmetry, and thus
it can be related to the Alice-Bob system (see [4]). For instance, a special approximate solution
of the nonlocal mKdV was applied to theoretically capture the salient features of two correlated

dipole blocking events in atmospheric dynamical systems (see [5]).
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There is much work on the study of various mathematical properties for the nonlocal mKdV
equation (1.1). The N-soliton solutions to the nonlocal mKdV equation (1.1) with zero bound-
ary conditions were constructed by using the Darboux transformation and the inverse scattering
transform, respectively (see [7-8]). Further the Riemann-Hilbert (RH for short) method was
used to construct N-soliton solutions for the nonlocal mKdV equations (1.1) with nonzero
boundary conditions (see [6]). The long-time asymptotics to the nonlocal mKdV equation (1.1)
with decaying initial data was investigated in [9] via the nonlinear steepest-descent method
developed by Deift and Zhou [10]. Recently, we obtained the long time asymptotic behavior
for the Cauchy problem of the nonlocal mKdV equation (1.1) with nonzero initial data in the
solitonic regions by using the d-steepest-descent method (see [11-12]). This method, introduced
by McLaughlin and Miller (see [13—-14]), has been extensively used in the long-time asymptotic
analysis and the soliton resolution conjecture of some integrable systems (see [15-24]). Howev-
er, the existence of global solutions to the Cauchy problem (1.1)—(1.2) for the nonlocal mKdV
equation is still unknown to our knowledge. A technical difficulty of proving global existence of
the nonlocal mKdV equation (1.1) comes from the fact that the mass and energy conservation
laws to (1.1) do not preserve any reasonable norm and may be negative. As we know, the mass
and energy conservation laws of the classical mKdV equation (1.3) are the key point to obtain
a priory estimates for establishing a unique global solution.

The main purpose in the present paper is to overcome such a difficulty and to establish the
global existence of solutions to the Cauchy problem (1.1)—(1.2) in an appropriate Sobolev space

by applying the inverse scattering theory. Our principal result is now stated as follows.

Theorem 1.1 Let the initial data ug € H3(R) N HY(R) with L*(R) small-norm
1= [fuf gy (1 + 26”1t > 0 (1.4)

such that the spectral problem (2.1) admits no eigenvalues or resonances. Then

e there exists an L* -bijection map between the potential u and reflection coefficients r1 2,
H3R)NH"(R) > u s 710 € HYY(R) N L% (R), (1.5)

which is Lipschitz continuous.
e There exists a unique global solution u € C([0, 00), H*(R)NHY1(R)) to the Cauchy problem
(1.1)~(1.2). Furthermore, the map

H3R)N HYY(R) 3 ug — u € C([0,00); H3(R) N H>(R))

1s Lipschitz continuous.

A key in proving the above result is to establish a Lipschitz L2-bijection (1.5) between
solution and scattering coefficient by using inverse scattering method (see [25-29]). The L2-
bijection (1.5) implies that global well-posdeness of the Cauchy problem (1.1)—(1.2) in the space
H3(R) N HYY(R).

Remark 1.1 Let’s compare the differences between the nonlocal mKdV case and the local

mKdV case during the proof of global well-posedness to the Cauchy problem. Firstly, the mass
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and energy conservation laws to the nonlocal equation (1.1) do not preserve any reasonable
norm and may be negative, which prevent to obtain a priory estimates for establishing a unique
global solution by using general analytical technique. Secondly, in nonlocal mKdV case, the
LY(R) small-norm condition (1.4) not only ensures that the spectral problem (2.1) admits no
eigenvalues or resonances, but also is used to prove the existence and uniqueness of the RH
problem 3.1 via a vanishing lemma. While in the local mKdV case, the corresponding RH
problem can be directly proved by a vanishing lemma without small norm condition on the
reflection coefficient (see [25-26]).

The structure of the paper is as follows. In Section 2, we focus on the direct scattering
transform to the Cauchy problem (1.1)—(1.2). We especially establish the Lipschitz continuous
maps from the initial data to the Jost function and the reflection coefficient. In Section 3, we
carry out the inverse scattering transform to set up an RH problem associated with the Cauchy
problem (1.1)—(1.2), and the solvability of the RH problem is further shown. In Section 4, we
reconstruct and estimate the potential from the solutions of the RH problem on positive half
line R™ and negative half line R™, respectively. We further establish a Lipschitz continuous
mapping from the reflection coefficients to the potentials. In Section 5, we perform the time
evolution of the reflection coefficients and the RH problem. Then, we prove that there exists a
unique global solution to the initial value problem (1.1)—(1.2) of the nonlocal mKdV equation
in the space H3(R) N HY1(R).

2 Direct Scattering Transforms

In this section, we state some main results on the direct scattering transform associated
with the Cauchy problem (1.1)—(1.2). The details can be found in [1-2].

2.1 Notations

To precisely state our main result, we first fix some notations used in this paper.
e Let I be an interval on the real line R and X be a Banach space. C(I,X) denotes the
space of continuous functions on I taking values in X. It is equipped with the norm

1f@)lcax) = Sup 1f (@)l x-
e For the spatial variable x € R, a weighted space L?*(R) is specified by
L25(R) = {f € L*(R) | ()*f € L*(R),s € Z*},

equipped with the norm
[fllz2@) = 1) fll 2wy,
where (z) = (1 + 22)2. We further define a weighted Sobolev space by

HY'(R) == {f|0if € L*'(R), j = 0,1},
equipped with the norm

1
11l zr2 @y = (F 121 gy + 1 ol T2y )
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e For the spectral parameter k € R, define the function space

L**(R) := {r(k) | k*r(k) € L*(R), s € Z"},
HY'Y(R) = {r(k) | r(k), 7' (k) € L*'R)},

equipped with the norm
1
[l (B) |y = (Ir(F)l L2y + |7 ()| 21 m)) 2 -

2.2 Lipschitz continuity of the Jost functions
The nonlocal mKdV equation (1.1) admits the Lax pair

Yy — 1zo3th = Q) (2.1)
Uy — 4203 = (42%Q — 212(Qn — Q%03 + 2Q° — Qua )b, (2:2)

Q= <—Uu(£)t, —x) U(%x)>’ 7= ((1) —01>'

Define the Jost functions 1/ (z, 2) to the spectral problem (2.1) with the following boundary

where

conditions
VE(z,2) ~ 7770 1 — Fo0.
Making a transformation
mi(x, Z) _ wi(ili, Z)e—izwog’

then

lim m*(z,2) =1
r—+o0

and m™* (z, z) satisfies the Voterra integral equations

mi(x,z) = I—|—/ e_iz(y_z)ad‘”Qmi(y,z)dy, (2.3)
+oo
where €243 4 := 73 4o~ 75,

Denote m*(x, z) = [mi(x, z), mi(x,2)] . From symmetry of Lax pair, we can get

mit(xv Z) = UAmQZF(_xv _3)7 in(x, Z) = Amli(_za _E)a (24)

A:(g g).

It can be further shown that functions m (z,2) and m; (, z) are analytic in z € C*, whereas

where

the functions m3 (x, z) and m] (z,2) are analytic in z € C~. Moreover, there is a matrix S(z)
satisfying
mt(z,2) = m™ (z, 2)e**2473 §(2), (2.5)

where
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From (2.5), we deduce

a(z) = det[m{ (z,2), m; (z,2)], 2.6
d(z) = det[m] (z,2), m3 (z,2)], 2.7
b(z) = det[m (z,2), m] (x, 2)]e”2** (2.8)

It can be shown that a(z) is analytic in C* and a(z) — 1 as z — oo in C" while d(z) is analytic
inC~ and d(z) - 1lasz—o0inC

From (2.4) we can get the scattering coefficients satisfying the symmetries

a(z) =a(-2), d(z)=d(-2), c(z)=—ob(—2).

The determinant of S(z) is
a(2)d(z) + ob(2)b(—2) = 1.
In the follows, we prove the existence of m*(x, z). For
f2) = (f1(2), f2(,2))T € L¥(R),

define
(Kuf)(z, 2) / ding(1, e**0=2)Q(y) f(y, )dy. (2.9)

then (2.3) can be written as
(I — K,)mi(z,2) =e;. (2.10)

Then the operator of K, has the following property.
Lemma 2.1 Let u € L*(R), for fized z € C*, I — K,, is an invertible operator in L>=(R).

Proof Notice that z € Ct and
|Kuf(z,2)| < |[(Kuf)i(z,2)] + [(Kuf)2(z, 2)]|
= ‘ / )fldy’ + u(y)e == frdy

< ullpr @y | £l Lo m)»

which implies that K, is a bounded operator in L>(R) for any fixed z € C+.
Similar to the analysis described above, we have for n > 1,

A1 < () el ooy (211)

From the above analysis we know that for any fixed z € C+, K7} is a bounded operator in
L*>°(R) and

n 1 n
| K || oo () — oo (R) < (E)HUHLl(R)ﬂ
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which yields 1 — K, is an invertible operator in L*(R). Moreover,

||(1 — Ku)_l||L°°(R)—>L°°(R) S e”u”Ll(R).

Next, we study the asymptotics of the Jost functions m™*(z, 2).

Lemma 2.2 Ifu € H3(R)N HYL(R), then as |Im z| — oo, for every x € R,

my (x;2) =e1 +py (x)(2i2) 7"+ ¢i" (2)(2i2) 7 + g7 (2)(2i2) 7 + O (=7,
mf(az; z) =es —|—p2i(a:)(21z)_l + qgt(a:)(Ziz)_2 +0(z73),

where
- +oo
@ =[o [ upudy (-] . (212)
- +oo +oo +oo
o[ outpuwin+ [ ut-au) [ ul-su(es)
it = | L . ,
~ovu(-2) ~u(-a) [ u(-yus)dy
r +oo +oo +oo 1
cr/ u(y)32u(—y)dy+/ u(xl)au(—xl)/ u(—xo)u(zs)
+oo
+ u(—y)?uly)*dy
Tt +oo +oo
—|—cr/ u(—xl)u(zl)/ u(—xg)u(xg)/ u(—x3)u(xs)
g1 () = Foo Too - ;
+/ u(—xl)u(xl)/ u(za)du(—x2)
+oo ! +oo +oo
~ou(-z) [ u-guiy—ou-a) [ ulmu(e) [ u-aulz)
+oo
i —u(—ﬂﬂ)/ Au(—y)u(y)dy — u*(—z)u(z) — 00*u(—x) |
r +oo T
pi) = [~utao [ -] (213)

r +o00
—o0u(~z) - u(~2) / u(—y)uly)dy
qzi(z) = * +o0

- [ T u(—yuly)dy + / T (@) | uteutan)

2

Proof We will only to prove the statement for m7 (x;z), while the proof of m7 (z;2) is

similar. Rewriting (2.3) as the component form

mby(a;z) = 1 / w(y)mi, (u; 2)dy,

m;’l (x;2) = U/ eQiZ(y_””)u(—y)mfl(y;z)dy.
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We have proved that for every z € R, mf(x,z) is analytic in z € C*. Noticing that u €
H3(R) N HY'(R) — L which yields (2.3) is bounded for every z € C* and the integrand
converges to e; as |Im z| — oco. Integrating by part and recalling u € H3(R) N HY(R), we can

get
mhi(ei2) =14 50 [ uunmtidr s g [ uwouymtdy
+@%yllwmwww@@+ow*>
wnd m};  o(u(—x)m], — u(x)u(—z)m3)
iy ( 2) = —ou(—z) TAL — i 2 | o(:-%),

2iz (2i2)?
Letting |z| — oo and noticing m{ — e; as [Im z| — oo, we get the expanding formula of

mi(x; 2).
Similar to the above analysis, for a vector function
f@,2) = (fi(x;2), fal;2))" € LP(R) @ LE(R),

we define operators K, and 0,K, as

Kof(z:2) = - / diag(1, **0=))Q(y) f(y, 2)dy,

(O Kouf)(x,2) : /d%om 220\ Q(y) f (4, 2)dy,

respectively. Then we can prove the following lemma.

Lemma 2.3 If w € L?(R), then

0 .
| [ ey
zER T

If w € H3(R), then for everyn =1,2,3,

< . 2.14
2wy S Vllwll L2 () (2.14)

o S VA, (215)

zeR

0o n—1
sup H(le)”/ e B @Yy (y)dy + Z(—?iz)k+13fw(x)‘ Lo
w k=0
If w € L>1(R), then for every xo € RT,
sup H x / e 2@y (y)d H < VTl L2 (2. 4-00)- 2.16
e ) TOLY [RERC T e—. (2.16)

Furthermore, if w € HYY(R), then for every xo € RT,

sup : H (x) [(212) /:O e_QiZ(z_y)w(y)dy + w(a:)] ‘

< VAl s sy (217)

z€(xg,+00 L2(R)
and for every xg € R, we have
sup H(?lz) / (y — z)e_Qiz(z_y)w(y)dy‘ < ﬁ||w||H1,1(R), (2.18)
zeR T L2(R)

where (z) = (1 + 22)2.
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Proof The bounds (2.14)—(2.15) (for n = 1) and (2.16) were given in [27]. It remains to
prove the estimate (2.15) (for n = 2,3) and (2.17)—(2.18). For every € R and z € R, define

f@w)=/‘e”“”mwwmy=/‘em%dx+yﬂy
x 0

Using the Plancherel’s theorem, we have

o0

; 22: - 2d = 2d.
@t =7 [ o+ nPay=r [ o)

x

Furthermore, if € RT,we have

; 22: - 2d =
@2 =7 [ ue+)Pay == [

x

oo

|mm&msﬂw*/w@hmnd%

which yields (2.16).
Integrate by part, we get

2z f(z;2) + w(x) = /f e~ 2@V w(y)dy (2.19)

and
(2i2)2 f(x; 2) + 2izw(z) + Opw(z) = / e_QiZ(m_y)BSw(y)dy.

We then obtain that

00 . 2 o
‘ 212’/ e—21z(m—y)w(y)dy +w(x)HL2 = 7T/ |ayw(y)|2dy

and

o0 2 o0
H(Ziz)z/ e 2= @Y ydy + 2izw(x )—|—8zw(x)HL2 =7T/ |8§w(y)|2dy.

Finally we get (2.15) for n = 2. The case when n = 3 can be shown in a similar way.
Combine (2.16) with (2.19) we can get (2.17). Replacing w with (y — z)w and repeating the

above process, we can get (2.18).

Proposition 2.1 Let u € H3(R) N HY'(R). Then 1 — K, is an invertible operator in
L¥(R) ® L2(R).

Proof The result is easy to get from Lemma 2.1.

Proposition 2.2 Letting u € H?(R), then for every x € R, we have
mE — e € LA(R),
(2i2)(my —e1) —pi € LE(R),
(2i2)*(m —e1) — (2i2)py —4i € LE(R),
(2i2)°(mi — e1) — (212)%py — (2i2)ai" — 97" € LE(R)

(2.20)

and N
my —eg € LE(R),

(2i2)(my —e2) —py € LZ(R), (2.21)
(2i2)*(my — e2) — (2i2)p; — 45 € LE(R).
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If u € HYY(R), then for every x € RT, we have
(2i2)0.mi € L2(R). (2.22)

Proof We only prove (2.20) and (2.22), others can be shown in a similar way. Recalling
that
(1= Ku)my) —e1] = Kyex

and from Proposition 2.1, we know 1— K, is an invertible operator in L°(R)® L?(R). Therefore
mi (z;-) — e € L2(R) if Kyeq(x;-) € L%(R). We write K,e; in the following form

(Kye1)(z;2) = {07 g/:o u(_y)QQiz(y—m)dy}T

By Lemma 2.3, we know

o0
swp | [ Dau-yay) < VFlulie,
rzeR z L2

then
[mi — el < 11— Ku) Hiworzsrearz [Kuer | Loz < clullze.
Similar to the above analysis, we can get
(I = Ku)[(2i2)(m]{ —e1) — pi] = (2iz) Kuer — (I = Ku)py,

where

(I - Ku)p;r = [O, —u(—x) —/ emz(ml_“)u(—xl)/ u(—x2)u(xs)draday

1

Then, we can get
(I = K,)[(2iz)(m] —e1) —pf] = 212/ e M ou(—y)dy + ou(—x)
+/ eZiZ(wl_w)u(—xl)/ u(ro)u(—z2)dzedrr.  (2.23)
x Z1

From Lemma 2.3 again, notice that v € H2(R), then

sup (@) [ e Du(y)dy + ou(-a)| |, < closull

z€R
and
o0 . o0
SupH/ e21z(wl—w)u(_;p1)/ u(—xg)u(xg)dxgdxlu 2 < cfjul|2e,
TER T 1 L

where ¢ is a constant.

Combining with (2.23), we have

< c(llosullze + ullZ2).

sup H / (2i2)e®* @Y gy (—y)dy — (I — Ku)pfeg‘ Lo

zER
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Inserting operator I — K,, on L2(R) ® L(R), we get (2.20)(2.21).
We derive on both side of (2.10),

(1 - K,)0.m{ = (0.K.,)m{,

then, we get
(1- Ku)Bsz = ((’LKU)[m;r —e1]+ 0. Kyeq

and

A. R. Liu and

(I — Ku)(2iz)(9zmiIr = BZKU[(%,Z)(miIr —e1) — pi”] + (2i2)0, Kye1 + azKupf.

By Lemma 2.3, we can get for every zop € RT,

sup [[(x)(my — e1)| 2
z€(x0,00)

o0
<o [ e aupa), < cluln
x

sup [[(@)(2i2)[(m) — e1) — pf]l|2
z€(xp,00)
< CH/ e_ziz(m_y)aau(—y)dpr < cllul|gr.-
Combining (2.24) with (2.26), using Lemma 2.3, we can get

I = Ka)oamf |z < | / 2i(y — 2)ou(—y)e 2 (mf; — 1

+ H/ 2i(y — x)e_mz(””_y)au(—y)dy‘

L2

+

)dy‘

L2

E. G. Fan

(2.24)

(2.25)

(2.26)

(2.27)

<dllullr sup [[@)(my = ez + cflullzen < cllullgra.

z€(xg,00

It follows that from (2.25), (2.27) and Lemma 2.3

I = K@)t 1 < || [ 21ty - a2 ou(-y){(2ia)(mi, - 1) - pi)dy

+ H (2i2) /z h 2i(y — x)e‘mz(m‘%u(—y)dy’

- H/ 2i(y — w)e_Qiz(””_y)UU(—y)pﬁdy‘

L2

L2

L2

<cllullzr sup  [{@)[(2i2)(m] —e1) = p{]llzz < ellull g

z€(x0,00)

Inserting operator I — K,, on L2(R) ® L2(R), we get (2.22). We finally complete the proof of

the lemma.
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We have constructed the following maps

HY' 50— 20,mi(z;) € L?,

HY' 50— 20.m5 (z;-) € L?,
+

H? 5 u— 2(mi(x;-) —er) — 2%pf — 25 — gF € 1,

+

H® 5 u— 22(mi(2;-) — ea) — 2°pF — 25 — g5 € L2

507

Next, we will show this maps and remainder of the Jost function in function space L (R) ®

L2(R) is Lipschitz continuous.

Corollary 2.1 Let u,u € H"'(R) satisfy ||ul|gri@y < U and |[@]| gy < U for some
U > 0, then there is a positive U-dependent on constant C(U) such that for every x € R,

+ +

7 (5 ) = my (@5-) |2 + [0 (23 -) = 1y (3) |22 < CU) u = @ s,

where

my (w;-) = (212)0emy (),

g (z;-) = (2i2)d.ma (2;-).

Moreover, if u,u € H*(R) satisfy ||ul|gsw) < U and ||@|| gs®) < U for some U > 0 then there

is a positive U-dependent on constant C(U) such that for every x € R,

~+ Q:ﬁ:

[ (5 ) = vy (a30) || o + (|5 (25) = 10y (23-)]| 2 < CU)|Ju = ] s,

where

(z;-) := (2i2)3(m

3

Proof From (2.10), we can get

mi —mf = (I = K.) 7 [Kuer — Kyer] + (1= Ku) 7' = (1= Ku) ) Kyer
= (I - Ku) ' [Kuer — Kyer] + (I — Ku) 7 (K, — Ko)(I - K) " Ker,

where

oo
sup || K,e1 — Kyeil|rz = sup H / 22 (y=2) (3, — E)dy‘
z€R z€R T

Using Lemma 2.3 we can get
sup || Kye1 — Kyerllre < csup ||u — 2.
zeR R
Furthermore, for every f € L#(R) ® L°(R),
(K = Ku) fllizorz < Co(U)el et | f]l g p2.
Then, we can get

sup ||mf' — ﬁli””m < cllu—u|ge.
z€eR

() = e1) = (2i2)%py — (2i2)a; — g7,

‘ ‘
2 (w3) 1= (2i2)*(my (1) — e2) = (2i2)*py — (212)a5 — g3

L2

(2.28)
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Using Lemma 2.3 again, we obtain that

sup [[(z)(m" — iy )llz2 < cllu —al| 2.

z€(x0,00)

Direct calculation yields

d.mt —o.mit = (I — Ku) 0. Ku(mi —e1) — (I — K,) ' 0. Ko (] — e1)
— (I = Ky) 0. Kyer — (I — K,) 0. K yeq]
(I - K,) '0.K, (mf —e1) -0, K (mf —e1)]
+ (I - K,) (K, — K)(I - K,) '0.K,m}

— (I = K,) " (0:Kyer — 0:Kyen)

+(I - Ky) Ky — Ko)(I = K,) 0. Kyen.

Using Lemma 2.3 and (2.29), we get

1(2i2)0, Kumi — (2i2)8. Ky || 12 < CL(U)|Jw — | g1,

(2.29)

(2.30)

(2.31)

where C1(U) is a U-dependent on positive constant. Noticing that 1 — K, is an invertible
operator in L°(R)® L2(R) and (2.28), we get the bound (2.28). The others follow by repeating

the same analysis as that above.

2.3 Lipschitz continuity of scattering data

In this section, we prove the Lipschitz continuity from initial value to scattering data.

Lemma 2.4 If u € HYY(R), then the function a(z) is continued analytically in C*. In

addition, we have
a(z) —1,d(z) —1,b(z) € HM(R).

Moreover, if u € H3(R), then
b(z) € L**(R).

Proof From (2.3), (2.6) and (2.8), we get
He) = o [ e rul—g)misdy
0.b() = o /R PV u(—y)0.mifydy + o /R Dige? v (—y)mi;dy,
a(2)= 1=~ [ ulwmiidy,
42) =1 =0 [ u(=pmiydy,
0.0() = = [ uw)omidy,

0.d(z) = U/ u(—y)0.m3,dy.
R

(2.32)

(2.33)

(2.34)

(2.35)
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We can easily obtain the following limit for the scattering coefficient a(z) along a contour
in C* extended to
a(z) —» 1, Imz— occ.

In order to prove b(z) € L23(R), we rewrite (2.8) as the following form

(2i2)%(2) = 0 / 2=y [(202)% (i, — 1) — (2i2)%ph — (2i)ghh — g7y

+ (212)30/62izyudy+ (212)20/e2izyupf1dy+ (Qiz)o/emzyuqfldy
R R R

+U/e2izyugf'1dy.
R

Using Lemma 2.3, we get

[ [ evatcoizy ot = 1) - @izt - @)t — gty

< cllullzr sup 1(2i2)* (mf; — 1) — (2i2)%pf; — (2i2)ai; — g1 ]2
TE

L2

< clluflrflufl as-

We proved that the first term of (2.36) is bounded in L? space. For the other terms of
(2.36), using Plancherel’s formula, we can get

(Qiz)B/ezizyudyH < cljul| g3,

R L2

(Qiz)z/emzyupfldy” < cljul| g3,
R L2

(212)/ezizyuqf1dyH < cllul| g3,
R L2

/em‘zyugﬁdyH , < cllul| g3
R L

Then we get b(z) € L*3(R).
In order to prove 9,b(z) € L21(R), we rewrite (2.33) as the following form

B2y (2i2)d,mi, + U/(Qiy)QQizyu[(Qiz)(mﬁ —1) —pfildy
R

(2i2)0.b(2) = o /

R
+ (2iz)cr/(2iy)e2izyudy+a/(21y)e2izyupf1dy. (2.36)
R R

Using Lemma 2.3 again, we get
| [ erutziomiay] , < ellulzr sup | 2i2)0umi 1
R L2 z€R
< cllull ol s

We proved that the first term of (2.36) is bounded in L? space. For the other terms of (2.36),
using Plancherel’s formula, we can get

|2io) [ eerieippucy]| , < cliulmn.
R L2
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H / eQiZy(2iy)upfldyH , S cllull g
R L
We get 9,b(z) € L*1(R). Then we have proved the bounds of b(z). The conclusion of a(z),d(z)

can be proved in the similar way.
Lemma 2.4 establishes the following two maps
H"'(R) > u — a(z) — 1,d(z) — 1,b(z) € H"'(R)
and
H3(R) > u — b(z) € L*3(R).
We will show that the two maps are Lipschitz continuous.
Corollary 2.2 Let u € HY'(R) N H3(R), then
H"'(R) > u — a(z) — 1,d(z) — 1,b(z) € HX'(R)
and
H*R) 3 u — b(z) € L2*(R)
are Lipschitz continuous.

Proof From the representations (2.32)—(2.35) and the Lipschitz continuity of the Jost

function mli and mgt, we can obtain the Lipschitz continuity of the scattering coefficients.
For the reflection coefficients r(z), we have the following results.

Lemma 2.5 Ifu € HY(R) N H3(R), then we have
r12(2) € HY(R) N L*3(R).
As well, the mapping
H"(R)NH3(R) > u s r1 2 € HY(R) N L33 (R)

is Lipschitz continuous.

Proof Let r; and 71 denote the reflection coefficients corresponding to v and w, respectively.
Owing to

Tl_ﬂ:b;b_i_b((’ci—l)a;(a—l))

)

the Lipschitz continuity of 71 follows from the Lipschitz continuity of a — 1 and b, and we can

get similar conclusion of ro .

Lemma 2.6 If u € H"' N H? with L'-norm such that ||u|| 1“1 < 1, then the spectral
problem admits no eigenvalues or resonances, and the scattering data a(z) and d(z) admit no
zeros in CT UR and C~ UR, respectively.
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Proof The small-norm condition implies that |lul|r1(z) < 1. Recall that m{ = ey + K,m{
in Lemma 2.1 and the operator I — K, is invertible and bounded from L5° to LJ°, then we
reach that for every z € CT,

Imi (5 2) = exllpe = |(T — Ku) 1 Kuer(; 2) || < |ullre2ller.
We derive for every z € CT,
N2 1= | [ umd ] > 1 e,
Due to the continuity of a(z), we also obtain that
la(z)| >1— ||u||L1(]R)e2”“”L1 >0, z€R,

then a(z) admits no zeros in CT* UR. Carrying out a similar manipulation for d(z), we see that
d(z) admits no zeros in C~ UR.

Lemma 2.7 If u € L**(R) with L*(R) small-norm such that
1 ull gy (1 + 26210100 >0, (237)

then for every z € R, we have |r1 2(z)| < 1.

Proof Rewrite (2.32) for b(z) as
bz) = o / AWy (—yymtdy, (2.38)
R
under the condition (2.37). For every z € R, we obtain

b(2)| < Iy (5 2) = U poo fJull pr + fJullzr < Jll ey + [lul oy ™lete

< 1-— ||U||L1(R)e2”uHL1(R) S |(l(z)|,

which yields

r1(2)] = <1
Similarly, we get |ra2(2)| < 1.

3 Inverse Scattering Transform

In this section, we will set up an RH problem and show the existence and uniqueness of its
solution for the given data r(z) € HM'(R) N L?3(R) .

3.1 Set-up of an RH problem
Define
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then M (z; z) satisfies the following RH-problem.

Problem 3.1 Find a matrix function M(x; z) satisfying
(i) M(z;2) > 1+ 0O (271) as z — oo.
(ii) For M (z; z) admits the following jump condition

My (z;2) = M_(x;2)Vy(2), (3.1)
where ) (2)e?
L +oriry  ora(z)e s
Vw('z) T < Tl(z)e—mmz 1 ) ’ z €R. (32)

The reconstruction formula is given by
u(z) = 2i zlg{.lo zMis(x,2), u(—2x):=2ic Zli_)I{)lo 2 Moy (2, 2). (3.3)
We write (5.7) in the form
My (z;2) — M_(x;2) = M_(x;2)S(x;2), z€R,
where

r1 (Z)e—Qizz 0

Sz 2) = ( or1T oro(z)e?v? > .
Introduce a transformation
Uy(z;2) = My(x;2) — 1,
then we obtain a new RH problem for ¥(z; z),
Uy(x;2) —U_(2;2) =V_(x;2)S(x;2) + S(z52), z€R,
Uy(z;2) =0, |z2] > 00, z€C\R.

3.2 Solvability of the RH problem

We introduce the Cauchy operator
L[ 1)
- [ 15 R
e = 3= [ Fa e
and Plemelj projection operator
1 [
+
12) = lim — | ———————d R 3.4
PPz = tim oo [ e dc e R (3.4
where f(z) € L*(R).
Proposition 3.1 (see [27]) For every f € LP(R) with 1 < p < oo, the Cauchy operator
C(f) is analytic off the real line, decays to zero as |z| — oo, and approaches to P*(f) almost

everywhere when a point z € CF approaches to a point on the real azis by any non-tangential

contour from C*. If 1 < p < oo, then there exists a positive constant Cp such that

IPE(£)Ie < CpllfllLe- (3.5)
If f € LY(R), then the Cauchy operator admits the asymptotic
1
lim 2C(f)(z) = —=— [ f(s)ds. (3.6)

|z| =00 2mi R
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Lemma 3.1 Letr 2(z) € HY(R) satisfying |r1,2(2)| < 1. Then there exist positive constants

c_ and cy such that for every x € R and every column-vector g € C?, we have that
Re ¢g*(I + S(z;2))g > c—g"g, z€R (3.7)
and
I+ S(z;2)9l < cillgll, =z €R, (3.8)

where the asterisk denotes the Hermite conjugate.

Proof The original scattering matrix S(x; z) is not Hermitian due to the fact that there is

no relationship between a(z) and d(z). Therefore, we define Hermitian part of S(z;z) by
1
Su(z;2) = 5(5(;10; z) 4+ S*(x; 2))

oRe(ryrs) %(fl + org)e?*® )
( %(T‘l + Ufg)e_mzw 0 ' (3'9)

Since |r1 2(2)| < 1, the 2-order principle minor of the matrix I 4+ Sy,
1 1
1+ oRe(rira) — Z|r1 +om?=1-— Z'Tl —o7a]? >0,

which indicates that the 1-order principle minor 1+ oRe(r17r2) > 0. Thus the matrix I + Sp is
positive definite.
In view of the algebra theory, for a Hermitian matrix, there exists a unitary matrix A such
that
A*(I + Sp)A = diag(py, p—), (3.10)

where py are the eigenvalues of the matrix I 4+ Sy,

24 oRe(rra) £ \/ReQ(rlrg) + |r1 + oa)?
pat(2) = 5 :

Noting p4(z) > p—(z) > 0 as I + Sy is positive definite. And it follows from 71 2(z) — 0 that
p—(z) = 1 as |z| =+ oo, 2z € R. Together with 71 2(2) € H'(R), there exists a positive constant

c_ such that p_ >c_.
Consequently, for every g € C2, utilizing (3.10), we have

¢-g"g <p-g'g <Reg*(I+S(x;2))g = g"(I + Su)g,
which completes the proof of the bound (3.7).
Calculating (I + S(x;2))g componentwise and utilizing |r1 2(2)| < 1 give that
(I + S(x;2))gll* < 2(1 + |ra| + [r2])?[|g]1*
+ 2Re{((0 + r172)7a 4 71 )e 222 gD g2}
< (I + 12 + (Il + 1% + (fra| + [r2D) g1, (3.11)

here the norm for a 2-component vector f is ||f||? = |f1|? + |f?|2. Therefore, we take

cy =sup/(Jri|+ D)2 + (Jro| + D)2 + (Jr1| + |r2])? < 400,
z€R

then one obtain the bound (3.8).
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Lemma 3.2 Let 11 2(z) € H'(R) satisfying |r12(2)] < 1. Then for every F(z) € L%(R),

there exists a unique solution W(z) € L2(R) of the equation
(I —Pg)¥(z)=F(z), zeR, (3.12)

where Pg ¥ = P~ (¥S).

Proof Since I — Pg is a Fredholm operator of the index zero, by Fredholm’s alternative

theorem, there exists a unique solution of (3.12) if and only if the homogeneous equation
(I-Pg)g=0, z€eR (3.13)

admits zero solution in L2(R).
Assume that g(z) € L%(R) and g(z) # 0 is a solution of (3.13). Define two analytic functions
in C\R,
91(2) =C(g9)(2), ga(2) = C(95)*(2).

The functions g;(z) and go(z) are well-defined due to S(z) € L2(R) N L (R).
We integrate the function g1(z)g2(z) along the semi-circle of radius R centered at zero in
C™*. It follows from Cauchy theorem that

7{91 (2)g2(2)dz = 0.
From g(2)S(z) € LL(R), we have
91(2),92(2) = O(z™h),  |z| = 0.

Hence, the integral on the arc approaches to zero as the radius approaches to infinity. Therefore,

we obtain
0= [ 0@z = [ PHaS)P@s) e
- /R [P~ (95) + gS][P~ (¢S)]"dx. (3.14)
Utilizing the assumption P~ (¢gS) = g, we have

/ g(I+S)g*dz=0.
R

We get Re g(I 4+ 5)g* > c_g*g with c_ being a positive constant. Thus the function g(z) has
to be zero. This contradicts to the assumption g # 0. Therefore, g = 0 is a unique solution to

the equation (I — Pg)g = 0 in L%(R). Finally there exists a unique solution to (3.12).

Lemma 3.3 Let r12(2) € H'(R) satisfy |r12(2)] < 1. Then for every x € R, there exist
unique solutions V1 (z;2) € L2(R) satisfying

Uy (z52) = V_(z;2) =V_S(x;2) + S(z;2), zeR
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Proof Owing to S(z;2) € L%(R), we have Ps™ (z) € L%(R) by (3.5). Then for every z € R,
there exists a unique solution W_ (x;z) € L2(R) satisfying

U_(x;2) =P~ (V_(x;2)S(z;2) + S(z;2)), z€R. (3.15)
Based on the existence of ¥_(z; z), we define
U, (z;2) = PH(W_(2;2)S(;2) + S(x;2)), z€R. (3.16)
Besides, analytic extensions of W (x;z) to z € CT are defined by Cauchy operator
Uy (x;2) = C(U_(2;2)S(2;2) + S(x;2)), 2 € CE (3.17)

Finally we obtain the solution W, (z;2) € L2?(R). Moreover, given the property of the
Cauchy operator and the Plemelj projection operator, the solutions W4 (z; z) are analytic func-
tions for z € C*.

Lemma 3.4 Let r1 o € H'(R) satisfying |r12(z)] < 1. Then the operator (I — Pg)~ " :
LZ(R) — L2(R) is bounded, that is, there exists a constant ¢ that only depends on ||r(z)||Ls
such that

(I = Pg) " fllez < el fllpe

Proof For every f(z) € L%(R), there exists a solution ¥(z) € L%(R) to the equation
(I =Pg)¥(z) = f(2).
Note that P+ — P~ = I, then we decompose the function into ¥ = ¥, — U_ with
U_—P (V_S)=P (f), Vy—P (¥ 85 =P"(f). (3.18)

Since PE(f) € L2(R), there exist unique solutions ¥4 (z) € L%(R) to (3.15) which implies the
decomposition is unique. Therefore, we only need the estimates of ¥ in L?(R).

To deal with W_, define two analytic functions in C\R,
g1(2) =C(P_5)(2), g2(2) =C(¥_S+ f)*(2).
Analogous manipulation, we integrate on the semi-circle in the upper half-plane and have
fgl(z)gQ(z)dz =0.
Since g1(z) = O(z71) and g2(z) — 0 as |z| — oo, we have
0 :/RPJF(\IJ_S)[P‘(\I/_S + f)"dz
:/R(P_(\IJ_S) L U_S)[P(V_S + f)]*dz

:/(\11_ —P(f) + TS de. (3.19)
R
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Using the bounds (3.7)—(3.8) and the Holder inequality, there exists a positive constant ¢_ such
that

- < Re [

U_(I+8)0*dz = Re/ P=(HY2dz < || fllr=]T—] Lz,
R R

which completes the estimates of W_|
I(I =Pg) " P fllzz < 2V fllze- (3.20)
To deal with ¥, define two functions in C\R,
91(2) =C(V1:.9)(2),  92(2) = C(¥4 S+ f)"(2).

Performing the similar procedure as that above leads to
0= §()anl:)ds
_ /R P (U, S)[PH(W4S + f)]*dz
= /R[‘h — PHOA (I + )" dz, (3.21)

where we have used (3.15). Using the bounds (3.7)—(3.8), there are positive constants ¢_ and
c+ such that

WL < Re [ W14 8)'Widz = Re [ PRI +8) W ds < e e [0 o
R R
which means
(= Pg) ™ P* fllgz < e flle. (3.22)

Combining (3.20) and (3.22), we obtain

11 =Pg) " Fllez < el fllze,

where c is a constant that only depends on ||7(2)]|ze.

3.3 Estimate on solutions to the RH problem

Next, we see solutions to the RH problem for M (x;z). Denote the functions My (x;z2)

column-wise
My (25 2) = [ps(7; 2), ve(w; 2)],

then the functions ¥ can be written as
Uy (x;2) = [ps(z52) — er,ve(x; 2) — ea].

We have
pi(z;2) —eg = PE(M_S)V(x;2), zeR (3.23)

and
vi(z;2) —ep = PE(M_S)P(z;2), zeR. (3.24)
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Combining (3.23) with (3.24), we obtain

My (2;2) = I +PEM_(z;)S(z;))(2), z€R.
Further, analytic extensions of My (r;2) to z € C* are

My (2;2) =T +C(M_(x;-)S(x;-))(2), z€C™ (3.25)

Lemma 3.5 Let r12(2) € H'(R) satisfying |r12(z)] < 1. Then there exists a constant c
only depending on ||7(z)||Le such that for every x € R,

[ M (5) = Iz < (a2 + lIrallz2)- (3.26)

Proof Due to 712 € H'(R), we get r1 2 € L?(R) N L>=(R) and S(z;-) € L?(k). Moreover,
there exists a constant ¢ only depending on ||71 2|/ L such that

15 (5 )z < elllrallze + [lrallz2),

we obtain
My —1I||z2 = [[Y£ll2 < c(llrillzz + 1l z2),

where we have used the equation (/ —Pg)¥+ = P~S, and c is another constant only depending

on [|r12(2) -

Proposition 3.2 For every xop € R~ and every r12(z) € HY'(R), we have

sup  [[(2)PF (rae®*®)|| L2 < cl|ra]|an, (3.27)
z€(—00,20)
sup (@) P~ (rie”##) |2 < eflrillmn, (3.28)

€ (—00,z0)

sup  [[(2)PH (zr2e®*)|| L2 < cl|ral| g,
z€(—00,20)

sup (@) P~ (zr1e” %) L2 < ellri]lmna,
z€(—00,z0)

where (z) = (1 + 22)2. Moreover, if 1 5 € L>3(R), then we have

sup [|27P (2" rae®) || L2 < (|27 7o 12, (3.29)
zeR
sup |2/ P~ (2" e 25) |2 < |27 | e, (3.30)
zeR

where j,k =0,1,2,3,7+ k <3 and c is a constant that depends on ||r1 2| Lo

Proof The proof can be completed by an analogous analysis as that in [27].

In order to obtain estimates on the vector columns p— (z;2) — ey and vy (z;2) — e2 that will
be needed in the subsequent section, we rewrite functions u_(x;z) — eq and v4(x;2) — ex by
(3.25) as

p_(z;2) —ey = P~ (rie” 2%y, (1;2))(2), z€R (3.31)
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and
vi(w;z) —ea = P (ore®p_(z;2))(2), z€R,

where we have used the fact

2izx
onje o are ) = [rie vy, orae ] (3.32)

M_S :[,u—ay—] < ,r,le—Qizz 0

Define a function
N(x;2) = [p—(752) — e1,v4 (73 2) — ez,
which satisfies

N —-PT(NS;)—P (NS_)=F, (3.33)

where

F(x;z) =[P~ (rle_Zi”)eg, 73+(U7"262i”)61],

0 orge?=® 0 0
Si(z;2) = < 0 20 >, S_(z;2) = < re2izm Q) ) :

Lemma 3.6 Let o € HY(R), then for every xo € R™, we have

sup (@) (25 2)| 12 < ellr s (3.34)
z€(—00,x0)
sup @) (@5 2) |2 < ellrallan, (3.35)
z€(—00,x0)
sup  [[(2)8en® (w5 2) |2 < ellri |l mna, (3.36)
z€(—00,20)
sup ||<;v)8wu_(:)(x;z)||L§ < c|re|l g, (3.37)

z€(—00,x0)

where ¢ is a constant that only depends on |1 2| L=. In addition, if r € L*3, then we have

sup [| 24071 (;.2) 12 < el zve, (3.38)
zEeR
sup |20 (2:2) 12 < ellrall e, (3:39)
zEeR

where 3,k =0,1,2,3,7+ k <3 and c is a constant that depends on |11 2| Lo-
Proof Note Pt —P~ =Tand S, +S_ = (I —S,)S, then (3.33) can be rewritten as
G—-P (GS)=F, (3.40)

with G = N(I — S4). And the matrix G(x; z) is written component-wise as

Gla;2) = M(—l)(x; z)—1 I/Srl) - Urzem”(u(_l)(x; z)—1) '
, u(_Q)(x; z) uﬁ —1- orgeZi”u(f) (x; 2)

Comparing the second row of F(z;2) with G(z;2) and utilizing the bound (3.28), we have

sup (@2 <e sup [[(@)P(r1e” )| e,
z€(—00,20) z€(—00,20) (341)

[ =1 — e 25 1P (25 2) || 12 < [P~ (r1e”25) | e,
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where ¢ is a constant that depends on ||7||L~. Substituting the bound (3.28) into (3.41), we
obtain the estimate (3.34).
Similarly, comparing the first row of F(z;z) and G(x; z) yields

11 (@5 2) = |2 < e PF(0r2625) | e,

i . ) ) (3.42)
[V (w5 2) — or2e® (2 (3 2) = 1) 12 < ¢ PF(072675)|| 2.
Taking derivative in z of (3.33), we obtain
0:N —PH(0,N)Sy — P (0.N)S_ = I} (3.43)

with
F =0,F +P"N09, S, +P NI, S_

=2i[eaP ™ (—zrie”257), e, P T (2z0rpe*®)]

Lo P N @z) P ore?s (10 (i2) — 1) )
2 (—zrle_m”(u_(f) (;2) — 1)) Pt (207‘262121/14(_2)(1'; 2))

Using the estimates (3.29)—(3.30), we obtain

2(p—(z;2) — €1) € L ((—o00,z0); L2(R)),
2(v (w3 2) — e2) € LT ((—00, 20); L2(R)).

On account of the bounds (3.27)—(3.28) and r1 2(z) € L>°(R), we conclude that F; belongs to
L ((—o00,z0); L2(R)). By (3.34)-(3.35) and 1 2(2) € L*°(R), we conclude that

Fy € L®((—o00,20); L2(R)),

which gives (3.36)—(3.37).
Taking j-order derivative of (3.33), we obtain

OIN —PT(P.N)S, — P (9IN)S_ = F} (3.44)

with
;= 8ij—1 + 'P+8£_1Nm315+ + P‘@i‘lNzamS_, j=2,3.

Repeating the analysis for (3.40) and using (3.29)—(3.30), we derive the estimates (3.38)—(3.39).

4 Reconstruction and Estimates of the Potential

We shall now recover the potential u from the matrices My (z; z), which satisfy the integral

equations (3.25). This will give us the map

HY'(R)N L**(R) 3 719+ u € HY(R) N H*(R).
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4.1 Estimates on the negative half-line

It follows from (3.3) that

u(z) =21 im (zMy(x;2))12, (4.1)

Z—00

which can be used to get estimates of u on the negative half-line. Further from (3.25) and (3.3),

we have

w(z) =2i lm 2C((M_S)1s). (4.2)

|z|—o00
Since r € HYY(R) N L?3(R), we have S(z;-) € L*(R) N L%(R). Besides, the estimate (3.28)
implies that
M_(x;-) — I € L*(R).

Therefore, we arrive at L'(R). Subsequently, applying (3.6) to (4.2), we obtain

1 .
u(z) = —/argem”,u(_l)(x;z)dz
R

T
1 i ‘ ‘ 1 ‘

= —/argeQI’mP_(Te_mzzuil))crrgem“dz—|——/ oreet#®dz, (4.3)
™ Jr ™ JR

where we have used the identity
u(_l)(x; z)—1= P_(Tle_m”ug_l)).
Lemma 4.1 Let ry2(z) € HVY(R) N L23(R). Then u € HYY(R) N H3(R), moreover,
lull o @ynms@e-) < clllrillm@nczs@ + Ir2llma @nczs @), (4.4)

where ¢ is a constant that depends on ||r1 a||Le~ and ||zr1 2| L.

Proof For a function r1 »(z) € L*(R), by Parseval’s equation,

lr1,2ll2 = 71,2l L2,

where the function 77 denotes the Fourier transform. Since L?3(R) N HY!(R), the second
term of (4.3) belongs to HV1(R) N H3(R) due to the property 9.1 2(2) = 271 2(2).
Let

I(z) = /Rorgem”(u(_l)(x;z) —1)dz. (4.5)

Substituting (3.32) into (4.5) and applying the Fubini’s theorem yields

) 1 —2isa, (1)
I(z) = / ore?*® lim —/ ri(s)e vy (5) dsdz
R R

e—0 27ri s —(z —1ig)
2izx
_ —2isz_ (1) . i orse
= /er (s)e vy (s) ;l_f)% o /]R T (4o dzds

— —/T1(2)6_2izryg})(Z)P+(O'T2€2isz)(z)dz.
R
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Therefore, for every xzo € R™, utilizing the Holder’s inequality and the estimates (3.27) and
(3.35), we find

sup (@) 21(2)] < il sup (@)t e

z€(—00,x0) z€(—00,20)

Lo )||<w>P+(0TzeZi”)IIL2 <cllrllaliralla, (4.6)
re(—00,T0

where ¢ is a constant that only depends on ||| . Further, we obtain
@) (@) L2y < ellrallmllrallme

where ¢ is another constant that only depends on |7/ ~. Combining the results of the two
terms of (4.1) leads to

(@) 20 @) < ¢+ lIrallar + Irell ) (ol + lrzllme). (4.7)

This completes the proof of u € L**(R™).
By the Fourier theory, the derivative of the second term of (4.1) belongs to L?(R). For the
second term I(x), we differentiate I(z) in 2 and obtain

I'(z) = B/R orae? (M (21 2) — 1)dz
= —Qi/er(z)e_Qi“Vil)(x;z)P+(Sar2e2i”)(z)dz
—2i/Rzrl(z)e_Qizzug)(x;z)P+(aT2e2i”)(z)dz
—/er(z)e_m”amuil)(:z:;z)P+(0r2e2ism)(z)dz,

where we have used (3.31) and the Fubini’s theorem.
Utilizing the estimates (3.27) and (3.35), we find that for every zp € R,

1 — 2izx
sup {02 @) < rlle~ sup (@[ )iVl (2) P (7))

z€(—00,20) z€(xo,+00)
1 izx
+ [ @] 2| (2) P (20mae?=0)| 2
+ 1@V || 2 | (2) P (00?57 [ 12)

< clrllaanceslirallmranzes,

which implies that

) ' (@) |22y <ellrillmanpzslrallmances, (4.8)

where ¢ is another constant that depends on ||r|| L~ . Subsequently, we obtain I’(z) € L**(R™).
We conclude that uw € HY1(R™). The estimate (4.4) can be obtained from (4.7)-(4.8) with
another constant ¢ depending on ||r|| .
For I"(x), we get
sup  |(x)1" (x))|

z€(—00,x0)



522 A. R. Liu and E. G. Fan

1 .
<lrille~  sup (@ @)piVlLe [ 22P (orae =) e
z€(xg,+00)

+ @)V L2 (@) P (220r9e%5%) || 12 + (020 || 12| () P (0706257) | 2
+ 2] 20| 2] (2) P (209627 | 12 + [(2) et || 12 || 2 PF (0726757 | 2

+ 2[00 || L2 l(2) P (5072635 [| 12) < ellra|lmmanpes |rell manges.
For I"'(x), similar to the above analysis, we get

sup ()1 (x))|

z€(—00,x0)

) .
<l sup B@)A | 2| PT(Porae®=®)| 12
z€(x0,+00)

+ @)D 2 123 P T (or26%50) | 2 + 0300 || 2| (2) P (0m20%77) | 2
+ 4@ 0D | 12| PF (s20726557) | 12 + 20/ (2) 020 || 2| P (2202657 | 12
+ 2|2V | 2|22 PF (s0m2227) || 2 + 4l{2) )| o2 || 2P (2P0rpe®) | 2
+ 0.0 || 2 (x) s2PH (0126257) | 12 4 (| 20200 || 2| () P (026257 )| 2
+ a4l (@)l 2| P (s20m2e?50) | 12 + 2] 20,07 | 2| (2) PT (27257) | 12)
<c||rillgrinrzs||ral|mrange.s.
Then we conclude that u € H3(R™). Finally we prove the conclusion.

We actually get the following map through the above analysis:
HY(R)NL*(R) 2710 uec H3R)NHY(RT).
We will prove that the map is Lipschitz continuous.
Lemma 4.2 Let r € HYY(R) N L?3(R), then the mapping
HY'(R)NL*R) > ri0 > u€ HX(R)NHY(RT)

1s Lipschitz continuous.

Proof Let ry 2,712 € HHY(R) N L?3(R). Let the functions u and u are the corresponding
potentials respectively. We will show that there exists a constant ¢ that depends on ||rq 2|/ re
such that

lu =l gz e-)nmra@-) < cllre = Pl @nrzeae) + Ir2 = P2l @)nresm)- (4.9)

From (4.1), we have

-1 JUNPY 1 o
U—1U == /(0'7”2 — 0T9)e?*dz 4 = /(crrz - arg)em”(u(_l)(x; z)—1)dz
R T JR

™

™

1 .
1 / 012627 (D (25 2) — 7 (23 2))d.
R

Repeating the analysis in the proof of Lemma 4.1, we obtain the Lipschitz continuity of w.
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4.2 Estimates on the positive half-line

Recalling (3.3) again, we can get

u(—z) = 2izo zli{go(Mi(x;z))Zl' (4.10)
Performing the same manipulation for (4.1) yields
u(—x) = —% /er (z)e_Zi”(V(_2) (x;2) + Urg(z)emkwu(_z) (x;2))dz
= —% /er (z)e_Zi”l/f) (x; 2)dz, (4.11)
where we have used the identity Vf) =0T (z)ezi”u(f) +9.

Similar to condition xy € R™, we summarize the above analysis as the following lemma.

Lemma 4.3 Let r12(z) € H3(R) N HYY(R) satisfy |r12(2)] < 1, then u € HYY(RT) N
L%3(R*) with the following estimate

lull o @ynczs @y < clllrillms@nmaw) + 2l zs@nm @), (4.12)
where ¢ is a constant that depends on ||r1 2|1 and ||zr1 2| L.

Proof We rewrite (4.2) as

u(—x) = —% /er(z)e_m”dz — %/er(z)e_m”(uf) (;2) — 1)dz.
Let
ri(—x) :/er(z)e_ziz(_z)dz. (4.13)
According to the Fourier theory, we have —uri(—z) = m)(x) and [|271 (—2)||L2@r) =
10=r1(2) || L2(r)- Let
I(x) = —% /er (z)e_Zi”(V_(f) (;2) — 1)d=.

Repeating the analysis in the proof of Lemma 4.1, we obtain v € HYY(RT) N L23(R*) and
[ull rra@eynrzs@s < c(lirllms@nma @) + 72l ms@nmi®); (4.14)
where ¢ is a constant that depends on ||71 2|~ and ||z71 2 L.
Lemma 4.4 Let r12(z) € HY(R) N L%3(R), then the following map
HYR)NL*(R) 2110 u € H3(RT) N HY(RT)
is Lipschitz continuous.
Summarize the results from Lemmas 4.2—4.4, we have the following proposition.
Proposition 4.1 Let r1(2) € HYY(R) N L*3(R), then we have uw € H3(R) N HY(R) and
lull s @ynma®) < clllrillmamnrese) + Ir2llma@nczem)-
Moreover, the mapping
HYYR)N L% (R) 2 r1 2+ u € H3R)N HYY(R)

is Lipschitz continuous.
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5 Global Existence and Lipschitz Continuity

5.1 Time evolution of scattering data

From Sections 24, for the initial data ug € H?(R) N H1(R), we only consider the spatial
spectral problem (2.1) and obtain its unique normalized solution

mli(x,O;z) — e1, m2i(x,0;z) — €2, T — Fo00, (5.1)

which cannot satisfy the time spectral problem (2.2) since they are short of a function about
the time t. For every ¢t € [0,T], we define the normalized Jost functions of the Lax pair (2.1)
and (2.2):

m (x, t; 2) = mif (z,0; 2)e =" (5.3)

with the potential u(-,0) € H?*(R) N H“1(R). It follows that for every t € [0, T], we have

A
mf(x,t; z) — ¥ ez +oo,

.3
in(x,t; 2) = e M e, 1 Fo0.

Repeating the analysis as the proof of Lemma2.1, we prove that there exist unique solution
of the Volttera’s integral equations for Jost functions mf(x,t;z) and m%(x,t;z), where the
Jost functions m%(:z:, t;z) and mf (z,t; 2) admit the same analytic property as mf(:z:, 0;z) and
in (z,0;2). As well, for every (z,t) € R x RT and every z € R, the Jost functions mljE (z,t;2)
and mgi(:z:, t; z) are supposed to satisfy the scattering relation
mi(x,t;2) = a(t; 2)my (¢, 25 2) + b(t; 2)e > my (¢, x; 2),
my (z,t;2) = c(t; 2)e* ¥ my (t,2; 2) + d(t; 2)m; (t, x; 2).
By the Crammer’s law and the evolution relation (5.2)—(5.3), we obtain the evolution of the
scattering coefficients
a(t; z) = W(mi(0,0; 2)e 4iz® t my (0,0;2)e _4iz3t) = a(0; 2),
d(t; z) = W(my (0,0; 2)e"=° m (0,0; 2)e5) = d(0; 2),
b(t; z) = W(my (0, O'z)e_4‘z £ mi(0,0;2)e _4izst) = b(O;z)eSizst.

Direct calculation shows that the reflection coefficients are given by

b(t; z b(0;2) ;.8 123
ri(t;z) = aEt'zi = a((O—'z))e8 b= (0; 2)e¥1, (5.4)
’I”Q(t,z) _ b(tv _Z) _ b(07 Z) Riz3t — TQ(O;Z)G_SIZ%, (5 5)

where 71 2(0; z) are initial reflection data founded from the initial data u(x,0).

Proposition 5.1 If r12(0;2) € HYY(R) N L?3(R), then for any fivred T > 0 and t € [0, 7],
we have r(-;2) € HV1(R) N L%3(R).



Global Solutions to the Nonlocal mKdV Equation 525

Proof By (5.5), we obtain

1 ()l 2a@) = lr1(05 )| 2.3 (R)-
For every t € [0, 7], we have
20271 (t; ) || L2y =[120271(0; ) + 24iz3r (; 2) || L2(m)
<[120:71(0; )| 2Ry + 24T [Ir1(0; )l 2.2 () - (5.6)
Therefore, we infer that 71 (¢;-) € HY*(R) N L?3(R) for every t € [0,T] as r1(0;-) € HVY(R) N
L?3(R). We can get similar conclusion for ¢ € [T, 0] and 75.
Using the time-dependent data 1 2(¢; 2) we can construct a time-dependent RH-problem

Problem 5.1 Find a matrix function M (¢, z; z) satisfying
(i) M(t,z;2) - 1+ O (271) as z — oo.

(ii) For M (t, z; z), we have the following jump condition

Mi(t,x;z) = M_(t,2;2)Vy 1(2), (5.7)
where 210w 412)
o 1+orry  orges” b2

V1,t(z) T < ,r,le—QiG(z,t;z) 1 ) , 2€R (58)

and 0(t,r; 2) = za + 425t

Proposition 5.2 Assume that M (t,x; z) is the solution of RH Problem 5.1. Then M (t, x; )

satisfies the following system of linear differential equations:
M, (t,z;z) = iz|os, M| + QM,
My(t, @3 2) = 4i2°[03, M] + (42°Q — 2i2(Qy — Q)03 + 2Q° — Quu) M,

where 0 (t.2)
u(t, x
Qt,z) = —ou(—t,—x) 0
and
u(t,z) = 2i li}m zMia(t, x; 2). (5.9)
Proof Define
LM = M, —iz[o3, M] — QM, (5.10)
NM := M; — 4iz3[o3, M] — (42%Q — 2i2(Q, — Q)03 +2Q% — Q) M, (5.11)
then direct calculation shows that
(LM)y = (LM)_Vyy, (NM)y = (NM)_Vy,. (5.12)
Substituting the asymptotic expansion
My M, M,

Mz, tiz) =1+ —+ — +- -+ — +
z z

Zn
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into (5.10)—(5.11) and using (5.9), we obtain
LM ~O(z7Y), NM ~O(z71). (5.13)

The equations (5.12)—(5.13) imply that both LM and N M satisfy the homogeneous RH Problem
5.1. The uniqueness of solution of the RH Problem yields LM = NM = 0.

So under the time evolution of the scattering data r(¢; z) in (5.5), the function reconstructed
from the Problem 3.1 through the reconstruction formula (4.1) under time-dependent scattering
data 7(t; z) is still a solution of the the nonlocal mkdV equation (1.1).

5.2 The proof of main results
In this section, we will prove the existence of the local and global solutions to the Cauchy

problem. The scheme behind the proof can be described as below.

Lemma 5.1 Let the initial data ug(z) € H3(R) N HYL(R), then there exists a unique local
solution to the Cauchy problem (1.1)—(1.2),

u € C([0,T], H3*(R) N HY'(R)).
Furthermore, the map
H3R)N H"Y(R) 3 up — u € C([0,T], € H*(R) N H“'(R))
is Lipschitz continuous.

Proof Performing a similar analysis as that in Lemmas 4.2 and 4.4, we can establish an RH
problem for r(¢; z) for every t € [0, T] and address the existence and uniqueness of a solution to
the RH problem. Further, the potential u(t, z) can be recovered from the reflection coefficients
r(t; 2). Moreover, the potential u(t,-) € H3(R) N HY1(R) for every ¢ € [0,7] and is Lipschitz
continuous of r(¢; z). Thus we have

lu(t; Maranms < el )manpes
< cor(0; )| mranzzs < eslluollmranms, (5.14)
where the positive constant c1,co and c3 depend on |7 Lo, ||27| L and (T, [Juol| 1.1 (r)nH3(R))
respectively.

Next we show that u(z, t) is continuous with respect to ¢ € [0, 7] under the HV1(R) N H?(R)
norm. Let ¢ € [0,7] and |At| < 1 such that t + At € [0, 7], then with the Lipschitz continuity
from u(t, x) to r(¢; z) in Proposition 4.1, we have

Jut + Aty 2) — u(t, )| g @)nms @)
<c(l|ri(t+ At 2) = ri(t 2) | wynpzsm@) + [[ra(t 4+ At 2) — ra(t; 2) | 5o m)nz2sw))
< cAt([lr1(0; 2) |z @nczs @) + 172003 2) | mrr @)Lz @) < At =0, At — 0,

which together with the estimate (5.14) implies that there exists a unique local solution u(z, t) €
C([0,T], H3(R) N H“Y(R)) to the Cauchy problem (1.1)—(1.2) and the map

HY (R) N H3(R) 3 ug(x) — u(t,z) € C[0,T], H(R) N H3(R))
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is Lipschitz continuous.
Finally we give the proof of Theorem 1.1.

Proof of Theorem 1.1 Suppose that the maximal time in which the local solution in
Lemma 5.1 exists iS Thax-

If Thhax = 00, then the local solution is global one.

If the local solution exists in the closed interval [0, Tinax], we can use u(Tmax, ) € H3(R) N
HY(R) as a new initial data. By a similar analysis as that in the previous sections, there exists
a positive constant T such that the solution u € C([Tiax, Tmax + T1], HV1(R) N H3(R)) exists.
This contradicts with the maximal time assumption.

If the local solution exists in the open interval [0, Tinax). According to (5.14), we have

w(t, 2)[| mra wynms &) < €3(Tmax) [uoll i ynms @y, t € [0, Tmax)-
Due to the continuity of u(¢, x) to the time ¢, the limit of u(t, x) as t approaches to Tyax exists.
Let umax () := . li%n u(t, ). Taking the limit by ¢ — Tihax in (5.14), we have
— max

ltmax || 511 ®ynEsR) < €3(Tmax) |20l H11 (R)AHS (R),

which implies that we can extend the local solution u € C([0, Tyax), HH(R) N H3(R)) to u €
C([0, Trmax), HVY(R) N H3(R)), this contradicts with the premise that [0, Tinax) is the maximal
open interval.
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