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A Study on the Second Order Tangent Bundles over
Bi-Kahlerian Manifolds

Nour Elhouda DJAA! Aydin GEZER? Abderrahim ZAGANE!

Abstract This paper aims to study the Berger type deformed Sasaki metric gps on the
second order tangent bundle 72 M over a bi-Kihlerian manifold M. The authors firstly find
the Levi-Civita connection of the Berger type deformed Sasaki metric ggs and calculate
all forms of Riemannian curvature tensors of this metric. Also, they study geodesics on
the second order tangent bundle 7?2M and bi-unit second order tangent bundle T12’1M ,
and characterize a geodesic of the bi-unit second order tangent bundle in terms of geodesic
curvatures of its projection to the base. Finally, they present some conditions for a section
o : M — T?M to be harmonic and study the harmonicity of the different canonical
projections and inclusions of (T2M7 gBs). Moreover, they search the harmonicity of the
Berger type deformed Sasaki metric ggs and the Sasaki metric gg with respect to each
other.
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1 Introduction

The geometry of the second order tangent bundle T2M over an n-dimensional manifold
M which is the equivalent classes of curves with the same aceleration vector fields on M was
studied in [14-15, 25, 32-33] . Dodson and Radivoiovici proved that a second-order tangent
bundle T2 M of finite n-dimensional M becomes a vector bundle over M if and only if M has a
linear connection in [15]. The lifts of geometric objects on M to its second order tangent bundle
T2M were developed in [34]. In [22], Ishikawa defined a Sasaki-type metric on the second order
tangent bundle T2M of a Riemanian manifold and searched some of its properties. With this
in hand Gezer and Magden [20] studied the geometry of a second order tangent bundle with a
Sasaki-type metric. The Levi-Civita connection and all forms of Riemannian curvature tensor of
Sasaki-type metric on T?M were computed and the relations between the geometric properties
M and T? M were derived in [20] and [24]. From a different perspective, in [2, 10, 14], the sections

on the second-order tangent bundle 72M (bundle of accelerations on a smooth manifold M),
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locally, described in detail the second order ordinary differential equations on M.

These equations have received renewed geometric attention in recent years from interactions
with jet fields, linear and nonlinear connections, Lagrangians, Finsler structures and the theory
of timedependent Lagrangian particle systems (see [5-6, 28, 30-31]).

Next, we assume that M is a 4k-dimensional complex manifold and ¢; (p? = —1) fori = 1,2,
are two independent compatible integrable almost complex structures. Here ¢;(x) # @2(x) for
a point x in M. Also, a pseudo-Riemannian metric g is a Hermitian metric with respect to
both complex structures ¢1 and s , i.e., g(p1 X, 1Y) = g(X,Y) and g(p2 X, p2Y) = g(X,Y).
In this case, the quartet (Myg, g, 1, 2) is called a bi-Hermitian manifold. If ¢1(z) # ¢2(2)
everywhere on M, a bi-Hermitian structure (g, 1, p2) is called strongly bi-Hermitian. The
real function p is defined by p = —4—1ktrace(901 o 9) or equivalently @1 o w2 + @2 0 1 = —2pI,
where p is the angle function of a bi-Hermitian structure and where I is the field of identity
endomorphisms.

As is known, an almost Hermitian structure on a manifold M consists of a nondegenerate 2-
form w, an almost complex structure ¢ and a Riemannian metric g satisfying the compatibility
condition w(X,Y) = ¢g(¢X,Y). If the 2-form w is closed, i.e., dw = 0, the triple (g, ¢,w) is
called an almost Kéhlerian structure. Also, the triple (g, p,w) is called Kéhlerian structure if
the almost complex structure ¢ is integrable.

We can define bi-Kéahlerian manifolds by following analogue of Kéahlerian geometry. Let
(Myk, g, ¢1,2) be a bi-Hermitian manifold. For such a structure we define 2-forms w; setting
wi(X,Y) = g(p;X,Y), i = 1,2. If the 2-forms w; are closed (dw; = 0), the bi-Hermitian
structure (g, 1, ¢2) is called bi-Ké&hler. Such bi-Hermitian structures have been studied by
many authors (see [7, 9, 29, 36]). The bi-Hermitian geometry is known in the physics literature:
Gates et al. showed in [19] that upon imposing N = (2,2) supersymmetry, the geometry
induced on the target of a 2-dimensional sigma model is precisely this one.

The existence of bi-K&hlerian structures on the base manifolds offers the possibility to
construct the Berger type deformed Sasaki metric gggs on the second order tangent bundle
T?M over a 4k-dimensional bi-Kéhlerian manifold M in the sense of Yampolsky . In this note,
we define the Berger type deformed Sasaki metric ggg on the second-order tangent bundle T2M
over a bi-Kéhlerian manifold (Myy, g, ¢1,¢2) as a natural metric and firstly obtain the Levi-
Civita connection of this metric. Secondly, we calculate all forms of the Riemannian curvature
tensors of this metric and present some results concerning with them. Thirdly, we study the
geodesics and geodesic curvatures of projections to the base of geodesics on the second-order
tangent bundle 7?M and bi-unit second order tangent bundle Tﬁ 1 M. Finally, we present some
conditions for a section o : M — T?M to be harmonic and study the harmonicity of the different
canonical projections and inclusions of (T?M, ggs). We ends the paper with harmonicity of the

Berger type deformed Sasaki metric ggg and the Sasaki metric gg with respect to each other.
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2 The Berger Type Deformed Sasaki Metric on T2 M over Bi-Kihlerian
Manifolds

2.1 Tangent bundle T'M

Let M be an n-dimensional Riemannian manifold with a Riemannian metric g and T'M
be its tangent bundle denoted by m : TM — M. A system of local coordinates (U, z%) in M
induces on TM a system of local coordinates (7= *(U),z!, 2" = ui),i=n+i=n+1,---,2n,
where (u) is the cartesian coordinates in each tangent space T,M at p € M with respect to
the natural base { 22; |, }, p being an arbitrary point in U whose coordinates are (z?).

Given a vector field X = X a?ci on M, the vertical lift VX and the horizontal lift X of X
are given, respectively, with respect to the induced coordinates, by

XV =X'0;

79

X" = X'09; — T, X", (2.2)

where 0; = 82777 0= % and I‘ik are the coefficients of the Levi-Civita connection V of g (see

[34]).

In particular, we have the vertical spray ¥« and the horizontal spray “u on TM defined by

Vu=uV(9;) = u'ds, Hu=u""(9;) = u's;,

Vu is also called the canonical or Liouville vector field

respectively, where 6; = 0; — u/ I'%,0s.
on T'M.
Let f be a smooth function of M to R and X, Y, Z be any vector fields on M. We have

(see [34])

XA(FY) = X(f),
xV(fV)=o,
X" ((g(v,2))") = X(9(Y, 2)),
XY ((g(v,2))") =0.

The bracket operations of vertical and horizontal vector fields are given by the formulas (see
(16, 34])

[XHvyH] = [Xv Y]H - (R(Xv Y)’U,)V,
(XH YV] = (VxY)V, (2.3)
XV, ¥V] =0

for all X, Y € T'(T' M), where R is the Riemannian curvature tensor of g defined by

R(X,Y)=[Vx,Vy] = Vixy]



780 N. E. Djaa, A. Gezer and A. Zagane

Definition 2.1 (see [3, 33]) Let (May,g,¢) be a (anti-para) Kdhlerian manifold. On the
tangent bundle TM, a fiber-wise Berger type deformation of the Sasaki metric on TM (called
also (@, 6)-metric) is defined by

(1) gps(X",YT) =g(X,Y)om,

(2) 9o (X, YY) =0,

(3) gl (XY, YY) = 02(X,Y) + 0292 (X, () 9o (V. 0(u)),
where X, Y € T(TM), (x,u) € TM, and § is some constant.

The Berger type deformed Sasaki metric on the tangent bundle over a Kéhlerian manifold
firstly introduced and studied by Yampolsky [33]. Then, in [3—4], Altunbas and his coauthors de-
fined the Berger type deformed Sasaki metric on the tangent bundle over an anti-paraK&hlerian

manifold and they studied its curvature properties and some harmonic problems in this setting.

2.2 Whitney tangent fiber bundle TM & T M

Let w: TM — M be a canonical projection. The Whitney tangent fiber bundle TM & T M
is defined by

TM & TM = {(u,w) € TM x TM; w(u) = n(w)} = | J ToM x T, M,
zeM

where 7 is denoted by

m:TMe&TM — M
(u,w) = m(u,w) = 7(u) = m(w).
A local chart (U, ) = (U,2) on M induces a chart (7= 1(U),p) = (z~1(U),2*,u’) on TM
and (77 1(U), ) = (m=1(U), 2%, u’, 2*) on TM & TM such
Pz, u,w) = (p(x), Pz (u), 2 (w)) = (p(2),u, 2).
Let X,Y € H(T'M) then (X,Y) € H(TM & TM) if and only if

dn(X) = dn(Y).

Relatively to the chart (7=1(U), %) = (7~ 1(U), 2%, u?, 2%), the local frame vector fields are
given by

o)
0 0

agi - (auia’o)’
oz (O’ azi)'

For X e I'(TM) and f € C*° (M), then we have

9
XV, 0)=X"-——
(X7,0) out’
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.0 0 9
H Hy __ sz k )71 k )’Z
(X7, X7) = ozt -1 UJW_FU Zjazk’
(vao)(foﬂ) = (O7XV)(fo7T) =0,

(X", X")(fom) = X(f)om.

Let (M, g) be a Riemannian manifold, V be its Levi-Civita connection and v1,72 : 0 € I C

R — M be a smooth curve. Then we have

_ dyr oy dye A’y APy
i~ ) & [31(0) = 32(0), ZH(0) = 2(0) and L (0) = 2 (0)],

iv={m v~}

The second-order tangent bundle is the natural bundle of 2-jets of differentiable curves,

defined by
T?°M = {j&v; v:Ro — M, is a smooth curve at 0 € R}.
The canonical projection P on T?M is given by

P:T?M — M,

&y = 7(0).

A local chart (U, ¢) induces a chart (P~1(U), ¢) on T?M given by

373 = (200, 222 (0), £227g)).
Theorem 2.1 (see [10]) If TM @& TM denotes the Whitney sum, then
S:T°M - TM & TM,
Jov = (10), (Vs0)9)(0))
s a diffeomorphism of natural bundles.

In the induced coordinate, we have
S (xf ut, 2% = (2t Ul 2t —l—ujukl";-k). (2.4)

Definition 2.2 (see [12]) Let T?M be a second-order tangent bundle endowed with the
vectorial structure induced by the diffeomorphism S. For any section o € T'(T*M), we define
two vector fields on M by

X,=PoSoo,
Y, =Py,0Soo0,

where Py and P, denote the first and the second projection from TM & TM onto T M.
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2.3 A-Lifts on T?*M

Let (U, ) be a local chart on M, then the diffeomorphism S induces a local chart ((mg o
S)~YU), %0 S) on T?M such as

g =5 (5o ) 29
aii = S*_l(a(zivo)’ (2.6)
aazz' - 5*_1(0’ 5Zi)’ (2.7)

where g : (u,w) ETM ®&@TM — 7w(u) = 7(w) = x.

Definition 2.3 (see [10]) Let (M, g) be a Riemannian manifold and X € T'(TM) be a vector
field on M. For A\ =0,1,2, the A-lift of X to T?M is defined by respectively

From formulae (2.5)—(2.7) and Definition 2.3, we obtain the following lemma.

Lemma 2.1 For any X € H(M) and any smooth function f € C*°(M), we have

.0
XU = x' =
out’
.0
X® = xt_—
0zt’
0) 7 k 7 k 7

XD(fom)=XP(for) =0,
XO(fom)=X(f)om.

From Definition 2.3 and (2.3), we obtain the following theorem.

Theorem 2.2 (see [12, 20, 24]) Let (M,g) be a Riemannian manifold. If R denotes the
Riemannian curvature tensor of (M, g), then for all vector fields X,Y € T(TM) and p € T?>M
we have

(1) [X©, YO, =X, Y] — (Re(X, Y1) — (Ro(X,Y )w)®,

(2) [X©,YO] = (TxY)®,

(3) [XO.¥0)=0,
where (x,u,w) = S(p) and i,j = 1,2.

Lemma 2.2 Let (May,g,¢) be a Kdhlerian manifold. For all x € M, u = ui%,w =

wi% € T, M and any smooth function f:R — R, we have the followings
(1) X© (g(yv u))p = gm(vaﬂ u)’
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10) x

12) x@
13) x@
14) x@
(15) X fr

(

2.4 The Berger type deformed sasaki metric

Definition 2.4 Let (My, g, ¢1,p2) be a bi-Kdhlerian manifold. We define a Berger type

deformed Sasaki metric ggg on the second order tangent bundle T?>M by

gBs = S*_l(gapl.,é © Gypsn)- (2.8)
From Definition 2.4, we obtain the following proposition.

Proposition 2.1 Let (Myy, g, p1,¢2) be a bi-Kdhlerian manifold. If p € T>M, then for all
X, Y e(TM) and i,j € {0,1,2} (i # j), we obtain
(1) ees(X©Y 0’),, = g(X Y)a,
(2) gps(XW,YW), =
(3) gs(xM, YD), —g(X Y) +6%9(X, 1(u)g(Y, ¢1(u))a,
(4) ges(X®,YP), = g(X)Y) + n*g(X, p2(w))g(Y, p2(w))a,
where S(p) = (z,u,w) € T,M & T, M.

From Lemma 2.2 and Proposition 2.1, standard calculations give the following lemma.

Lemma 2.3 Let (Myg, g, p1,02) be a bi-Kdihlerian manifold and T?*M be its second-order
tangent bundle with the Berger type deformed Sasaki metric ggs. Then

XO(gps (YD, 2)), = X(9(Y, 2)),

XO(gps (Y™, Z21)), = gus(Vx V)P, Z1) 4+ gps (Y, (Vx 2)1),
XO(gps (Y, Z2)), = gus(VxY)?, Z2) 4+ gps (Y, (VX 2)®),
XM (gps(Y?,2)), = 0= X (gps (Y, 2))
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XV (gps(Y D, Z2W)), = 82g(01(X), Y)g(Z, p1(w)) + 62g(Y, 01(u)g(Z, ¢1(X)),
X®(gps (Y, Z2D)), = 82g(02(X), Y)g(Z, p2(w)) + 82g(Y, p2(w))g(Z, p2(X)),
XV (gpg(Y?, Z(Q)))p =0=X®(ggs(YD, Z(l)))p

or a Y Z € and p € .
for all X,Y,Z € T(TM) and p € T*M

Lemma 2.4 Let (Myy, g, 1,¢2) be bi-Kdihlerian manifold and T*M be its second order
tangent bundle equipped with the Berger type deformed Sasaki metric gps. Then

1
g(Za ‘plu) = XgBS(Z(l)v ((plu)(l))v

1
g(Za @Qw) = BgBS(Z@)v (@26‘})(2))’

52
g(Z’ (plX) = gBS(((plX)(l) - Xg(Xv u)((plu)(l)vz(l))a

2
9(2,:X) = g5 ((02X)) = (X, w)(p2), 7).

where A = 1+ 62|ul?, B =1+ n?|w|?, X,Z are vector fields and u € TM.
Theorem 2.3 Let (Myg, g, 1, p2) be a bi-Kdhlerian manifold and T2M be its second order

tangent bundle equipped with the Berger type deformed Sasaki metric gps. If V denote the
Levi-Civita connection of T?M , then for p € T?M and X,Y € T'(TM) we have

(1) (Tx¥ @), = (Vx¥) — LR ) — SR, Vo)),
() (Tx V), = (V) + SR, V)X + 5(Y, 01 () R(u, 1 () X)),

(3) (VxoY®), = (Vx¥)® + %[R(w, V)X +0°g(Y, 2(w)) R(w, pa(w)) X]©,

I
—

4) (VxoY©®), = %[R(uv X)Y +82g(X, ¢1(u) R(u, o1 (u) Y],
5) (Vx@Y®), = %[R(w, X)Y +n°g(X, p2(w)) R(w, p2(w)) Y],
6) (Vx YD), =06%g(Y,01(u)p1 X + g(X, p1(w))pr Y]V

4
= 2 lo(X, wg Y, 1) + gV, u)g (X, pru)l(prn) ),

(1) (Vx@Y®), =n?[g(Y, p2(w))p2 X + g(X, p2(w))1Y]?,

4
- %[g(X, W)g(Y, p20) + g(Y,w)g(X, o)) (920) ),

®) (VxoY®), = (VxaYM), =0,
where S(p) = (x,u,w), A\ = 1+ &|ul?, B = 1+ n*|lw|?>, V and R denote the Levi-Civita
connection and the Riemannian curvature tensor of (M, g), respectively.

Proof Using Proposition 2.1, Lemmas 2.3-2.4 and Koszul formula, we have

2e5s(VgY,Z) = X(gps(Y,Z)) + Y (gss(X, Z)) — Z(gps(X,Y))
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- gBS(jZa [i}a Z]) + gBS(i}a [Za X]) + gBS(Za [jza i}])a

then Theorem 2.3 immediately follows.

If we denote the horizontal and vertical projections by H, V! and V? respectively, then we
can state the followings (see [3]):

(i) The vertical distribution VIT2M is totally geodesic in TT2M if HV xo Y V) = 0 and
V2V o) YD) = 0.

(i) The vertical distribution V2T2M is totally geodesic in TT2M if HV y Y ? = 0 and
VIV Y® =0.

(iii)The horizontall distribution HT2M is totally geodesic in TT2M if V'V @Y (© =
V2V 40 YO = 0.

As an application of the Levi-Civita connection %, we can state the following result.

Proposition 2.2 Let (My, g, 01, 92) be a bi-Kdihlerian manifold and T?M be its second
order tangent bundle equipped with the Berger type deformed Sasaki metric ggps. Then

(i) the vertical distributions VIT?M and V2T?M are totally geodesic in TT*M;

(ii) the horizontal distribution HT?M is totally geodesic in TT?M if and only the base
manifold My, is flat.

Proof The results come immediately from (1), (6) and (7) of Theorem 2.3.
3 The Riemannian Curvature Tensors on T>M

Let F': TM — T'M be a smooth bundle endomorphism of 7M. The horizontal and vertical
vector fields F(O, F(U F(2) are defined respectively on T2M by

FO . TM — T(T*M),

(z,u) = (Fpu)©, (3.1)
FO . TM — T(T*M),
(z,u) = (Fpu)®, (3.2)
F® . TM — T(T*M),
(z,w) = (Fpw)@. (3.3)
Locally, we have
Fighy = w (F@)®,
FY,y = (F@)Y,
F2) ) = W' (F(0;)® (3.4)

From Lemma 2.1 and formulas (3.4), we get the following proposition.
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Proposition 3.1 Let (Myg, g, 1,p2) be a bi-Kdahlerian manifold and T?M be its second
order tangent bundle equipped with the Berger type deformed Sasaki metric ggs and F : TM —
TM be a smooth bundle endomorphism of TM. Then we have the following formulas

(1) Vxo FO(@,u) = (VxF)u)® + %[R(%FU)X +0%9(Fu, pr1u) R(u, pru) X] ),

(2) VxoF®(z,w)=(VxFw)® + ;[R(vaw)X+7729(Fw,SDQW)R(UJ,@QW)X](O),

(3) %XU)F(l)(xvu) = (FX)(l) + 52[9(FU7(¢01U)¢1X +g(X7 (plu)splFu](l)
54
= 59X wg(Fu, pru) + g(Fu, u)g (X, pru)] (pru)),

4) VxeorFO(z,w) = (FX)? +n?[g(Fw, p20)p2X + g(X, paw)paFuw]®

El
(5) 6X<2>F(1)(x,u) = %X(UF(Z) (x,w) =0.

[9(X,w)g(Fw, pow) + g(Fw,w)g(X, gaw)](paw)?,

Using Theorem 2.3, Proposition 3.1 and the second Bianchi identity, we obtain the following

proposition.

Proposition 3.2 Let (Mux, g, p1,92) be a bi-Kdhlerian manifold, (T2M, gps) be its sec-
ond order tangent bundle equipped with the Berger type deformed Sasaki metric and R be the

curvature tensor of (T?M,ggs). Then we have the following formulas

2

(1) RXO YO = [Rx, V)] 1 %gm(x ¥ o o) R, 1) Y|

(x

Z[Rw ROCY Y] 4 [Ty R Y )l
2

+ 2L (RO, Y ), 0200 [Rlw, V]

+ TR RO Y)Y + 5[0y RY(X, V)] ),

4
~ 52
(2) RXO, YYD = —Zg(Y.p10)[Rlu, pru) R(w, Y) X + R(u, Y) R(u, pru) X]*
o4 1
— 90 1w [R(u, pru) R(u, ¢10) X)© — Z[R(u, V) R(u, V) X],

_ 2
(3) RO,y ® = —Lg(y, o) [R(w, o) R(w, V)X + R(w, Y ) Rw, o) X]

4
— L g(Y, 2w [R(w, o) R(w, p2w) X)) — i[R(w, Y)R(w,Y)X],
@) RXW, YOy ™ = s'(Y, o1u)[g(Y,p1u) XV = g(X, oru)Y D]
6

)\

9 1u)g(X, oru)g(Y,u) — g(Y, ru)g (X, w)][u]
6
+ [39Vu) (g(X, wg ¥ 1) — gV, ug(X, 1)

4
y( 9( X, 01u)g(Y,Y) — g(Y, p1u)g(X,Y))

54
+ 3;9(){, 1Y )g(Y,u) | [p1u] M — 36%g(X, 1Y) [p1 Y],
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(5) R(XP, Y)Y = plg(Y, pow)[g(Y, o) X P — g(X, paw)Y @]
6
+ = g(Y, paw)[9(X, pow)g (Y, w) — g(V, pou)g(X, w)][w]®

6

==

+ | 239V, w)(9(X,w)g(Y, pow) — g(Y,w)g(X, pow))

[
S

3
N

+ E(Q(X, Paw)g(Y,Y) — g(Y, paw)g(X,Y))

4
+3 7 (X, 02Y)g(Y, w)} [p2w]® — 3n?g(X, oY) [p2Y] @,

3

(6) R(XM, y@)yy® —j,

Proposition 3.3 Let (Myg, g, 01, 92) be a bi-Kihlerian manifold and T?M be its second
order tangent bundle equipped with the Berger type deformed Sasaki metric gps and R be the

curvature tensor of (T?M,ggs). Then we have

(1) ems(REXO, YOO, X0, = g, (ROXY)Y, X) — 2RO Y pul? — 2RO Y o

36° 2 3n? 2
- TQ(R(Xv Y)ua (plu) - TQ(R(Xa Y)UJ, (pQLU) ’
~ 1 54
(2) eges(R(XD, YWy x©O), — ZlR(%Y)XF + 9 p1u)”|R(u, pru) X |°

2

0
+ ?Q(Y, (plu)g(R(uv <P1U)X7 R(u’ Y)X)7

1 7]4

(3) ges(BX, Yy ® x©), = T B@ V)X 4 T-g(Y, 920)° | R(w, pow) X |?

2
+ L g(Y pa)g(R(w, paw) X, R(w,Y)X),

(4) gBS (ﬁ(X(l)v Y(l))y(l)ﬂ X(l))p = 64(9(X7 SDIU)Q + g(Y, @1”)2) - 3529(X7 QOlY)2
56
— (X, W)g(Yspru) = g(X, pru)g (Y, u))?,

(5) grs(R(XP,Y@)Yy® x@), = p*(g(X, pow)? + (Y, p20)?) — 30%g(X, p2Y)?
6
"

(9(X,w)g(Y, paw) — g(X, paw)g(Y,w))?,

8
(6) ng(ﬁ(X(l),Y(2))Y(2),X(l))p =0,
where p = S™Y(x, u,w).
Proposition 3.3 implies the following theorem.
Theorem 3.1 Let (Myg, g, 1, p2) be a bi-Kdahlerian manifold and T2M be its second order

tangent bundle equipped with the Berger type deformed Sasaki metric ggs and K be the sectional
curvature of (T*M,gps). Then we have

(1) By(X@,¥O0) = Ko(X,¥) ~ SIR(X V)ul? = 3R, V)P
362 3n?
- TQ(R(Xv Y)u, 901U)2 - %Q(R(X, Y)w, 502(“))27
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(2) K (X, y®) =

1 s , ,
1+ 029, (Y, pru)? [Zg(Y, ©r1u)?|R(u, pr1u) X |
5?2 1
+ —9(Y,po1u)g(R(u, p1u) X, R(u, Y)X) + 1 |R(u, Y)X|2} 7

2

3) KX y®) = oy o R, o) X
P ’ 14029, (Y, paw)2 L 477 ’
2
1
+ L g, 020)g (R(w, 92) X, R(w,Y)X) + 1 R(w, V)X
~ 1

4) Ky(xW yW) = —36%9(X, p1Y)?
( ) p( l ) 1+52(91(X, @1U)2+91(Y7S01U)2)|: g( )y P1 )

+ 64 (9(X, o1u) + g(Y, p1u)?)

56
— S O(X WY o) — (X, pru)g(Y,u))?]

1
L+ 12(92 (X, paw)? + g2 (Y, p2w)?)
+ 0 (g(X, paw)® + g(Y, paw)?)

(90X, w)g(Y, 2w) = g(X, aw)g (¥,))?],

(5) Kp(X®,¥®) =

[ — 31%g(X, p2Y)?

|3,

(6) Ky(xM,y®)=o,

where p = S~Y(z,u,w), X,Y € T(TM) are orthonormal vector fields, and K is the sectional
curvature of (Mg, g).

Let m = 4k, p = S~ Y(x,u,w) € TM such as u,w € T,M\{0} and {E;}i—1., (resp.
{E;}i=1.m) be an orthonormal basis of the vector space T, M, such that E; = % (resp.
FE, = ‘/’Zw), then the orthonormal basis {F; };—1 3m of T,(T?M) is given by

[w]

F=E,

1
Foi= ﬁ(El)(l),

Fm+j = (Ej)(l)v (35)
1
Fomy1 = ﬁ(El)@)a

fori=1,m and j =2, m.

From Theorem 3.1, we obtain the following lemma.

Lemma 3.1 Let (Myg, g, 01, 02) be a bi-Kdihlerian manifold and T>M be its second order
tangent bundle equipped with the Berger type deformed Sasaki metric ggs, p = S~ (w,u,w) €
T?M and {F;}i—1,3m be an orthonormal basis of T,(T?M) defined by formula (3.5). Then the
sectional curvature K satisfies the following formulas

. 3
Kp(F;, Fj) = Ky (E;, Ej) — Z'

302 > 31 2
- TQ(R(Eian)%leU) - TQ(R(E@EJ‘)W,SDW) ;

3
R(E;, Ej)ul® — Z|R(Eian)w|2
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52\

o~ 12
4(A o 1) |R(U, (plu)E1| ?

Ky(Fy, Frni1) =

~ 1
Kp(Fy, Fing1) = Z|R(U7E1)Ez‘|2,

B 20y _ 402
Ro(Frsrs i) = =0t = ZO A B,

Kp(Fpst, Frngt) = —3829(Ey, 01 E1)?,
_ 1 _

K, (F, Fopyt) = Z|R(w,Et)Ei|2,
0’
4B —1)

Ky (Fntis Famyj) = 0,

7’B-1) n'(B+B+1)
ﬁ 52(6 ) ( (Eta )) )

Kp(FQm-l—ta Fomit) = =30°g(Ey, 02 E))?

Kp(Fy, Fapi1) = |R(w, paw) Ei|?,

Kp(F2m+ta F2m+1) =

fori,7=1,m and t,l = 2, m, where m = 4k.

Theorem 3.2 Let (Myy, g, @1, p2) be a bi-Kdhlerian manifold and T?>M be its second order
tangent bundle equipped with the Berger type deformed Sasaki metric ggs. Then the scalar

curvature is given by

5p—am——Z|REZ,E>u|2 Z|R u,o1u) B
i,j=1
—‘1—2[<m—4»+2<m—1)1—w
% i EtE|2——7le|REl,E)| W
n Z((ﬁ—jf))m(w, 2), Bil? = T 30m — )+ 2(m )]

Proof From definition of scalar curvature (see [13]), we have
3m o
Gp = Z Ricci(Fj, F,

Zng R(F;, F;)F;, Fy)

7,7=1
3m N
- > R(RE)
ij=1
Using Lemma 3.1, Theorem 3.2 immediately follows.

Corollary 3.1 Let (Myy, g, ¢1,¢2) be a bi-Kdihlerian manifold and (T?M,) be its second
order tangent bundle equipped with the Berger type deformed Sasaki metric gps. If (Mg, g) is
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locally flat, then the scalar curvature is given by

.6 262N+ A +1)
op = —T[(m—4))\+2(m— ] — —

M2A(B2+B+1) 72
e E[B(m—ll) +2(m —1)],

where m = 4k.

Remark 3.1 In the case where (Myy, g) is locally flat, the scalar curvature o is negative.
4 Geodesics on T2 M

Lemma 4.1 (see [35]) Let (My, g) be a Riemannian manifold. If X,Y € T'(T'M) are vector
fields and (x,u) € TM such that X, = u, then we have

Ao X (V) = V) + (Vy X) (-

Lemma 4.2 Let (Myy,g) be a Riemannian manifold. If Z € T(TM) and o € T'(T?M),

then we have
do0(Zs) = 20 + (V2 X))V + (V2Yo)(P, (4.1)

where p = o(x).
Proof Using Lemma 4.1, we obtain

dyo(Z) = dS™HdX(Z),dYo(2)) s(p)
= dS_l(ZHv ZH)S(;D) + dS_l((vZXU)Vv (VZYU)V)S(;D)
=70 + (V2Xo)) + (V2Y,) .

Lemma 4.3 Let (Myy, g, ¢1,92) be a bi-Kdhlerian manifold and T2M be its second order
tangent bundle equipped with the Berger type deformed Sasaki metric ggs, and x : I — M be a
curve on Myy. IfC it € I — C(t) = S7H(x(t),y(t), 2(t)) is a curve in T>M such that y(t), z(t)
are vector fields along x(t)(i.e.,y(t), z(t) € Ty M), then

C =i+ (Vay)V + (Vi2)@, (4.2)

o — dz ¥ _ dC
where & = Gf and C = 7.

Proof IfY,Z € T (T M) are vector fields such that Y (z(t)) = y(¢t) and Z(x(t)) = 2(t), then
we have

C(t) = dC(t) = do(&(t)),
where 0 = S7((Y, Z)). Using Lemma 4.2 we obtain

C(t) = do(z(t)) = & + (Vay) D + (Vz2)2. (4.3)
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In the following, we will denote 2’ = &, 2"’ = Vi, vy = Viy, v’ = ViVsy, 2/ = Viz and
ZN = Vzvxz
Theorem 4.1 Let (M, g, ¢1,p2) be a bi-Kdhlerian manifold and T2M be its second or-

der tangent bundle equipped with the Berger type deformed Sasaki metric ggs. If C(t) =
S=Hx(t),y(t), z(t)) is a curve on T?M such that y(t), z(t) are vector fields along z(t), then

Vel =2 + R(y,y)x' + 6%9(y', 019) R(y, p1y)’

+ R(z,2)2" +1n’g(2', p22) R(z, p22)a’] )
1 2 ! / 52 / (1)
+ [y —20%9(y', p1y) [ —o1(y') + yg(y ,y)wl(y)ﬂ
2

n {Z,, 2292, p22) { —a(2") + %g(z’, z)@z(z)HQ).

Proof From formula (4.3) and Theorem 2.3, we have

Vel = V30 4 (9,0 + (v42)@) 87 + (Var) V) + (Va2)?)]

=V @i + V0 (Vay)V + v(viy)(l)ft(o) TV (@)@ (Vay)
+ Vi.(o) (Vw-z)@) + V(V@Z)(Q)i.m) + V(V@Z)(Q) (viz)(2)
= [2" + R(y, v )2" + 6%9(y/', p19) R(y, pry)a’

+ R(Z, Z/)xl + 7]29(2’/3 @QZ)R(Zv ¢2Z)x/](0)

264 1)
+ [y” +28%9(y', p1y)p1(y) — Tg(y’, e19)9(1(y'), soly)sol(y)}

" 2 / / 2774 / / @
+ [ 4 2P ea2)ea() = 0 ea2)a(a() 22)enla)]

As a direct consequence of the theorem above we get the following theorem.

Theorem 4.2 Let (Myy, g, p1,p2) be a bi-Kdhlerian manifold and (T?M,gps) be its sec-
ond order tangent bundle equipped with the Berger type deformed Sasaki metric. If C(t) =
S=Hx(t),y(t), z(t)) is a curve on T*>M such that y(t), z(t) are vector fields along z(t), then C

s a geodesic if and only if

e = =[R(y,y) + 6%9(y', p19) R(y, p1y)

+ R(z,2") + n°g(7, p22)R(z, p22)]2, (4.4)
2

y" =26%g(y' p1y) [ —o1(y') + %9@’&)@1 (y)} (4.5)
2

=297, 22) [~ 2l + 9, 2)a(2)] (4.6)

From Theorem 4.2, we obtain the following results.

Theorem 4.3 Let (Mg, g, 01, 92) be a locally flat bi-Kdhlerian manifold and T?>M be its
second order tangent bundle equipped with the Berger type deformed Sasaki metric ggs. If
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C(t) = S~ Y(a(t),y(t), 2(t)) is a curve on T>M such that y(t), z(t) are a vector fields along x(t),
then C(t) is a geodesic on T*M if and only if x(t) is a geodesic on (M, g, ¢1,p2) and

2 62
y" =26"9(y' e1y) [ -y + yg(y’,y)wl(y)},

2 =229 22) [~ 2l + o 2)e(2)]

Corollary 4.1 Let (Muy, g, ¢1,92) be a locally flat bi-Kdhlerian manifold and T?M be its
second order tangent bundle equipped with the Berger type deformed Sasaki metric gps. If
C(t) = S~ (a(t),y(t), 2(t)) is a horizontal lift of the curve x(t)(i.e.,y’ = 2z’ = 0), then C(t) is
a geodesic on T?M if and only if x(t) is a geodesic on (Muy, g, 01, ¢2)-

Corollary 4.2 Let (Muy, g, ¢1,92) be a locally flat bi-Kdhlerian manifold and T?M be its
second order tangent bundle equipped with the Berger type deformed Sasaki metric ggs. The
natural lift C(t) = S~ (x(t),2(t),2(t)) of any geodesic x(t) is a geodesic on T>M.

Theorem 4.4 Let (Myy, g, 1, ¢2) be a locally symmetric bi-Kdhlerian manifold and T?M
be its second order tangent bundle equipped with the Berger type deformed Sasaki metric gps. If
C(t) = S~ a(t),y(t), 2(t)) is a curve on T>M such that y(t), z(t) are vector fields along x(t),
then R1(y,y’) and Ra(z,2") are parallel along x(t) and we have the following formulae

2P = —[Ri(y,y) + (Ra(z,2)]2®, vp>1, (4.7)
|2P)| = const., Vp>1, (4.8)
where
Ri(y.y') = R(y,y") + 69y, o19) R(y, 019), (4.9)
Ra(z,2') = R(2,2") + n*g(2, p22) R(2, p22). (4.10)

Proof Standard calculations give

Ri(y:y)

= Vi[R(y,y') + 8°9(y,¢1(y)) R(y, o1(y))]

=Ry, y) + Ry, y") +6%9(y", 01 (¥)) Ry, 01(9) + 0°9(', 01 (4)) R(y, ¢1(y))
+0%9(y, 1) R(Y' s 01(y) + 0%9(y', o1(y)) Ry, 1(y))

= R(y,y") +6°9(y", 1) Ry, 01(y)) + 9(y', 1 () R(Y', 1 (y))
+0%9(y, 1 (1) Ry, o1(y))

= R(y,y") +6°9(y", e1(1) Ry, 01 (y)) + 20%9(y', o1(y)) Ry, 1 (4))

4
= —28%9(y', 1)) R(y, p1(y) %g(y’, e1(y)9(e1 ('), p1(y)) R(y, 1(y))
+0%9(y", 01(y) Ry, 01 ()

4
= %g(y’, e1()g(e1 (), 1)) Ry, 1(y)) + 0°9(y" ,01(y)) R(y, ¢1(y))

(
)
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254 / / 4 / /
=90 e1)g(er(y’, 1) Ry, 01(y)) = 2679y, 01(9)9(1(y'), 1 (W) R(y, 1 (y))

6
+ %g(y’, 1(y)g(e1(y), v1()9(p1(y), 91(y)) Ry, ¢1(y))

254 4 256 / /
=[5 20+ 5 9(e), 1) |9 1 ()9 (er(y'), 1(v)) Bly, o1(y))
4
- %[1 — A+ 8%lor(W)P19 (v 1 (1) g(e1 (W), 01 () R(y, 1(y))
=0.

In the same way, we have R, (z,z") = 0. Using (4.4), we obtain

2™ = —[Ri(y,y") + Ri(z,2")]a’ = [Ra(y,y) + Ra(z, 2)]a®
= _[Rl (ya y/) + RZ(Za ZI)]x(Z) .

By induction on p the formula (4.7) follows.
On the other hand, we have

(g(x(p),x(p)))’ — 29(x(p+1), x(p))
= —29(Ri(y,y")zP, 2P — 2g(Ra(z, 2" )P, 2P
= 0.

5 Geodesics of the Hypersurface T12’1M
Let TﬁlM be the hypersurface in T?M defined by
T2,M = {p = S (2, u,w) € T2M, (ful,Ju]) = (1,1)}. (5.1)
The unit normal vector fields to TﬁlM are given by

U:T*M — T(T*M),

p=S" Yz, u,w) U, = (u)D, (5.2)
W :T?*M — T(T*M),
p =5, u,w) » W, = (w)?. (5.3)

Indeed, for p = S~ (z, u,w) € TZ M, we have

ges(U,U)p = g(u,u) + 0°g(p1(u),u)* = glu,u) = 1,
gesW, W), = g(w,w) + 7°g(p2(w),w)* = g(w,w) =1,
gBS (L{, W)p =0.

On the other hand, if we set

F :T?°M - R,
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p=S""a,u,w) — g(u,u),
Fy:T?°M — R,
p=S"z,u,w) — g(w,w),
F:T?M — R?,
p = (Fi(p), F2(p)),

then the hypersurface TﬁlM is given by
T2 M = {p= 5" (z,u,w) € T?M, (Fi(p), F2(p)) = (1,1)},

F1) and grad
any vector field X on M, we get

where grad Fy) are vector fields normal to TﬁlM . From Lemma 2.2, for

gBS( gBS (

(F)) = XO(F) = X(g(u,u))
=0=gps(XOU),
gps(X®, grad,, (F)) = X (F) = X®)(g(u,u))
=0 = 2gps (X, U),
gps(X W, grady, (F)) = XW(F) = X (g(u, u))
= 2g(X, u) = 2gps(X M, U).

gBS (X(O), grad

gBS

So, U = %grangs (F1). By the same way, we obtain W = %grangs (Fy), therefore U and W are

vector fields orthonormal to T7; M and the second fundamental form is given by

B(X,Y) = gps(VgV U + gps(VgV, W)W (5.4)

for all X,Y € H(TZ,M).

Lemma 5.1 Let (Myg, g,¢1,92) be a bi-Kdhlerian manifold and T?M be its second or-
der tangent bundle equipped with the Berger type deformed Sasaki metric ggs, and C(t) =
S™Ha(t), y(t), 2(t)) be a curve on TE, M such that y(t) is a vector field along x(t). Then, we

As T{, M is a hypersurface in T?M, the curve on T7,; M is a geodesic if and only if its
second covariant derivative in T?M is collinear to the unit normal vectors () and (z)®.

From Theorem 4.1, formula (5.1) and Lemma 5.1, we obtain the following lemma.

Lemma 5.2 Let (Myg,g,¢1,92) be a bi-Kdhlerian manifold and T2M be its second or-
der tangent bundle equipped with the Berger type deformed Sasaki metric ggs and C(t) =
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STHa(t), y(t), 2(t)) be a curve on TP M such that y(t) and z(t) are vector fields along x(t).
Then, C is a geodesic on T1 1M if and only if

@ = =[R(y,y") + 6%9(y', p19) R(y, p1y)

+R(Z,Z/) +7729(Z/7<P2z)R(27<P2Z)]17/7 (55)
y' = =28%9(y, e19)01(¥) + p1 Y, (5.6)
"= —207g(2, p22)p1(2) + p2 2, (5.7)

where p1, p2 are any function.

Lemma 5.3 Let (Myk,g,¢1,92) be a bi-Kdhlerian manifold and T2M be its second or-
der tangent bundle equipped with the Berger type deformed Sasaki metric ggs, and C(t) =
S7Hx(t),y(t), 2(t)) be a curve on TE M such that y(t) and z(t) are vector fields along x(t). If

we put c1 = |y'], p1 = g/, p1v), 2 = 12'], p2 = g(2/, v12), then we have

pr=—c —26°u, (5.8)
po = —c3 — 2n°p3, (5.9)
ch=0=ch, (5.10)
py = 0= piy (5.11)

Proof From formula (5.6), we obtain

y" = pry =20 o1 (y),
9(y",y) = =28°m g(e1(y"),y) + pr19(y, v)
),y) + o1
=26° #19( v, p1(y)) + p1
= 26213 + p1,

y
—y')? = —26%p1 g(p1(y
(

1
5(c) = 9"y
= p19(y,y") —26% 1 9(1(y"),y")
=pgy,y)
=0, (from Lemma 5.1 (2))
1y =9" e1(y) + 9 01(y))
= 9" e1(v) + P19y, 1(y)) —26% 1 9(v' )
=0.
By the same way, we obtain the other formulae.

Using Lemmas 5.2-5.3, we obtain the following theorem.

Theorem 5.1 Let (M, g, ¢1,p2) be a bi-Kdhlerian manifold and T2M be its second or-
der tangent bundle equipped with the Berger type deformed Sasaki metric ggs, and C(t) =
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ST a(t), y(t), 2(t)) be a curve on TT M such that y( ) and z(t) are vector fields along x(t).
If we put ¢i = Y|, pi = 9(v',01y), c2 = |7, = g(Z/,¢12), then the curve C(t) =
ST a(t), y(t), 2(t)) is a geodesic on TE, M if and only if
c1 = const., g3 =const. and p; = —c5 —26%u? = const., (5.12)
co = const., jp = const. and py = —c3 — 2n*p3 = const., (5.13)

2" = —[R(y,y') + 8* 1 R(y, p1y)

+ R(2,2") +n°g(2, p22)R(z, pa22)]2’ (5.14)
y' = —cly — 28% iy + e1(y')], (5.15)
S =~ — 2Pl s + pa(2)] (5.16)

Theorem 5.2 Let (Myy, g, 01,¢2) be a locally symmetric bi-Kdhlerian manifold and T?M
be its second order tangent bundle equipped with the Berger type deformed Sasaki metric gps,
and C(t) = S~ (x(t), y(t), 2(t)) be a geodesic on TT | M such that y(t) and z(t) are vector fields
along x(t). Then

Ri(y,y') = R(y,y') + 6° i1 R(y, e1(y)),
Ra(z, ZI) = R(z, ZI) + 772/1'2 R(z, (»02(2))

are parallel along x(t) for the case of TZ M.

Proof Using Theorem 5.1 and formula (5.15), we get

Ri(y,y'") = VaRi(y,y')
= (VaR)(y,y") + Ry, y') + R(y,y") + 611 R(Y', 1(y)) + 6% 11 Ry, #1(y"))
= R(y,y") + 6 R(y',01(y)) + 8° 1 Ry, o1(y"))
R(y,y") = 61 R(p1(y'),y) + 6”1 R(y, p1(y"))
R(y,y") +28°m R(y, ¢1(y"))
R(y, —cly — 20°13 y) — 26% 11 R(y, o1(y") + 26° 11 R(y, ¢1(y))
—(ci +28°1) R(y, y))
=0.

By the same way, we obtain the other formula.
From Theorems 5.1-5.2, we obtain the following theorem.

Theorem 5.3 Let (Myy, g, p1,02) be a locally symmetric bi-Kdhlerian manifold and T?M
be its second order tangent bundle equipped with the Berger type deformed Sasaki metric ggs.
If O(t) = S (x(t), y(t), 2(t)) is a geodesic on T M such that y(t), z(t) are vector fields along

x(t), then we have

2D = _ Ry (y,y') + Ra(z,2)]z®, V¥p>1, (5.17)
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|2P)| = const., Vp>1, (5.18)
where

R(y,y) + 0% Ry, ¢1(y)),
Ro(z,2") = R(z,2") + n*us R(z, p2(2)).

&
8
—
<
@\
S~—

[

Theorem 5.4 Let (Myy, g, 1,¢2) be a locally symmetric bi-Kdhlerian manifold and T?M
be its second order tangent bundle equipped with the Berger type deformed Sasaki metric gps,
and C(t) = S~ (x(t),y(t), 2(t)) be a geodesic on TP M such that y(t),z(t) are vector fields
along x(t), then all geodesic curvatures of v = x(t) are constants.

Proof Denote by s an arc length parameter on z(¢). Then z} = 2/, 3. Since C is a geodesic,

|C|| = | &C|| = K = const. and

. ds |2
K2 = [[C12 = | 2|+ 1012+ 8200 o1 )* + 22 + 8%+, 0a())?

ds|? 2 2 2 2 2 2
:‘E} 1+ 07y + o+ s

Hence
ds
Frile \/K2 — (3 +0%u3 + 3 +n?u3) = B = const., (5.19)
where 3% = K2 — (2 + 621} + ¢3 + n*p3) = const.
Denote by vy, -+ , 9,1 the Frenet frame along v and by kq,--- , k2,1 the geodesic curva-

tures of . From (5.19), we obtain

x' = ﬁyla
2" = B%kivs,

23 = B3k (—k1vy + kavs),

Using (5.18) we deduce k1 = coust., ko = const.,- - ,ko,—1 = const., which completes the

proof.

6 Harmonicity

Let ¢ : (M™,g) — (N™, h) be a smooth map between two Riemannian manifolds. Then the

second fundamental form of ¢ is defined by
By(X,Y) = (Vdg)(X,Y) = Vda(Y) — dg(VxY). (6.1)

Here V is the Levi-Civita connection on M, V¢ is the pull-back connection on the pull-back
bundle ¢~ 'T'N, and

T(¢) = trace,Vd¢ = trace, By (6.2)
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is the tension field of ¢. A map ¢ is called to be harmonic if and only if 7(¢) = 0.

If ¢ : (N",g) = (N",h) is a smooth map between two Riemannian manifolds, then we have
T(Y 0 ¢) = d(7(¢)) + trace, Vd ip(d¢, de). (6.3)
One can refer to [1, 4, 8, 11, 17-18, 21, 23, 26-27] for background on harmonic maps.

6.1 Harmonicity of section

Lemma 6.1 Let (Myy, g, 1, ¢2) be a locally symmetric bi-Kdihlerian manifold and T>M be
its second order tangent bundle equipped with the Berger type deformed Sasaki metric ggs. If
o € I(T?M), then the energy density associated to o is given by

1 52
e(o) = % + itracegg(VXg, VX,)+ ?tracegg(VXg, 01(X,))?

1 2
+ itracegg(VYg, VY,) + %traeegg(VYg, ©a(Y,))?,

where m = 4k.

Proof Let p=o(x) =S (x,u,w) € T?M and (e1,--- ,e) be a local orthonormal frame

on My at z, then
2e(0)y = 3 gms(do(er), doer)).
i=1

Using formula (4.1), we obtain

2e(0), = > gos(el”,el”) + > gps((Ve, Xo) W, (Ve, X0) D)
=1 =1

+ Z gBS((veiYG)(Q)v (VGiYU)(2))7

=1

from which using Proposition 2.1, we deduce

2e(0) = m + trace,g(VX,, VX,) + 6%trace,g(VX,, o1(Xy))?
+ trace,g(VY,, VY,) + n’trace,g(VYy, 02 (Yy))?.

Theorem 6.1 Let (M, g, 01, ¢2) be a locally symmetric bi-Kdhlerian manifold and T?M
be its second order tangent bundle equipped with the Berger type deformed Sasaki metric ggs.
Then the tension field associated with o € T(T?M) is given by

7(0), = trace, [R(Xy, Vi Xy) * +029(Ve X, 01(X0))R(X o, 01(X,))#]©
+ tracey [R(Y5, V.Y;) * +772Q(V*Ym 02(Y5))R(Ys, p2(Ys))*] ©
+ tracey [V X, +26%9(V. X,, 01(X5))1 (Ve Xy) ]V
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264 (1)
— traceg [Tg(V*XU, X5)9(ViXo, 01(Xs))e1 (Xg)]

+ trace, [V2Y, 4 20%g(V.Y,, 02(Ys)) o (V*Yg)]@)
2nt (2)
— tracey | Z-g(VaYo, Yo)g(VaYo 02V ))a (V)]

where S(p) = (z,u,w) = (Xy(x),Y,(x)).

Proof Let z € My, and {e;}"; be a local orthonormal frame on 7, M, then by summing

over i, we have

7(0) = 6dg(ei)da(ei) —do(Ve,ei)

= 6eﬁ‘”Jr(veiXU)<1>+(VGI.Y<,)<2) (e + (Ve Xo) D 4 (Ve,V5) @)
— (Ve,e)” = (Vy, e, Xo) V) = (Vy,, e, Yo)?

= e + 9,0 (Ve Xo) D+ 7,00 (Ve Yo @)+ T, xppel”
+ %(vein)mego) + Vv, x)® (Ve Xo)V + Vg, v, )@ (Ve Vo)
— (Vee))? = (Vo . Xo)V = (Vo . Yo)®

= (Ve, Ve, Xo )V + (Ve, Ve, Yo ) + [R(Xo, Ve, Xo )i + R(Yo, Ve, Yo )ei]
+[0%9(Ve, X0, 01(Xo)) R(Xo, 01(Xo))ei + 0°g(Ve, Yo, 02(Yo) ) R(Yy, 02 (Vo) e

26*

(1)
+ [2529(V6iX«77‘Pl(XU))QOl(veiXo) - Tg(veiXmXo)g(veiXov‘Pl(Xo))‘pl (Xo)}

2nt (2)
+[20%0(Ve Yo, 02002 (Ve Vo) = Z0(Ve Yo, Yo)o(Ve Yo, 0o ) a (Vo)

- (vve,ieiXU)(l) - (vve,ieiYU)(2)'

Theorem 6.2 Let (Myy, g, p1,p2) be a locally symmetric bi-Kdhlerian manifold and T?M
be its second order tangent bundle equipped with the Berger type deformed Sasaki metric ggs.

A section o : My, — T?*M is harmonic if and only if the following conditions are verified

traceg[R(Xy, Vi X, ) * +6%9(V.Xo, 01(X0)) R(Xo, 01(Xo))#]
= —traceg[R(Yg, V. Y5) * +7729(V*Y07 02(Y5))R(Yo, p2(Ys))#],

tracey[VZX, + 2629(VeXo, 01(X0))e1(ViXs)]
244
— trace, [TQ(V*XU, X)9(ViXo, 01(X0))en (XU)] ,

tracey [V2Yy, + 20°g(V.Ys, 02(Yo))p2 (V. Yy)]
2 4
= trace; [ g(V. Yo, Yo )g(V.Yo. 2a(0))ea(Yo)].

Corollary 6.1 Let (Muy, g, ¢1,92) be a locally symmetric bi-Kdhlerian manifold and T?M
be its second order tangent bundle equipped with the Berger type deformed Sasaki metric gps.
If o : My, — T%M is a section such that X, and Y, are parallel (i.e., VX, = VY, =0), then

o is harmonic.
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Theorem 6.3 Let (Myy, g, 01, ¢2) be a locally symmetric bi-Kdhlerian manifold and T?M
be its second order tangent bundle equipped with the Berger type deformed Sasaki metric gps.
If My, is a compact manifold, then o : My, — T2M is a harmonic section if and only if X,

and Y, are parallel.

Proof If o is parallel, from Corollary 6.1, we deduce that ¢ is harmonic or vice versa. Let

ot be a compactly supported variation of o defined by o; = (1+t)o. From Lemma 6.1 we have

m (t+1)2

e(oy) = 5 + [traceqg(VX,, VX,) + 52tracegg(VXg, 01(X,))?

+ trace,g(VY,, VY, ) + n’trace,g(VYy, g2 (Ys))?].

If o is a critical point of the energy functional, we have

d
0= & /M G(Ut)d’l}g|t:0

= /M [trace,g(V Xy, VX, ) + 6%trace,g(V Xy, 01(X,))?

+ trace,g(VY,, VY,) + ntrace,g(VYs, 02 (Ys))?]dv,.

So
9(VX,,VX,)=9g(VY,, VY,) =0.

Theorem 6.4 Let (Myy, g, 01, ¢2) be a locally symmetric bi-Kdihlerian manifold and T?M
be its second order tangent bundle equipped with the Berger type deformed Sasaki metric ggs.

o (Mg, g,01,02) — (T?>M, gps) is an isometric immersion if and only if VX, = 0= VY,.

Proof Let X,Y be vector fields. From Lemma 4.2 we have

gps(do(X),do(Y))
=gos (X + (Vx X)W + (Vx¥,)@, YO + (Vy X)) + (VyY,)?)
=9(X,Y) + 9(Vx X0, Vy Xo) +6°9(Vx X0, 01X0)9(Vy Xo, 01 X,)

+ 9(Vx Yo, VyYo) + 1°9(Vx Yo, 02Ys)9(Vy Yo, 02Ys),

from which it follows that
gps(do(X),do(Y)) = g(X,Y).
Therefore, o is an isometric immersion if and only if

0= g(vXXUa VYXO') + 529(VXX0, 901Xa)g(VYXo, ‘PlXo)
+9(Vx Yo, VyYs) + 17 9(Vx Yo, 02Y0)g(Vy Yo, 02V ),
which is equivalent to VX, = 0 and VY, = 0.

As a direct consequence of Theorems 6.3—6.4 , we obtain the following theorem.
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Theorem 6.5 Let (Myy, g, 1,¢2) be a locally symmetric bi-Kdhlerian manifold and T?M
be its second order tangent bundle equipped with the Berger type deformed Sasaki metric gps.
If o : (Muk,g,01,92) — (T?M,gps) is an isometric immersion, then o is totally geodesic.

Furthermore, o is harmonic.

6.2 Harmonicity conditions of inclusion

Theorem 6.6 Let (My, g, 01, p2) be a bi-Kdhlerian manifold and T2M be its second order
tangent bundle equipped with the Berger type deformed Sasaki metric ggs. If gs denotes the

Sasaki metric on T M, then the inclusion

-[2 : (TM7 gS) — (T2M7 gBS)7

(z,u) — S ((2,u,u))
18 a non-harmonic map and its tension field is given by
(L) () = —20% ()M — 2% (u) ).
Proof Let X € H(Myy), then we have

dL(X") =ds 1 (x ", x") = xO),
AlL(XV)=ds XV, xV)=xM 4+ x@),

Let © € My, {e;}™, be a local orthonormal frame on My, and V be the Levi-Civita

connection associate with the Sasaki metric gg. We have

, 52 M
=20 {9(61‘, @1(“))90161' - Tg(eiau)g(eia <P1U)301U}
2 772 )
+20° gles, eau)poes — Lolenwgler pau)pan]
=26%[g(es, o1 (u))pres] V) + 20°[g(es, w2 (u))paes] .

6.3 Harmonicity conditions of projections

Let (Eq,---, Ey,) be the orthonormal vector fields on My,. The matrix of Berger type de-
formed Sasaki metric ggs on T2 M with respect to (E§0)7 e ,E,S?’, Eil), e ,E,(ﬁ), E§2), s 7(3))
is as follows

di5 O 0
Ggs=|0 atgy 0 , (6.4)
0 0 by
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570 0
Gags=|(0 a7 0 |, (6.5)
0 0 b9

where a = (5” + 52(<p1u)i(tp1u)j)iﬁj§4k and b = (5” + 52(%7211))1'((,0211))]')1'1]'54]@.
Using formula (6.1) and Theorem 2.3, we obtain the following lemma.

Lemma 6.2 Let (Myy, g, ¢1,¢2) be a bi-Kdhlerian manifold and T2M be its second order
tangent bundle equipped with the Berger type deformed Sasaki metric gps. If 7 : (T?M, gps) —

(Myg, g) denotes the canonical projection, then we have
Br(E),E)), = B:(E},E}) = B.(E?,E}) = 0,
1
B7'r (E?, Egl );D = _§[Rz (U, EJ)EZ + 529(Ej7 QOlu)R(uv <P1U)E1]7
1
Bﬂ(Eiov Egz)p = __[RE (wa Ej)Eiv +7]2g(Ej7 ¢2w)R(wa (pQw)El]a

2
Br(E},E3), =0.

Theorem 6.7 Let (Myg, g, 1, p2) be a bi-Kdahlerian manifold and T2M be its second order
tangent bundle equipped with the Berger type deformed Sasaki metric gps. If V is locally flat,
then the canonical projection  : (T?M,gps) — (Mg, g, p1,©2) is totally geodesic. Moreover,

T is a harmonic map.
Using formula (6.1) and Theorem 2.3, we obtain the following lemma.

Lemma 6.3 Let (Myy, g, ¢1,92) be a bi-Kdhlerian manifold and T2M be its second order
tangent bundle equipped with the Berger type deformed Sasaki metric ggs, and (TM,gs) be its

tangent bundle equipped with the Sasaki metric gs. If m denotes the canonical projection, given

by
7 (T?M,Ggs) — (T M, gs),
p=S"Ya,u,w) — (z,u),
then we have

m(X%) = X", m(x)=X", m(X*)=0

1
B (EY, E9), = — 5 [R(Es Bl

1
BTF(EZQ7 Ejl)P = —g[R(’UJ, EJ)EZ + 629(Ej7 QOlu)R(ua (plu)Ez]Ha

1
Brr (Ezov E]2)P —§[R(w, EJ)El + 7729(Ej7 ¢2w)R(w7 QOQW)Ei]Ha
B(Ej, Ej)p =0 = Bx(E}, E})p = Bx(Ej, E})y,

where (Ey,- -+, Ey) is a local orthonormal frame on Myy.

From Lemma 6.2, we have the following theorem.
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Theorem 6.8 Let (Myy, g, p1,92) be a bi-Kdi hlerian manifold and (T?M, ggs) be its second
order tangent bundle equipped with the Berger type deformed Sasaki metric ggs. The canonical
projection © : (T?M,Ggs) — (T'M,gs) is totally geodesic if and only if V is locally flat.

Moreover, w is a harmonic map.
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