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Abstract This paper investigates the stabilization of a Bresse system with internal damp-
ing and logarithmic source. The authors use the potential well theory. For initial data in
the stability set created by the Nehari surface, the existence of a global solution is proved
by using Faedo-Galerkin’s approximation. The Nakao theorem gives the exponential decay.
A numerical approach is presented to illustrate the results obtained.
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1 Introduction

The Bresse system is known as the circular arch problem. Its mathematical formulation
is given by a system of three partial differential equations representing vertical displacement,

shear, and longitudinal motion, given by,

pA<Ptt - Qr — (N = F1,
plipyy — My + Q = Fa,
pAwy — Ny +£Q = Fs,

where M is the bending moment, N is the axial force and @ is the shear force. F;, i = 1,2, 3,
are external sources. The coefficient p is the density of the beam, and ¢ = %, where R is the
radius of the arch. The functions ¢, 1 and w depending on (z,t) € (0, L) x (0,7) and describes,

respectively, the vertical displacement, shear angle, and longitudinal displacements.
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We take
M(z, t) = Elt,,
N(z, t) = EA(ws — ly),
Q(z, t) = kAG(ps + ¥ + lw),

where E, G, k, A, and I are the modulus of elasticity, the shear modulus, the shear factor, the

cross-sectional area, and the moment of inertia of the cross-section.

We consider logarithmic source

Fi(z,t) = p el glg,
.Fg(:E,t) = M2 wln |¢|]§7
Fs(x,t) = u3w1n|w|f§,

where p; >0, j =1,2,3 and | - |z denotes the absolute value of a real number. The physical

setting is represented in Figure 1.

Figure 1 The circular arch beam.

We are interested in studying the competition between internal damping and the logarithmic

source. To simplify the notation let us denote by p1 = pA, ps = pI, k = KAG, b = EI, and

ko = E'A. Under these conditions, we get the following initial-boundary problem

P11t — (o + 1 + lw)y — Lrg(we — L) + Y10t = p1 @ In |l in (0, L)
P2¢tt - bwzz + H(‘pw + /lp + gw) + 72/lpt = K2 'Q[Jh’l W@ in (0) L)

1wt — Ko(We — £p)z + Lh(@z + 1 4+ 4w) + 3w = pzwln [w|g  in (0, L) x (0, oo),

90(55'7 0) = ‘PO(x)’ (,Dt(l', 0) = ‘pl(‘r)’ UAS (0’ L>7
10(1’7 0) = 17Z)0(1:)7 ¢t($7 0) = 101(1’): S (07 L)v
w(x, 0) =wo(z), wi(z, 0)=wi(x), z€(0,L),
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0(0,8) = (L, t) = (0, t) = (L, ) =w(0, t) =w(L, t) =0, t>0. (1.7)

Shear deformation effects were first introduced by Rankine [28] in 1858. Rotary inertia
effects were discovered independently by Bresse [9] in 1859, and Rayleigh [29] in 1945. One
contributor to developing the theory that considers both effects was Paul Ehrenfest, cited by
Timoshenko [31] in the footnote of his book in 1916. Nowadays, this celebrated Timoshenko’s
theory is due to pioneer work [32] of 1921. For more detailed historical context, see [13-15]
with references therein.

The internal damping is associated with an oscillating system and produces a loss of energy
to overcome external sources that act in the mechanical resistance of the material. Logarithmic
nonlinearity is a class of nonlinearities distinguished by several interesting physical properties.
It appears, for instance, in dynamics of @-ball in theoretical physics (see [18]), theories of
quantum gravity (see [35]), inflationary models (see [6]), quantum mechanics (see [8]).

There are several studies on this competition, that is, stability analysis of the global solution
taking into account the effect provoked by the presence of both stabilizing mechanism and
source term. Below we cite a few. [12] studied the existence and exponential stability of the
global solution to a Klein-Gordon equation of Kirchhoff-Carrier type with a strong damping
and logarithmic source term. An extensible beam equation of Kirchhoff type with internal
damping and source term was investigated in [26]. Kirchhoff plate equations with internal
damping and logarithmic nonlinearity were considered in [25]. The general decay result for a
plate equation with nonlinear damping and a logarithmic source term was established in [3]. For
global solution and blow-up of logarithmic Klein-Gordon equation, see [34]. The global existence
and asymptotic behavior of a Timoshenko system with internal damping and logarithmic source
terms were considered in [11].

About Bresse beams, below we gather some results in the literature intending to awaken
the reader to the importance of the subject. [16] showed the exponential stability of the Bresse
system with temperature taking into account that speeds of the wave propagation in the three
equations of the system are equal. [23] studied the energy decay rate of the Bresse system with
one locally internal distributed dissipation law acting on the equation about the shear angle
displacement. Under the equal speed wave propagation condition, it was shown that the system
is exponentially stable. For non-equal speed waves, it was established a polynomial energy
decay rate. [2] proved the stability of the Bresse system with one discontinuous local internal
KelvinVoigt damping on the first equation of the system. [4] considered a one-dimensional
linear Bresse system with only one infinite memory acting in the second equation of the system
and proved the asymptotic stability. [7] studied uniform and weak stability of the Bresse system
with one infinite memory in the shear angle displacements.

Motivated by the above research, in this paper, we prove the global existence and obtain
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the exponential decay of solution. Furthermore, we develope a numerical algorithm to obtain
the numerical solution to the system.

This paper is organized as follows: In the next section, we will give some preliminaries.
Section 3 deals with the potential well theory introduced by Payne and Sattinger [24] and
Sattinger [30], and we introduce the stability set. In Section 4, we prove the existence of a
global solution. In Section 5, we study exponential decay. Finally, Section 6 is devoted to the

numerical approach.

2 Preliminaries

We denote L2(0, L) the Hilbert’s space of square-integrable function on the interval (0, L),

with the inner product

L
(u, v) = / wvdz, Yu, v e L*(0, L)
0

and norm
lul? = (u, u), VYue€ L*0, L).

We use the notation and properties of Sobolev space as in [1]. We denote
H'0,L) ={u: ue L*0, L), u, € L*(0, L)}

and
Hg(0, L) = {u € H* (0, L) : u(0)=u(L) = 0}.

In this section, we present some results needed for to obtain our results. We start defining

the energy functional associated with the problem (1.1)—(1.7),

87 + p2|e (07 + pslwe(t)* + Koo (t) + ¥ (t) + Lw(t)]?
)7 + Kolwaz — Lol + p1l(t)]? + p2lvo(t)]* + pslw ()|

B(t) =3 [oiler
+ bl

L L
. / G2 (t) In () 2dz — iz / G2 (t) In [y(t) 2 da
0 0

(
(

L
s /O W (1) In (1) B ]. (2.1)

Direct differentiation of (2.1) gives us

d

2 = —ilee (B = 2lee ()] — yslwe (). (2.2)

Now, consider the following lemmas.

Lemma 2.1 (Sobolev-Poincaré inequality) Let p be a number with in 2 < p < oo if

n=1,2o0r2<p< % if n > 3, then there exist a constant C' > 0 such that

lullp < Clusl, Vu € Hy(0, L). (2.3)
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Lemma 2.2 (Aubin-Lions compactness Theorem) (see [20, Theorem 5.1]) Let T' > 0,
1 < po, p1 < oo. Consider By C B C By Banach spaces, where By, By reflexive, By with
compact embedding in B. Define

W ={u: ueL”0,T; By), u € LP*(0, T; By)}
equipped with the norm |lullw = ||ullLro(o, 7; Bo) + [uellLer 0, 7; By). Then, W has compact em-
bedding in LP° (0, T; B).

Lemma 2.3 (see [20, lemma 1.3 ]) Let Q =Q x (0, T), T > 0 be a bounded open set of
R™ x R and gm, g : Q — R be functions of LP(0, T; LP(Q?)) = LP(Q), 1 < p < oo such that
lgmllzr@) < C; gm — g a.e. in Q. Then g, — g in LP(Q) as m — oo.

Lemma 2.4 (Nakao’s lemma) (see [21]) Suppose that ¢(t) is a bounded nonnegative func-
tion on R, satisfying
sup ess ¢(s) < Co[d(t) — ¢(t +1)]

t<s<t+1

for any t > 0, where Cy is a positive constant. Then,
d(t) < Ce ™ Vi>0,
where C' and o are positive constants.

3 The Potential Well

In this section, we present the potential well corresponding to the equations (1.1)—(1.2). We
define the operator J : (H}(0, L))®> — R by

def 1
Ty @) 2 [kl + 1+ Ll + bt + moluw, — bpl? + purlipl? + ol + pisll?

L L L
i [ P lede - [ 0 mldRde - [ o infofid]
0 0 0
For (¢, ¥, w) € (HL(0, L))? and A > 0 we have

J(Ap, M, Aw)
det A
2

L L L L
—m/ ©? 1n|¢|]§dx—2u21nx/ dex—ug/ w21n|¢|]§dx—2u31m/ w?dz
0 0 0 0

L
—M3/ w?In |w|1§dx}.
0

Associated with J, we have the well-known Nehari manifold

L
[ﬁl%+¢+5wl2+blwml2 + Kolwe — L] + prlel® + p2|® + pslw]® — 2p1 In /\/w2dx
0

N, . w) € (H) (0, 1)*/{0); ;—/\J(A‘P’ M, )| A= 0}-
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Equivalently,
N ={(p, #, w) € (HYO, L)% Klgs + 0 + fwf? + b + solws — Lol
L L L
—n [ Pl +p [ 0o+ [ o nfwde).
0 0 0

We define, as in the Mountain Pass theorem due to Ambrosetti and Rabinowitz [5],

a% inf sup J(Au).
(¢, ¥, w)E(H} (0, L))2/{0} x>0

According to Willem [33] and Theorem 4.2, the depth of the well d is a strictly positive
constant given by
0<d= inf J(Au).
w,w,we./\/

Now, we introduce
W ={(g, v, w) € Hy (0, L)*; J(, ¥, w) < d}U{0}
and a partition of this into two sets as follows
I
Wi = (0, 02 ) € Wi wlpa 0+ G 4 U+ sl — ] > g | 6P lnfolRda
0
1 1
+ 2 / Y In [pEdr + M3/ w?In |w|ﬂédx} u{0}
0 0
and
Wa = {(¢, ¥, w) € Winlis + 1+ ol + bltsal> + siolwos — E]
I 1 1
< ,u1/ ©* In |p|Eda + ug/ Y In [p3dr + ,u3/ w?In |w|]§da:}.
0 0 0
Then, we define by W7 the set of stability for the problem (1.1)—(1.7).
4 Existence of Global Weak Solutions

In this section we prove the existence of global weak solutions.

Theorem 4.1 Let (o, %0, wo) € Wi, J(¢o,%0,wo) < d and (p1,1%1,w1) € (L3(0,L))3.
Then the problem (1.1)—(1.7) admits a weak solution (p,1,w) in the class

(10, %,w) € (Lie(0,00; H; (0, L)))?, (4.1)
(10, 1, we) € (Lige(0, 003 L*(0, L)))? (4.2)

satisfying u,y,z € HE(0, L).
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S (rpu(t),0) + (e 46+ ) (1) )

~ (ob(ss — ££)(1),0) + (i pu(8) w) — (mplt) (1) 2, 0) = 0,
S (o2tu(1),) + (B 8), ) + (sl + 36+ ) (1))

+ (tu(t),) — (20 (0) (D)) =

 (ren(t),2) + (o(we — o)1), ) + (e + 6 + E)(8),2)
+ (n(t),2) — (us0) D), 2) = O

(9,14,)(2,0) = (20, Yo, o),

(Qot, ’Q[Jt,Wt)(l', O) = (Qoludjluwl)

in D'(0, 7).

691

We use the Faedo-Galerkin’s method. The proof of the global existence of solutions will be

made in three steps: Approximated problem, a priori estimates, and passage to the limit.

4.1 Approximated problem

Let (uy,)ven be a basis of HE(0, L) from the eigenvectors of the operator —A, and

Vin = span{uy, ug, -+ , U }-

Consider

Z gjm u]7 ¢m Z h u]v w™ (t) = Z ljm (t)uj
j=1

j=1

a solution of the approximated problem

(p1eyy (1), u) + (K(3" (1) + ™ (t) + w™ (1)), ua)
— (Kol(Wg" = Le™)(t),u) + (e (), 1) — (™ () In ™ (8)[*,u) = 0,
(P21 (8), ) + (03" (1), ya) + (R(w3" (8) + 9™ (1) + tw™ (1)), y)
+ (20" (t),y) — (2™ () In [ (£)[?, y) = 0,
(prwip (t), 2) + (Ko(wy' — £o™)(1), 22) + (KL(3' (1) +¥™ () + w™ (1)), 2)
+ (3w (1), 2) = (paw™ () In W™ (8)[?, 2) = 0,
(¢™(0),v

m(0)7wm(0)) = (¢0m7¢0m7w0m) — (30071#07(“]0) Strongly in (HOl(Oul))ga
((p;n(o),d]ln(o)’wln(o)) = (Splmudjlmawlm) — (@17¢17w1) Strongly in (LZ(Ovl))Bu

(4.8)

(4.9)

(4.10)

(4.11)
(4.12)

YV u,y,z € Vi,. By virtue of Carathéodory’s theorem (see [10]), the system (4.8) has a local

solution in [0,¢,,), 0 < ¢, < T. The extension of the solution to the whole interval [0,T] is a

consequence of the following a priori estimates.
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4.2 A priori estimates

Let u = ¢ (t), y = ¢ (t) and z = w*(t) in (4.8), (4.9) and (4.10), respectively. Then we
have

d
%a (o1l OF + palo ()2 + prlwi (O + Kl (6) + 0™ () + €™ (1)
+ B (O + rolwi (8) — o™ (B) + | (B)? + o™ ()

L
sl (1) — / o (0% In | (1) R da

L L
e / P ™ (1) R de — s / W™ (62 In W™ () dz
0 0
+ 7] @) + 2l () + yslwi ()]* = 0.

From (2.1) we have

d
g Em(®) + e (@) +v2 9" ()] +slwi (6)]* =0, (4.13)
where E,,(t) is the approximated energy of the problem (4.8). Now, integrating (4.13) from 0

tot, 0 <t<t,,, we obtain

t t t
Eu(t) +m / o (6)ds + 72 / () ds + 73 / " (3)]2ds = B, (0). (4.14)
Thus

¢ ¢ ¢
En)+ 9 [ el 6)Pds 45 [ 1 (s)ds 490 [l (9)ds
0 0 0
= p1leim|* + p2|V1m|? + p1lwim|?
+ li|(¢00mw + ¢0m + £w0m|2 + 50|W0mm - £¢0m|2

+ b|toma | + 11leom|? + p2|tom|? + wslwom|?

L L L
s / 2 0 [ pom[2de — 1o / G2 InJom|2da — s / w8 In |wiom|2d,
0 0 0

which gives us the following estimate
Eult) +n [ 1ot @Pas 2 [ 06 +on [ i)
< pilpiml® + paltim|* + prlwiml® + T (Poms Yom; wom)-
We have that J(@om, Yom,wom) < d, then by (4.8) we get
Bult) [ 106 Pas + s [ W ORds +30 [ o @Pas <0 (015)

where (1 is a positive constant independent of m and t.

These estimates imply that the approximated solution (™, 9™, w™) exists globally in [0, c0)
(see [17]). Then by estimate (4.15) we have

(©™), (™), (w™) are bounded in L2 (0,T; H}(0, L)), (4.16)
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(™), (™), (w™) are bounded in L;2.(0,T; L*(0, L)). (4.17)
Now by the logarithmic inequality
[t Int] < C(1 + |t]*),

we get
L
" / o™ (6) In o™ ()2 *de
L
— 4 / ™ ()2 In | ()2 da
0

=4u1/ Iwm(t)lélnlwm(t)l2d$+4m/ o™ (8)[f In [ () [ daz
z€(0,L);|pm|<1 z€(0,L);]p™|>1
L

L
<4 / o™ (1) Bz + 4p1y / ™ ()[4 In o™ (8) Zda

L
< 4™ (B) + 4 C / (1+ 9™ (8)[%)dz
= 4pa|@™(t)]* + 4 CL + Clo™ (1)1
< mle™ (B + CL + Cle™()|° < Ch. (4.18)

Analogously we have
L ~
2 / ™ (£) In 9™ (1) 2 [2de < G, (4.19)
0
L ~
s / ™ (£) In | ()2 Pz < G, (4.20)
0

where Cy, Cy and Cj are constant independent of m and ¢. From (4.18)—(4.20), we get

©™In @[3 are bounded in LZ (0, 00; L*(0, L)), (4.21)
Y™ In 43 are bounded in L2 (0, 00; L?(0, L)), (4.22)
w™In |w|3 are bounded in L (0, 00; L?(0, L)). (4.23)

4.3 Passage to the limit

From estimates (4.16)—(4.17), there exists a subsequence of (¢™), (¢¥™) and (w™) also
denoted by (¢™), (¥™) and (w™), such that

(™), (™), (W™) X p,w  weakly star in L. (0, 005 H&(O7 L)), (4.24)
(i), (W), (W) X, by, wy weakly in L (0, 005 L2(O, L)). (4.25)

Applying the Aubin-Lions compactness theorem (see Lemma 2.2), we get from (4.24)—(4.25),

(©™), (™), (W™) = p, 1, w strongly in LE (0, 00; L*(0, L)), (4.26)
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and, for all 7" > 0,

(") = ¢ aein (0,L) x (0,7), (4.27)
(™) =1 aein (0,L) x (0,7), (4.28)
(W") > w a.ein (0,L) x (0,T). (4.29)

Now, since that f(s) = sln|s|? is continuous, we have the convergence

pe™ ™R = ppln|plg  aein (0,L) x (0,T), (4.30)
po™ I [ = papIn|¢ff  aein (0,L) x (0,T), (4.31)
pzw™ In|w™E — pswin|wd  a.ein (0,L) x (0,7). (4.32)

From (4.21)-(4.23), (4.30)—(4.32) using the Lions’s lemma (Lemma 2.3), we obtain

:ul(pm 1n|(pm|]§ - u1<pln|<p|é Weakly in LIQOC(OaOO;L2(OaL))a (433)
p2tp™ I [ — popIn il weakly in LiL, (0, 00; L*(0, L)), (4.34)
pzw™ In jw™ | — pswin|wli  weakly in L (0, 00; L*(0, L)). (4.35)

By the convergences (4.16)—(4.17) and (4.30)—(4.32), we can pass to the limit in the approx-
imate system (4.8)—(4.10) and obtain that for all u,y,z € Hg (0, L),

Corpult),w) + (5lpe + -+ ) (1) 1)

= (Rol(ws — o) (t),u) + (mpe(t),u) — (up(t) In |p(t)|3, w) = 0, (4.36)
Co20u(t),9) + (bal0), ) + (0w 0+ L)1), )
+ (0(0).) — (m20(0) n (0. 9) =0, (137
S (ran(t),2) + (rofeon — £)(0), ) + (e + 1+ 0)(2),2) + (r0(0), 2)

~ (o (1) In (1) B, 2) = 0 (139

in D'(0, 7).

The verification of the initial data is obtained in a standard way.

5 Exponential Decay

In this section, we provide the exponential decay of the energy associated with the system

solution (1.1)—(1.7).

Theorem 5.1 Under the hypothesis of Theorem 4.1. The energy associated to problem
(1.1)~(1.7) satisfies
E(t) < Coe™®, Vit >0,

where Cy and « are positive constants.
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Proof Let u = ¢i(t), y = ¥ (t) and z = wy(t) in (4.36) and (4.38), respectively, and
summing up the result, we obtain

3= [Pl OF + palgu P + prln(OFF + wlipa(6) +(2) + (o)

+ b ()” + olws (t) — Lo(®) + palo(t)|* + 2l (6)* + pslw(t)]?

L L
[ e mleRde g [ 100)R I fu(O[Rds
0 0

L
— s [ O o) de] -+l (OF + b OF +rafer (O =0, (51
that is,
B0+ leu(0 + 1l + sl <0, (52)

where E(t) is defined in (2.1). Integrating (5.1) from ¢ to t + 1, we obtain

t+1
def
/ [yle(s)]? + y2loe (s)|* 4+ slw: (8)[Pds < E(t) — B(t+ 1) == F2(t), (5.3)
t
therefore, there exist t; € [t,t + 1] and t3 € [t + 3, + 1] such that
Yilee(t:)1? + 2l (8) P 4+ yslwr (t)[? < 4F(t:), i=1,2. (5.4)

Let u = ¢(t), y = ¥(t) and z = w(t) in (4.36)—(4.38), respectively. Summing the result, we
get

L
bltha (8)]? + Kl (t) + ¥(t) + twt]? + Kollwe () — Lo(t)]* — /O (p(t))* In|o(t) [z d
L

L
o / (6(6)2 W [ (8) Bz — s / (w(®)) In |w()2de

=~ S o0 9(0)) + prlr(t) — T2l () + palan () — Tor(n(t), (1)

+ prlwe () = y1(pe(8), 0 (1)) = 22 (t), (1)) — 3(we(t), w(t))- (5:5)

Integration (5.5) from ¢; to to, and using (5.4), we obtain

[ [0 + wlin6) + 010) + GO + ot () = £t

L

L L
—im [ @) O = o [ 007 o) e — s [ (0 () Bar]as
< prlu)llo(e0] + palprt)llp(t2) | + palue(ts) o(hr)
+ p2[Ye(t2) [V ()] + prlwe(tr)l[w(tr)] + prlwe(t2)]|w(t2)]

to to to to
v [ lee(s)Pds + po / hin(s)Pds + o1 [ Jwr(s)Pds + / lo1(5) () ds
t1 t1 t1 t1
ta

— e (s)[[eo(s)|ds + 3 [ |we(s)[|w(s)ds,

t1 ty
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therefore,

[ [0 + wlint) + 010) + B0 + rotlsa(t) = (0P

L

L
—m/o (@(t))zlnlw(t)lfadz—uzfo (¥(1))* In (1) [Rdz

L
—Mg/o (w(t))?In |w(t)|%dx]ds

1
<y [F(t) supess E7(s) 4+ ~ supess E(s) + F2(t)
t<s<t+1 t<s<t+1

e, (5.6)

where C1 = C1(p1, p2,71,72,73) > 0 is a constant. Now, from (5.3) and (5.6), we get

[ [0 + wlint) + 010) + G0 + rotlsa () — (0P

L

L
—m/o (<P(t))21D|<P(t)|fad$—u2/0 (¥(t)* In [¢h(t) [ dz
g 2 2
- Mg/o (w())*In |w(t)|Rdx} ds
< 2[F%(t) + G2 (1)], (5.7)
thus, there exists t* € [t1, t2] such that

prlee(t)* + palvoe(t*)* + prlwe (%)% + blepa (¢*)[?
+ e () + () + Lw(t*)|* + rol|ws (t*) — Lo(t*)]?

L
— /Q () In () 2z — o / ()2 n [ () Bz
L
s / (w(t*))? In [w(t) 3
< Co[F2(t) + G2 (). (5.8)
We deduce

o) + [ () + w ()
< Callga(t°) + (") + Lw(t) P
+ e () + Jwa(t7) — Lo () ). (5.9)

By (5.8)-(5.9), we have
E(t*) < C4[F%(t) + G2(1)]. (5.10)

Since E(t) is increasing, by (5.3) and (5.9)—(5.10) we obtain

t+1
supess E(s) < )+ [ [l + 2l (9)F +ler(5))ds
1<s<t41 t
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< Gs[F2(t) + G ()]

1
< (s [F(t) supess B2 (s) + F2(t) + = supess E(s)
t<s<t+1 t<s<t+1

1
< C7F%(t) + = supess F(s).
t<s<t+1

Hence, by Nakao’s lemma (see Lemma 2.4),

supess E(s) < CyF?(t) = Co[E(t) — E(t + 1)],
t<s<t+1

where C; = 1,2,---,9 are positive constants. By Lemma (2.4), we conclude
E(t) < Coe™®, Vit >0,
where Cy and « are positive constants.

6 Numerical Approach

In this section, we develope an algorithms numerical to obtain the numerical solution to

system (1.1)—(1.7). Here, we use the Newmark’s methods (see [22]).

6.1 Variational formulation

Here, we use a representation to the functions ¢, 1 and w in the form by component vectorial

u = [p,9,w]T. Thus, from (1.1)—(1.3) we get the following variational problem
(uge(t),0) + a(uc(t),n) + (ue(t),0) = (F(u),n), Yuec[H0,L)] (6.1)
with u satisfying the initial conditions
(u(0),1) = (ug,u), (u(0),u) = (ug, ),
where

t),0) = k(py + U + Lw, uy 4 + ug + lug) +b(Vy, s p )+ Ko(we — Lo, uz 5 — Luq),
(ue(t), 1) = v (pe(t) ur) +y2(e(t), uz) + v3(we(t), us),
(F(u(t)), 1) = (o(t) In o(t)[§, ur) + () In (1) [R, uz) + (w(t) In w(t)|R, us)

and

(uge(t),0) = p1(@ee, ur) + p2 (e, uz) + p1(wee, us).
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6.2 Algorithms and numerical approximation

To obtain the full discretization to problem (6.1), firstly, we consider a partition X} over
the interval Q = (0, L), that is,

Xh:{02$0<$1<---<$N:L}, Qj+1:(1‘j,$j+1),

being,
Ne
0N =0, i#j Q=]
e=1
where N, is the number of the elements obtained of partition.

Let S"(0, L) be a finite-dimensional subspaces of C(0, L) piecewise polinomial finite element

interpolation of degree 1. Also, we consider the following finite-dimensional subspaces
HE(0,L) = S"(0,L) N H (0, L).

Analogously to continuous case, in the finite dimensional problem we consider the functions

©", ¢ and w" in the form by component vectorial [p", )", w"]T. Then

3N
u(t,2) = Z di(t)pi(x),

where 3N is the numbers total of degrees of freedom of the finite element approximation to
displacement and ¢;(x), i = 1,---,3N are the global vector interpolation functions.
Thus the semi-discrete finite approximation of the variational problem (6.1) is characterized

as the following finite-dimensional problem
(wfy (), 0") + a(u" (1), 8") + (uf(t),0") = (F(u"),0"), vae[H0. L),  (6.2)
where u” () satisfies the initial conditions
(w"(0).,0") = (u,u"), (uf(0).0") = (uf,u").

Therefore, from the finite dimensional problem (6.2) we obtain the following dynamical

problem in R3Y

Md(t) + Cd(t) + Kd(t) = F(d(t)),
d(O) = dOa d(O) = dla
where M is a consistent mass matrix, C is a damping matrix, K is a vector of consistent nodal

elastic stiffness at time ¢, and F(d(¢) is a vector of consistent nodal applied forces generalized

at time .
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To solve this system above we introduce a partition P of the time domain [0,7] into M
intervals of lenght At such that 0 =1ty <ty <--- <ty =T, with t,1 —t, = At. Considering

the non-linearity in our work, follows that our numerical scheme becomes

Man+l + Cdn+1 + Kdn"rl = F(dn+l)7
. At? .. .
dy+1 =d, + Atd, + T[(1 —28)d,, + 2pdp+1],
dp1 =d, + At[(1 —~)dy, +ydyia],
where, $ and « are parameters that govern the stability and accuracy of the method.

The matrices, from the above system, are obtained from the standard finite element method

assembly ( see [19]), that is,
Ne
K = | J(k§ + K5, + k%),
e=1

where k), ki, ki are the elementar matrices obtained by element.

For instance, considering linear functions, we have

000 00 0 07
0 1 00 —1 0
|0 0 00 0 0
Kv=%10 0 00 0o ol
0 -1 00 1 0
0 0 00 0 0
-6 —3h —3h —6 —3h —3h( T
B Y] CINE VN C R
k| -3he 2 2en? 3en o e
TG | 6 an am 6 3 am
3L RE (R 3h 2K 2UR2
| 31h (R 2K 30h 2K 3022

Due to its non-linearity we have a vector F(d(¢)) with entries for each element of
T
P = [ () 0 ()05 o [ (" (0) I (075 e | (o () 1 " (05 ]

These vectorial components are obtained by Gaussian-Quadrature using two points.

Remark 6.1 We point out the numerical pathology which occurs in penalized systems the
locking problem, in particular to Bresse system it’s the shear locking. Numerical alternatives
to this problem was performed in the literature and to more details we indicate the classical

reference by Hughes et al [19], Prathap and Bhashyam [27].
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Figure 2 Evolution of the beam’s numerical solution: Transversal displacement " (z,1),
evolution of rotation %" (z,t) and evolution of the longitudinal displacement w" (z, t).

The asymptotic behaviour of the numerical energy E" (t, 0,0, w) at 5 s.

Remark 6.2 To get computational results, we use the implemented code in Language C.

The graphics were developed using GNUplot.

In the sequel we realize some numerical experiments to highlight our theorical results.

6.3 Numerical experiments

In our performed numerical experiments to view the asymptotic properties we consider an

uniform mesh A = 0.01 m, At = 10~° s. The parameters Newmark’s rules algorithms are v = %,
=1,

Experiment We consider a rectangular arch beam with L = 1.0 m, thickness 0.09 m,
width 0.09 m, E=69 - 10°N/m? p=7680 Kg/m?*, x=3,r=0.30 (Poisson ratio). Futhermore
we have p1 = po =3 =1.0, 71 =62.2, 70 =0.42, v3 =62.2 and the following initial conditions:
©(z,0) =0, p¢(z,0) =sin3rz, ¥ (x,0) =0, ¥(x,0) = sind5rz,w(z,0) =0, wi(x,0) = sinwz.
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