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Abstract In this article, the authors use the special structure of helicity for the three-
dimensional incompressible Navier-Stokes equations to construct a family of finite energy
smooth solutions to the Navier-Stokes equations which critical norms can be arbitrarily
large.
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1 Introduction

Whether the solutions to three-dimensional incompressible Navier-Stokes equations (NSE
for short) can develop finite time singularities from regular initial data remains a question of
central importance in the theory of partial differential equations. This problem is also called the
Millennium Prize problems by Clay Mathematics Institute. The only known coercive a priori
estimate is the Leray-Hopf energy estimate which implies that the three-dimensional Navier-
Stokes equations are supercritical with respect to its natural scalings. The latter may capture
the essence of difficulties of this long standing open problem.

Here, we recall the incompressible Navier-Stokes equations in three dimensions are

Owu + u - Vu+ Vp = Au,
(t,r) € Ry x R, (NSE)

V-u=0,
where u is the velocity field of the fluid, p is the scalar pressure. To solve the NSE in R, x R3,

one assumes that the initial datum
u(0,2) = ug(x)

is divergence-free and possesses certain regularity.
As well-known, if (u, p) solves NSE, so does (u*,p*) for any A > 0, where

Mt x) = (V2 \x),  prt,x) = Np(A\*t, \x). (1.1)
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From above scalings, we usually assign each x; a positive dimension 1, ¢ a positive dimension
2, u a negative dimension —1 and p a negative dimension —2.

In fact, the known a priori Leray-Hopf energy estimate satisfied by classical solutions of
NSE is as follows

(o]
sup [|ut, ) [z2 < fJuoll 2, / IVu(t, )ll2dt < [luollZ-- (1.2)
> 0

By the standard dimensional analysis, we show that all energy norms in (1.2) have positive
dimensions, and thus the Navier-Stokes equations are supercritical with respect to the natural
scalings (1.1).

In addition, under the natural scalings (1.1), we know the critical space as follows

B (R?) < L3 (RY) < Byid” (R®) = BMO™ (R®) < Bl (R?), (1.3)

where p > 3. And the existence of global-in-time smooth solutions arising from small initial
data in this functional spaces has been established up to BMO~! (R?’) (some details can be
seen in [2, 4-7, 10]. All these results are obtained by looking at fixed points of the functional

t
u = ePuy — / 32D (4 - Vu) ds, (1.4)
0

which is an integral reformulation of the differential problem of NSE, where e*® denotes the heat
kernel and PP is the projection on the divergence-free vector field subspace. It is important to
point out that the space BMO ™! (R3) is actually the largest scaling invariant critical space for
the Navier-Stokes equations. However, the Navier-Stokes equations are ill-posed in Bgo%oo (R3)
as shown in [1].

For the three-dimensional incompressible Navier-Stokes equations, the most important quan-
tity is the vorticity

w:=V X u. (1.5)

Applying the curl operator for NSE, we can eliminate nonlocal term pressure p to obtain
the equations for vorticity

Ow +u-Vw —w-Vu=Auw. (1.6)
From (1.2), we know that the energy is supercritical, but we can find a quantity called

helicity

1 ¢
H(u) := 5/ u - wdz +/ Vu - Vwdzds
R3 o Jrs

being critical and conserved. Here, we recall some structure of helicity developed in the paper
of [8].
Noting

(V X u, U>L2(]R3) = <U, V x U>L2(]R3)a (17)
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we know that the curl operator is a symmetric operator. So it spectral is real. If V- u = 0,
its zero spectrum projection is zero. Let uy be the projection to positive spectrum, u_ be the
projection to negative spectrum, then

V X uy = Auy,
VXxu_=—-Au_,

where A = /—A and ©u = uy +u_.
To study the regularity of three-dimensional incompressible Navier-Stokes equations, we
define the following energy

1, .1 K 1
FE. (u(t)) = §HA2u(t)HL2(]R3) +/0 IVAzu (8) ||L2(R3)d8, (1.8)

which is dimension 0 respect to Navier-Stokes scalings (1.1). So this energy is also called critical
energy.
Since u4 and u_ are strongly orthogonal to each other, we know

Ee (u(t)) = Ee (ut (1) + Ee (u-(1)) (1.9)

and from the helicity conservation law, we have

CBu(u) = S B, (1.10)
For more detials about the helicity structure, we refer the readers to [8].

We focus on the H* (R?)-regularity for the NSE. The aim of this paper is to gain a suitable
improvement of this classical result. We construct a class of initial data, such that critical norm
can be arbitrary large, and we can obtain the solutions with global regularity.

We now claim our main theorem.

Theorem 1.1 Consider the Cauchy problem of NSE. Suppose that

luoll 74 sy < M (1.11)
where M can be arbitrarily large. There exists a small constant eg(M) such that, if
<A_1w07 u0>%2 R3
e = 1A~ Fanllfaqes) — E2 < e(M), (112)

||A_%“0||2L2(R3)
then there exists a global regular solution of NSE, where wg =V X up and A = v/ —A.

Remark 1.1 Particularly, in the case

Ug ZM’UQ,
||A%’U0HL2 <1, supp vy C{z|1-06<|z| <146},
V x Vo = A’Uo,

we have

_1 1
_ A 2u0||2L2(R3)||A2u0||2L2(R3) - HUOHiz(RS)

1
A 2UOHQLz(]RB)



532 S. Wang, Z. X. Zhang and Y. Zhou

_1
2||A 2007 2(R3)HA2U0”L2 (R3) HUOH%%RS)

A~ 2U0||L2(R3)
< MP[(1=6)"" = (1+0) 2|[AZvo|72 sy

5(3+6)

SR En)

Now choose § sufficiently small such that ¢ < eo(M), then there exists a global regular solution
by Theorem 1.1. This give a simple and directly proof of the similar result of [8] and also of [9].
2 Preliminaries

We conclude the introduction by giving some notations which will be used throughout this
paper. We always use X <Y to denote X < CY for some constant C' > 0. Similarly, X <, Y
indicates that there exists a constant C' := C(u) depending on u such that X < C(u)Y. We
also use the notation X ~ Y to denote X <Y < X.

Let ¢(¢) be a radial smooth function supported in the ball {¢ € R? : [¢| < 1} and equal to
1 on the ball {¢ € R? : [¢] < 1}. For each number N > 0, we define the Fourier multipliers

Pena() = v ()8,
Povl©) = (1- (%))
Pra© = (v(5) —v(%))ae

and similarly define P.y and P>y. We also define

109)
—{
I

3

Pye<n = P<y — P<yr = E Py
M<N'<N

whenever M < N. We usually use this multipliers when M and N are dyadic numbers.
As some applications of the Littlewood-Paley theory, we have the following lemma.

Lemma 2.1  Suppose that a(D) is s-order pseudo-differential operator satisfying a (u-) =
wa(-). Then we have

lla (D), ulfllr2 S IVulls|A*f]] 2, (2.1)
where A = v/ —A.
Proof By Littlewood-Paley theory, we know
Ifa (D), ulfll7 < Z lla (D), Peo-r,ulPufllz=+ D lla(D), PyulPoflz:
C-1u<o,o~o’
+Z|| ), Puu]Pec1, f||72
= Il —|— IQ —|— Ig, (22)

where C'is a large fixed constant. We only estimate I;, the rest terms can be estimated similarly.
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From the frequency support property, we see
[a (D), P<c-rpu)Puf ~ [P<cpa (D), P<c-1,ul Py f.

We use the notation y to denote the kernel of P<c,a (D), and @ (&) x1(%) to denote the
Fourier transform of P<cya (D).
Then, we have
[PSCP«a (D) 5 Psc—luu]PNf = PSCMG’ (D) (Psc—lu’up“f) — Psc—luupgcua (D) Pﬂf
= /W X (z =y) Pecyu(y) Puf (y) dy — /Rg Pec-ru () x (z —y) Puf (y) dy
1
= [ [ x@=0)@—)- Peo, Vulse + (1= 5)) Pt (1) dyas

1
< / /3|zx (I Pec1, Vet (@ + (5 — 1)2)||Puf (@ — 2)|d=ds. (2.3)
0 R
By Minkowski inequality, we have

lla (D), P<c-1ul Pufllie < lex () ZalllPec—1, Vul sl Puf 7o
S Nlex (Ll P<o-1, Vull Zs | PV £ 72 (2.4)

In fact,
@) =F (@@ (2)) =wF (@5 (h)) = ne T o).
Therefore,
lox(2)ller = w7 P lnzX (uz) e S pe™t (2.5)
Combining above, we obtain

L S IVul[Zs[|A* 17 (2.6)

3 Proof of the Main Results

Proof Let A be a constant depending only on the initial data which is to be determined.
We will use a bootstrap argument to prove (1.1).
We first assume that

t
2 2 1
||w )\’U,H 7%( 5) +/O ||W A’U/” B %( 3)d] £z, where w X U. (31)

If the bootstrap assumption holds, we can prove the theorem as follows. From the identity

2
u-Vuzwxu—l—V%,
we have
|u[?
Btu—i—wxu—i-V(p—i—T)—Au:O, (3.2)
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which leads to
|ul?

—)—Au:O.

(%u—i—(w—/\u)xu—i—V(p—i— 5

Thus, we obtain
(Au, Opu + (w — Au) X u — Au)p2grsy = 0.
Making direct energy estimate, we get

< a% ullfeey + IIVAZ 2 gy

2 dt
< ||Au||L3(R3)||u||L3(R3) ||o.) — /\u||L3(R3)
1 1
< 1Al 3 g I3 Bl 2214 0 = )0
1 1
< —||Au||; sy + OISy IV @ M) e

1 1
< §||AU||L2(R3) + O||A2u||%2(R3)||A2 (w— /\U)H%%Rs)-

Integrating in ¢ and using the Young inequality, we get

t
||A%’LL||%2(R3)+/ ||VA%’LL||%2(R3)CIT
0

t
1 1 1
S A% ol 72 gs) + 0/0 [AZ w2 gy 1A% (0 — M) || F2 sy AT (3.3)
Thus, by bootstrap assumption (3.1) and Gronwall’s inequality,
t 1
||A%u||§2(R3) +/O ||A%u||§2(R3)dr <e*M < 2M, (3.4)
if e < 0 2.
Novv7 we prove the bootstrap assumption. We recall the equations for vorticity w and
velocity u
Oyw +u-Vw —w-Vu = Aw,
Owu +u - Vu + Vp = Au.
So

O(w— )+ u-V(w— ) — Alw — Au)
=w-Vu—AVp
= (w—Au) - Vu+ Au-Vu— AVp

2
=(w—Au)- Vu—i—wx)\u—i—/\V(M p)
Ju?

).

Taking inner product with A=*(w — Au) and making an intergration by parts, we have energy

= (w— ) Vu+wx (- )+W(

estimate as follows:

2 az ||A"(w - /\u)||L2(R3 + ||A (w— )‘u)HL2(]R3)
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= —(A"Nw—2u),u- V(w—Au))r2ms) + (A w — M), (w — M) - V) p2gs)
+ (A7 (w = M), w x (At — w)) r2(rs).

Noting that
(AN w = Au),u- V(w — Au))r2gs) = (A7 (w— M), [A 7, u- V](w — Au)) 2 (R3) (3.5)

by Holder inequality, Sobolev embedding and Lemma 2.1, we have

<A 5((4] )\u) [A__ u - V]( )>L2(R3)
SIAT2 (w = Au) || 2@ [[AT72,u - V(w — A2 rs)
S ||A_§( — /\u)||L2 R3) ||A2w||L2 R3) ||A (w — /\u)||L2(R3). (3.6)

Similarly, we also obtain

(AN w = M), (w = Au) - Vu) r2gs)
SIAHw Au)|l sy | (w — Au)|[ s rs) [Vl 3 rs)
SIAT2 (@ — M)l 2oy [1A2 (@ — M) 2 ey 1A 2 w| 2y (3.7)

and

(AN w — M), w x (Au — w)) r2@s)
S A w — Ma)| ey |l 2o ges) | (@ — Aw)]| s sy
SNATE (w — M) 2oy [ARw] L2y |AF (@ — M)l 2 zsy. (3.8)

Combining (3.6)—(3.8) and using Holder inequality and Young inequality, we obtain the

energy estimates as follows:
t
_1 1

A3 = Ny + [ 143 = )l dr

S IA™ (wo — o) |72 (gsy
1 1 %

/O A2y drll A (@ — ) sy i / 1A% (@ — X)[Fages )
<A™ (wo — Auo) |2 (e

1/t 1 1 1/t 1
# 5 [ 1Al 1A~ X+ 3 [ 1830 = Ml

1

Noting the fact

1A (wo — Xug) |72 (rey = I|A” 2w0”L2 (R3) — 2M(A™ 2wy, A2 ug) £2(as)
+A%AT 2u0||L2(R3), (3.9)

we choose A to minimize (3.9), which is

B <A_1WQ, UQ>L2(R3)

1 :
A 2u0||%2(R3)
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Therefore,

<A_1W0a u0>%2(R3)

1A% (wo — M) |32 gsy = IIA™ 2wol[32 sy —
L2(R3) L2(R3) IIA‘%%H%W)

Thus, by Gronwall’s inequality, we get
_1 2 ¢ 1 2 g 1 2
IA™3 (@ = M) 32y + [ 1A% (@ — Xu)[32(goydr S € exp ( ||A2w||L2(Rs)dr)
0 0
< UM, (3.10)

Now, we take go(M) = min{%, 1e74CM 1 then (3.10) improves (3.1). By continuous

induction we finish our proof.
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