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Abstract By constructing counterexamples, the authors show that the fixed subgroups are
not compressed in direct products of free and surface groups, and hence negate a conjecture
in [Zhang, Q., Ventura, E. and J. Wu, Fixed subgroups are compressed in surface groups,
Internat. J. Algebra Comput., 25, 2015, 865–887].
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1 Introduction

For a finitely generated group G, let rk(G) denote the rank (i.e., the minimal number of

the generators) of G, and let End(G) (resp. Aut(G)) denote the set of endomorphisms (resp.

automorphisms) of G. For an arbitrary family B ⊆ End(G), the fixed subgroup of B is

FixB := {g ∈ G | φ(g) = g, ∀φ ∈ B} =
⋂

φ∈B

Fixφ 6 G.

In the past fifty years, the studies on fixed subgroups of various groups were very active

(see [10] for a survey and [5] for some new progress). For free groups, a celebrated result was

due to Bestvina and Handel [2]. They introduced train track maps for automorphisms of free

groups and then proved the famous Scott’s conjecture: For any automorphism φ of a free group

Fn of rank n, rk(Fixφ) 6 rk(Fn). For a surface group G, i.e., the fundamental group of a

connected closed surface, the earliest study of fixed subgroups may belong to Nielsen [7–8], and

an analogue of Scott’s conjecture was proved in [4].
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In [3], Dicks and Ventura introduced the notions of inertia and compression. A subgroup

H 6 G is said to be inert in G if rk(K ∩ H) 6 rk(K) for every (finitely generated) subgroup

K 6 G. A subgroup H 6 G is said to be compressed in G if rk(H) 6 rk(K) for every (finitely

generated) subgroup K with H 6 K 6 G. It is obvious that inertia means compression.

Researches for these two properties can be set for any finitely generated group G and for some

special subgroups, especially for fixed subgroups. In [6], Martino and Ventura showed that the

fixed subgroups of any family of endomorphisms are compressed in free groups, and later, their

result was extended to surface groups by Zhang, Ventura and Wu [12].

For inertia, Dicks and Ventura [3] proved the following theorem which extended Bestvina-

Handel’s result: The fixed subgroup FixB is inert in Fn for any family B of injective endomor-

phisms of Fn. Moreover, they conjectured (the so-called inertia conjecture) that FixB is inert

in either a free or a surface group for any family of general endomorphisms. After some partial

proofs, the inertia conjecture has finally been fully proved by Antoĺın and Jaikin-Zapirain [1]

recently.

A surface group is the fundamental group of a connected closed surface. To fix the notation,

we shall denote Σg the closed orientable surface of genus g > 1, and

Sg = π1(Σg) = 〈a1, b1, · · · , ag, bg | [a1, b1] · · · [ag, bg]〉

its fundamental group. Here, we use the notation [x, y] = xyx−1y−1. And for the non-orientable

case, we shall denote NΣk the connected sum of k > 1 projective planes, and

NSk = π1(NΣk) = 〈a1, a2, · · · , ak | a2
1
· · · a2k〉

its fundamental group.

In [12], the authors proved the following theorem.

Theorem 1.1 (see [12, Theorem 4.9]) Let G = G1 × · · · ×Gn be a direct product, where

each Gi is either a free group Fr, r > 1, or an orientable surface group Sg, g > 1, or a non-

orientable surface group NSk, k > 1. If Fixφ is compressed in G for every φ ∈ Aut(G), then

G must be of one of the following forms :

(euc1) G = Z
p × Z

q
2
for some p, q > 0 ; or

(euc2) G = NS2 × Z
q
2
for some q > 0 ; or

(euc3) G = NS2 × Z
p × Z2 for some p > 1 ; or

(euc4) G = NS
p
2
× Z

q for some p > 1, q > 0 ; or

(hyp1) G = Fr ×NS ℓ
3
for some r > 2, ℓ > 0 ; or

(hyp2) G = Sg ×NS ℓ
3
for some g > 2, ℓ > 0 ; or

(hyp3) G = NSk ×NS ℓ
3
for some k > 3, ℓ > 0.

Moreover, they have the following conjecture.
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Conjecture 1.1 (see [12, Conjecture 4.11]) If G is one of the above seven types, then for

any φ ∈ Aut(G), Fixφ is compressed in G.

In [11], Wu, Ventura and Zhang constructed a counterexample for the case (euc3), and

proved that Fixφ is compressed if G is in the cases (euc1), (euc2), (euc4). In this note, we

consider the cases (hyp1), (hyp2), (hyp3), and construct counterexamples for all G having at

least 5 factors, and for some G having at least 4 factors. See the next section for more details.

2 Main Result

At first, we have a lemma as follows.

Lemma 2.1 Suppose that G is Fr(r > 2), Sg(g > 2) or NSk(k > 3). Then there exists

φ ∈ Aut(G) such that Fixφ = 〈h〉 where h is a commutator.

Proof Suppose that the commutator subgroup G′ of G is a free group of infinite rank (see

[9]). Take a nontrivial element h = aba−1b−1 ∈ G′ where a, b are distinct elements in a basis

of G. Let φ be the inner automorphism of G defined by φ(g) = hgh−1. Then Fixφ = 〈h〉. The

proof is completed.

Now, in the cases (hyp1)–(hyp3), we construct a counterexample for any G having at least

5 factors.

Proposition 2.1 Suppose that G = G1 × · · · ×Gℓ(ℓ > 5), each Gi is Fr(r > 2), Sg(g > 2)

or NSk(k > 3). Then there exists φ ∈ Aut(G) such that Fixφ is not compressed in G.

Proof By Lemma 2.1, for each Gi(i = 1, 2, · · · , 5), there exists φi ∈ Aut(Gi) such that

Fixφi = 〈hi〉 where hi = [si, ti] = sitis
−1

i t−1

i is a commutator in Gi. Let

φ = φ1 × · · · × φ5 × Id6 × · · · × Idℓ ∈ Aut(G),

where Idj is the identity of Gj(j = 6, · · · , ℓ). Then we have

Fixφ = 〈s1t1s
−1

1
t−1

1
〉 × · · · × 〈s5t5s

−1

5
t−1

5
〉 ×G6 × · · · ×Gℓ

∼= Z
5 ×G6 × · · · ×Gℓ,

and Fixφ 6 H = 〈s1s2s4, t1t3t5, t2s3, s5t4〉 ×G6 × · · · ×Gℓ. Because

[s1s2s4, t1t3t5] = [s1, t1],

[s1s2s4, t2s3] = [s2, t2],

[t2s3, t1t3t5] = [s3, t3],

[s1s2s4, s5t4] = [s4, t4],

[s5t4, t1t3t5] = [s5, t5],

we have rk(Fixφ) > rk(H), and hence Fixφ is not compressed in G. The proof is completed.
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For some G having at least 4 factors, we have the follwing theorem.

Theorem 2.1 Suppose that G = G0 × NS ℓ
3
(ℓ > 3), G0 is Fr(r > 2) , Sg(g > 2) or

NSk(k > 4). Then there exists φ ∈ Aut(G) such that Fixφ is not compressed in G.

Proof Let G = G0 × G1 × G2 × G3 × · · · × Gℓ(ℓ > 3) where G1
∼= · · · ∼= Gℓ

∼= NS3.

By Lemma 2.1, for i = 1, 2, 3, there exists φi ∈ Aut(Gi) such that Fixφi = 〈hi〉 where hi =

[si, ti] = sitis
−1

i t−1

i is a commutator in Gi.

Case 1 If G0 = Fr = 〈a1, · · · , ar〉(r > 2), let

φ0 : G0 → G0, a2 7→ a2, a1 7→ a1a2, ai 7→ ai, i = 3, · · · , r.

Then φ0 ∈ Aut(G0) and Fixφ0 = 〈a2, a1a2a
−1

1
, a3, · · · , ar〉 with rk(Fixφ0) = r. Now we have

Fixφ0 × · · · × Fixφ3 6 H = 〈a2a1s1s2, s3t3t1t2, s3s1t2, a1t3t1s2, a3, · · · , ar〉,

which is because

[a2a1s1s2, s3s1t2] = [s2, t2],

[a2a1s1s2, s3t3t1t2] = [s1, t1][s2, t2],

[a2a1s1s2, a1t3t1s2] = [a2, a1][s1, t1],

[s3s1t2, a1t3t1s2] = [s3, t3][s1, t1][s2, t2]
−1,

a2a1s1s2 · s3t3t1t2 · (s3s1t2)
−1 · (a1t3t1s2)

−1 = a2[s1, t1][s3, t3].

Note that rk(Fix φ0 × · · · × Fixφ3) = r + 3 while rk(H) 6 r + 2.

Case 2 If G0 = Sg = 〈a1, b1, a2, b2, · · · , ag, bg | [a1, b1] · · · [ag, bg]〉, with g > 2, let φ0 : G0 →

G0 as follows:

a1 7→ a1b1, b1 7→ b1, a2 7→ a2b2, b2 7→ b2, ai 7→ ai, bi 7→ bi, i = 3, · · · , g.

Then φ0 ∈ Aut(G0) and

Fixφ0 = 〈b1, a1b1a
−1

1
, b2, a2b2a

−1

2
, a3, b3, · · · , ag, bg〉

= 〈b1, a1b1a
−1

1
, b2, a3, b3, · · · , ag, bg〉

is a free subgroup of rank 2g − 1 because of the defining relation for Sg. Let

H = 〈b1a1s1s2, s3t3t1t2, s3s1t2, a1t3t1s2, b2, a3, b3, · · · , ag, bg〉.

Then Fixφ0 × · · · × Fixφ3 6 H for similar reason in Case 1. Note that

rk(Fixφ0 × · · · × Fixφ3) = 2g + 2,

while rk(H) 6 2g + 1.
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Case 3 If G0 = NSk = 〈a1, a2, · · · , ak | a21a
2

2 · · · a
2

k〉 with k > 4, then G can also be

presented as 〈a, b, c, d, a5, · · · , ak | aba−1bcdc−1da25 · · · a
2

k〉 (the isomorphism being a1 7→ a,

a2 7→ a−1b, a3 7→ c, a4 7→ c−1d, ai 7→ ai for i = 5, · · · , k). With this new presentation, let

φ0 : G0 → G0, a 7→ ab, b 7→ b, c 7→ cd, d 7→ d, ai 7→ ai, i = 5, · · · , k.

Then φ0 ∈ Aut(G0), and

Fixφ0 = 〈b, aba−1, d, cdc−1, a5, · · · , ak〉 = 〈b, aba−1, d, a5, · · · , ak〉 ∼= Fk−1,

because of the defining relation for NSk. Let

H = 〈bas1s2, s3t3t1t2, s3s1t2, at3t1s2, d, a5, · · · , ak〉.

Then Fixφ0 × · · · × Fixφ3 6 H for similar reason in Case 1. Note that

rk(Fixφ0 × · · · × Fixφ3) = k + 2,

while rk(H) 6 k + 1.

So, in any of the above three cases, we have rk(Fixφ0 × · · · × Fixφ3) > rk(H). Now, let us

consider the automorphism

φ = φ0 × φ1 × φ2 × φ3 × Id× · · · × Id ∈ Aut(G).

It happens that

Fixφ = Fixφ0 × · · · × Fixφ3 ×G4 × · · · ×Gℓ 6 H ×G4 × · · · ×Gℓ,

while rk(Fixφ) > rk(H×G4×· · ·×Gℓ). So Fixφ is not compressed in G. The proof is completed.

Note that Fixφ is inert (and hence compressed) in G for any endomorphism φ of a single

compact surface group G (see [1]). Now for a direct product group G, by Proposition 2.1 and

Theorem 2.1, solutions of the same problem unsolved are as follows.

Question 2.1 Suppose that G = NS4

3
, or G = G0 × NS ℓ

3
(ℓ = 1, 2; G0= Fr(r > 2),

Sg(g > 2) or NSk(k > 3)). Does there exist φ ∈ Aut(G) such that Fixφ is not compressed in

G?
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