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Global Stability of a Viral Infection Model with
Defectively Infected Cells and Latent Age*

Jianquan LI! Yuming CHEN? Peijun ZHANG? Dian ZHANG*

Abstract The authors propose and analyze a viral infection model with defectively infect-
ed cells and age of the latently infected cells. The existence of steady states is determined
by the basic reproduction number of virus. With the Lyapunov’s direct method, they
establish a threshold dynamics of the model with the basic reproduction number of virus
as the threshold parameter. To achieve it, a novel procedure is proposed. Its novelties
are two-folded. On one hand, the coefficients involved in the specific forms of the used
Lyapunov functionals for the two feasible steady states are determined by the same set of
inequalities. On the other hand, for the infection steady state, a new approach is proposed
to check whether the derivative of the Lyapunov functional candidate along solutions is
negative (semi-)definite or not. This procedure not only simplifies the analysis but also
exhibits the relationship between the two Lyapunov functionals for the two feasible steady
states. Moreover, the procedure is expected to be applicable for other similar models.

Keywords Viral infection model, Basic reproduction number, Equilibrium, Global
stability, Lyapunov direct method, Age structure
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1 Introduction

Dynamic models of viral infection have played an important role in understanding the
interaction between viruses and host cells. The basic model of viral dynamics was proposed
by Nowak and Bangham in 1996 (see [27]). The model is described by a system of ordinary
differential equations (ODEs for short) to study the evolution of the densities of uninfected
cells, infected cells and free viruses. Since then, the model has become very popular among
theorists and experimentalists (see, for example, [3, 28, 31] and references therein). Based on
this model, many viral dynamic models have been developed (see, for example, [3, 5-8, 13, 19,
31] and references therein).
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In 1996, Kirschner and Webb [17] were the first to introduce the age of cellular infection
(i.e., the time that has elapsed since the cell was infected by a virus (HIV) particle) to an HIV
infection model, where the change of the densities of infected cells is described by a partial
differential equation due to the consideration of infection age. Besides the existence of steady
states, they also used numerical simulations for some quantitative analyses of the dynamics.
Until 2004, corresponding to the basic model of viral dynamics in [27], a basic age-structured
model of viral infection was proposed and investigated by Nelson et al. [26]. Tt is easy to see
that the model in [26] is a generalization of that in [27] and the generalized form is also regarded
as the basic model of viral dynamics with age structure later on. Its global stability was
completely analyzed by Huang et al.in 2012 (see [6]). Since then, a number of viral dynamic
models with age structures based on it have been built and investigated (see [9-10, 12, 33, 37]).

During viral infection and replication within cells, due to viral variation, effect of immune
system, treatment and other factors, some infected cells could contain defective viral genomes.
These infected cells produce defective proviruses that will not produce any offspring viruses (see
[11, 20, 25]). To study this phenomenon, Nowak and May [28] proposed a model, where the
infected cells are divided into three subclasses, longer lived latently infected cells that produce
only a few free viruses in a long time, actively infected cells that produce large quantities of free
viruses in a short time, and defectively infected cells that contain mutated virus genomes and
cannot produce new virion. The model is described by a system of ODEs and is a generalization
of the basic model in [27]. The global stability of the model was recently obtained in 2022 (see
[21]). Based on the characteristics of the latently infected cells and motivated by the works [10,
17, 26, 33], in this paper, we extend the model in [28] by incorporating age of latently infected
cells (i.e., the time elapsed since the cell is infected and stays in the latent stage). The proposed
model generalizes the one in [26]. Our aim here is to investigate its global stability.

Global stability of viral dynamic models is important to understand the mechanism of viral
infection and is very useful in predicting the outcome of treatment. So far, the Lyapunov’s
direct method is still the most efficient way of proving global stability, although it is often
difficult to find an appropriate Lyapunov function/functional for a model. However, for some
ODE models, there have been some systematic approaches to determine whether the derivative
of a Lyapunov candidate along solutions is negative (semi-)definite or not (see, for example
[14-15, 22-23]). Usually, it is easy to find a suitable Lyapunov function/functional for proving
the global stability of the infection-free equilibrium (i.e., the boundary equilibrium). But for
proving the global stability of the infection equilibrium (i.e., the positive equilibrium), it needs
some necessary techniques and experience to do so.

Recently, given the type of a Lyapunov function, a novel method with certain universality
was proposed to determine simultaneously the concrete forms of the function to prove the global
stability of the two feasible equilibria of an ODE model (see [21]). More precisely, when both
the Lyapunov function candidate for the infection equilibrium and its derivative along solutions
of the model can be expressed as a linear combination of g(u) = u—1—Inwu (i.e., Volterra-type
function), the positive coefficients of the Lyapunov function can be found by solving a set of
linear algebraic inequalities. Moreover, the Lyapunov function for the infection-free equilibrium
can also be determined by solving almost the same set of inequalities.
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For the global stability of models with age structures, the Lyapunov functional candidates
are more difficult to construct. In 2010, Magal et al.[24] proved the global stability of the
endemic equilibrium for an SI epidemic model with infection age by applying a Lyapunov
functional involving the integral of the Volterra-type function. Since then, functions of this form
have been successfully used to investigate the global stability of many viral dynamic models
and epidemic models (see [1, 16, 30, 32, 38-39] and references therein). For the Volterra-type
Lyapunov functionals in the aforementioned literature, the coefficients are usually given directly
without any indication of how they are chosen. To make some contribution in this direction, in
this paper, we generalize the idea in [21].

The organization of this paper is as follows. In the next section, we formulate the model
and provide some preliminary results. Then in Section 3, we investigate the existence of feasible
steady states, which is determined by the basic reproduction number. The main result on the
global stability of the infection-free and infection steady states is established in Section 4 by
using the approach of Lyapunov functionals. The paper ends with a brief discussion on the idea
of proving global stability.

2 Formulation of the Model

Our model is based on the one in [28]. First, taking into account the structure of the viral
infection model with defectively infected cells and considering the stage characteristics of the
infected cells during their development, we propose the following modified model of (4.8) in

(28],
dzx

T A — px — Bav,

d

% = p1frv — (61 + v + Y0)y1,

d

% = pafzv + yy1 — (82 + 70)y2, (2.1)
dy3 5

Fr = p3fzv + Yoy1 + VY2 — 03Ys3,

d— k + k — cv,

a - 1Y1 2Y2

where z = z(t), y1 = y1(t) y2 = ya2(t), ys = ys3(t), and v = v(t) represent the numbers of
uninfected cells, latently infected cells, actively infected cells, defectively infected cells and free
viruses at time t, respectively. Here it is assumed that both latently and actively infected
cells may develop into defectively infected cells. Moreover, the latently infected cells can also
produce virion. In (2.1), uninfected cells are recruited at a constant rate A, die at rate px
and are infected with a rate Saxv. The parameter p; (i = 1, 2, 3) with Z p; = 1 denotes the
probability that upon infection a cell will become an infected cell of type yl, diyi (1=1,2,3)1is
the death rate of the associated infected cells, vy, is the transfer rate of latently infected cells to

actively infected ones, k1y1 and koyo are the rates at which latently and actively infected cells
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produce free viruses, respectively. voy; and 7{y2 are the rates at which the latently and actively
infected cells develop into the defectively infected cells, respectively. Free virus is cleared at a
rate cv.

Model (2.1) includes many existing ones as special cases. For example, the case where ps =
ps = k1 =y =, = 0 is studied by Korobeinikov [18], the case where p3 = k1 =~ =7, =10
and p1 = 1 — «, p2 = o with & € (0,1) is studied by Korobeinikov [19] and Elaiw [4], the
case where p3 = v =y =7, =0and py =1 — a, p» = a with a € (0,1) is investigated by
Korobeinkov [18], and the case where vy = v, = 0 is analyzed by Nowak and May [28] and Li et
al. [21]. The global stability of (2.1) can be analyzed completely by similar arguments as those
in [21].

In model (2.1), all the parameters are constant, which imply that transformations among
infected cells do not depend on the times they stay in the corresponding states. However, for the
case where latently infected cells have a long incubation period, it is feasible to assume that the
transformation of latent cells into active cells and defective cells, and the release of free viruses
from the latent cells all depend on the latent age (the time elapsed since an uninfected cell
becomes latently infected). For example, in the transmission of HIV, Zika and many others, the
infectivities of infected cells vary with respect to the time since infected. Therefore, introduction
of the latent age provides greater flexibility in modeling the transformation of the latently
infected cells since it allows the relevant parameters to depend on the lifetime of the cells.
Denote the coefficients of death rate, releasing rate of free viruses, transfer rates to actively
and defectively infected cells of latently infected cells at age a as §1(a), k1(a), v(a) and yo(a),
respectively. Here d1(a), k1(a), v(a), v0(a) € L (0,00), the set of all integrable functions from
(0,00) into Ry = [0,00). Then, following the mechanism of viral infection for model (2.1)
and including the age of the latently infected cells by letting y1(¢,a) be the density of latently

infected cells at age a, we have the following viral infection model,

U0 = ) et

391(;? o 3918(27 e —[01(a) +~(a) +v0(a)]y1(t, a),
%ﬁtwﬁww@+[:@MQQM—@+%M@, (22)
et = papa(t0) + / " o6, a)da + 3ha(t) — dops(0),

do(t)
dt

with the boundary condition

Awm@m@@m+@mm—w@

y1(t,0) = p1fa(t)o(t). (2.3)
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Obviously, model (2.2) with boundary condition (2.3) extends the model in [26]. Note that

y3(t) is decoupled from the other equations in model (2.2). Thus we only need to focus on

dz_f) = A — pa(t) — Ba(t)o(t),

aylé? %) + ayla(t,a) = —o(a)y(t, a),

e a N (2.4)
27 = pofa(t)o(t) +/0 Y(a)y1(t, a)da — dy2(t),

dZit) = /OOO ki(a)yi(t, a)da + kaya(t) — cv(t),

where o(a) = d1(a) + v(a) + yo(a) and 6 = §2 + |. We impose the boundary condition (2.3)

and the initial condition
((0), 41(0, @), %2(0),v(0) = (@, 51" (@), 55", v®) € X 2 Ry x L1 (0,00) x Ry x R

on model (2.4). Note that X is a positive cone of the Bach space R x L'(0, 00) x R x R equipped

with the product norm. In the sequel, we also assume that there exists o > 0 such that
d1(a) +vo(a) > 09 for a € Ry.

Integrating the PDE in (2.4) along the characteristics and incorporating the boundary condi-
tion (2.3) gives
o(a)p1Bz(t — a)v(t — a), ift > a,
b =1 _ola)
O
where ¢(a) = exp ( — [; o(s)ds). Then the equivalent integral formulation of (2.4) is the

t)yl((),a—t), if t <a,

following systems of integro-differential equations:

WO 3~ palt) — Balty(),

yi(t,a) = @(a)p1 Bt — a)v(t — a)lpmay + Fasy1 (0,0 — )1 (a2,
dya ()

— paB(t)olt) + / T (@t a)da — Sy (t).

dz(tt) = /000 k1(a)y1(t, a)da + kaya(t) — cv(t).

Here 1g~4y(t,a) = 1 if ¢ > a and 0 otherwise. 1,54 is defined similarly. With a minor
modification of the proof of [2, Theorem 2.1], we can show that (2.4) with (2.3) has a unique
(local) solution in R x L1(0,00) x R x R. Then, arguing similarly as in the proof of [2, Lemma

2.2], we can show that the solution remains nonnegative. Moreover, choose K > 0 large enough



560 J. Q. Li, Y. M. Chen, P.J. Zhang and D. Zhang

such that o9 — % >0 and § — % > 0. Then, on the interval of maximal existence [0,%),

we have

%(w(b‘) + /000 y1(t, a)da + ya(t) + %)

— X — pa(t) — Ba(t)o(t) + /0 [— W — (@t a)}da
+pabalt)olt) + | (@t a)da — s (t)
sl @ ko - o)

=\ — pa(t) — Br(t)v(t) — y1(t,0) +yi(t, 00) — /OOO o(a)y:(t,a)da
+ pofx(t)v(t) + /000 y1(a)yi(t,a)da — dya(t)
+ % [ /O k(@) (£ a)da + kg (t) — eo(r)]

<= pt) — (o0 — =Y e, ) — (5 22— ot

<\ —M(x(t) +/Oooy1(t,a)da+y2(t) + %),

where M = min {,u, oo — %, 0 — k—lg, c}. It follows that

o)+ [ mtanda () + 5

<e M (x(O) + /OOO y1(0, a)da + y2(0) + %) + %(1 —e M) (2.5)

for t € [0,¢f). This means that the solution is bounded and hence the solution exists globally.
Moreover, it follows from (2.5) that

A
M’

lim sup (x(t) + /OOO y1(t,a)da +ya(t) + %) <

which means that solutions are globally bounded.
3 The Basic Reproduction Number and Steady States

For convenience, we define U1, Wy : Ry — R, by
¥y (a) = / y(B)e™ 5 7MATag Wy(a) = / ky(0)e= 45 °ATdg  for a € Ry
0 0

Denote
ko

]

In fact, in the absence of viral infection, the steady state of uninfected cells is xy = %

Ry = f—;\ [pl%(oo) + —(p1¥1(c0) +P2)]

When a viral particle is introduced into the host without infection, during its lifespan %, it
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will infect ﬁ_zo uninfected cells. Among them, a proportion of p; enters the latently infected
subpopulation and a proportion of ps becomes actively infected. Note that e~ Jg"o(Md7 ig the
probability for a latently infected cell being still latent after a time units. On the one hand,
Uy (00) is the burst size! of a latently infected cell. Thus a total of pl’%\%(oo) viral particles
will be produced by the %C””O latently infected cells. On the other hand, ¥;(co) represents
the proportion of latently infected cells leaving the latent stage and then entering the active
stage. Then there is a total of @(pl Uy (00) + p2) actively infected cells. They will produce a
total of @[pl\lll(oo) + pa]%2 viral particles since the burst size of an actively infected cell is
%2. Therefore, if a viral particle is introduced into a population of wholly uninfected cells, a
total of Ry viral particle will be produced during its lifespan. This means that Ry is the basic
reproduction number of virus for system (2.4) with (2.3).

The following main result of this section tells us that the steady states are determined by

Ry.

Theorem 3.1 (i) If Ry < 1, then system (2.4) with (2.3) only has the infection-free steady
state Py(x0,0,0,0), where zg = %
(ii) If Ro > 1, then besides Py, system (2.4) with (2.3) also has a unique infection steady

state P*(z*,y;(a),y5,v*), where

’U>k = %(RO — 1),

yi(a) = p1fz v e” I3 e@)qg

a€R+,

T v*
Ys = b 5 (P1V1(c0) + p2).

Proof Clearly, a steady state P(x,y1(a),y2,v) of (2.4) with (2.3) satisfies

0=X\—pux — Bawv,

d

L = —o(a)y(a),

0 = p2fzv + /OO y(a)y1(a)da — Sy, (3.1)
0

0= / k1(a)yi(a)da + kaye — cv,
0

y1(0) = p1Bav.

IThe burst size is the total number of viral particles produced by an infected cell in its lifespan (see [26]).
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It follows from the second and the last equations of (3.1) that
yi(a) = p1Bave Jo 7040, (3.2)

If v =0, then = x¢ and y1(a) = 0. These combined with the third equation of (3.1) produce
y2 = 0. So there is always the infection-free steady state Py. Now we assume that v > 0.

Substituting (3.2) into the third equation gives

Y2 = %(pl‘l’l(oo) + p2). (3.3)

As v > 0, substituting (3.2)-(3.3) into the fourth equation of (3.1) yields x = Z&. This, together
with the first equation of (3.1), implies that v = %(RO —1), which is possible only when Ry > 1.
This completes the proof.

4 A Threshold Dynamics

In this section, we study the global dynamics of system (2.4) with the boundary condition
(2.3), which is a threshold dynamics characterized by the basic reproduction number of virus,
Ry. The technique used is the LaSalle’s invariance principle. For the statement on strongly
continuous nonlinear semigroups, we refer to Webb [36, Proposition 4.6] for example.

We start with a result on the existence of solutions to a system of algebraic inequalities. The
result not only plays an important role in determining the suitable specific form of Lyapunov

functionals but also is applicable to other similar models.

Lemma 4.1 Suppose that p satisfies

co
<P Blhalpri(00) + po] 1 0p1Ta(o0)}

where 3, u, ¢, p1, p2, o(a), 8§, ki(a), ko and y(a) are given parameters in (2.4) with (2.3).

0

(4.1)

Then the following system of inequalities
nac > fp,
n16 > nakz, (4.2)
n1[p1W¥1(00) + p2] + nop1¥a(oco) < 1
has positive solutions (ny,ns).
Proof It is easy to check that the system
n10 = noko,

n1[p1¥1(00) + pao] +nap1¥a(oo) =1
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has a unique solution

563
ng=n'2 ka
U ka[pr ¥y (c0) +%?2] + 0p1Wa(c0)’
ng = nj =

" Fa[p1W1(00) + pa] + 0p1Ws(0)’

(4.3)

which is positive. Also it follows from (4.1) that 'B—C” < n5. Then we can easily see that the
solutions to (4.2) are the set D* in the ni-ns plane (see Figure 1), where

k
D* = {(nl,ng) 12l

. <ny < 1 —nap1Wa(o0) Bp

,— <ng < n*}
p1¥i(o0) +p2 " ¢ 2

1
Figure 1

The solution set of (4.2), where the straight lines l1, l2, and l3 correspond to na2c = SBp,

n16 = nake and n1[p1W1(00) + p2] + nap1Wa(co) = 1, respectively.
This completes the proof.

Remark 4.1 (i) From the proof of Lemma 4.1, we see that (4.2) only has a unique solution
* *Y ¢ _ cd
(n1,12) if p = S v ort pa T op T2 (T

(ii) Let (n1,n2) be a positive solution of (4.2), then n1 ¥y (c0)+n2¥s(oo) < 1_”—1“’2. Choose
n(0) € [n1¥1(00) + na¥s(c0), 1_;”’2} and define
n(a) = elo 7 Ln(0) — [0 (a) + naUs(a)]} for a € Ry.

dn(a)
da

(4.4)
Since ¥;(a) < U;(o0) for a € Ry and ¢ = 1, 2, we know that n(0) — [n1¥1(a) + n2¥a(a)] > 0.
We also know that n(a) is bounded as o(a) € L (0,00). Moreover, n is differentiable and

—n(a)o(a) + [niy(a) + nakr(a)] = 0
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In the construction of Lyapunov functionals, we need some qualitative properties on solutions
of (2.4) with (2.3). Since every solution is nonnegative, it is not difficult to show that =(¢) > 0

for t > 0. Moreover, denote
Xo = {(2,y1,92,v) € X:v >0}

and define p : X — Ry by p((x,y1(:),y2,v)) = v for (x,y1(),y2,v) € X. Then, applying [34,
Theorem 5.2], one can obtain the following results: If Ry > 1, then (2.4) with (2.3) has a global
compact attractor A in Xy and its solution semi-flow is uniformly p-persistent, that is, there
exists an € > 0 such that

liminfo(t) > ¢

=00
for every solution (z(t), y1(t,a), y2(t),v(t)) of (2.4) with (2.3) and initial conditions in Xy. As a
result, one can show that there exists £ > 0 such that x(t), y1(¢,0), y2(t), v(t) > & for all t € R,
where (z(t),y1(t,a),y2(t), v(t)) is any total-trajectory in A. Their proofs are quite standard for
age-structured epidemic models and hence we omit the details here. Interested readers refer to
[35, 38], for example.

Now we are ready to state and prove the main result of this paper.

Theorem 4.1 (i) If Ry < 1, then the infection-free steady state Py of (2.4) with (2.3) is
globally asymptotically stable in X.
(ii) If Ro > 1, then the infection steady state P* is globally asymptotically stable in Xo.

Proof (i) Suppose Ry < 1. We consider a functional of the form

T o0
L, = xog(z—) + / n(a)yi (t,a)da + niys + nav,
0 0

where g(u) = u—1—1Inwu for v > 0 is the Volterra-type function mentioned before, n(a) is a
positive continuous function for a > 0 to be determined, n; and no are positive numbers to be
specified. Ly can be regarded as well-defined since x(t) > 0 for ¢t > 0 for each solution of (2.4)
with (2.3).

First, it follows from the second equation of (2.4) that

% /0 " (@t a)da = - /O " nta) [o(@(t,0)+ W} da.

Then applying integration by parts to fooo n(a)%da yields

% 000 n(a)y1(t,a)da = — /000 n(a)o(a)yi (¢, a)da
dn(a)

d
daa

+ (0 (£,0) — (@) ()]l amoo + / " ta)
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o0
= —/ n(a)o(a)yi (t,a)da
0

T n(O)p1(t)u() — [n(a)ya(t a)]laoo + / () )

da

da,

where the boundary condition (2.3) has been used.
Next, noting A = uxg, we see that the derivative of L; with respect to ¢ along solutions of

(2.4) is given by

T — x0)? 0
dstl ‘(2 Y _ _% — ﬁ(x — xo)’U — /O n(a)o'(a)yl (t7 a)da
+n(0)p1 Bz = (e (1) o+ [ 8 g,

o [pmso [ (et apda— o]

+ ng [/OOO k1 (a)y1(t, a)da + kays — cv}
x — x0)?
T ) P

— Bav[l —n(0)p1 — nip2] — v(nec — Brg) — ya(n1d — naks)

- /OO y1(t,a) {n(a)a(a) — n1y(a) — nok(a) — dn(a)]da
0

da
< _W_T/IO)Z — B[l — n(0)p1 — nips] — v(nae — Bag) — y2(n1d — noks)
B /OOO it a) [n(a)cr(a) —n17(a) — n2ki(a) — dzga)}da,

where [n(a)yi(t, a)]|a=oo > 0 was used.

Since Ry < 1 implies that zo < it follows from Lemma 4.1

cd
B{k2[p1¥1(00)+p2]+0p1Wa(c0)}’
with p = xz( that (4.2) has a positive solution (ni,ng). Let n(a) be defined by (4.4) with

n(0) = n1 W1 (00) + naPsa(oco). With these choices of n1, na, and n(a), we then have
dhy) _#le — @)
dt li.a) — x '
Moreover, 4 T |(2 5= =0if 2(t) = zo. Let (x(t),y1(t,a),y2(t),v(t)) be a solution in the largest
invariant set of {4Et| 5 4) = 0}. Then z(t) = zo. This, together with the first equation of (2.4),
implies that v(¢) = 0. This, combined with the fourth equation of (2.4) and nonnegativity of
solutions, gives us y1(t,a) =0 = y2(t). Thus when Ry < 1, the largest invariant set of (2.4) in

dstl 2.4) = 0} is the singleton {Py}. Therefore, by LaSalle invariance principle, Py is globally
stable in X when Ry < 1.

(ii) Now we assume that Ry > 1. First it is routine to show that P* is locally asymptotically

stable. As a result, it suffices to show that P* is attractive in A. Let (x(t), y1 (¢, a), y2(t), v(t))
be a total trajectory in A.
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First consider a function of the form

Loy =x g( )+n1y29(y )-i-nzv Q(U)

where n; and ny are positive numbers to be specified. Lo; is well defined from the discussion
before the statement of the theorem. Straightforward calculation gives the derivative of Loy
with respect to t along solutions of (2.4),

*

dLg; _(1 x*
dt lea x

)()\ — px — Bav)
+n (1 - y_) {pgﬂxv + /OO ~y(t, a)yi(t,a)da — 6y2}

+ no (1 — 7) {/0 ki(a)y1(t, a)da + kays — cv]

For the simplicity of notation, denote

x(t) yi(t,a) y2(t) v(t)
u(t) = , wi(l,a) = —; , o we(l) = ——, =z(t)= 4.5
(t)=—: 1(t,a) V(@) 2(t) " (t) =3 (4.5)
Then 9%zt | (2.4) €an be reexpressed as
dLs — ®__
=CF — Hq(t) — H,(t,a)d
2, = G-~ [ Tt
where

Cy = A+ pa™ 4+ n1dys + nacv™,
— A
Hq(t) = pr*u+ ” + Ba*v*(1 — nip2)uz + (nec — fr*)v*z

uz w
+ (TL15 — ngkg)y;’wg + nlpgﬁx*v*w— + ngkgyﬁf,
2

—x N wi(t,a " wi(t,a
73 (ta) = my(@)y (0)[ 2L — w, (1,0)] + ok (@) (@) 2L oy 1,a)].
wa z(t)
To express dL21 ‘ (2.4) 25 AN integral, we choose an arbitrary continuous function r(a) satisfying

Jo " r(a)da = 1. Then

dLQl *
= — t
T e /0 [r(a)C§ — hi(t, a)]da,

where
* A * ok *\ ok
hi(t,a) = r(a) {ux u+ ” + Bx*v*(1 — nip2)uz + (nec — fr* v’z
uz w
+7r(a) {(nlé — noks)yswa + nypafa’v* — + n2k2y§—2]
w9 z
< w1t a w1t a
+n1y(a)y;(a) 11(02 ) + noky(a)yi(a) 12((t) )
— [n1y(a) + nzki(a)lyi (a)wi (¢, a).
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Further, corresponding to the function hi(t,a), we define a function hj(t, a) as
1
hi(t,a) =r(a) {u:z:* Inu+ Aln (a) + B v* (1 — nip2) In(uz) + (nac — Bz*)v* In z}

+7r(a) {(nlé — noks)ys Inws + nypafr*u” In (Z) ) + n2koys In ( . )}
i @) (20 iy 0y ()

wa
— [n1v(a) + n2ki(a)]y] (a) Inwi (¢, a).

With a straightforward calculation, one can reduce hj(t,a) to

1} (t, a) = r(a)(ua” + Ba*v* — N) Inu
+ nafr(a)(cv™ = kays) — ki(a)yi(a)]Inz
+ na[r(a)(0ys — p2Baz*v”) — v(a)yi (a)] Inwa(t). (4.6)
a)da=1. Moreover, it is easy to

With the help of (3.1), we see [~ hi(t,a)da = 0 since [~ r
verify that r(a)C{ equals exactly the sum of the coefficients of all the logarithmic functions in

hi(t,a), which is expressed by (4.6). Therefore, we can rewrite dL21 ‘(2 4
dLsy Y e . .
at (2. —/0 [r(a)Cy — hi(t,a) + hi(t, a)] / Hi(t,a)d
where
* 1 * *
Hi(t,a) =r(a) [uaz g(u) + )\g(—) + B v* (1 — napa)g(uz) + (ngc — Ba*)v g(z)}
uz " W
() [("15 — nok2)y39(w2) + nap2fr*v g(w—Q) n2k2y29(72)}
* wi(t, a) wi (t, a)
+n1”y(a)y1(a)g(T2) + n2k1(a)yi(a)g ( =0 )

= [n1y(a) + n2ki(a)]yi (a)g(w1(t, a)).
Next, we define a functional

L= [ ntai @ (20D ac,

1

where n(a) is an undetermined nonnegative differentiable function. The derivative of Lo along

solutions of (2.4) is

dL22 :/Oon( |: _ yiﬁ a) ayl t a
dt l(2.4) 0 y1(t,a)

== [ ol W s ofemt. o

, ) da
Noting o(a) = — 2 . _1_ e have
da yi(a)’

dLas /OO yi
= — 1—
dt (2.4 0 ma) [ Y (
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:—/Ooon(a)yf(a)[l— 1(t( ))} (yl(t( C;))da
i (t,a

_ _/O n(a)yf(a)%g( vy (a)))

Using integration by parts yields

]y = OO0 (55 ~ [ramis(SED)]|
[ i) ),
=i O)a( ")  [ntami @ (L]
N /0"° d[n(a(icylf (a)] g(y;l(i;;) )da’

where we have used yi(¢,0) = p1Bz(t)v(t) and y;(0) = p1Sx*v*. With the notation in (4.5)

and the function r(a) chosen before, we have

dLa2 ‘
dt . 4)

n(0)y; (0)g (u(t)=(t)) — [n(a)y; (@)g(wn (£ 2))]|amoo
* dinayi@) o
+ / An@wi @l oy, (¢, apya

where

LGV W

Hy(t,a) = —r(a)n(0)y1 (0)g(u(t)=(1)) —

Here we have used n(a)y;(a)g(wi(t,a)) > 0 and [, r(a)da = 1.
Now, let
Ly = Lay + L.

L
d2 /Hta
(24)

H(t,a) = r(a) {/w g(u +/\g( )+n1pzﬂx v g( )
+ (noc — Bx*)v*g(2) + (n16 — naka)ys g(w2)
+[Bz"v*(1 = nip2) — n(0)y; (0)]lg (UZ)+n2/€2y29( )}

mrtay (@ (D) ok (@i (g (82

2 z(t)
i@ + et @@ + PO g0 1.0

Then we have

where

S|
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=7(a) {Wﬂ*g(u) + /\g(%) + nlpzﬁx*v*g(i—z)
+ (n2c — B )v*g(2) + (n16 — n2ka)ys g(wo)

+[Bz"v" (1 = nips) — p1n(0)]g(uz) + n2k2y§g(ﬂ)}

+ n1y(a)yi(a)g (%Z’a)) + noki(a)y; (a)g(wz((tg)a) )
a {dZEza) —n(a)o(a) + [n1v(a) + naks (a)]}yi‘(a)g(wl(t, a)).

Here we have used the fact that yi(a) = p1fz*vre™ o 799 (see (3.2)). Recall that z* =

Zo
Ro

Thus by Lemma 4.1 and Remark 4.1, system (4.2) with p = 2* has

s
5{k2[P1‘P1(Oo)ip2]+5pl‘1’2(00)} :
a unique positive solution (nj, n3) shown in (4.3). Let n; = n}, no = n} and n(a) be defined

by (4.4) with n(0) = n1¥;(c0) + naWa(oo). Then with these choices, we have

* 1 x % [(UZ « (W
H(t,a) = r(a){ux g(u) + /\g(—) + nip2fav g(—) + ngkngg(—z)}
u w9 z
* w1 (tv CL) * w1 (tv CL)
(@i g (1) + nak(@ui @9 (<)
> 0.

Hence %‘(2'4) < 0 and the equality holds only if u(t) = 1 and wy(t,a) = ws(t) = z(t), or
equivalenty, zw(t) =1 and % = yf/(;) = % It follows from the first equation of (2.4) that
x(t) = x* implies v(t) = v* and thus yi(t,a) = yi(a) and y2(t) = y; from % = wy_(;t) =

% = 1. This means that the largest invariant set of (2.4) in {% (2.4) = 0} is the singleton

2.4)
{P*}. Therefore, by LaSalle invariance principle, P* is globally attractive in A. This completes

the proof.
5 Conclusion and Discussion

In this paper, based on the characteristics of viral infection with latent stage, we first
proposed an ODE model of viral infection with defectively infected cells and stage structure,
which includes some models in the literature as special cases. The global stability of the
ODE model can be obtained by using the similar method as that in [21]. Then, according
to differentiability of the latently infected cells and the development of all infected cells, we
incorporated the age of the latently infected cells into the ODE model, which is described by a
hyperbolic partial differential equation and ODEs. This model is a generalization of both the
one without age structure in [28] and the one without latent stage but with age structure in [26].
We have shown that the global stability is determined completely by the basic reproduction
number of virus, Ry. That is, the infection-free steady state is globally stable when Ry < 1

while the infection steady state is globally stable when Ry > 1.
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The global stability of the model was established by the Lyapunov’s direct method. With
respect to the construction of the suitable Lyapunov functionals, the commonly used Voterra-
type function is used. Usually, it is easy to determine an appropriate Lyapunov functional
for the infection-free steady state. However, it is difficult to find that for the infection steady
state. In this work, we first guess a form of suitable Lyapunov functional. Then we applied a
rigorous way to determine the coefficients and hence the concrete Lyapunov functionals. The
analysis indicates that the coefficients of Lyapunov functionals for both infection-free steady
state and infection steady state satisfy the same set of inequalities. This reveals a connection
of the suitable Lyapunov functionals for both the steady states.

Regarding the proof of global stability of the infection steady state, two points are worthy
to be pointed out on proving the negative (semi-)definiteness of the derivative of the Lyapunov
functional along solutions. First, we express the derivative as an integral form fooo H(t,a)da by

means of an auxiliary function r( ) satisfying fo a)da = 1. Next, we reexpress the integrand

H(t,a) in a specific form, — E bi(a)gi(u(t,a)), that is, a linear combination of some functions
of form g(u) —u—1-Inu foru > 0. Since g(u) > 0 and g(u) = 0 if and only if u = 1,
the conditions b;(a) > 0 (i =1, 2, ---, K) ensure the negative (semi-)definiteness of H(t,a).
Lemma 4.1 guarantees that these conditions can be satisfied. In the literature, to determine the
negative (semi-)definiteness of the derivative of the Lyapunov functionals, some ones rearrange
the derivative in a given form according to the geometric mean and arithmetic mean inequality
(see [21]). This requires certain skill and experience. In some cases, it may not work. Our
approach here avoids these complex processes and is much simpler. The approach has some

kind of universality and can be applied to some other similar epidemic models, too.
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