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Holomorphic Connections and Problems of Lifts
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Abstract Considering the bundle of 2-jets as a realization of the holomorphic manifold
over 3-dimensional nilpotent algebra, the authors introduce a new class of lifts of connec-
tions in the bundle of 2-jets which is a generalization of the complete lifts.
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1 Introduction

Theory of lifts in the tangent bundles of different order has experienced an extraordinary
development in the last decades. The fundamental references in the area are represented by
the treatises of Yano and Ishihara [7]. In recent years, there has been a growing interest in
the study of lifts on tangent bundle of higher order. Among the interesting works of this type
of liftings, we can cite for example [1-5]. The theory of lifts is closely related to the theory
of holomorphic connections on tangent bundles. In the present paper a new connection in the
tangent bundle of order 2 is introduced and the relation between holomorphic connections and
lifts of connections is studied in detail.

Let II = {J;}, a=1,---,m; i,j = 1,---,n be a Il-structure (see [1]) on a smooth

«

manifold M,. If there exists a frame {9; = 5}, i = 1,---,n, © = (2') € M, such that
0 J f = 0, then the Il-structure is said to be integrable. Let A,, be an associative and
(0%
commutative algebra with the unit element e; = 1. An algebraic structure on M, is an
integrable II-structure such that J 7 J J,, = Cgﬁ J §, i.e., if there exists an isomorphism A,, <
o B v

II, where C;ﬁ are structure constants of A,,. An algebraic structure is said to be an r-regular

II-structure if the matrices (J ;) of order n x n, « = 1,--- ,m, simultaneously reduced to the
form
C,0 -+ 0
_ 0C, - 0
(J;>: . ’ azla"'vmv iajzla"'vn (11)
00 - C,

«
A, and r is a number of C,-blocks. We note that the r-regular Il-structure is integrable if a

structure-preserving connection with free-torsion exists on M,,.

From (1.1) it follows that n = rm and therefore the structure tensors .J have the components
o
Jj» =J g = 06,Cd, u,v=1,---,r, where ¢, is the Kronecker delta and uo = (u—1)m+
o g
a, vB=@w-—1)m+p.
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with respect to the adapted frame {0;}, where C, = (CJj) is the regular representation of
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An A-holomorphic manifold (see [6]) X, (A) over algebra A, of dimension r is a Hausdorff
space with a fixed complete atlas compatible with a group of A-holomorphic transformations
of space Am , where A7 = A, x --- X Ay, is the space of r-tuples of algebraic numbers
(21, 22,--+,2") with 2% = 2%%, € A, 2" =2 € Ryi=1,--- ,nju=1,--- ,r;a=1,---,m.
Let now II = {J } be an integrable r-regular structure on M,.,,. The transformation 2 =

g

2% (2%) of local coordinates on X,.(A) is A-holomorphic if and only if the transformation z* =
2% (2%) of local coordinates on M,,, is a structure-preserving transformation (an admissible

transformation), i.e., .
ga=ag 4= (G5 1=(20)

Thus the real smooth manifold M,,, with an integrable r-regular Il-structure and with a
structure-preserving transformations of local coordinates is a real modeling of an A-holomorphic
manifold X, (A) over algebra A,

Let R(g%) be an algebra of order 3 with a canonical basis {e1,es,e3} = {1,£,e%}, % = 0.
From e, eg = C] ge,, the (3 x 3)-matrices C, = (C4), 0 = 1,2,3 of regular representation of
R(£?) have respectively the following forms

100 00 0 00 0
ci=(010), co=l100], c3=(0 00
00 1 0 1 0 1 00

Let z = 2! + ex? + €223, Then the generalized Cauchy-Riemann conditions (i.e., the Scheffers
conditions) (see [6])

a 895 _ oy 8

Bozr — 9aB
for A-holomorphic function

w=w(z) =y (z!, 2% 23) + ey? (2!, 2%, 23) + 23 (2!, 22, 2%),

reduces to the following equations:
oyt oyt 0y?
_— = —— = O
(i) ox2  Ox3  Oxd ’
. ayQ ayl ayB
(i) == = — = =—,
ox?  Ox! Oz
(ii) 9y’ _ oy
i) 55 = 5.1

yt=y'(zh),
y? =y (z,2?),

dy!
2,1 .2y _ .2 1
yo(z,x%) x—dx1+G(x)’

dyt 1 d2y! dG

3,1 .2 .3 3 2\2 22

S e B il
y(x,x,x) xd$1+2( )(d$1)+ d1+ ( )

where G = G(z') and H = H(x!) are arbitrary functions. Thus the R(£?)-holomorphic function
w = w(z) has the following expression:

dy! dy' 1 d2y! dG
1 2(.3 1 9v2 2 1
w(z) =y (x )—l—a(x Py 1—i—G( ))—i—g (x —dx1+2(x) (d$1)2+x —dx1+H(x ))
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Similarly, if

w(zlv o 72,71) = yl(zla o 7$n) + 6y2($17 U 7:1;71) + E2y3($17 o 7$n)7
where 2% = 2° + ex" ' 4 22?0 j =1,--.  n, is a multi-variable R(£?)-holomorphic function,
then the function w = w(z!,--- ,2z") has the following specific form:

w(zl, e, 2) = yl(xl, s x™) + a(x"HBiyl + G(xl, s x™)
oyt 1 - - 92yt L 0G
2 2n+z_. ~ntinA+g i . n+1_. H 1 . n ) 12
+ e (:z: B + v +x e +H(x -, 2") (1.2)
From (1.2) we see that if

and

then the function

. Of 1 i ey O
1 . ny _ 1 . n n+i 9. 2 2n-+1 ~antinA+g 1
w(z, -, 2") = flar,-,2") e 0 f +¢ (az e + 58T 78;101'8961') (1.3)

is said to be natural extension of the real C*°-functions f = f(a!,---,2") to R(g?).

2 Holomorphic Connections

In this section, we always assume that the regular II-structure is integrable and we consider
only local adapted coordinates with respect to the structure.

Let V be a Il-connection on M,,,, i.e., V¥ = 0 for any ¢ € II. Since the components of ¢

[eg g g

with respect to the local adapted coordinates z',--- , 2™ are constant, we have
Vﬁf:O@F}mf}”: Z}fﬁn (2.1)

We see that the II-connection has components of the form (see [3])

éﬂj = ]‘—‘ZIOVLUB = g ZWUC?,Bv i =ue, j= v, k= wy, (22)
where 7 %vv = sz‘fw ﬁsﬁ are any functions in the adapted chart U C M,,,.

With II-connection of type (2.2) we can associate a hypercomplex objects from A,,:

* o
U ua y.B _ u ¥
T o = Dipmupele’€a =T 406 €qe (2.3)

If the hypercomplex objects r u satisfies the following condition:

7 ’
’ 0z" 0z 0zV = 9%z% Oz

—_— u —_—
Doy F 0zV' 0z Ozu’

*
u —_——
Lo = Ozv Ozv' 9zv'

ie,if ' ¥, is a component of the hypercomplex connection V in X, (A,,), then we say that the
II-connection V is a pure connection.
Let II be a regular integrable II-structure on M,,,. The II-connection V is pure if and only
g
itr Y

v satisfies the condition

X _ Y «
T wyv T w'uOO"y’

(2.4)
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where 7 = 70' -
Using ( A), w e get from (2 2)—(2.3), respectively,

u «
=T oD

_ pua _ Y
=T =T ,CH o3

«
wyvfB oy~ pB T

(2.5)
and
DU, =7 e, (2.6)

where BZ. 5 = CL,Cls

Thus, a pure IT-connection V has the components (2.5) with respect to the adapted coordi-

nates and it is a realization of the hypercomplex connection v with components (2.6).
From here and (2.1) it follows that the pure II-connection is defined by

] m

mem Z; i 1-\1 (pznj a=1,---,m (2.7)

with respect to the adapted charts.

3 Bundle of 2-Jets as a Realization of X, (R(g?))

Let now T?(M,.) be the bundle of 2-jets, i.e., the tangent bundle of order 2 over C*°-manifold
M,, dimT?(M,) = 3r, and let
- = . ) ) . . - dg? - 1d2%gt
(x 2" 2y = (2%, 2" T 2%, 2t =al(t), ' = d_xt’ xt = §d—tx2’ teR, i=1,---,r
be an induced local coordinates in T2(M,.). It is clear that there exists an affinor field (a tensor
field of type (1,1)) ¢ on T?(M,) which has components of the form

0 0 O
=100 (3.1)
0 I O
with respect to the natural frame {0;,9;,0:} = 621», 8‘25, 8‘; }, i =1,---,r, where I denotes
the r x r identity matrix. From (3.1), we have
0 0 O
=100 0], ¢*=0, (3.2)
I 0 0

i.e., T?(V,) has a natural integrable structure IT = {1, ¢, ¢?} , I = idy2(ps,, which is an isomor-
phic representation of the algebra R(g?),e® = 0. Using

we have {0;,9;, 05} = {0, ¢0;, ¢*0;}. Also, using a frame
{81, (palv @2817 827 @827 @2827 e 781"3 (paﬁ 90287“} = {817 817 8i7 827 823 85? e 781"7 8?7 8?}5

which is obtained from {9;, 8;, 8-} = {9;, p;, ¢*0;} by changing of numbers of frame elements,
we see that structure affinors I, ¢ and ¢? have the following components, respectively,

C10---0 Cy0 --- 0 C30 -~ 0
0C---0 0Cy---0 0Cs---0
I= . y P = . ) 902: .

00 ---Cy 00 - Cy 00 - C4
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with respect to the frame {01, 01,05, 02,05,05,- - - ,0r, 05, 05 }, where the block matrices Cy, of
order 3, o = 1,2,3, are the regular representation of algebra R(e?). Thus the bundle T?(M,.)
has a natural integrable structure IT = {I, ¢, ©®}, which is an r-regular representation of R(g?).
On the other hand, the transformation of induced coordinates (z°, 2%, x%) in T?(M,) is given
xi’ _ xi’ (xz)’

v da?’ B oz’ da B o' -
R TR N TR WA

71 P 1d (Bxi/ dxi) B 192" %' 1 9% dadad 02" - 1 9%

_ _ - = _ = T YL i i = i,.J
2 dt2 2dt\ 9zt dt 2 Ozt dt? + 2 02027 dt dt oz . T 20zi00
and its Jacobian matrix is

v

ort ot 9x ozt
Azt 9zt Pyl ozt 0 :
Aay— | o et aal | P’ Oz 0
“ dxt  Jxt Pat Dtz O’
ort  oxt  ax 0" z° + Pat 2t 78%1', z* Oz’
Ozt 9t Pui Ortdzs 0xt Qx5 Oxt Ox'dx* Ox?

From here it follows that A7lpA = o, A71p?2A = 2, i.e., the transformation of local co-
ordinates (2,2, 2%) in T?(M,) is a structure-preserving transformation. Then the transition
functions

) = o fert +ela =t ( i)+68xi/ ;+€2(8in i+l oz 5)

-7 v T dzi ozt © 2020027

of charts on X,(R(g?)) are R(e?)-holomorphic functions by virtue of (1.3), i.e., the bundle
T?%(M,) is a real modeling of R(£?)-holomorphic manifold X,.(R(£?)).

4 Deformed Complete Lifts of Connections
Let V be a projectable connection with projection Ffj (x',---,2") and with the components
f‘gﬂ, a = (i,i,1), 8 = (j,7,5),v = (k,k,k) in the tangent bundle T?(M,) preserving the
structure IT = {1, ¢, »?}. That connection is called a pure connection by definition if (see (2.7))
FZBSOZ = FZ[%SDZ = Fgo’@%a
T7s(0%)7 =T 5007 = T2, (95
Using (3.1)—(3.2), from here it follows that

= Tk Tk k
o o T

o

Tk Tk
Tk T 0

- o L - - Lij ij
Che)=1{ 0 00|, @)= TE o o |, Th)=|TH T4 o |. (41
0 0 0 0 0 0 ™0 0

The pure connection V with components fl 5 is called a holomorphic connection, if (see [3])

(PuT)] 05 = ¥70:1) 5 — 9a0-T) 5 =0,
(‘I)¢2F)Zaﬂ = (@Q)Zaorlﬂ - (@2)387FZ—3 =0. (4.2)
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It is well known that, such a connection is a real image of corresponding holomorphic connection
from X,,(R(g?)).

(1) Let v =k. Since o = (m,m,m), from (4.2) we have

(Do) s = @l Ol b + @7 0nl s + @l 0L kg
e N N (4.3)

m

and

(@2 D) s = (PP 0mTl g + (D7)T 0Ll + ()T 0T h 5
— (@")20: L5 — (0%)a'0:Lg — (9°)a 0T = 0. (4.4)

For 7 = (t,£,1), o= (i,4,1), B = (4, ],)), from (4.3) by virtue of (3.1)—(3.2) and (4.1) we have

((I)Sal—‘)fij = cpl”@mffj + cpflamffj + @flamffj - @?atrﬁmj
— @;ﬁatrfﬁj — cpflatf%j =0 & @;ﬁamrfj =0= I‘fj = I‘fj(xm, ™).

Similarly, from (4.4) we obtain

((I)sazr)?ij = (@2)?8mrfj + (@2)?851Ffj + (@2)?8ﬁrfj - (@2)?atrﬁmj
- (@2)?8trfﬁj - (‘PZ)TatF%j =0« (@2);ﬁ3ﬁzrfj =0= Ffj
Tk (,.m k(.m
= Fij(m )= Fij(m )-

Thus

where CI";[, denote the first components of f‘gﬂ, which coincides with first components of
complete lift of connection I‘fj.

(2) Let v = k. In this case, we have

(®pl)rap = @T@mfié + @Tamrifa + @Taﬁzriﬁ - ‘P?&Fﬁw ) )
— O Ty — N O s = 0= @l 0nThs + @05 ks — oh 0T
=0.
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From here it follows that
((I)sar)fij = ‘P;namrécj + ‘Plﬁaﬁlrﬁ' + S";ﬁaﬁll—‘% - S"%natrfnj
— PO — POk =0 = '05T5, = 0 =T, =I5 (2", x
(®uD)fs = @ OmDE + 0" OmDE: + 9" Ol — QO TE -
m o Tk m o Tk
— i s — i O 5

=0 = @Ol = 0= Tl =T (a™,2™)

S

);

5=
) = anj (((Iisar)?ij =0 f} Ffj = I‘fji(xm)% )
((I)@F)?ij = @?&nI‘fj + <P?18mrfj + ‘P%ﬁaﬁtri‘cj - (pznafrfnj

- (p;ﬁafffﬁj - ‘P?aff‘f%j =0= ‘P;’naﬁszj - (p;ﬁafffﬁj =0,
= @%namffj + @?@hf?j + @?aif?j - @?aiffnj
- <P;ﬁ3t:f7f€m - @?‘%ﬁ%j =0= _(pgﬁaffvfcﬂj
=0= ffm = ffﬂj(:z:m, ™) = ffm = ffm(mm) = Fﬁlj,
((I)@F)fij = @lnamf?j + @T&ﬁf?j + ‘P?aﬁj?j - (pznatffnj
- <P;ﬁ3tf7kﬁj - @?@f%j =0= @Tamffj - @Tatkaﬁj =0
= I = 2'0,T% + Gi (a™)

= xt&Ffj + ij (™)

(®eT)

:HK‘\

and
(@2 1)k s = (P 7 0mThs + (0770 hg + (7)1 00T ks — ()00, Thgs
— ()0, Tk — (¢*)0, Tk g =0,
(@Q)Taﬁzfiﬁ - (@2)21871:%6 =0,
(‘P%?aﬁfﬁ‘ =0= f?j = ffj (!, "),
()0alY; = 0= T, =T} (o', ),
(902)?8mff3 =0= f% = ffj(xt, zt).
Thus
. xtﬁtl"fj + G’fj(xm) I‘fj (™) 0 )
(Ths) = Iy (z™) 0 0 | =(“Ths) + (“Ghp), 2™ =(a!,---,2"), (4.6)
0 0 0

where G = (ij) is an arbitrary tensor field of type (1, 2) on M,., CGZﬂ is first component of
complete lift of G and CF’;B denotes the second component of complete lift of connection I‘fj
(see [7]).

Let v = k . Similarly, in this case we have

:z:§8SI‘fj + %xf:z::&@]:Ffj —I—kxg@stj + HZIE (™) xfatffj —I—kij(xm) I‘fj

ij ’
ij

(Thy)
0 0
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where H = (Hfj) is also an arbitrary tensor field of type (1, 2) on M,. From here, it follows
that

. x§3sffj + %xgxfﬁtastj + a:gastj + Hfj a:gathj + ij Ffj
(Thy) = xtatrggﬁ GE Iy 0
) ) % ) 0 0
*0,IF; + 32t 20,0,LF,  2'o, %, TF *0,GY, GE 0
= SO, TE I I e
rk; 0 0 0 0 0
HE 0 0
+ 0 0 0
0 0 0
= (OTE,) + (OGE,) + (eHEy), (4.7)

where © H 25 is first component of complete lift of H, CGiﬁ is second component of complete
lift of G and Cl"iﬁ denotes the third component of complete lift of connection I‘fj (see [7]). If
H = G =0, then we have V = V©, where V is the complete lift of V to T2(M,). Therefore

the connection V on T2(M,.) is called the deformed complete lift of V to T2(M,.). Thus, from
(4.5)—(4.7), we have the following theorem.

Theorem 4.1 Let V be a connection on M,. Then the deformed complete lift v of V to
tangent bundle of 2-jets T*(M,) has components

S _ (Tk Tk Tk \_ (Crk  CTk Crk  Cpk

v_(raﬁ7raﬂﬂraﬁ)_( Fafb Paﬂ+ Gaﬁh r

«

CAk | Corrk
g+ " Gapg+ " Hypg),

where CGiﬁ and CHiﬂ are first components of complete lift of (1,2)-tensor fields G and H

Crk CI‘Eﬁ denote the

respectively, CGEﬁ is second component of complete lift of G and Cfiﬁ, o’

all components of complete lift N of connection V = (Ffj)
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