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A Generalization of Vosper’s Theorem*
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Abstract Let Z/mZ be the ring of residual classes modulo m, and let A and B be
nonempty subsets of Z/mZ. In this paper, the authors give the structure of A and B for
which [A+ B|=|A|+|B|-1=m —2.
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1 Introduction

Let Z/mZ be the ring of residual classes modulo m, and let U(Z/mZ) be the group of its
units. Write (Z/mZ)* = (Z/mZ)\{0}. For A, B C Z/mZ, let

A+B={a+b:ac Abe B}.

The classical direct problem for addition in groups is to find the lower bound of the size of
A+ B. In 1813, Cauchy [1] proved the following theorem and Davenport [5] rediscovered the
result in 1935. It is known as the Cauchy-Davenport theorem.

Theorem A (Cauchy-Davenport) Let p be a prime number, and let A and B be nonempty
subsets of Z/pZ. Then
|A + B| > min(p, |A| + |B| — 1).

The Cauchy-Davenport theorem is an example of a direct addition theorem modulo p. The
first generalization to cyclic group is due to Chowla [3] in 1935.

Theorem B (Chowla) Let m > 2, and let A and B be nonempty subsets of Z/mZ. If
0€ B and B\ {0} CU(Z/mZ), then

|A + B| > min(m, |A| + |B|] — 1).
The direct problem has many related results (see [2, 6-7, 9]). The inverse problem is to

describe the structure of those sets A and B from properties of the sumset A + B. In 1956,
Vosper [14-15] obtained the following result.
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Theorem C (Vosper) Let p be a prime number, and let A and B be nonempty subsets of
G =7Z/pZ such that A+ B # G. Then |A+ B| = |A|+|B|—1 if and only if at least one of the
following three conditions holds :

(1) min(AL|B) =1,

(2) |[A+B|=p—1, B=c— A, where {¢} =G\ (A+ B),

(3) A and B are arithmetic progressions with the same common difference.

In 1960, Kemperman [8] generalized Vosper’s theorem to arbitrary abelian groups.

Theorem D (Kemperman) Let G be a finite abelian group, and let A and B be two subsets
of G such that |A| = 2, |B| =2 2 and |A+ B| = |A|+|B|—1 < p—2, where p is the smallest prime
divisor of |G|. Then A and B are arithmetic progressions with the same common difference.

The Vosper’s theorem also has many other generalizations derived by several authors (see
4, 11-13)).

Throughout this paper, for g € Z/mZ, let (g) denote the additive subgroup of Z/mZ
generated by g. We call the number of all cosets t(g) the index of (g) in Z/mZ and write
t(g) :==[Z/mZ: (g)]. Let

T1,g+(9), " Te(g),g +(9)
be a list of all the cosets of (¢) in Z/mZ. For A,B C Z/mZ and g € Z/mZ, let

Aig=AN(2i4+(9)), Big=BN(zig+(g), i=1,--,t9g).

Write
IA,g = {1 <i< t(g) : Ai,g = Ti,g + <g>}7

Ip g ={1<i<t(g9):Big=wig+ (g}
Let JA»!J = {17 T 7t(g)} \ IA»!J’ JB»g = {17 T 7t(g)} \ IB79'

Write
A= |J Ayu | 44 B=J Biyu |J Bis

i€la,g Jj€JA g i€lp g JE€JIB,g

In this paper, we obtain the following results.

Theorem 1.1 Letm > 2, and let A, B be nonempty subsets of Z/mZ with |Al|, |B| > 2. Let
c and d be different elements of Z/mZ such that A+ B = {c,d}. Then |A+ B| = |A| +|B| -1
ensures that at least one of the following statements holds:

(S1) If d—c € U(Z/mZ), then A and B are arithmetic progressions with the same common
difference d — c.

(82) If d—c ¢ U(Z/mZ) and Ia,q4—c = 0, then A is an arithmetic progression with common
difference d — ¢ and

A+ U Biad =141+ U Buad-1

jEJB,dfc jeJB,d—c

(83) If d— ¢ ¢ U(Z/mZ) and Ing—c # 0, then | U  Aja—c| =0,1 or

JE€EJAd—c

U Aj,d—c ; Ts,d—c + <d - C>

JE€EJAd—c



A Generalization of Vosper’s Theorem 769

is an arithmetic progression with common difference d — ¢ for some 1 < s < t(d —c¢). And
(AU {zsa-c}) + B| < (AU {zga-c})| +|B| =1, ifasig—c+BCA+B+({d—c),
|A+ B| < |A] +|B| -1, otherwise,

where A = {Zid—c:1€Ia4-c} and B= {Zid—c : Bia—c # 0}.

Corollary 1.1 Letm > 2, and let A, B be nonempty subsets of Z./mZ with |A|, |B| > 2 and
|A+B| = |A|+|B|—1. Letc and d be different elements of Z./mZ such that A+ B = {c,d}. Let
A= {Zid—c:i€ Iaa—c} and B= {Zid—e: Big—ec # 0}. If A is not an arithmetic progression
with common difference d — ¢ and A\ {0} C U(Z/mZ), 0 € A, then

|(EU {zs,a-c}) + El = |(EU {zs,a-c})| + |§| -1, fzsa-—c+ B < A+ B+ (d—c),
|A+ B| =|A|+|B| -1, otherwise,

where 1 < s <t(d—c) such that )  Aja—e S Tsa—c+(d—c).
JE€EJA d—c

2 Lemmas

Lemma 2.1 Let m > 2, and let A be a nonempty subset of Z/mZ. If g € (Z/mZ)*, then
A=g+ A if and only if
A= A,

i€la,g
Proof (Sufficiency) For any i € I4 4, we have A; ; = ; g + (g), thus
g+ Aig =Tig+(9) = Aig:
Hence

A= |J Ag= |J w+Aig) =g+ |J Adig=g+A

i€la,g i€lag i€la,g

(Necessity) For any i € {1,--- ,t(9)}, by A =g+ A, we have
g+ Aig =9+ A) N (2ig+(9) = AN (Tig +(9)) = Aig. (2.1)

Now, we shall show that A; 4 is either empty or equal to z; 4 + (g) for some 1 < i < t(g).
If A; 4 # 0, then by the definition of A; 4, we have

Aig=AN(ig +(9) C Tiyg + (9)- (2.2)
Moreover, for any = € A; 4, by (2.1), we have
g, x+(g)] g€ Aig
Thus

|Aigl = Kg)l = |zig + (9)]- (2.3)
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By (2.2) and (2.3), we have A; ; = z; 4 + (g). Hence

A= ] A,

i€la,g

Lemma 2.2 Let m > 2, and let A be a nonempty subset of Z/mZ. If ¢,d € Z/mZ are two
different elements, then |(¢c — A) N (d — A)| = |A| — 1 if and only if

A=a0( U Au),

i€1a,q

where g = d — ¢, |Ag] = 1 or Ag is an arithmetic progression with common difference g and
1< [Ao| <[{g)-

Proof Let g =d — c. Write
H= ] Ay, A= |J A4,
i€lA g Jj€Jag

By Lemma 2.1, we have H = g+ H, and thus ¢ — H = d — H. Since

(c—=A)N(d—-A)=(c—(AUH))N(d— (A4 UH))
=[(c—Ao)N(d—A)]U[(c—H)N(d— H)|
Ulle—Ag)N(d—H)]U[(c—H)N(d— Ao)]
[(c = Ag) N (d—Ao)]U[(c—H)N(d— H)]
[(c = Ag) N (d — Ag)] U (c — H),

we have [(c — A)N(d — A)| = |A| — 1 if and only if
|(C—A0)ﬂ(d/—A0)|:|A0|—1. (24)

(Sufficiency) If |Ag| = 1, then |(¢ — Ag) N (d — Ap)| = 0 = |Ap| — 1. By (2.4), we have
[(c—A)N(d— A)| =|A| — 1. Now we consider |Ag| > 1. Since Ay is an arithmetic progression
with common difference g and |Ag| < [{g)|, without loss of generality, we may assume

Ao={a+ig:0<i<qg—1}.

Then

IS TS
|

—

—

—1}={d—a—-(i+1)g:0<i<qg—1}.

Thus |[(¢ — Ag) N (d — Ag)| = |Ao| — 1. By (2.4), we have |(c— A)N(d— A)| = |A| — 1.

(Necessity) By Lemma 2.1, we have A # (). By the definition of Ja 4, we have J4 4 # 0.
For j € Jag4, we have Aj, G x;, + (9). By Lemma 2.1, we have A;, # g + Aj g, that is,
c—Ajqg#d— A, Thus

l(c—=Ajg)N(d—Aj0)| <|Ajgl =1, jE€Jay.
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Hence

(e = Ao) N (d—Ao)l = D lle—Aj0) N(d— A0l < D [Ajgl = [Jagl = Aol = [Jagl.

Jj€JA,g j€JA,g

By (2.4), we have |Ja 4| < 1. Since Ja 4 # 0, we have |J4 4| = 1.
It is easy to see that the condition |(¢ — Ag) N (d — Ag)| = |Ao| — 1 holds for |4g| = 1. Now
we assume |Ao| > 1. Since Ag & x4 + (g) for some j € {1,---,t(g)}\1a 4, We may assume

AO - {ajj,g + llg,ilfj,g + l?ga oy, Tyg + lqg}7

where 2 < ¢ < [{g)] and 0 <13 < --- <l; < |[{g)| — 1. Hence

d—AQZ{d—CL'j7g—llg,-'- ,d—l'j7g—lqg}, (25)
c—Ay={c—zjg—lg, - ,c—xjq— 19}
={d—zjg—(L1+1)g, -, d—xjqs—(lg+1)g}. (2.6)

By (2.4), we have
[(c— Ap)U(d— Ag)| = |Ao| + 1 =¢q+ 1. (2.7)

We divide the problem into the following two cases.
Case 1 c—xj4 —lqg € d — Ap. Since

{c—zjg—lig:1<i<qg—1}Cd— A

and
l(c=Ao)U{d—ajy —ligl =q+1,

we have
(c=Ap)U(d—Ay) =(c—Ag)U{d—=xj4—lig}. (2.8)
By (2.5)—(2.6), (2.8) and l; + 1 <lj41,i=1,--- ,¢ — 1, we have
d—zjg—(lLi+1)g=d—xj4—liy1g, i=1,---,¢—1.

Thus
li+1:li+la Zzlvaq_l

Hence, Ag is an arithmetic progression with common difference g.
Case 2 c—xj4—lgg € d— Ag. By (2.4), there exists a unique 1 < k < g — 1 such that

c—Tjg—lrg &d— Ao.
Thus
{ec—zjg—lLg:1<i<qi#kt={d—zj,— (Li+1)g:1<i<qi#k}Cd— A.
Again by (2.5)-(2.6) and I; + 1 < ;41,4 =1,--- ,q — 1, we have

d—zjg—(li+)g=d—mzj4—litrg, i=1--,q=1, i#k
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and
c—xjg—lgg=d—1xj4—lg.
Thus
Li+1=1liy1, i=1,---,9—-1, i#k.
Hence, Ag = {#j g +lxr19, -, %j g+ 149, Tjg + 119, -+ ,xj g+ 1rg} is an arithmetic progression

with common difference g.

Lemma 2.3 Let m > 2, g € (Z/mZ)*, and let A, B be nonempty subsets of Z/mZ such
that min(|Al,|B]|) > 2 and
|A+ B|=|A|+|B|—1.

IfAG xg 4+ (g) for some 1 < s <t(g), then

A+ U Bio|=1a1+| U Bia| -1

jGJB,g jGJB,g
Proof Since
B=( U Bu)u( U Bi).
i€lp.g J€JIB,g
we have
Bl =| U Bia|+ Izl 19)] (2.9)
J€JB.g

Moreover, A G s 4 4 (g) for some 1 < s < t(g), we have
(A+ U Bl-,g) n (A+ U Bj,g) =10
i€lp g j€TB.q
and

A+B=|(a+ U Biy)u(a+ U B

ie[B,g jeJB,g

:’ U (xs,g"’BLg)""‘A"" U Big

'L‘GIB,g jeJB,g

= nl o)+ A+ | Biol. (2.10)

Jj€JB.g

By (2.9), we have

A+ Bl =1 =41 + Izl ()| + | | Big

J€JB.g

~1. (2.11)

By (2.10)—(2.11), we have

A+ U Bia|=141+| U B -1

Jj€JIB.g J€JIB,g
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Lemma 2.4 Let m > 2 and g € U(Z/mZ). Let A and B be nonempty subsets of Z/mZ
such that min(|A|, |B|) > 2 and

|A+ Bl =|A|+ |B|] — 1.
If A is an arithmetic progression with common difference g, then B is an arithmetic progression
with the same common difference.
Proof The method of the proof originates from [10, Lemma 2.4], we omit the details.

Lemma 2.5 Let m > 2, g € (Z/mZ)*, and let A, B be nonempty subsets of Z/mZ such
that min(|Al,|B]|) > 2 and
|A+ B| =|A|+ |B| — 1.
IfIag#0 and| U Ajgl=0,10r U Ay G xay+(g) is an arithmetic progression with

j€JA,g Jj€JA,g
common difference g for some 1 < s < t(g), then

(AU{wog}) + Bl < (AU{zo D+ Bl =1, ifwey+BCA+B,
|A+ B| < |A|+|B| -1, otherwise,

where A = {2ig €Z/MZ:i€lay} and B= {2i,g € Z/MZ : B; 4 # 0}.
Proof Write Ag= |J Aj,. Since I, # 0, we have A # (), and thus

J€JAg
|A+B|:‘ U (@+(9) U4+ B), (2.12)
rGZ—i—E
]+ B =1 = | 4| + |41 - |(9)] + B - 1. (2.13)
If Ag = (), then
A+B=| U @+ )| =14+B- 1)
rGZ—i—E

By (2.12)—(2.13), we have
[ A+ Bl (9| = |A] - [{g)| +B| = 1 < (|4 +|BI) - |{g)].

Hence
|[A+ B| <|A|+|B|—1.

Now we consider that Ay G x4 + (g) is an arithmetic progression with common difference
g for some 1 < s < t(g). We divide it into the following two cases.
Case 1 There exists an element b € B such that z, 4 +b ¢ A+ B+ (g). If

(A+ B+ (g)) N (Ag +b) #0.
Then Ao+ b C A+ B+ (g). Since Ao +bG x4+ b+ (g), we have

Tsg+b+{g) CA+ B+ (g).
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Thus x5 4 +b € A+ B+ (g), which is false. Hence

(A+ B+ {(g))N(Ag+b) = 0.
So

[A+BI=| | (a+g)|+ 140+l = |3+ B - [g)| + | ol
a€g+§

Again by (2.12)—(2.13), we have
| A+ B| - [(9)] + [Ao| < [Ao| + 4] - [(g)] +B| = 1 < | Aol + (|4] + |B]) - l{g)l.

that is,
|[A+ B| < |A|+|B|—1.

Case 2 x4 +B C A+ B. Then (AU {zsq}) + B = A+ B. By (2.12)-(2.13), we have
| A+ B| = |A+ B [(9)| = [(AU {zs4}) + Bl - |{9)]

and
|A|+|B| — 1= [Ao| +|A] - [{(g)] + |B] — 1 < |Ao| + (A +|BI) - [{g)].

Hence
[(AU{zs,g}) + Bl < [A[ +[|B| = [AU{zs 4} + |B] — 1.

The case |Ag| = 1 is similar to the above.

Lemma 2.6 Let the notations be as in Lemma 2.5 and A\ {0} C U(Z/mZ), 0 € A. Then
(AU{weg}) + Bl = [(AU{zs gD + Bl =1, if ey +BC A+ B,
{ |A+ B|=|A|+|B| -1, otherwise.
Proof Since A\ {0} C U(Z/mZ), we have A\ {0} C U(Z/(m/|(g)|)Z). By Theorem B,

[ A+ B| > |A|+|B| - 1,
(AU {weg}) + Bl = (AU {zsg})| + B - 1.

So we obtain the conclusion by Lemma 2.5.

3 Proofs
Proof of Theorem 1.1 Since A+ B = {¢,d}, we have ¢,d ¢ A+ B, and thus

Bn(c—A)=0, Bn({d—-A)=0.

Hence B C (¢ — A)N(d— A), so

|B| <

c—A)N{d-A)| (3.1)

Moreover,

l(c—=A)N(d—A)| <|(c—A)=m—]A|
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Since |A+ B| = |A| + |B| — 1 = m — 2, we have

c—A)Nd—A)| <m—((m—2)—|B|+1) = |B| +1. (3.2)

By (3.1)—(3.2), we have [(c — A)N(d — A)| = |B| or |B| + 1.
If [(c— A)N(d — A)| = |B| + 1, then

Bl +1=|(c-A)n(d-A)|<|lc—-A)=m—]|c—Al=m—[A] = B[+ L

It follows that

[(c=A)n(d—A) = |(c— Al
Thus (¢ — A) =(d— A). Hencec— A=d— A,s0 A=d—c+ A. By Lemma 2.1, we have

A= |J Ao

iGIA,d,C

If [(c — A) N (d — A)| = |B], then

Bl = |(c=A)n(d=A)|=m—(jc = A+ |d = A] = |(c = A) N (d = A)]).

Thus
[(c=A)n(d—A)| = (2|A|+[B]) —m = [A] - 1.

A:AOU( U Ai,d—c)a

i€lAd—c

By Lemma 2.2, we have

where |Ag| = 1 or Ap is an arithmetic progression with common difference d — c.

a=40( U Ae),

i€la,a—c

In conclusion, we have

where |Ag| = 0,1 or Ay is an arithmetic progression with common difference d — c.

Since |A + B| = |A| + |B| = 1 = m — 2, we know that A, B G Z/mZ. We divide it into the
following three cases.

Case 1 d—c e U(Z/mZ). Then (d — ¢) = Z/mZ. Thus t(d —c) = [Z/mZ : (d — ¢)] = 1.
Moreover, Ay G Z/mZ, hence A=10,s0 A= Ap. Since |A| > 2, we have |Ag| > 2. Therefore, A
is an arithmetic progression with common difference d — ¢. By Lemma 2.4, B is an arithmetic
progression with the same common difference. Hence the statement (S1) holds.

Case 2 ged(d —c,m) > 1 and A = (). Then A = Ay. Since |A| > 2, we have |4o| > 2.
Therefore, A is an arithmetic progression with common difference d— ¢, thus A ; Ts,d—ct+{(d—c)
for some 1 < s < t(d — ¢). By Lemma 2.3, we obtain the statement (S2).

Case 3 ged(d —c,m) > 1 and A # (). Then by Lemma 2.5, we obtain the statement (S3).

Proof of Corollary 1.2 It follows directly from Lemma 2.6 and Theorem 1.1.
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