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1 Introduction

Theory of lifts in the tangent bundles of different order has experienced an extraordinary
development in the last decades. The fundamental references in the area are represented by
the treatises of Yano and Ishihara [7]. In recent years, there has been a growing interest in
the study of lifts on tangent bundle of higher order. Among the interesting works of this type
of liftings, we can cite for example [1–5]. The theory of lifts is closely related to the theory
of holomorphic connections on tangent bundles. In the present paper a new connection in the
tangent bundle of order 2 is introduced and the relation between holomorphic connections and
lifts of connections is studied in detail.

Let Π =
{
J
α

i
j

}
, α = 1, · · · ,m; i, j = 1, · · · , n be a Π-structure (see [1]) on a smooth

manifold Mn. If there exists a frame
{
∂i = ∂

∂xi

}
, i = 1, · · · , n, x = (xi) ∈ Mn such that

∂i J
α

k
j = 0, then the Π-structure is said to be integrable. Let Am be an associative and

commutative algebra with the unit element e1 = 1. An algebraic structure on Mn is an
integrable Π-structure such that J

α

m
j J

β

i
m = C

γ
αβ J

γ

i
j , i.e., if there exists an isomorphism Am ↔

Π, where C
γ
αβ are structure constants of Am. An algebraic structure is said to be an r-regular

Π-structure if the matrices
(
J
α

i
j

)
of order n× n, α = 1, · · · ,m, simultaneously reduced to the

form

(
J
α

i
j

)
=




Cα 0 · · · 0
0 Cα · · · 0

...
0 0 · · · Cα


 , α = 1, · · · ,m, i, j = 1, · · · , n (1.1)

with respect to the adapted frame {∂i}, where Cα = (Cγ
αβ) is the regular representation of

Am and r is a number of Cα-blocks. We note that the r-regular Π-structure is integrable if a
structure-preserving connection with free-torsion exists on Mn.

From (1.1) it follows that n = rm and therefore the structure tensors J
σ
have the components

J
σ

i
j = J

σ

uα
vβ = δuvC

α
σβ , u, v = 1, · · · , r, where δuv is the Kronecker delta and uα = (u − 1)m +

α, vβ = (v − 1)m+ β.
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An A-holomorphic manifold (see [6]) Xr(A) over algebra Am of dimension r is a Hausdorff
space with a fixed complete atlas compatible with a group of A-holomorphic transformations

of space Ar
m , where Ar

m = Am × · · · × Am is the space of r-tuples of algebraic numbers

(z1, z2, · · · , zr) with zu = xuαeα ∈ Am, xuα = xi ∈ R, i = 1, · · · , n;u = 1, · · · , r;α = 1, · · · ,m.

Let now Π =
{
J
σ

}
be an integrable r-regular structure on Mrm. The transformation zu

′

=

zu
′

(zu) of local coordinates on Xr(A) is A-holomorphic if and only if the transformation xi′ =

xi′(xi) of local coordinates on Mrm is a structure-preserving transformation (an admissible

transformation), i.e.,

J
α
A = AJ

α
, A =

(∂xj

∂xj

)
, J

α
=

(
J
α

i
j

)
.

Thus the real smooth manifold Mrm with an integrable r-regular Π-structure and with a
structure-preserving transformations of local coordinates is a real modeling of anA-holomorphic

manifold Xr(A) over algebra Am.

Let R(ε2) be an algebra of order 3 with a canonical basis {e1, e2, e3} = {1, ε, ε2}, ε3 = 0.

From eα eβ = C
γ
αβeγ , the (3 × 3)-matrices Cσ = (Cγ

σβ), σ = 1, 2, 3 of regular representation of

R(ε2) have respectively the following forms

C1 =




1 0 0
0 1 0
0 0 1



 , C2 =




0 0 0
1 0 0
0 1 0



 , C3 =




0 0 0
0 0 0
1 0 0



 .

Let z = x1 + εx2 + ε2x3. Then the generalized Cauchy-Riemann conditions (i.e., the Scheffers

conditions) (see [6])

Cα
σβ

∂yβ

∂xγ
=

∂yα

∂xβ
Cβ

σγ

for A-holomorphic function

w = w(z) = y1(x1, x2, x3) + εy2(x1, x2, x3) + ε2y3(x1, x2, x3),

reduces to the following equations:

(i)
∂y1

∂x2
=

∂y1

∂x3
=

∂y2

∂x3
= 0,

(ii)
∂y2

∂x2
=

∂y1

∂x1
=

∂y3

∂x3
,

(iii)
∂y3

∂x2
=

∂y2

∂x1
.

From (i)–(iii), we have

y1 = y1(x1),

y2 = y2(x1, x2),

y2(x1, x2) = x2 dy
1

dx1
+G(x1),

y3(x1, x2, x3) = x3 dy
1

dx1
+

1

2
(x2)2

d2y1

(dx1)2
+ x2 dG

dx1
+H(x1),

whereG = G(x1) andH = H(x1) are arbitrary functions. Thus the R(ε2)-holomorphic function

w = w(z) has the following expression:

w(z) = y1(x1) + ε
(
x2 dy

1

dx1
+G(x1)

)
+ ε2

(
x3 dy

1

dx1
+

1

2
(x2)2

d2y1

(dx1)2
+ x2 dG

dx1
+H(x1)

)
.
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Similarly, if

w(z1, · · · , zn) = y1(x1, · · · , xn) + εy2(x1, · · · , xn) + ε2y3(x1, · · · , xn),

where zi = xi + εxn+i + ε2x2n+i, i = 1, · · · , n, is a multi-variable R(ε2)-holomorphic function,
then the function w = w(z1, · · · , zn) has the following specific form:

w(z1, · · · , zn) = y1(x1, · · · , xn) + ε(xn+i∂iy
1 +G(x1, · · · , xn))

+ ε2
(
x2n+i ∂y

1

∂xi
+

1

2
xn+ixn+j ∂2y1

∂xi∂xj
+ xn+i ∂G

∂xi
+H(x1, · · · , xn)

)
. (1.2)

From (1.2) we see that if

G(x1, · · · , xn) = H(x1, · · · , xn) = 0

and

y1(x1, · · · , xn) = f(x1, · · · , xn),

then the function

w(z1, · · · , zn) = f(x1, · · · , xn) + εxn+i∂if + ε2
(
x2n+i ∂f

∂xi
+

1

2
xn+ixn+j ∂2f

∂xi∂xj

)
(1.3)

is said to be natural extension of the real C∞-functions f = f(x1, · · · , xn) to R(ε2).

2 Holomorphic Connections

In this section, we always assume that the regular Π-structure is integrable and we consider

only local adapted coordinates with respect to the structure.
Let ∇ be a Π-connection on Mmr, i.e., ∇ϕ

σ
= 0 for any ϕ

σ
∈ Π. Since the components of ϕ

σ

with respect to the local adapted coordinates x1, · · · , xmr are constant, we have

∇ϕ
σ
= 0 ⇔ Γi

km
ϕ
σ

m
j = Γm

kj
ϕ
σ

i
m . (2.1)

We see that the Π-connection has components of the form (see [3])

Γi
kj = Γuα

wγvβ =
σ
τ u

wγvC
α
σβ , i = uα, j = vβ, k = wγ, (2.2)

where
σ
τ u

wγv = Γuσ
wγvβε

β are any functions in the adapted chart U ⊂ Mmr.

With Π-connection of type (2.2) we can associate a hypercomplex objects from Am:

∗

Γ
u
wv = Γuα

wγvβε
γεβeα =

σ
τ u

wγvε
γeσ. (2.3)

If the hypercomplex objects
∗

Γ u
wv satisfies the following condition:

∗

Γ
u
′

w
′
v
′ =

∂zu
′

∂zu
∂zw

∂zw
′

∂zv

∂zv
′

∗

Γ
u
wv +

∂2zu

∂zv
′

∂zw
′

∂zu
′

∂zu
,

i.e., if
∗

Γ u
wv is a component of the hypercomplex connection

∗

∇ in Xr(Am), then we say that the

Π-connection ∇ is a pure connection.

Let Π be a regular integrable Π-structure on Mmr. The Π-connection ∇ is pure if and only

if
σ
τ u

wγν satisfies the condition

α
τ u

wγv =
σ
τ u

wvC
α
σγ , (2.4)
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where
σ
τ u

wv =
σ
τ u

wηvε
η.

Using (2.4), we get from (2.2)–(2.3), respectively,

Γi
kj = Γuα

wγvβ =
σ
τ u

wvC
µ
σγC

α
µβ =

σ
τ u

wvB
α
σγβ (2.5)

and
∗

Γ
u
wv =

σ
τ u

wveσ, (2.6)

where Bα
σγβ = Cµ

σγC
α
µβ .

Thus, a pure Π-connection ∇ has the components (2.5) with respect to the adapted coordi-

nates and it is a realization of the hypercomplex connection
∗

∇ with components (2.6).
From here and (2.1) it follows that the pure Π-connection is defined by

Γi
km

ϕ
α

m
j = Γm

kj
ϕ
α

i
m = Γi

mj
ϕ
α

m
k , α = 1, · · · ,m (2.7)

with respect to the adapted charts.

3 Bundle of 2-Jets as a Realization of Xr(R(ε2))

Let now T 2(Mr) be the bundle of 2-jets, i.e., the tangent bundle of order 2 over C
∞-manifold

Mr, dim T 2(Mr) = 3r, and let

(xi, xī, x
¯̄i) = (xi, xr+i, x2r+i), xi = xi(t), xī =

dxi

dt
, x

¯̄i =
1

2

d2xi

dt2
, t ∈ R, i = 1, · · · , r

be an induced local coordinates in T 2(Mr). It is clear that there exists an affinor field (a tensor

field of type (1, 1)) ϕ on T 2(Mr) which has components of the form

ϕ =




0 0 0
I 0 0
0 I 0



 (3.1)

with respect to the natural frame {∂i, ∂ī, ∂¯̄i} =
{

∂
∂xi ,

∂
∂xī

, ∂

∂x
¯̄
i

}
, i = 1, · · · , r, where I denotes

the r × r identity matrix. From (3.1), we have

ϕ2 =




0 0 0
0 0 0
I 0 0


 , ϕ3 = 0, (3.2)

i.e., T 2(Vr) has a natural integrable structure Π = {I, ϕ, ϕ2} , I = idT 2(Mr), which is an isomor-

phic representation of the algebra R(ε2), ε3 = 0. Using

ϕ∂i = ∂ī, ϕ2∂i = ϕ∂ī = ∂¯̄i,

we have {∂i, ∂ī, ∂¯̄i} = {∂i, ϕ∂i, ϕ
2∂i}. Also, using a frame

{∂1, ϕ∂1, ϕ
2∂1, ∂2, ϕ∂2, ϕ

2∂2, · · · , ∂r, ϕ∂r, ϕ
2∂r} = {∂1, ∂1̄, ∂¯̄1, ∂2, ∂2̄, ∂¯̄2, · · · , ∂r, ∂r̄, ∂¯̄r},

which is obtained from {∂i, ∂ī, ∂¯̄i} = {∂i, ϕ∂i, ϕ
2∂i} by changing of numbers of frame elements,

we see that structure affinors I, ϕ and ϕ2 have the following components, respectively,

I =




C1 0 · · · 0
0 C1 · · · 0

...
0 0 · · ·C1


 , ϕ =




C2 0 · · · 0
0 C2 · · · 0

...
0 0 · · · C2


 , ϕ2 =




C3 0 · · · 0
0 C3 · · · 0

...
0 0 · · · C3
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with respect to the frame {∂1, ∂1̄, ∂¯̄1, ∂2, ∂2̄, ∂¯̄2, · · · , ∂r, ∂r̄, ∂¯̄r}, where the block matrices Cσ of
order 3, σ = 1, 2, 3, are the regular representation of algebra R(ε2). Thus the bundle T 2(Mr)

has a natural integrable structure Π = {I, ϕ, ϕ2}, which is an r-regular representation of R(ε2).

On the other hand, the transformation of induced coordinates (xi, xī, x
¯̄i) in T 2(Mr) is given

xi′ = xi′ (xi),

xī′ =
dxi′

dt
=

∂xi′

∂xi

dxi

dt
=

∂xi′

∂xi
xī,

x
¯̄i′ =

1

2

d2xi′

dt2
=

1

2

d

dt

(∂xi′

∂xi

dxi

dt

)
=

1

2

∂xi′

∂xi

d2xi

dt2
+

1

2

∂2xi′

∂xi∂xj

dxi

dt

dxj

dt
=

∂xi′

∂xi
x
¯̄i +

1

2

∂2xi′

∂xi∂xj
xīxj̄ ,

and its Jacobian matrix is

A=(Aα′

α ) =




∂xi′

∂xi

∂xi′

∂xī

∂xi′

∂x
¯̄i

∂xī ′

∂xi

∂xī ′

∂xī

∂xī ′

∂x
¯̄i

∂x
¯̄i ′

∂xi

∂x
¯̄i ′

∂xī

∂x
¯̄i ′

∂x
¯̄i




=




∂xi′

∂xi
0 0

∂2xi′

∂xi∂xs
xs̄ ∂xi′

∂xi
0

∂2xi′

∂xi∂xs
x
¯̄s +

∂3xi′

∂xi∂xs∂xt
xs̄xt̄ ∂2xi′

∂xi∂xs
xs̄ ∂xi′

∂xi




.

From here it follows that A−1ϕA = ϕ, A−1ϕ2A = ϕ2, i.e., the transformation of local co-

ordinates (xi, xī, x
¯̄i) in T 2(Mr) is a structure-preserving transformation. Then the transition

functions

zi
′

(zi) = xi′ + εxī ′

+ ε2x
¯̄i ′

= xi′(xi) + ε
∂xi′

∂xi
xī + ε2

(∂xi′

∂xi
x
¯̄i +

1

2

∂2xi′

∂xi∂xj
xīxj̄

)

of charts on Xr(R(ε2)) are R(ε2)-holomorphic functions by virtue of (1.3), i.e., the bundle

T 2(Mr) is a real modeling of R(ε2)-holomorphic manifold Xr(R(ε2)).

4 Deformed Complete Lifts of Connections

Let ∇̃ be a projectable connection with projection Γk
ij(x

1, · · · , xr) and with the components

Γ̃γ
αβ, α = (i, ī, ¯̄i), β = (j, j̄, ¯̄j), γ = (k, k̄, ¯̄k) in the tangent bundle T 2(Mr) preserving the

structure Π = {I, ϕ, ϕ2}. That connection is called a pure connection by definition if (see (2.7))

Γ̃σ
αβϕ

γ
σ = Γ̃γ

σβϕ
σ
α = Γ̃γ

ασϕ
σ
β ,

Γ̃σ
αβ(ϕ

2)γσ = Γ̃γ
σβ(ϕ

2)σα = Γ̃γ
ασ(ϕ

2)σβ .

Using (3.1)–(3.2), from here it follows that

(Γ̃k
αβ) =




Γ̃k
ij 0 0
0 0 0
0 0 0



 , (Γ̃k̄
αβ) =




Γ̃k̄
ij Γ̃k

ij 0

Γ̃k
ij 0 0
0 0 0



 , (Γ̃
¯̄k
αβ) =




Γ̃
¯̄k
ij Γ̃k̄

ij Γ̃k
ij

Γ̃k̄
ij Γ̃k

ij 0

Γ̃k
ij 0 0


 . (4.1)

The pure connection ∇̃ with components Γ̃γ
αβ is called a holomorphic connection, if (see [3])

(ΦϕΓ)
γ
ταβ = ϕσ

τ ∂σΓ̃
γ
αβ − ϕσ

α∂τ Γ̃
γ
σβ = 0,

(Φϕ2Γ)γταβ = (ϕ2)στ ∂σΓ̃
γ
αβ − (ϕ2)σα∂τ Γ̃

γ
σβ = 0. (4.2)
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It is well known that, such a connection is a real image of corresponding holomorphic connection
from Xn(R(ε2)).

(1) Let γ = k. Since σ = (m, m̄, ¯̄m), from (4.2) we have

(ΦϕΓ)
k
ταβ = ϕm

τ ∂mΓ̃k
αβ + ϕm̄

τ ∂m̄Γ̃k
αβ + ϕ

¯̄m
τ ∂ ¯̄mΓ̃k

αβ

− ϕm
α ∂τ Γ̃

k
mβ − ϕm̄

α ∂τ Γ̃
k
m̄β − ϕ

¯̄m
α ∂τ Γ̃

k
¯̄mβ = 0 (4.3)

and

(Φϕ2Γ)kταβ = (ϕ2)mτ ∂mΓ̃k
αβ + (ϕ2)m̄τ ∂m̄Γ̃k

αβ + (ϕ2)
¯̄m
τ ∂ ¯̄mΓ̃k

αβ

− (ϕ2)mα ∂τ Γ̃
k
mβ − (ϕ2)m̄α ∂τ Γ̃

k
m̄β − (ϕ2)

¯̄m
α ∂τ Γ̃

k
¯̄mβ = 0. (4.4)

For τ = (t, t̄, ¯̄t), α = (i, ī, ¯̄i), β = (j, j̄, ¯̄j), from (4.3) by virtue of (3.1)–(3.2) and (4.1) we have

(ΦϕΓ)
k
tij = ϕm

t ∂mΓ̃k
ij + ϕm̄

t ∂m̄Γ̃k
ij + ϕ

¯̄m
t ∂ ¯̄mΓ̃k

ij − ϕm
i ∂tΓ̃

k
mj

− ϕm̄
i ∂tΓ̃

k
m̄j − ϕ

¯̄m
i ∂tΓ̃

k
¯̄mj = 0 ⇔ ϕm̄

t ∂m̄Γ̃k
ij = 0 ⇒ Γ̃k

ij = Γ̃k
ij(x

m, x
¯̄m).

Similarly, from (4.4) we obtain

(Φϕ2Γ)ktij = (ϕ2)mt ∂mΓ̃k
ij + (ϕ2)m̄t ∂m̄Γ̃k

ij + (ϕ2)
¯̄m
t ∂ ¯̄mΓ̃k

ij − (ϕ2)mi ∂tΓ̃
k
mj

− (ϕ2)m̄i ∂tΓ̃
k
m̄j − (ϕ2)

¯̄m
i ∂tΓ̃

k
¯̄mj = 0 ⇔ (ϕ2)

¯̄m
t ∂ ¯̄mΓ̃k

ij = 0 ⇒ Γ̃k
ij

= Γ̃k
ij(x

m) = Γk
ij(x

m).

Thus

(Γ̃k
αβ) =




Γk
ij(x

m) 0 0
0 0 0
0 0 0


 = (CΓk

αβ), xm = (x1, · · · , xr), (4.5)

where CΓk
αβ denote the first components of Γ̃γ

αβ, which coincides with first components of

complete lift of connection Γk
ij .

(2) Let γ = k̄. In this case, we have

(ΦϕΓ)
k̄
ταβ = ϕm

τ ∂mΓ̃k̄
αβ + ϕm̄

τ ∂m̄Γ̃k̄
αβ + ϕ

¯̄m
τ ∂ ¯̄mΓ̃k̄

αβ − ϕm
α ∂τ Γ̃

k̄
mβ

− ϕm̄
α ∂τ Γ̃

k̄
m̄β − ϕ

¯̄m
α ∂tΓ̃

k̄
¯̄mβ = 0 ⇒ ϕm̄

τ ∂m̄Γ̃k̄
αβ + ϕ

¯̄m
τ ∂ ¯̄mΓ̃k̄

αβ − ϕm̄
α ∂τ Γ̃

k̄
m̄β

= 0.
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From here it follows that

(ΦϕΓ)
k̄
t̄ij = ϕm

t ∂mΓ̃k̄
īj + ϕm̄

t ∂m̄Γ̃k̄
īj + ϕ

¯̄m
t ∂ ¯̄mΓ̃k̄

īj − ϕm
ī ∂tΓ̃

k̄
mj

− ϕm̄
ī ∂tΓ̃

k̄
m̄j − ϕ

¯̄m
ī ∂tΓ̃

k̄
¯̄mj = 0 ⇒ ϕm̄

t ∂m̄Γ̃k̄
īj = 0 ⇒ Γ̃k̄

īj = Γ̃k̄
īj(x

m, x
¯̄m),

(ΦϕΓ)
k̄
tij̄ = ϕm

t ∂mΓ̃k̄
ij̄ + ϕm̄

t ∂m̄Γ̃k̄
ij̄ + ϕ

¯̄m
t ∂ ¯̄mΓ̃k̄

ij̄ − ϕm
i ∂tΓ̃

k̄
mj̄

− ϕm̄
i ∂tΓ̃

k̄
m̄j̄ − ϕ

¯̄m
i ∂tΓ̃

k̄
¯̄m j̄

= 0 ⇒ ϕm̄
t ∂m̄Γ̃k̄

i j̄ = 0 ⇒ Γ̃k̄
i j̄ = Γ̃k̄

i j̄(x
m, x

¯̄m)

= Γk
mj ((ΦϕΓ)

k̄
t̄ i j̄ = 0 ⇒ Γ̃k̄

i j̄ = Γ̃k̄
i j̄(x

m)),

(ΦϕΓ)
k̄
t̄ij = ϕm

t̄ ∂mΓ̃k̄
ij + ϕm̄

t̄ ∂m̄Γ̃k̄
ij + ϕ

¯̄m
t̄ ∂ ¯̄mΓ̃k̄

ij − ϕm
i ∂t̄Γ̃

k̄
mj

− ϕm̄
i ∂t̄Γ̃

k̄
m̄j − ϕ

¯̄m
i ∂t̄Γ̃

k̄
¯̄mj = 0 ⇒ ϕ

¯̄m
t̄ ∂ ¯̄mΓ̃k̄

ij − ϕm̄
i ∂t̄Γ̃

k̄
m̄j = 0,

(ΦϕΓ)
k̄
¯̄tij

= ϕm
¯̄t
∂mΓ̃k̄

ij + ϕm̄
¯̄t
∂m̄Γ̃k̄

ij + ϕ
¯̄m
¯̄t
∂ ¯̄mΓ̃k̄

ij − ϕm
i ∂¯̄tΓ̃

k̄
mj

− ϕm̄
i ∂¯̄tΓ̃

k̄
m̄j − ϕ

¯̄m
i ∂¯̄tΓ̃

k̄
¯̄mj = 0 ⇒ −ϕm̄

i ∂¯̄tΓ̃
k̄
m̄j

= 0 ⇒ Γ̃k̄
m̄j = Γ̃k̄

m̄j(x
m, xm̄) ⇒ Γ̃k̄

m̄j = Γ̃k̄
m̄j(x

m) = Γk
mj ,

(ΦϕΓ)
k̄
tij = ϕm

t ∂mΓ̃k̄
ij + ϕm̄

t ∂m̄Γ̃k̄
ij + ϕ

¯̄m
t ∂ ¯̄mΓ̃k̄

ij − ϕm
i ∂tΓ̃

k̄
mj

− ϕm̄
i ∂tΓ̃

k̄
m̄j − ϕ

¯̄m
i ∂tΓ̃

k̄
¯̄mj = 0 ⇒ ϕm̄

t ∂m̄Γ̃k̄
ij − ϕm̄

i ∂tΓ̃
k̄
m̄j = 0

⇒ Γ̃k̄
ij = xt∂tΓ̃

k̄
īj +Gk

ij(x
m)

= xt∂tΓ
k
ij +Gk

ij(x
m)

and

(Φϕ2Γ)k̄ταβ = (ϕ2)mτ ∂mΓ̃k̄
αβ + (ϕ2)m̄τ ∂m̄Γ̃k̄

αβ + (ϕ2)
¯̄m
τ ∂ ¯̄mΓ̃k̄

αβ − (ϕ2)mα ∂τ Γ̃
k̄
mβ

− (ϕ2)m̄α ∂τ Γ̃
k̄
m̄β − (ϕ2)

¯̄m
α ∂τ Γ̃

k̄
¯̄mβ = 0,

(ϕ2)
¯̄m
τ ∂ ¯̄mΓ̃k̄

αβ − (ϕ2)
¯̄m
α ∂τ Γ̃

k̄
¯̄mβ = 0,

(ϕ2)
¯̄m
t ∂ ¯̄mΓ̃k̄

ij = 0 ⇒ Γ̃k̄
ij = Γ̃k̄

ij(x
t, xt̄),

(ϕ2)
¯̄m
t ∂ ¯̄mΓ̃k̄

īj = 0 ⇒ Γ̃k̄
īj = Γ̃k̄

īj(x
t, xt̄),

(ϕ2)
¯̄m
t ∂ ¯̄mΓ̃k̄

i j̄ = 0 ⇒ Γ̃k̄
i j̄ = Γ̃k̄

i j̄(x
t, xt̄).

Thus

(Γ̃k̄
αβ)=




xt∂tΓ

k
ij +Gk

ij(x
m) Γk

ij(x
m) 0

Γk
ij(x

m) 0 0
0 0 0



=(CΓk̄
αβ) + (CGk

αβ), xm = (x1, · · · , xr) , (4.6)

where G = (Gk
ij) is an arbitrary tensor field of type (1, 2) on Mr,

CGk
αβ is first component of

complete lift of G and CΓk̄
αβ denotes the second component of complete lift of connection Γk

ij

(see [7]).

Let γ = ¯̄k . Similarly, in this case we have

(Γ̃
¯̄k
αβ) =




x¯̄s∂sΓ
k
ij +

1
2x

t̄xs̄∂t∂sΓ
k
ij + xs̄∂sG

k
ij +Hk

ij(x
m) xt̄∂tΓ

k
ij +Gk

ij(x
m) Γk

ij

xt̄∂tΓ
k
ij +Gk

ij(x
m) Γk

ij 0

Γk
ij 0 0


 ,

xm = (x1, · · · , xr),
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where H = (Hk
ij) is also an arbitrary tensor field of type (1, 2) on Mr. From here, it follows

that

(Γ̃
¯̄k
αβ) =




x
¯̄s∂sΓ

k
ij +

1
2x

t̄xs̄∂t∂sΓ
k
ij + xs̄∂sG

k
ij +Hk

ij xt̄∂tΓ
k
ij +Gk

ij Γk
ij

xt̄∂tΓ
k
ij +Gk

ij Γk
ij 0

Γk
ij 0 0





=




x
¯̄s∂sΓ

k
ij +

1
2x

t̄xs̄∂t∂sΓ
k
ij xt̄∂tΓ

k
ij Γk

ij

xt̄∂tΓ
k
ij Γk

ij 0
Γk
ij 0 0



+




xs̄∂sG

k
ij Gk

ij 0
Gk

ij 0 0
0 0 0





+




Hk
ij 0 0
0 0 0
0 0 0




= (CΓ
¯̄k
αβ) + (CGk̄

αβ) + (cHk
αβ), (4.7)

where CHk
αβ is first component of complete lift of H , CGk̄

αβ is second component of complete

lift of G and CΓ
¯̄k
αβ denotes the third component of complete lift of connection Γk

ij (see [7]). If

H = G = 0, then we have ∇̃ = ∇C , where ∇C is the complete lift of ∇ to T 2(Mr). Therefore

the connection ∇̃ on T 2(Mr) is called the deformed complete lift of ∇ to T 2(Mr). Thus, from

(4.5)–(4.7), we have the following theorem.

Theorem 4.1 Let ∇ be a connection on Mr. Then the deformed complete lift ∇̃ of ∇ to

tangent bundle of 2-jets T 2(Mr) has components

∇̃ = (Γ̃k
αβ , Γ̃

k̄
αβ , Γ̃

¯̄k
αβ) = (CΓk

αβ,
CΓk̄

αβ + CGk
αβ ,

CΓ
¯̄k
αβ + CGk̄

αβ + CHk
αβ),

where CGk
αβ and CHk

αβ are first components of complete lift of (1, 2)-tensor fields G and H

respectively, CGk̄
αβ is second component of complete lift of G and CΓk

αβ,
CΓk̄

αβ ,
CΓ

¯̄k
αβ denote the

all components of complete lift C∇ of connection ∇ = (Γk
ij).

Declarations

Conflicts of interest The authors declare no conflicts of interest.

References

[1] Aslanci, S., Deformed intermadiate and complete lifts of 1-forms to the bundle of 2-jets, Filomat, 37(4),
2023, 1123–1131.

[2] Aslanci, S. and Sultanova, T., Deformed lifts in the bundle of 2-jets, Tbilisi Math. J., 14(3), 2021, 155–162.

[3] Salimov, A., Applications of Holomorphic Functions in Geometry, Springer-Verlag, Birkhäuser, Singapore,
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