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Abstract In this paper, the authors completely characterize when two dual truncated
Toeplitz operators ar e essentially commuting and when the semicommutator of two dual
truncated Toeplitz operators is compact. Their main idea is to study dual truncated
Toeplitz operators via Hankel operators, Toeplitz operators and function algebras.
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1 Introduction

Let D be the open unit disk and 9D be its boundary. Let L? denote the Lebesgue space of
square integrable functions on the unit circle 9. The Hardy space H? is the closed subspace
of L2, which is spanned by the space of analytic polynomials. Thus there is an orthogonal
projection P from L? onto H?. For ¢ in L, the space of essentially bounded measurable
functions on JD, the Toeplitz operator T}, and the Hankel operator H, with symbol ¢ on H 2
are defined by

T f = P(ef)
and
Hyf = (I —P)(¢f)

for f € H?, respectively. Moreover, the dual Toeplitz operator S,, on (H?)* is defined by
Seh = (I - P)(gh), he (H)*.

For more information on the topics of Toeplitz and Hankel operators we refer to [8, 26].
Let T be the adjoint of the forward shift operator T,. Suppose that u is a nonconstant

inner function. The invariant subspace for 77,

K2=H?*cuH?
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is called the model space (see [10]). Let P, be the orthogonal projection from L? onto K2. For
¢ € L?, the dual truncated Toeplitz operator D, with symbol ¢ on the orthogonal complement
of K2 is densely defined by

Dof = (I = Pu)(¢f)

on the subspace (K2)* N L> of (K2)* = L? © K2. Noting that L? = H? ® zH? and K2 =
H? & wH?, we obtain
(K)H* = uH? ® zH?,

and moreover,
P,=P— M,PMz

and
I—-P,=M,PMz+ (I —P),

where M, is the multiplication operator on H? with symbol w.

Toeplitz operators and Hankel operators have played an especially important role in function
theory and operator theory. There are many fascinating problems about those two classes of
operators. The essentially commuting problem of two bounded linear operators arises from
studying Fredholm theory of operators on a Hilbert space. The answer to the commuting
problem for two Topelitz operators on the Hardy space was obtained by Brown and Halmos
[4] in 1964, which states that two Toeplitz operators are commuting if and only if either both
symbols of these operators are analytic, or both symbols of these operators are co-analytic, or
a nontrivial linear combination of their symbols is constant. Axler and Cuckvoi¢ obtained the
analogous result for Toeplitz operators with bounded harmonic symbols on the Bergman space
of the unit disk (see [2]). Using some techniques in multiple complex-variable functions, Ding,
Sun and Zheng [7] established a necessary and sufficient condition for two Toeplitz operators
to be commuting on the Hardy space over the bidisk.

The problem of when the commutator or semicommutator of two operators is compact on
function spaces has been investigated by many people. The beautiful Axler-Chang-Sarason-
Volberg theorem (see [1, 23]) states that the semicommutator TyT, — Ty, of two Hardy Toeplitz
operators Ty and T, is compact if and only if either for gisin H*> on each support set (which
will be introduced in the next section). An elementary characterization for the compactness of
the semicommutator of two Hardy Toeplitz operators in terms of Hankel operators was obtained
by Zheng [24]. The compactness for the semicommutator of two Toeplitz operators on other
analytic function spaces was studied in [13, 16, 25].

In 1999, Gorkin and Zheng [12] completely characterized the compact commutator Ty, —
T,Ty of two Toeplitz operators on the Hardy space in terms of Douglas algebras or support sets.
More precisely, The characterization in [12] can be stated as follows: two Toeplitz operators
are essentially commuting if and only if either the restrictions of their symbols on each support
set S are in H*|g, or the restrictions of the conjugations of their symbols on each S belong to
H®°|g, or a nontrivial linear combination of the restrictions of their symbols on each support
set S is constant. The essentially commuting problem for Toeplitz operators with bounded
harmonic symbols on the Bergman space was solved by Stroethoff [20] in 1993.
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Dual Toeplitz operators on the orthogonal complement of the Bergman space were studied in
[22]. Dual truncated Toeplitz operator is a new class of operators on the orthogonal complement
of the model space, which was first introduced in [6]. In [5], asymmetric dual truncated Toeplitz
operators acting between the orthogonal complements of two (eventually different) model spaces
were introduced. Although these operators differ in many ways from Toeplitz operators on the
Hardy space, they do have some of the same interesting properties, see [6] and [18] for more

information. In the present paper, we focus on the following problems:

Problem 1.1 When is the commutator [Dys, Dy] = DyDy — DyDjy of two dual truncated
Toeplitz operators Dy and D, with f and g in L°° compact?

Problem 1.2 When is the semicommutator [D¢, Dy) = Dy Dy — Dy, of two dual truncated
Toeplitz operators Dy and D, with f and g in L°° compact?

In order to study the dual truncated Toeplitz operators, we use the useful matrix represen-
tation for the dual truncated Toeplitz operator to establish a connection between the Toeplitz
operator, Hankel operator and dual truncated Toeplitz operator. Then the above essential-
ly commuting (semicommuting) problem can be reduced to the study of the compactness of
products of Toeplitz, Hankel and dual Toeplitz operators. The difficult part in this paper is
characterizing the compactness of the sum of the four products of Toeplitz, Hankel and dual
Toeplitz operators. Our main idea here is to study dual truncated Toeplitz operators via the
characterization for the essentially commuting Hankel and Toeplitz operators (see [14]) and

function algebras. The first main result in this paper is the following theorem.

Theorem 1.1 Let u be a nonconstant inner function and f,g € L. The commutator
[D¢, Dgy] is compact if and only if for each support set S, one of the following holds:

(1) fls, gls, ((u—N)f)|s and ((uv— N)G) |s are in H®|s for some constant \;

(2) fls, gls, (=N f)|s and (v — N)g) |s are in H®|s for some constant \;

(3) there exist constants a, b, not both zero, such that (af + bg)|s is a constant.

The above theorem is analogous to the characterization when two Toeplitz operators are
essentially commuting on the Hardy space (see [12, Theorem 0.8]).
The second main result of our paper is the following characterization on the compactness of

the semicommutator of two dual truncated Toeplitz operators.

Theorem 1.2 Let u be a nonconstant inner function and f,g € L. The semicommutator
[Dy,Dy) is compact if and only if for each support set S, one of the following holds:

(1) fls. gls. ((w=N)F)ls, (w=N7)|s and ((u—N)Fg)|s are in H*|s for some constant
A

(2) fls. ls. ((w=N)f)]s: ((u—=Ng)|s and ((u —X)fg)|s are in H>|s for some constant
A

(3) either f|s or g|s is a constant.

Theorem 1.2 is analogous to the characterization for the compactness of the semicommutator

of two Hardy Toeplitz operators (see [1, 23]).
As the proof of Theorem 1.1 is long, it is divided into the necessary part in Section 3 and
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the sufficient part in Section 4. We will present the details for the proof of the necessary part

and the sufficient part of Theorem 1.2 in Sections 5 and 6, respectively.

2 Notations and Preliminaries

In this section, we introduce some notations and include some important lemmas. Let us
begin with the following matrix representation for the dual truncated Toeplitz operator on the
space (K2)*, see [19, Lemma 2| for the details.

Lemma 2.1 Suppose that p € L. The dual truncated Toeplitz operator D, on (K2)* is

unitarily equivalent to the following (2 X 2) operator matriz

T, Hy
Hyy S,

on the space L?> = H?> @ zH?2. Moreover, the unitary operator here is given by

M, 0
o= (% 9)-

In view of the matrix representation in the above lemma, the essentially commuting problem
for two dual truncated Toeplitz operators can be easily transformed into the compactness of

the following four classical operators.

Lemma 2.2 Suppose that u is a nonconstant inner function and f,g € L*°. Then the
commutator DyDg — Dy Dy is compact if and only if
TyTy+ HigHug — TyTy — HygHuy,
HyfTy+ SyHug — HugTy — SgHuy
and
Huqujg + Sng — HugH:? — SgSf

are compact.

Proof Let
Ty =TTy + HipHay — T,T; — HigHoy,
To =T¢H,; + H;?Sg — TgH::? — H;2Sy,
Ts = HypTy + SfHug — HyyTy — SgHuf
and

T, = Huszy + Sng — HugH;? — SgSf.
Then we have by Lemma 2.1 that

U*(DyDg — DyDy)U

(T H\ (T, Hg\ (T, Hyg)(Tr Hy
B Huf Sf Hug S.q Hug Sg Huf Sf
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(T T
S \T3 Ty)-
Denote the above operator matrix by 7'. According to the fact that 7" is compact if and only if

T1, Ty, T and Ty are all compact, we finish the proof of this lemma.

Using the same method as that in the proof of Lemma 2.2, we obtain a similar conclusion

for the compactness of the semicommutator [Dy, Dy).
Lemma 2.3 Suppose that v is a nonconstant inner function and f, g € L*°. Then the
semicommutator Dy Dy, — Dy, is compact if and only if

TT, + H;?Hug —Tg,

TyH,g + H;?Sg — H;E’

HyfTy+ SpHug — Hugg
and

HupHyg + S5Sq = Stq
are compact.

To study the compactness of products of Hankel and Toeplitz operators on the Hardy space,
the following operator V is very useful. Define the operator V : L? — L? by

Vf(z)==z2f(z), felL? z€aD.
It is easy to check that V is anti-unitary and moreover,
V=vlt=v*

on L?. For a general anti-linear operator V, V* is the anti-linear operator defined via the
property

Vg = (V")

for f and g in L%
We will show in the next lemma that the operator V and the Hardy projection P satisfy
the following equation.

Lemma 2.4 For f € L?, then
VP(f) =T = P)V(f).

Proof For any f in L?, we write f = f, + f_, where fy = Pf and f_ = (I — P)f. Then

we have

VP(f)(w) =V f(w)
=wfy(w)

=wfy (w) + (I — P)(Wf-(w))
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for each w € 9D, to complete the proof.

Remark 2.1 Observe that Lemma 2.4 easily leads to the following two relations:
VHy,=H;V and S,V =VTg,
which will be used repeatedly later on.

For  and y in L2, we use x ® y to denote the following rank-one operator: For f € L2,

(z@y)(f)=(f,y)z.

It is well-known that the operator norm of the above rank-one operator is given by ||z ®
y|l = ||zl - [|y]|2. The following two lemmas about the Toeplitz and Hankel operators on H?
established in [24, Lemmas 1-2] are useful tools to study the compactness of the product of
Hankel operators and compact operators in the Toeplitz algebra.

Lemma 2.5 Let f and g be in L? and z € D. Then
HiH, —T; HiH Ty, = V[(Hsk.) ® (Hgk.)|V*.

Here
1— |z

1 — zel?

is the normalized reproducing kernel for the Hardy space, and ¢, denotes the M&bius map

k. (el) =

w
¢ (w) = , z,w e D.
Lemma 2.6 Let K be a compact operator on H?. Then we have

|z}i_rﬂf | K —T; KTy || =0.

As in [11], a Douglas algebra is, by definition, a closed subalgebra of L which contains H°.
As Douglas algebras play a prominent role in various problems on Toeplitz and Hankel operators,
we need to review some important properties of them. Observe that H* is a commutative
Banach algebra, we can identify the maximal ideal space M(H) as the set of multiplicative
linear functionals on H*°. Endowed with the weak star topology it inherits as a subset of the
dual space of H>*, M(H®) is a compact Hausdorff space. Identifying a point in the open unit
disk D with the functional of evaluation at this point, we may regard the disk D as a subset of
M(H®). Using the Gelfand transform we regard every function in H> as a continuous function
on M(H®°). The deepest result concerning M(H°) is the famous corona theorem of Carleson,
stating that D is dense in M(H°) under the weak star topology (for details, see [9, 11]).

It is a consequence of the Gleason-Whitney theorem that the maximal ideal space of a
Douglas algebra B is a naturally imbedded in M(H). Thus we may identify the maximal



Essentially Commuting Dual Truncated Toeplitz Operators 603

ideal space M(H> + C) of the Sarason algebra H> + C' with a subset of M(H), where C' is
the algebra of continuous functions on dD. A subset of M(L>°) will be a support set if it is the
(closed) support of the representing measure for a functional in M(H> 4 C), see [11, 17] for
more details. Let m be in M(H> + C) and let du,, denote the unique representing measure
for m with support S,,, i.e.,

(1) for all f and g in H®®,

m(fg) = /S fg dpm = (/Sn fdum) (/Sn gdum);

(2) if h >0 a.e. in L'(djy,) such that

/ Fh dpi = / Fdjim
Sm Sm

for all f € H*, then we have h =1 a.e. dpy,.
Suppose that m € M(H*™ + C) and z — £, is a mapping from the unit disk D into some
topological space X. Let 1 be in X. We use the notation
lim &, =7
z—m
to denote that for each open set U(n) C X containing 7, there exists an open subset O(m) of
M(H®> + C) containing m such that £, € U for all z € O(m) N D.
For a function F' on the disk D and m in M(H*> 4 C), we say
Zh_)nfln F(z)=0
if for every net {z,} C D converging to m,
ZilglmF(za) =0.
We shall emphasize here that we deal with nets rather than sequences since the the topology
of M(H® + C) is not metrizable.
With the above notations and concepts about H? theory on a support set, we quote the

following lemma obtained in [12, Lemmas 2.5-2.6].

Lemma 2.7 Let [ be in L™ and m € M(H* + C). Denote the support set for m by S,.
Then the following three conditions are equivalent:
(1) fls,. € H®|s,.;
(2) lim [|[Hsk. |2 = 0;
(3) Lim [[Hykz[l2 = 0.
z—m

3 The Necessary Part of Theorem 1.1

In this section, we assume that DD, — D,D¢ is a compact operator. Recall that the four
operators in Lemma 2.2 are compact. Now we are going to derive the necessary condition for
the compactness of these four operators in terms of the boundary properties of the symbols f
and g.

In the following proposition, we establish a necessary condition for the compactness of the
first operator T T, + H;?Hug —T,Ty — HjgHyy given in Lemma 2.2.
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Proposition 3.1 Let u be a nonconstant inner function, f,g € L> and m € M(H> + C).
Suppose that the operator

TyTy+ Hi;Hug — TyTy — HipHog

1s compact. Then for the support set S,, of m, one of following conditions holds:
(1) Both f|s,, and g|s,, are in H*|s,,;
(2) both fls,, andgls,, arein H®|s,;

(3) there exist constants a, b, not both zero, such that (af + bg)|s,, is a constant.

Proof Suppose that
TyTy + H;‘?Hug =T,Ty + HyzHuy + K,
where K is compact. Since TyT, —T,Ty = HyHy — H}Hg7 we have
HzHy — H%Hg = H zHyp — H;?Hug + K.
By Lemmas 2.5-2.6, we have
K —T; KTy, = V(Hgk. @ Hpk, — Hyk, @ Hgk, — Hugks © Hypks + H, ke © Hygh:)V*

and

u

Hgk, ® Hyk, — Hyk, © Hyk, = Hygk, ® Hugk, — H7k. ® Hygks +e(2),  (3.1)

where the operator €(z) satisfies lim [|e(2)|| = 0.
z—m
In the following, we still use the same notation £(z) to denote the various terms such that

le(z)]| =0, z—m

for simplicity.

For m € M(H® 4 C), we use [f|s,,] denote to the coset {fl|s, + hls, : hls, € H>|s,, }
As (L*|s,,)/(H®|s,,) is a Banach space, we consider the following three cases:

(1) dim(span{[f]s,,.}, [gls,.]}) = 0;

(2) dim(span{[f]s,.], [gls,]}) = 1

(3) dim(span{[f]s,.]. [gls,]}) = 2.

Case 1 If dim(span{[f|s,.], [9ls,.]}) = 0, then [f|s,.] = [g]s,.] = 0, which implies that
fls,:9ls,, € H®|s,,.

Case 2 If dim(span{[f]s,,]
constant ¢ such that [f|s,,] = ¢

, lgls,,]}) = 1, we may assume that [g|s, ] # 0. Then there is a
[g]s,.]- By Lemma 2.7, now (3.1) can be rewritten as follows:

Hyh. ® Hogh. — Hyk. @ Hyk.
= Huﬁkz ® chgkz - Husz ® Hugkz + E(Z)

to obtain

H@_sz ® Hgk, = Hu(@—f)kz ® Hygk. + e(2), (3.2)
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where ¢(z) satisfies ||e(2)|| = 0 as z — m.

To derive the desired conclusions, we are going to discuss two cases. First, if
lim [[Hy_ k|2 =0,
zZ—m

then (¢g — f)|s,, € H™®|s, . Since [(f — cg)|s,,] = 0 and that the support set is a set of
antisymmetry for H> 4+ C' (see [11] or [17]), we obtain that (f — c¢g)|s,, must be a constant.

Now we need to analyse the case of
lim ||H@_7kz”2 > 0.
z—m
By (3.2), we have
<H@_?kz, H@_?kz>Hgl€Z = <Hu(@_?)kz7 H@_?kz>Hugkz + E(Z)
Thus there exists a constant a(z) depending on z such that
Hyk. = a(z)Hygk: + £(2),

where a(z) satisfies that

(Hyeg-—7 k= Heg_7k)

HH@—?I%HE B

la(2)| =

for all z € O(m) ND, so |a(z)| is bounded for z € O(m) ND. For m € M(H*> + C), O(m)
denotes a neighborhood of it in M(H>).

By the boundedness of a(z) and by the corona theorem, there exists a net {zg} and a
constant a € C such that

lién zg=m and lién a(zg) = a.
Therefore, by the the equivalence between conditions (2)—(3) in Lemma 2.7, we obtain
Hgk, = aHygk. + (z).
Hence we have that
Jim [|H k|2 = 0.
Making a change of variables yields

lim [|(I — P)[(1 - au o ¢.)(g o ¢:)][l2 = 0.

z—m

Since |a| < 1 and that u is not a constant on S,,, we have by [15, Lemma 1] that (1 — au)
is an outer function on the support set S,,. Therefore, for any € > 0 there exists a function
p € H* such that

/ Ip(1 — au) — 12dp, < €.
Sm
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For such € > 0, there also exists a neighborhood O(m) of m such that

‘/ 1—au—1|dum—/ |p(1—au)—1|2-|kz|2¥ <e
™

m

for z € O(m) ND. Changing of variable gives

/ |po¢z(1_auo¢z)_1|Qg<25'

m

Applying the Holder inequality, we obtain that
(I =P){(g06:) [pod-(1 —auog¢:) —1]}]s
1
< Cillgodzlla - [lpo ¢=(1 —auo d:) — 1|2 < Ci[g]loce?

for some constant C; > 0. Combining the above inequality with the identity

(I = P){(go¢:)(po¢=)(1 = auo 6.)} = Spos. Hyop. (1 — av o ¢.)
gives us
I(T = P)(go o)l
< Cillgllocz® + 117 = P){(g0 6:)(p o 6:)(1 — auo ¢.)} s
< Cilglloce® + [Iplloo - (T = P)[(1 = a0 6.)(g 0 2)]2-
Recalling that

lim [|(I — P)[(1 - auo ¢.)(g o ¢:)]ll2 =0,

zZ—m
we get
. 1
lim [[(I = P)(go¢:)]ls < Cillglloce?

Note that the projection P is bounded on L*, there exists an absolute constant C' > 0 such that
(I = P)(god:)lla < Cllglloo-

In addition, since

(1 = P)(god:)ll3 < I(T = P)(go¢:)la - (I = P)gos:)lla,

it follows that
Jim || Hykals = Jim [[(T — P)(go 622 = 0.

Thus we conclude by Lemma 2.7 that g|s,, € H>®|s
Case 3 Suppose that dim (span{[f]s,.], [gls,.]}) = 2. In this case, we need to further

.., which contradicts our assumption.
consider the dimension of span{[f|s,.], [dls,.]}-
Subcase 3(i) If dim (span{[f|s,.], [gls,.]}) = 0, then we have f|s, , gls,, € H®|s,,
Subcase 3(ii) Suppose that dim (span{[f|s,.], [dls,.]}) = 1. Without loss of generality,
we may assume that [g|s,,] # 0 and [f|s,,] = d[g]s,,] for some constant d. Then (f — dg)|s,, €
H®|g, , we have by Lemma 2.7 that

kaz = dHgk. +¢(z) and Hﬂkz = dH,gk. + (),
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where the second equation follows from that H,, = S,H, for all ¢ € L°°. Thus we can rewrite
(3.1) as follows
Hgk. ® Hy_g.k. = Hygk. ® Hu(f_gg)kz +e(2).

Using the same arguments as the one in Case 2, we conclude that (f — dg)|s,, € H®|s,,. So

we have that (f — dg)|s,, is a constant, as desired.

Subcase 3(iii) Finally, we consider the case that dim (span{[fls, ], [dls,.]}) = 2. In
this subcase, lim [|Hpks||2, lim [[Hgks|[2, lim [[H7k.||2 and lim [|Hgk.[]2 are all positive. By
—m ' —m

z—m z z—m z

(3.1), we have

(Hugk., Hgk.)Hyk. — (Hugh., Hek.) Hyk.
= (Hughks, Hugk:)Hupk: — (Hughs, H7k:)Hygks + <(2) (3.3)

and

(Hu7kz, Hgk.)Hk. — (H, 7k, HTkZ>Hgkz
= (Hﬁkz, Hgk.)Hy k. — <Hu7kz, Huykz>Hugkz +e(2). (3.4)
In order to complete the discussion of Subcase 3(iii), the following claim is required.
Claim 3.1 lim (||H,7k. |5 - | Hugk- |5 — |(H, 7Kz, Hugk:)|*) = § > 0 for some .
zZ—m

As the proof of the above claim is long, let us assume that the Claim 3.1 holds for the
moment and we will give its proof later.

Based on Claim 3.1, we have by (3.3)—(3.4) that there are a11(z), a12(2), a21(2) and aga(2)
such that

Hyfk. = a1 (2)Hek, 4+ a12(2)Hgk, + £(2),

3.5
Hygk. = a1 (2)Hyk, + as(2)Hgk, + €(2), (3:5)

where z € O(m) ND. Furthermore, observe that the functions {aij(z)}szl are all bounded for
z € O(m)ND.
Applying the same technique as the one used in Case 2, we conclude that there exist con-

stants {all, a1, (91, agg} which are independent of z such that for z € O(m) N D:

Husz = allekZ + algHgkz + E(Z),

(3.6)
Hugkz = CLQlekz + CLQQHng + E(Z)

Without loss of generality, we may assume that the coefficient matrix of (3.6) has the

A1 A0
0 N/ Lo an)

where the above two matrices are the Jordan canonical forms for (a;;). In fact, there is an

bir b2
B =
(521 b22>

following form:

invertible matrix
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Hy k. A O Hyk,
B ' = B :
(Hung> < 0 /\2) <Hgkz +ele)
Hy sk, A1 Hyk,
B ' = B .
(Hung> ( 0 )‘1) <Hgkz *ele)
<Hu(b11f+b129)kz> _ </\1 ;) ) (H(b11f+b129)kz> 4 E(Z)
Hu(b21f+b22g)kz 2 H(b21f+b229)k2
<Hu(b11f+b129)kz> _ (/t)l )\1 ) (H(b11f+b129)kz> + 6(2’)
HU(b21f+b22g) k. 1 H(b21f+b22g) ke
Now define F' = b1 f + bi2g and G = by f + baag. Then we have that f|s,,, gls, € H®|s,, if

and only if F|s,,, Gls,, € H®|s
If the above coefficient matrix for (3.6) is

A0
0 XJ’

Husz = /\1Hf/€2 + E(Z),

such that

or

This gives that

o

or

since the matrix (b;;) is invertible.

m )

then we have

Hygk. = Mo Hgk. +¢(z).

Solving the above system gives

|(SuHyk., Hsk.)|

|A1] =
HkazH%

+e(2)

and
SuHgk., Hyk.)|

[ Hgk[3

for all z € O(m)ND. Since u is an inner function, we conclude that [A;| < 1 and |A2| < 1. Thus

|A2| = I

+e(2)

we have
Hykz X kaz — kaz X Hgkz = Hugkz X )\1Hfl€z — Hu?kz (24 /\QHgkz + 6(2’)

to obtain
H(l—Xlu)ng ® Hk, = H(l—Xgu)sz ® Hyk, + E(Z)
for z € O(m) ND. This gives that
(Hykz Hyk:)H _x, gk = (Hyks, Hokz)H iy 3, 07k +€(2),
<Hngv kaz>H(1—X1u)§kz - <Hgkm Hng>H(1—X2u)7kz +¢e(2),
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where z € O(m) N D.
Since [f]s,,] and [g]s, | are linearly independent, we first show that

lim (|| Hyk. |3 - [ Hok- |3 — [(Hyks, Hoks)?) = 1o > 0. (3.8)

z—m

Otherwise, there is a net {zg} C D such that

(H kg3 - 1 Hoksoll3 — [(H gk, Hykz,)?) = 0.

lim 25
zZg—m

For z € O(m) N D, we let
| (Hpke Hk)
’ [ Hgk- |3
Clearly, A, is bounded for z € O(m) N D, since lim ||Hyk.|2 > 0. Then

z—m

Hik.||2- | H k|2 — (Hik,, Hk.)|?
Hkaz—/\zHgsz;: [ Hyk:||3 - |[Hg huzk |2< f gk2)|
[ H gk I3

for each z in the neighborhood O(m) ND. On the other hand, we can choose a subnet {zg -}

of {zg} such that lim X, = A for some )\, and we also have
2B,y M ’

lim | Hsk = 0.

2B,y M

oy — AHgk., |

Now Lemma 2.7 gives
lim [|H gk, — AHgk-|l, = 0

to obtain that (f — A\g) |s,, € H*|s,,, which is impossible since our assumption is

dim (span{[fs,.], [9ls,.]}) = 2.

The contradiction implies that p > 0.
By (3.7), we have

(1H gk |3 - (| Hhz |13 — |(H ke, Hok)*)H 5, 5k = €(2)

and
([ Hpk- 3 - | Hgkll5 = [(H ke, Hok) ) H () 5,07k +€(2) = 0.

Thus we conclude by (3.8) that
T |15, yghsll2 = 0

and
Y | Hy 5, pk=l2 = 0.

Repeating the arguments in the last two paragraphs of Case 2, we have f|s, , gls,, € H®|s,,,
which is a contradiction.

In order to finish the proof, it remains to consider the case that the coefficient matrix of

(3.6) is
(5 )
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In this case, we have that for z € O(m) N D:

Husz e /\1kaz + Hgkz + 6(2’),
Hygk, = M Hgk. +¢(z).

Using the same arguments as the above, we also have |[A;| <1 and
Hykz X kaz — kaz ® Hgkz
= Hugkz ® (Alek'Z + Hgkz) - Hu?kz ® )\ngkz + E(Z),
which is equivalent to
H(l—xlu)gkz ® kaz = Hu§+(1—X1u)?kz ® Hgkz + 6(Z)

Since [f|s,,] and [g|s,,] are linearly independent, we deduce from the (2 x 2) determinant
argument that

(1 =XNw)g)ls,, € H®|s,,,

o (3.9)
(1 =XMu)f + (ug))ls,, € H®|s,,.

Then by the condition ((1 — X\u)g)|s, € H™|s,, and the last two two paragraphs of Case 2,
we have
§|S7n € HOO|SnL'

This contradicts our assumption that dim (span{[f|s,.], [dls,.]}) = 2.
To complete the whole proof of Proposition 3.1, we need to show that the following result
holds under the assumption that lim [[Hyk. |2, im [[Hgk. |2, im [[Hpk.[2 and lim [|Hgk:|2
zZ—m zZ—m zZ—m

zZ—m
are all positive:

lim (M k|15 - | Hugh= |13 — [(H 5k, Hugh=)[*) = 6 > 0.

Proof of Claim 3.1 By the Cauchy-Schwarz inequality, we have
Z11_>_H;1(|\Hu7kz||§ N Hugk- |15 — [(H, k=, Hugk-)[*) > 0.
If the above conclusion does not hold, we can find a net {z,} C D such that z, — m and
Jim ([ Hphe 15 - (1 Hugheo I3 = (H ke, Hugks.)[?) = 0.

We first show that lim ||H,gk.||2 > 0. If this was not the case, then Lemma 2.7 gives

zZ—m

lim [|Hygh |2 = 0.
Thus we can rewrite (3.1) as follows

Hyk. @ Hyk. — Hgk. ® Hyk.
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= H, k. ® Hygk. +¢(2). (3.10)
This implies that
(Hgk., Hgk.)H k. — (Hgk., H7k.)H k.
= —(Hgh., H k) Hugk. + (=) (3.11)
and
(Hyk., Hgk.)Hyk, — (Hyk., Hsk.) Hk.
= —(Hsk., H,7k.)Hyghs + £(2). (3.12)
Using the method as the one in the proof of (3.8), we obtain

lim (1Hzh 5 - || Hahs 13 — |(Hpks, Hghs)*) > 0,

since [f|s,.| and [g]s,,] are also linearly independent. Therefore, we have by (3.11)-(3.12) that
there exists b(z) such that
Hgk, =b(2)Hygk. +(2)

for all z € O(m) ND. Moreover, b(z) is bounded for z € O(m) N D. Thus we can choose a net
{z¢} such that 11?1 ze =m and lién b(z¢) = b. Using Lemma 2.7 again, we obtain that

Hgk. = bH k. +¢(z) (3.13)

for all z € O(m)ND. As lim ||Hgk;||2 > 0 and

z—m

[Hgk=ll2 = bHugh: + e(2)|l2 < [b] - [ Hgkzll2 + [le(2)]2,

we conclude that |b] > 1.
Using (3.10), we have

Hgk, ® Hyk, = Hg_ 7k ® Hughs + ¢(2)
and
Hyk, = c(2)Hygk, +¢(2),

where
(Hgk=, Hg_,7k=)

[ HgkI3
is bounded for z € O(m) ND. So there is a constant ¢ (which is independent of z) such that

c(z) =

Hyk. = cHygk. +¢(2).

As we have shown
Hgk, = bHygk. + (2)
for all z € O(m)ND, it follows that

c

H¢k, =
f b

Hyk, + ¢(z).
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This implies (f — $g)|s,, € H*|s,,. But this contradicts our assumption that

dim (span{[fls,.], [g]s,.]}) = 2.

So we have lim ||Hygk:||2 > 0.
zZ—m
Recall that our assumption is

tim (g 3 - [ Hoghe |3 = (ke Haghs)?) = 0.
Using the same method as the one in the proof of (3.8), there exists a constant A\’ such that
zli_gln |H,7k. — N H gk |2 = 0.
Combining the above limit with (3.1) gives that
Hgk. ® Hyk. — Hyk. ® Hgk, = Hughk. @ H,(;_x7,k= + e(z).
Rewrite the above formula as the following
Hgk. @ H;_x7 k2 — Hj_xgkz @ Hgk. = Hugk. ® H,,(;_57)k- + e(2). (3.14)

Since

dim (span{[f|s,.], [9ls,.]}) = dim (span{[f]s,.], [g]s..]}) =2,

we have

dim (span{[(f — Ng)ls,.). lgls,.]}) = dim (span{[(f = N')ls,.], [g]s,.]}) = 2.

Comparing (3.14) with (3.10) and then repeating the same arguments as used in (3.13), we
have
H(f—yg)kz - b/HU(f—Vg)kz +e(2)

and
Hgk'z = C/Hu(f—Yg)kz + E(Z),

where ', ¢’ are independent of z and moreover, |b'| > 1 and ¢’ # 0, since [g|g,,] # 0. Thus we
have
lim || H

2m T (g= 5 (F=Ng))

k.ll2 = 0.
This yields that
c —
Y )‘ H>®|s,. .
(9 y (F=Xg) o € S0

But it is a contradiction, since dim (span{[f]|s,.], [9]s,.]}) = 2. This completes the proof of
Claim 3.1 and hence the proof of Proposition 3.1.

Combining the preceding proposition with the two relations in Remark 2.1, we obtain the fol-
lowing proposition which gives a necessary condition for the compactness of the fourth operator
HysHjy;+ S¢Sy — HugH;? — 5457 in Lemma 2.2.
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Proposition 3.2 Let u be a nonconstant inner function, f,g € L> and m € M(H> + C).
Suppose that the operator

Huszy + Sng — HugH;? — SgSf

1s compact. Then for the support set S,, of m, one of the following conditions holds:
(1) Both fls,, and g|s,, are in H*®|g, ;
(2) both fls,, andgls, arein H®|s,;

(3) there exist constants a, b, not both zero, such that (af + bg)|s,, is a constant.

Next, we will obtain a necessary condition for the compactness of the second operator
TrHy, + H;FFS’g - TgH:;7 — H;;S¢ in Lemma 2.2. To do so, we need the following two lemmas.

Lemma 3.1 Let f and g be in L?>. Then
HiTyTy, — Sp.HyTy = Hyk, @ Tygk, = —(Hyk.) @ (VHyk.)
for all z € D.
Proof Using the identity (see [24, Page 480])
I'=k,®@k,+ Ty T,
we obtain

HiT Ty, = Hp(k. @ ko + Ty, T5)TyTo.
= (Hsk. @ k:)Tyy, + HpTy, T
= (Hyk.) ® (Tggzk.) + HfTy. Ty

Using Identity (4.6) of [21], we have
Se.Hp = HyTy. .
It follows that
HT Ty, — Sy, HyTy = (Hyk.) ® (Tyzzk:).

To obtain the last equality, we recall that V2 = I and observe that

VTrtk. = VP(3.k)
= (I = P)V(g¢:k:)
= (I = P)(@g(w)o: (w)k: (w))

=<I—memw>z‘w’“TjEF)

1—2zZw 1—zw

= (1 - ) (g() LD

1—Zw

= —Hyk.,

which gives the desired result.
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Lemma 3.2 Let K : H?> — zH? be a compact operator. Then

lim ||S¢ZK — KT¢Z|| =0.

|z|—1—

Proof Since each compact operator can be approximated by finite rank operator in norm,
we need only to consider the case that K is a rank-one operator.
Suppose that K = f ® g, where f € zH? and g € H?. Then

Sp. K — KTy, =Sy (f@g) = (f®g)Ts.
=(Sp.f)@g—fe(T;.9)

For every w on 9D, letting |z| — 17, we have

_ 12
T 1-—zw

z— ¢, (w)

So we have by the dominated convergence theorem that

|2f = ¢=fll2 =0 and |[|Zg— d.gl2 — 0

as |z| — 17. Tt follows that ||£f — ¢, f|l2 — 0 and ||€g — ¢.g|l2 — 0 if z — & € ID.
Using the assumption that f € zH2 and g € H?, we obtain

I1€f = Sp. fll2 = I€f = (I = P)(¢=f)ll2 = 0

and
1€g — T} gll2 = l€g — P(¢=9)]l2 = 0

as z — £. Then we obtain that

1(S

(Se.f)@g—fe(T; 9l
=1(Sp.f)@g—Ef g+ felg—fT g|
<N(Sp.f)@g—Ef@gll+IIf @ (Eg) — fF@ (Th 9)ll

=(Ss.f = &N @gll+IIf ® (Eg—T5 9l
= 1Ss.f = &fll2- gl + 11 fll2- [1€Eg — T gl
to get
lim [|Ss.f®g—feT gl =0,
|z|—1

which completes the proof.

Remark 3.1 The Carleson-Corona theorem (see [11]) tells us that the conclusions of Lem-
mas 2.6 and 3.2 are equivalent to the condition that for each m € M(H®> + C),

Zh_)rrrln | K —T; KTs.|| =0 and Zli)rrrln 1Ss. K — KTy || =0

for z in the unit disk D.
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Combining Lemmas 3.1-3.2, we obtain the following necessary condition for the compactness
of the operator TyHy, + H;FFSQ — TgH:;7 — H;ESf,

Proposition 3.3 Suppose that u is a nonconstant inner function and f,g € L*. Let
m € M(H>® + C) and Sy, be its support set. Suppose that the operator

is compact and fls, . gls,, € H®|s, . Then either
(1) ((u =N f)ls,, and ((uv—Ng)|s,, are in H®|s, for some constant \; or
(2) there exist constants a, b, not both zero, such that (af + bg)|s,, is a constant.

Proof Suppose that

TyH,5 + H;‘?Sg — TgH;‘? —Hy:5 =K (3.15)
for some compact operator K. Taking adjoint of (3.15), we have

Hy5T5 + SgH, 7 — H, 715 — S5Hug = K™.
By identity (4.5) of [21]

Hyp=HTy +S,Hy = HyT, + Sy H,
for any ¢, 1 € L, we also have

Hy5T5 — HgT, 7 — H, 715 + H7 L5 = K.
From Lemma 3.1, we have

K*Ty, — Sp. K™ = Hygk. ® Ty5zk. — Hghk. ® Ty y57k-
— H, 7k @ T 5ok + Hek. @ Ty 57k

By Lemma 3.2, the norm of the left hand side in the above equality tends to 0 as z — m. Thus

we obtain

Hpk- ® Tyg k= — Hugh: @ Tyg k-
= Hyk. @ Ty5-k. — Hgh. @ Ty 5k + £(2). (3.16)

By Lemma 3.1 and (3.16), we have

Hogk: ® VHzk, — H k. © V Hgk,
= Hgk. © VH, 7k, — Hek, ® VHygh + <(2). (3.17)

For [f|s,.]; [dls,.] € (L*Is,,)/(H*|s,,), the dimension of span{[f|s,,], [d|s,.]} should be 0, 1,
or 2. Let us analyse these three cases in the following.

Case 1 If dim(span{[f|s,.], [Gls,.]}) = 0, then [f|s,.] = [gls,.] = 0, which implies that
fls.., Gls,, € H®|s, . This gives that f|s,, and g|s, are constants, and (f + g)|s,, is also a
constant.
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Case 2 If dim(span{[f|s, ], [Gls,.]}) = 1, we assume that [g|s,,] # 0. Then there is a
constant A such that [(f + Ag)|s,,] =0, i.e.,

(f +X9)ls,. € H|s,,.

On the other hand, since fls, , gls,, € H*®|s, , we get that (f 4+ \g)|s,, is a constant.
Case 3 If dim(span{[f|s,,], [d]s,.]}) = 2, Lemma 2.7 gives that

lim |[Hyk:[2 >di >0 and lim ||Hgk.[2 >d> >0
zZ—m

z—m

for some constants dy and dy. By (3.17), we have
(VHk.,V Hpk.) Hygk. — (V Hk.,V Hgk.)H 7k,
= (VHyk.,VH,k.)Hgk, — (V Hfk.,V Hygk.) Hyk. + ¢(2) (3.18)
and
(V Hgk,V Hyk,)Hygk, — (V Hgk.,V Hgk.)H, 7k,
= (VHgk.,VH,sk.)Hgk, — (VHgk.,V Hygk.) Hsk. + €(2). (3.19)
Since V' is anti-unitary, we also have
| Hyk||5Hugk. — (Hgk., Hyk.)H, k-
= (H, k., Hgk.)Hgk, — (Hugk., Hpk.) H7k, + (2) (3.20)
and
(Hhs, Hyh.) Hogk. — || Hohs |3H, 7.
Using the same arguments as the one in the proof of Claim 3.1, we conclude that

(g 3 - || Fgh |3 = | (Egh. Hho) ) = p

lim
zZ—m

for some constant p > 0. By (3.20)~(3.21), we can find {a;;(2)}7 ,—, such that

H k. a11(z) a12(2)\ (Hk:
uf _ (o 12 7
(Hugk) (am(z) az(z)) \ Hgk. @)
for z € O(m)ND, where {a;;(2)}7 =, are bounded for z in O(m)ND. By Lemma 2.7, there are

2

ii=1 (independent of z) such that

H <k a a H=k
uffz\ _ (a1 a2 7Rz
<Hu§kz> <a21 an) (Hykz) +e(2)

for z € O(m) ND, to obtain

constants {a;;}

H k. = anHsk, + aroHgk, +€(2),
{ ! g e (=) (3.22)

Hugkz = angsz + CLQQHng + 6(2’)
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Combining (3.17) and (3.22), we have

Hgkz [ V(agngkz — algHykZ) — kaz ® V(—angTkZ =+ alngkz)
— Hyh. ® VH, k. — Hyk. @ V Hygh. + £(2).

Since [fls,,] and [g]s,,] are linearly independent, we obtain

Hu*kz = CLQQH*kZ — alesz + E(Z),
! d ! (3.23)
Hugkz = —angsz + alngkz + E(Z),

where z € O(m) ND. (3.22)—(3.23) imply that a;; = a2 and a12 = az; = 0. Thus there is a

constant A\ such that

H sz = /\kaz + E(Z),

u

3.24

Therefore,
Timn ([ Hyy7hello = [ Housghsll2 = 0,

which implies that ((u—\)f)|s,., (u—N)7)s,, € H®|s
3.3.

to complete the proof of Proposition

m?

Proposition 3.3 yields the following necessary condition for the compactness of the third
operator H,;Ty + SyHyy — HyyTy — SqgHy s given in Lemma 2.2.

Proposition 3.4 Let u be a nonconstant inner function, f,g € L> and m € M(H> + C).
Suppose that f|s, , Gls, € H®|s, and the operator

Hung + SfHug — Hung — SgHuf

is compact. Then either
(1) ((w—=N)f)ls,, and ((u—N)g)ls,, are in H*|g, for some constant \; or

(2) there exist constants a, b, not both zero, such that (af + bg)|s,, is a constant.

Combining Propositions 3.1-3.4, we obtain the following necessary condition for the com-

pactness of the commutators of Dy and D,.

Theorem 3.1 Let u be a nonconstant inner function, f,g € L and m € M(H*> + C). If
[Dy, Dy] is compact, then for the support set S,, of m, one of the following holds:

(1) fls,., 9ls,., (w—N)f)ls,, and ((u—Ng)|s, arein H>®|s, for some constant \;

(2) fls,., dls,., (w—=Nf)ls, and ((u—N)g)|s,, arein H®|s,, for some constant X;

(3) there exist constants a, b, not both zero, such that (af + bg)|s,, is a constant.

4 The Sufficient Part of Theorem 1.1

In this section, we will complete the proof of the sufficient part of Theorem 1.1. To do so,

we need two lemmas.
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Lemma 4.1 Let f,g € L*™ and

F. = Hgk. ® VH,k. — Hgk. @ V Hzk.
— Hpk. @V Hygk. + H k. © V Hgk.,
where z € D. For each support set S, suppose that f and g satisfy one of the following condi-
tions:
(1) fls, gls, (=N f)ls and ((u — \)G)|s are in H®|g for some constant \;
(2) fls, gls, (=N f)|s and (v — N)g) |s are in H®|s for some constant \;
(3) there exist constants a, b, not both zero, such that (af + bg)|s is a constant.

Then we have
lim |[F.|| = 0.

|z|—1
Proof For each m € M(H> 4 C), let S,, be the support set of m. By the Carleson-Corona
theorem, we need only to show

lim ||F.|| = 0.
zZ—m
If f and g satisfy Condition (2), then we have by Lemma 2.7 that
zh—{%m |Hk:|l2 =0 and Zl:nfln [|Hgk||2 = 0.
It follows that
lim ||F.|| = 0.
zZ—m

Assume that Condition (1) holds for f and g, i.e.,

Flsms 9ls,, (w=X)f)ls, and ((u—N)g)ls, € H|s,,
According to Lemma 2.7, we have
Tim | Hghel2 = i |[Hyhels = 0.
and moreover,
Jim ([ H,yypke|l2 = Tim [[Hey o xgksll2 = 0.
Since
FZ = Hgkz ® VH[(u_A)f_,’_)\T] kz - Hugkz ® VHTkz
_ H?kz ® VH[(u—A)§+)\§] k. + Hu?kz & VH@]CZ
= Hgk. ® VH(U_,\)sz + AHgk. @ VHzk. — Hygk. ® V Hyk.
— H?kz (24 VH(u—)\)ykz — /\kaz X VHgkz + Hu?kz X VHgkz
= Hgkz ® VH(U_)\)?kz + H()\_u)gkz X Vkaz
- H?k'z ® VH(u—)\)Ek:Z - H()\_u)?k.z ® VHykz,
we have

|EL|| < | Hgh. © VH g, yypk: || + [ H—wgk: @ VHzk. ||
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= ||Hgk:l2 - [V H 7kl + [[Ho—wghs |2 - [V HFk: |2
+ [ Hykzll2 - |V Hu-xygkzll2 + |1 Hy_uypk=ll2 - [V Hgk: |2
= |Hgk:ll2 - | Hy—nFk:ll2 + 1 Ha—wygh=l2 - | H7kz]]2
+ [ Hgk: |2 - | Hw—xygh=ll2 + [[Ho_ k=2 - [ Hgk |2
This gives us that
lim ||| = 0.
zZ—m

To finish our proof, we suppose that f and g satisfy Condition (3). Without loss of generality,
we may assume that (f — ag)|s,, = ¢ for some constant ¢. Then we get that

(f —ag)ls,.. (f—ag)ls, € H®|s,,

and
(u(f —ag))ls,., (u(f—ag))ls, € H|s,

Noting that

F. = Hgk. ® VH, k. — Hygk. ® VH

u(f—ag)+uag) ™z = ag+ag)k

— Hyk. ® VHygk. + H,zk. @ V Hgk.

= Hyh. ® VH,5_go k= + Hagh: @ V Hygh.

(f-ag
- Hugkz ® VH ?_a—g)k'z - HEugkz ® VHykz

— Hyk. ® VH,gk: + H,3k. © V Hgk.

—H k ®VH (f ag)kZ+H(Tg—7)kZ®VHu§kZ

— Hygk. ® VH@_Tg)kZ — Hu(@_y) k. ® VHgk.,
we obtain

”FZH < ||H§kz ® VHu(f ag)

+ | Hughs © VHg_ggke | + | Hyag_7y k= ® V Hgk||

k || + ||Hag f)k ®VHugk ||

= 2| Hgk=ll2 - IV Hy G —agyk=ll2 + [ Hughzllo - [V H 7 _a5)k=]12)
2/ Hghll2 - 1 Hy7—agykzll2 + [ Hughk=ll2 - | Hizag)k=ll2)-

By Lemma 2.7 again, now we conclude that
lim ||[F.||=0
zZ—m

to complete the proof of Lemma 4.1.

The following lemma will be needed in the proof of Theorem 1.1, which was established in
[14, Lemma 17].



620 C. C. Wang, X. F. Zhao and D. C. Zheng
Lemma 4.2 Suppose that ¢ and ¢ are in L. Let m € M(H> + C). If
lim [|Hok- |2 = 0,
then we have
Tim || HyTypklo = 0.
Now we are ready to complete the proof of Theorem 1.1.

Proof of the Sufficient Part of Theorem 1.1 Let m be in M(H> + C'). We suppose
that one of Conditions (1), (2) and (3) in Theorem 1.1 holds on the support set S,,. By Lemma
2.2, we need to show that

TyTy + H' Hog — T, Ty — HigHuy,
Hung + SfHug — Hung — SgHuf

and
Huszg + Sng — HugHZ? — SgSf

are compact.

Letting
K, =TT, + H;‘?Hug —TyTy — HigHuy
= (ng - H%Hg) + HZfHuy - (ng - Hy*Hf) - ijgHuf
= (Hy*Hf - H%Hg) - (H:;yHuf - HZfHuy)v
we are going to show that K; is compact first.

In order to show that K is compact, we first check that each condition of Theorem 1.1 can
imply (3.1). Indeed, if Condition (1) holds, then we have

flss  9ls.. € H s,
Using Lemma 2.7 and identity (4.5) of [21]
Hup = SuHp, Hyy = SJH,,
we have
Jim |k |2 = lim [|[Hgk ]2 =0
and
Jim [[Hugke|l2 = lim [[Hughs|l2 = 0,

which implies that

lim ||Hyk, ® Hyk, — Hgk, ® Hyk.|| = 0

z—m

and
1i_>rn |Hughs @ Hypk, — H,7k. ® Hygk,| = 0.
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Similarly, if fls,,, gls, € H*|s,,, then we also have

lim || Hgk. @ Hyk. — Hgh. @ Hgk.|| =0

and

lim ||Hygk. @ Hugk, — H,pk. ® Hyghs|| = 0.
z—m b ’ ’

u

Thus Condition (1) or (2) in Theorem 1.1 can imply (3.1).
If Condition (3) holds, we have

(af +bg)ls,, =c

for some constants a, b, ¢ with |a| + |b| # 0. Without loss of generality, we may assume that

(f —dg)ls,, =e

for some constants d and e. Then we have

Hgk. ® Hek, — Hek. ® Hyk.

= Hgk. ® H(;_agyaq)k: — Hek. ® Hyk

= Hgk. ® Hy_ag)k= + dHgk. ® Hyk. — Hk. © Hyk.
= Hgk. @ H(;_ag)k= + Hg;_7)k- © Hgk

and

Hyghk. ® Hygk. — H gk, ® Hygk.

= Hughk: ® Hy(j—dgrag k= — H,kz © Hugh.

= Hyghk. ® Hy(j—ag k= + dHughk. @ Hygk. — H 7k, @ Hygk.
= Hugh: ® Hy(g—ag)kz + Hyz_yk= © Hugh.

Since (f — dg)ls,, is a constant, we conclude that (u(f — dg))|s,, and (u(dg — f))|s,, both
belong to H>|g, . Using Lemma 2.7 again, we get that

lim ||Hgk, ® H¢k. — Hyk. ® Hyk.|| =0
zZ—m
and
lim ||Hygk. ® Hyfk, — H, 7k. ® Hy k.|| =0,
z—=m E -
which implies that the equation in (3.1) holds, as desired.
By the definition of K7 and Lemma 2.5, we have
K — ngKqubz
= [(Hy*Hf - H%Hg) - (qugHuf - HZTHug)]
=15 [(HgHy — HyHg) — (HigHuy — H 5 Hug)| Ty,
= V[(Hgk. ® Hsk, — ka:z ® Hgk.)|V*
- V[(Huﬁkz & Husz - Hu?kz ® Hugkz)]v*'
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It follows that

lim [ Ky — T KTy || = 0. (4.1)
|z|—1— =

On the other hand, since
H;‘fHug =Tty — TgfTug

and
HizHyp =Trg — TugTuy,

we have
Kl = (Tng - Tng) + (TﬂgTuf - TﬁfTug)v

which is a finite sum of finite products of Toeplitz operators. According to [15, Theorem 12],

we obtain by (4.1) that K; is equal to a compact perturbation of a Toeplitz operator, i.e.,
Ki=Ty+ K

for some h € L*° and some compact operator K. Thus K = K; — T}, belongs to the Toeplitz
algebra 7. We conclude by [3, Corollary 6] that A = 0 a.e., which implies that K; = K is
compact.

To show the fourth operator Hy s Hjz + SfSg — HugH ' — S¢Sy is compact, we recall that

VH, = H;V and S,V =VTs.
Then

V(Huszg + 555, — HugH;? — SgSf)V
— H;VVHg+T;VVTy— H, VVH,; — T,VVT;
— H};Hyg+ T5Ty — Hi,H,7 — TyTs, (4.2)

where the second equality follows from V2 = I. Using the same method as the above, we can
show similarly that
Hy Hyg+ T5Ty — Hy H, 7 — Ty

is compact. Furthermore, (4.2) gives us that
Huszy + Sng — HugH;? — SgSf

is also compact.
Now we turn to the proof of the compactness of the second operator

Denoting the above operator by
Ky =TyHy+ H 5Sg — TyH [z — H 55y,
we need only to consider the compactness of KoKj. From identity (4.5) in [21], we have

Hpy = HoTy + SpHy = HyT, + Sy Hy
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for any ¢, 1 € L, to obtain
* * * *
Ky = TyHy — TapHy — Ty H'; + Ty I

and

u

Observe that the operator K3 K3 is in the Toeplitz algebra 77, and the symbol map maps
KK} to 0. By [15, Theorem 12] again, we need only to prove that

zligln ||K2K2 — T¢ZK2K2T¢Z H =0.
By Lemma 3.1 and VT@EkZ = —Hgk, for all ¢ in L,
KTy, = Sp. K3 — Fr,
where F, is introduced in Lemma 4.1 and | }im [|E-|| = 0. Thus we have
z|—1—
T3 KoK Ty,

= (K3Ty. ) KTy,

= (S¢2K; - FZ)*(S%K; - F)

= (K255, — F7)(S4. K5 — F7)

= K85 Sy, K3 — K»S) F. — F7Sy. K3 + F7F.

=Ky(I-Vk,@Vk,)K; — K2Sj F, — F;Sy. K5 + FF,
= Ky K; — (KaVEk,) @ (KoVEk,) — KQS:[)ZFZ —FSy. K5+ FF,.
It follows that
KQK; — T$2K2K5T¢z = (KQVkZ) & (KQVkZ) + KQS:;ZFZ + F;S¢2K§ — F;FZ.
Therefore, in order to show that
lim ||K2K§ — T;;KQK;T¢|| = 0,
|z|—1—

it is sufficient to show

|z| =1~
as ‘ ‘hn% |[F.]| = 0. For this purpose, we will check that each condition of Theorem 1.1 can
z|—=1-
imply (4.3).

Recall that
T,V=VS; and VH,= H:,V

for all p € L*>, we get

KSVEk, = V(SfHugkz — SU?Hgkz + SugH?kz — SﬁHu?kz) (44)
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If f and g satisfy Condition (2) in Theorem 1.1, we have by Lemma 2.7 that
Jon, 1 Hphelle = Jim, |1 Hgk 12 =0
and
i gkl = Jim 1 g2 = O
This gives that
li_)m [|[K3VE.]|2 = 0.

Assume that Condition (1) holds, i.e.,

flsms 9ls,, (w=NF)ls, and ((u—N)7)ls, € H®|s,,.

It follows that
Jim [[Hpkals = lim [[Hyk]lo = 0
and
Jim (| H o nyzhzlle = B [|Hu-xghs[l2 = 0

Computing KsV'k, directly, we obtain

KoVk. = V(S;Hugh, — S, Hgks + SugHk. — SgH,7k.)
= V{S7H{(u-xg+xglkz — SupHghz + SugHgk: — SgH(,_x)74x7k=}
= VISHwu-ngks = Su_y7Hak: + Sw-ngHzk: — SgH,_yy7k:]
= VIStH(u-ngks — SgHy_sy7ks] + VIS@u-ngHzks — Su_njzHk:)-

Noting that

StuenygH ks = Sy s Hgk

= (I = P)[(u—=Ng(I = P)(fk:)] = (I = P)[(u = NI = P)(gk)]

= (I = P)[(u = Ngfk. — (u = NgP(fk:) — (u = \) fgk= + (u — X) FP(gk.)]
— (I = P)[(u — NFP(k-) — (u— NgP(Tk.)]

= H,_yy7Tgk: — Hiuonyg Tk,

we have
KoVk, = V[STH(U_A)gkz - SyH(u_/\ﬁkZ]
and
[K2VE:ll2 < (| flloo - [[Hu-xygk=ll2 + |9lloc « 1 H o xy7k=l2
+ [ H (o7 L5k |2 + [ H g TFk=2-
Since

((u=N)g)ls,. and ((u— )]s, € H*[s,,,
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we conclude by Lemma 4.2 that ||KaVk.|2 — 0 as z — m.
Finally, we suppose that Condition (3) holds. Without loss of generality, we assume that

(f —ag)ls,, =8
for some constants o and 5. Then we have
(f —ag)ls,. and (f—ag)ls,
are in H*°|g, . Observe that
KyVk,
= V[S*Hugkz — SufH—k:z + SugH(y_ng_Fng)k - SzH, F- ag+ag)k ]

Similarly, we calculate that

S-ag Hughz = Su(7-ag) k-

= (I = P)[(f —ag)(I — P)(ugk.)] — (I — P)[u(f —ag)(I — P)(gk.)]

= (I - P)[(f — ag)ugk. — (f — @g) P(ugk.) — u(f — ag)gk. + u(f — Tg) P(gk.)]
= (I — P)[u(f — @g)P(gk.) — (f — ag)P(ugk.)]

w(F—ag) Lakz = HF_ag) Tugks
It follows that

| K2Vk:ll2 = |V[SugH F_ag)k: — SgH G —ag) k=] + VIS Foag) Hughs — SyF—ag) Hak:]l2
< NSugH j ks — SgHocr—agkelle + 1155 —ag Hugks — Sus—oag) Hyhel2
< glloo - 1H gy kzll2 + glloo - 1 HyF—ag) k=2
1 H oy -ag) ok — HF—ag) Tugh:|l2
< Nglloo * I1H gy kzll2 + 9lloc * [ H (7 —ag)kzl2
+ 1 H y Foag) Tok= |2 + |1 H F—ag) Tugh=]l2.

Using the conditions that

(f —@g)ls,, and (u(f—ag))ls,,

are in H*|g,, , we again conclude by Lemma 4.2 that [|KoVk.|2 — 0 as z — m.

To summarize, each condition in Theorem 1.1 implies

lim ||K2K§ — T;;KQK;T¢|| = 0,

|z|—1—

which gives that K5 is compact.

In order to complete the proof, it remains to show that the third operator

K3 = Hung + SfHug — Hung — SgHuf
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is compact. Rewrite K3 as follows:

K3 = Hung + SfHug — Hung — SgHuf
=HufTy+ Hpug — HfTug — HugTy — Hguy + HyTuy
= Hung — HfTug — Hung + HgTuf.
Observe that
K3 = TgH;f — Tu—gH}k — TfH;g + TﬂfH;

has the same form as K. Using the same arguments as in the proof of the compactness of K,
we conclude that K3 is also compact, which implies that K3 is compact.
Finally, as the necessity part of Theorem 1.1 was contained in Theorem 3.1, thus we finish

the proof of Theorem 1.1.

5 The Necessary Part of Theorem 1.2

Section 5 is devoted to the proof of the necessary part of Theorem 1.2. Let us begin with
the following necessary condition for the compactness of the first operator given in Lemma 2.3.

Proposition 5.1 Let u be a nonconstant inner function, f, g € L and m € M(H* +C).
Suppose that
TyTy + qufHug —Tiq

18 compact. Then for the support set S,, of m, one of the following holds:
(1) fls,, is in H*|s,,;
(2) gls,, is in H*®|s,,.

Proof Suppose that
K =TTy + HZfHuy —Tiq

is compact. Clearly, K can be rewritten as
K= HZ?Hug — H}Hg.
By Lemmas 2.5-2.6, we have
Zh_)ngln | K —T; KTy || = zligln ||V[Hu7kz ® Hygk. — Hyk. ® Hy k. JV*|| =0,
which gives

lim || H, 5k ® Hugh. — Hyk. ® Hok.|| = 0. (5.1)

For [fls,.] € (L*|s,,)/(H*|s,,), let us consider the following two cases.
Case 1 If [f|s, ] =0, then f|s, € H®|s,,, as desired.
Case 2 Suppose that [f|s,,] # 0. Then we have by Lemma 2.7 that

lim ||H7sz2 > 0.
z—m
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On the other hand, (5.1) gives that

im
Frm |ka H2

2 Hyghs —

2|l =0.
2
(Hyk. H, 5kz) . . . .
Note that ﬂHyik:Hf% is bounded for z in some small neighborhood O(m)ND of m. Using the
Bolzano-Weierstrass theorem, we can find a subnet {z,} C D such that
(Hyk.,, H 7k, )

lim =a
za—m || Hyky, |3

for some constant a with |a| < 1. Furthermore, we have
zilglm laHu gk, — Hgk..||2 =0.
Thus we conclude by Lemma 2.7 that
Zh_)nfln laHyugk. — Hgk.||2 =0
to get
zh—>n7}1 ||H(1—au)gsz2 = 0

According to the last two paragraphs in the proof of Case 2 of Proposition 3.1, we obtain
lim ||Hgsz2 = 0,
zZ—m

which implies that g|s,, € H*|s,,. This completes the proof.

The next proposition again follows directly from the following equalities in Remark 2.1:
VI,=55V, VH,=H}V and V=1

Proposition 5.2 Let u be a nonconstant inner function, f, g € L and m € M(H> +C).
Assume that
Huszg + Sng — ng

is compact. Then for the support set S,, of m, one of the following holds :
(1) fls,, is in H>[s,,;
(2) gls,, is in H>|s,,.

Combining Propositions 5.1-5.2, we obtain a necessary condition for the compactness of
[D D g)'

Proposition 5.3 Let u be a nonconstant inner function, f, g € L* and m € M(H>* +C).
Suppose that the semicommutator [Dy, Dgy) is compact. Then for the support set Sy, of m, one
of following conditions holds:

(1) fls,. and gls,, are in H*|s,,;

(2) fls,, and G|s,, are in H®|s,,;

m )

(3) either f|s,, or g|s,, is a constant.
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We establish a necessary condition for the compactness of the operator TfH{jy—i—HZ?Sg—H ZE
in the following proposition.

Proposition 5.4 Let u be a nonconstant inner function, f, g € L and m € M(H>* +C).
Suppose that
TyHug+ H 35, — H 7,
is compact and f|s, , gls,, are in H*>®|s, . Then for the support set S, of m, one of the
following holds :
(1) ((u—=NF)ls,., (uw—N7g)|s, and ((u—N)fg)|s, arein H>®|s, for some constant \;

(2) either f|s,, orgls,, is constant.

Proof Let K denote the compact operator given above, then

K* = HgT5+ SgH,7 — H,7;

is also compact. Using identity (4.5) of [21], we obtain
to get
By Lemmas 3.1-3.2, we obtain that

lim ||K*Ty, — Sy K*|| = lim ||H.gk. ® V Hsk. — Hgk. ® VH k.|| = 0. (5.2)
z—m -

z—m
Before going further, we need to consider the following two cases.
Case 1 If [f|s,] =0, then f|s, € H®|s,,. Since f|g,, is also in H*>|g
fls,, is a constant.
Case 2 If [f|s, ] # 0, then we have by Lemma 2.7 that

we conclude that

m )

zZ—m

By (5.2), we have
(VHzk,,VH,7k.)

0.
IV Hzk- |3

lim ’Hugkz -

z—m

Hgk'z 9 =

% is bounded for z € O(m) N'D. Using the Bolzano-
2112

Weierstrass theorem again, there is a subnet {z,} C I such that

Since V' is anti-unitary,

 (VHgh., VH,gk.)

zamm ||V Hgke, |3

for some constant A, to obtain
Jim || Hugks, — Mgk, |2 = 0.

Now Lemma 2.7 gives us that

lim [[H o xghsllo = 0,
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which implies that ((u — \)g)ls,, € H®|s,,-
Furthermore, since

[ Hgk= @ V-H, yyzk:|
= ||Hgk. @ VH, 7k, — Hxgk, ® V Hsk, + Hygk, ® VHzk, — Hygk. ® V Hk.||
— [H sk @ VHgk. — (Hygh. @ VHzk, — Hgk, @ VH,zk. )|
< Heu-xnygk=ll2 - [VHgk:|l2 + | Hugk- ® VHyk. — Hgk. ® VH zk-|,

we conclude that
z]igln ||H§]€Z ® VH(u—)\)TkZH = zlgr}n ||H§sz2 . ||H(u—A)7kZH2 =0.
As v is inner and f, g € L°, we obtain that
Jim [Hgk:ll2=0 or lim [ H (- xyFk=ll2 = 0.

It follows from Lemma 2.7 that gl|s, or ((u— \)f)|s,, is in H®|s,, .

In order to complete the proof of this proposition, we need to consider the following two
subcases for [gls,, |-

Subcase 2(i) Ifg|s, € H*|s,,, then we have by g|s,, € H*®|g, that g|s, is a constant.

Subcase 2(ii) If g|g,, is not in H*|g, , then we have ((u — \)f)ls,, € H™|s,, and
Zh_{I}n HH(u—,\)?szQ = 0.
Since K* is compact, we have
lim ||[K*k.||2 = 0.
zZ—m
Moreover, we have by Lemma 4.2 that
zh—>nrln HH(U—)\)ETTkZHQ =0.
Noting that
K"k, = HygTsk, — HgT, k-
= H—xnglsk: + HxgT5k. — HgT, 7k
= Hu-xyglsk: — Hgl(y, k-
= H(U—A)ETTICZ - H(u—))ﬁkz + SyH(u_)\)Tkz,
we have |[H,_y7skz[l2 = 0 as 2 — m. Thus ((u— A f9)|s,, is also in H*®|g, , to complete the
proof of Proposition 5.4.

In view of Proposition 5.4, we obtain the following proposition which gives a necessary

condition for the compactness of the operator Hy Ty + SyHug — Huyg-

Proposition 5.5 Let u be a nonconstant inner function, f, g € L and m € M(H>* +C).

Suppose that
HyyTy+ SpHug — Hugyg
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is compact and fls, , Gls, are in H®|s, . Then for the support set S,, of m, one of the
following holds :
(1) ((u=XN)f)]s,., (w=2Ng)ls,, and ((u—N)fg)|s, arein H®|g, for some constant X;

(2) either f|s,, orgls,, is a constant.

Combining Propositions 5.3-5.5, now we summarize the necessary condition for the com-

pactness of the semicommutator [Dy, D) in the following theorem.

Theorem 5.1 Let u be a nonconstant inner function, f,g € L> and m € M(H> + C).
Suppose that the semicommutator [Dy, Dgy) is compact. Then for each support set Sy, of m,
one of the following conditions holds:

(1) flsws 9lsms (@ =X F)ls,.. (w—=Ng)s,. and ((u—N)fg)ls,, are in H®|s,, for some
constant X,

(2) flsn: Gls,: (w =X ls,.: (w—=Ng)ls, and (u—N)fg)ls, are in H*|s,, for some
constant X,

(3) either f|s,, org|s,, is a constant.

6 The Sufficient Part of Theorem 1.2

In the final section, we will present the proof of the sufficient part of Theorem 1.2. To do

this, we need the following lemma analogous to Lemma 4.1.

Lemma 6.1 Let f, g be in L™ and
L. = Hygk. ® VH5k, — Hgk, ® VH 5k,

where z € D. For each support set S, suppose that f and g satisfy one of following conditions:
(1) fls: gls. (w=X)Pls, (u=N)7)|s and ((u—A)fg)ls are in H*|s for some constant X;
(2) fls: gls, ((w=A)f)ls. ((u=A)g)ls and ((u—A)fg)|s are in H*|s for some constant A;
(3) either f|s or g|s is constant.

Then we have

lim |[L.[| = 0. (6.1)
|z|—1—

Proof For any m in M(H> + (), let S,, be the corresponding support set. If Condition
(2) or (3) holds, we have by Lemma 2.7 that

Jim, gk = Jim |, =0

or
lim [[Hgk- ||z = lim [[Hugks|l2 = 0.

It follows that lim ||L.|| = 0.

|z|=>m

To finish this proof, we need to show that Condition (1) can imply (6.1). By Lemma 2.7,
we have

Jim [[Hph.[|y = lim [ Hyk[| =0,
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lim [[Hi, yyphelle = 1im [[H_xyghslls = 0
and
zli_gln ||H(u_/\)f—gkz||2 =0.
Since
|L.|| = |Hugk. ® V Hsk. — Hgk. ® V H, k.||

= |H-xgk: ® VHFk, — Hgk, ® VH(u_/\)?kZH

< | Hu-xgk: @ VHzk: || + [[Hgk. @ VH,_\7k-||

= | Huenyghzll2 - | Hpkzll2 + || Hghll2 - 1|1 H i,y ph= 2,
we obtain ||L.|| — 0 as z — m. This completes the proof.

We are now in position to prove the sufficiency for Theorem 1.2.

Proof of the Sufficient Part of Theorem 1.2 For any m € M(H> + (), let S,, be
the support set of m. Suppose that one of Conditions (1), (2) and (3) in Theorem 1.2 holds.
According to Lemma 2.3, we need to show that

Ky = TyTy + Hi3Hug — Ty,
Ky =Ty Hyg + H' Sy — Hi7,
IF{?; = Hung + SfHug - HUfg

and
Ky = HufH:;g + Sng — ng

are compact operators.
AsTyy —T4T, = H%Hg, we get

Ky = H;Hy,y — H:H,.
By Lemma 2.5, we have
K1 — T} KiTy, = V[H,3k: ® Hugk. — Hek, @ Hgk,]V*. (6.2)
Next we will show that each condition in Theorem 1.2 can imply that
zligln”Kl _T¢2K1T¢z” =0. (63)
If Condition (3) holds, then we have by Lemma 2.7 that
Jim |k |2 = lim [|[Hgk[l2 = 0

and
Jim [[Hugke|l2 = lim [[Hughsll2 = 0.

Observing that

| ks ® Hugh — Hyh ® Hokol| < |[H gkl - || Hughslla + [ Hpks 12 - 1| Hyks |2,
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we obtain
zligln ||K1 — T¢ZK1T¢Z || =0.

Assume that Condition (1) holds. From the proof of the sufficient part of Theorem 1.1, we
get that
Jim [[Hpke[lo = Tim [|Hgk. |2 =0,

Jim [Hyphello = lim [[Hugk|[2 = 0,
Ji (L H gk [z = i [|H o sghslls =0

and
Tim [[H, 75kl = 0.

Since
|H, k- ® Hugk. — Hek, @ Hok:|| < [[H,zk: |2 - [|Hugk:|l2 + | Hzk: ||2 - [[Hgk=||2,

we conclude that
zligln ||K1 — T¢2K1T¢z || =0.

Using the same techniques as above, we can show that Condition (2) implies
zh—>H1%1 ||K1 - T¢ZK1T¢Z || =0.
Therefore, each condition of Theorem 1.2 implies that

lim ||, — T} KTy | =0.

|z| =1~

On the other hand, noting
HZ?Hug =Trg — TufTug,

it follows that
Ky =T5Ty+ H ;Hug — Tyg = (Tyg — TagTug) — (Tyg — T¥Ty) ,

which is a finite sum of finite products of Toeplitz operators. Using the same method as in the
proof of the sufficient part of Theorem 1.1, we conclude by (6.3) that IA{; is compact.
Using
VT, =55V, VH,=H}V and V>=1I

again, we have

VELW =V (HuHj; + S5Sy — Spq)V
= Hy;V?Hyg + TV Ty — TV
= H}Hug + T5Ty — Ty,

Using the same arguments as above, we conclude that

H} Hy5 + T§Ty — T5;
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is compact, which gives us that E is also compact.

To show the compactness of E, we will show that 172172* is compact as before. Recall that

Ky =T¢H,; + H;:?Sg — H;E'

Using identity (4.5) in [21] again, we have

Thus we get
Ky = HygTs — HyT 7
and

KyKy = (TyH g — TapHy) (HugTy — HgT 7).

Note that IA(;IA(;* is a finite sum of finite products of Toeplitz operators and the symbol
map maps this operator to zero. Applying [15, Lemma 12] and [3, Corollary 6] again, it suffices
to show that

i | Ry’ — 75, KTy | = .

z—m

By Lemma 3.1, we have
E*T@ = 5¢zf{2* - L,
where L, is defined in Lemma 6.1. Thus we have
T} KKy Ty,

= (K3 T.)"K2 Ty,

= (8. K" = L) (S4. Ko — L)

= (K585, — L1)(Ss. Kz — L)

= K28} Sy Ko — KaS), L. — L3Sy Ko + L%L.

= Ko(I = Vk. @ VE)Ks — K285 L. — LSy Ky + L:L.

= KoKy — KoVk, ® KoVk, — KoS5 L. — L3Sy Ko + LL..

Lemma 6.1 gives us that ||I’(§SZ;ZLZ||, ||LjS¢ZIA(;*|| and ||L%L.| all converge to 0 as z — m.
Thus, we need to show that |K2Vk, |2 — 0 as z — m. In fact,

KV, = (HugTs — HyT,7)*Vk.
= TyH;Vk. — Tap HEVE,
= V(S¢Hugk. — S, Hgk.)
=V{(I - P)[f(I - P)(ugk.)] — (I - P)[uf(I - P)(gk:)]}
= V(I - P)[ufP(gk:) — fP(ugk.)]
= VH,;Tsk. — VH;Tugk.,
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where the third equality follows from that
VT,= S5V, VH,=H,V and Vi=1.
If Condition (2) of Theorem 1.2 holds, then we have
lim [|Hke[|o = lim [|H, 7k [ls = 0.
It follows from Lemma 4.2 that
Zh_}nﬂll | K2 VE, |2 = Zh_% |2, 715k — HTugk:|l2 = 0.
If Condition (3) holds, then f|s, or g|s,, is also a constant. This yields
Jim [|Hpk:|l2 = lim [H,zk.[l2 =0

or
lim || Hgk. ||z = lim [[Hygks[|2 = 0.

By Lemma 4.2 again, we have

zligln ||K2sz||2 = zligln ||Hu7T§kz — HTTuﬁkZHZ =0
or

zh—>H1%1 ||K2sz||2 = zh—>H1%1 ||57Hu§kz — Sungszg =0.

Finally, we assume that Condition (1) holds. From Lemma 2.7, we get
S, el = S, Tl = B bl =0

Noting that

| K2VE, |2
= ||H,7Tgk. — Hf Lugh:||2
= [[H - 75k — HFT(w-r)gk:|l2
= ||H(u—,\)?T§kz - [H(u—,\)ﬁ - SfH(u—/\)g]kz”Q
= || Hy-n7Lgk: — Heyonygks + S7H@w—x)gk=|l2
SN H o7 Tgkzll2 + [ H o nggk=ll2 + [|S7H @—x)gk=l2
SN HongTgkzllz + [ H - ngak=ll2 + [ flloo - [ Hw—x)gk= 2,

we conclude by Lemma 4.2 that lim ||K3Vk.||s = 0. Moreover, since
zZ—m

K> Ky — T KoK Ty || = | KoVke ® KaVhs + Ko L + L3Sy Ky — LiLe|
< |K2Vk. © KoVk.|| + | K25, Lal| + | L2Ss. K2 || + | LiL:|
= KoV ka3 + K285 Lal + | L2Ss. Ko || + | L2,
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we have

lim [|K> Ky — Ty, Kz Ky Ty || = 0.
zZ—m
Using the same idea as in the proof of the compactness of IA{;, we conclude that IA(;IA(;* is
compact, so K» is also compact.
In order to finish the proof, we observe that
VK3V = VH, T,V +VS;Hy,V — VHy,V
= H,;Sq+TFH,, — Hy gy

Similarly we can show that I/?:; is compact, to complete the proof of Theorem 1.2.
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