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Abstract This paper aims to study the Berger type deformed Sasaki metric gBS on the
second order tangent bundle T 2M over a bi-Kählerian manifold M . The authors firstly find
the Levi-Civita connection of the Berger type deformed Sasaki metric gBS and calculate
all forms of Riemannian curvature tensors of this metric. Also, they study geodesics on
the second order tangent bundle T 2M and bi-unit second order tangent bundle T 2

1,1M ,
and characterize a geodesic of the bi-unit second order tangent bundle in terms of geodesic
curvatures of its projection to the base. Finally, they present some conditions for a section
σ : M → T 2M to be harmonic and study the harmonicity of the different canonical
projections and inclusions of (T 2M, gBS). Moreover, they search the harmonicity of the
Berger type deformed Sasaki metric gBS and the Sasaki metric gS with respect to each
other.
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1 Introduction

The geometry of the second order tangent bundle T 2M over an n-dimensional manifold

M which is the equivalent classes of curves with the same aceleration vector fields on M was

studied in [14–15, 25, 32–33] . Dodson and Radivoiovici proved that a second-order tangent

bundle T 2M of finite n-dimensional M becomes a vector bundle over M if and only if M has a

linear connection in [15]. The lifts of geometric objects onM to its second order tangent bundle

T 2M were developed in [34]. In [22], Ishikawa defined a Sasaki-type metric on the second order

tangent bundle T 2M of a Riemanian manifold and searched some of its properties. With this

in hand Gezer and Magden [20] studied the geometry of a second order tangent bundle with a

Sasaki-type metric. The Levi-Civita connection and all forms of Riemannian curvature tensor of

Sasaki-type metric on T 2M were computed and the relations between the geometric properties

M and T 2M were derived in [20] and [24]. From a different perspective, in [2, 10, 14], the sections

on the second-order tangent bundle T 2M (bundle of accelerations on a smooth manifold M),
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locally, described in detail the second order ordinary differential equations on M .

These equations have received renewed geometric attention in recent years from interactions

with jet fields, linear and nonlinear connections, Lagrangians, Finsler structures and the theory

of timedependent Lagrangian particle systems (see [5–6, 28, 30–31]).

Next, we assume thatM is a 4k-dimensional complex manifold and ϕi (ϕ
2
i = −I) for i = 1, 2,

are two independent compatible integrable almost complex structures. Here ϕ1(x) 6= ϕ2(x) for

a point x in M . Also, a pseudo-Riemannian metric g is a Hermitian metric with respect to

both complex structures ϕ1 and ϕ2 , i.e., g(ϕ1X,ϕ1Y ) = g(X,Y ) and g(ϕ2X,ϕ2Y ) = g(X,Y ).

In this case, the quartet (M4k, g, ϕ1, ϕ2) is called a bi-Hermitian manifold. If ϕ1(x) 6= ϕ2(x)

everywhere on M , a bi-Hermitian structure (g, ϕ1, ϕ2) is called strongly bi-Hermitian. The

real function p is defined by p = − 1
4k trace(ϕ1 ◦ ϕ2) or equivalently ϕ1 ◦ ϕ2 + ϕ2 ◦ ϕ1 = −2pI,

where p is the angle function of a bi-Hermitian structure and where I is the field of identity

endomorphisms.

As is known, an almost Hermitian structure on a manifold M consists of a nondegenerate 2-

form ω, an almost complex structure ϕ and a Riemannian metric g satisfying the compatibility

condition ω(X,Y ) = g(ϕX, Y ). If the 2-form ω is closed, i.e., dω = 0, the triple (g, ϕ, ω) is

called an almost Kählerian structure. Also, the triple (g, ϕ, ω) is called Kählerian structure if

the almost complex structure ϕ is integrable.

We can define bi-Kählerian manifolds by following analogue of Kählerian geometry. Let

(M4k, g, ϕ1, ϕ2) be a bi-Hermitian manifold. For such a structure we define 2-forms ωi setting

ωi(X,Y ) = g(ϕiX,Y ), i = 1, 2. If the 2-forms ωi are closed (dωi = 0), the bi-Hermitian

structure (g, ϕ1, ϕ2) is called bi-Kähler. Such bi-Hermitian structures have been studied by

many authors (see [7, 9, 29, 36]). The bi-Hermitian geometry is known in the physics literature:

Gates et al. showed in [19] that upon imposing N = (2, 2) supersymmetry, the geometry

induced on the target of a 2-dimensional sigma model is precisely this one.

The existence of bi-Kählerian structures on the base manifolds offers the possibility to

construct the Berger type deformed Sasaki metric gBS on the second order tangent bundle

T 2M over a 4k-dimensional bi-Kählerian manifold M in the sense of Yampolsky . In this note,

we define the Berger type deformed Sasaki metric gBS on the second-order tangent bundle T 2M

over a bi-Kählerian manifold (M4k, g, ϕ1, ϕ2) as a natural metric and firstly obtain the Levi-

Civita connection of this metric. Secondly, we calculate all forms of the Riemannian curvature

tensors of this metric and present some results concerning with them. Thirdly, we study the

geodesics and geodesic curvatures of projections to the base of geodesics on the second-order

tangent bundle T 2M and bi-unit second order tangent bundle T 2
1,1M . Finally, we present some

conditions for a section σ :M → T 2M to be harmonic and study the harmonicity of the different

canonical projections and inclusions of (T 2M, gBS). We ends the paper with harmonicity of the

Berger type deformed Sasaki metric gBS and the Sasaki metric gS with respect to each other.
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2 The Berger Type Deformed Sasaki Metric on T
2
M over Bi-Kählerian

Manifolds

2.1 Tangent bundle TM

Let M be an n-dimensional Riemannian manifold with a Riemannian metric g and TM

be its tangent bundle denoted by π : TM → M . A system of local coordinates (U, xi) in M

induces on TM a system of local coordinates (π−1(U), xi, xi = ui), i = n+ i = n + 1, · · · , 2n,
where (ui) is the cartesian coordinates in each tangent space TpM at p ∈ M with respect to

the natural base
{

∂
∂xi |p

}
, p being an arbitrary point in U whose coordinates are (xi).

Given a vector field X = X i ∂
∂xi on M , the vertical lift VX and the horizontal lift HX of X

are given, respectively, with respect to the induced coordinates, by

XV = X i∂i, (2.1)

XH = X i∂i − usΓi
skX

k∂i, (2.2)

where ∂i =
∂

∂xi , ∂i =
∂

∂ui and Γi
sk are the coefficients of the Levi-Civita connection ∇ of g (see

[34]).

In particular, we have the vertical spray V u and the horizontal spray Hu on TM defined by

V u = uiV (∂i) = ui∂i,
Hu = uiH(∂i) = uiδi,

respectively, where δi = ∂i − ujΓs
ji∂s̄.

V u is also called the canonical or Liouville vector field

on TM .

Let f be a smooth function of M to R and X , Y , Z be any vector fields on M . We have

(see [34])

XH(fV ) = X(f),

XV (fV ) = 0,

XH((g(Y, Z))V ) = X(g(Y, Z)),

XV ((g(Y, Z))V ) = 0.

The bracket operations of vertical and horizontal vector fields are given by the formulas (see

[16, 34])






[XH , Y H ] = [X,Y ]H − (R(X,Y )u)V ,

[XH , Y V ] = (∇XY )V ,

[XV , Y V ] = 0

(2.3)

for all X , Y ∈ Γ(TM), where R is the Riemannian curvature tensor of g defined by

R(X,Y ) = [∇X ,∇Y ]−∇[X,Y ].
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Definition 2.1 (see [3, 33]) Let (M2k, g, ϕ) be a (anti-para) Kählerian manifold. On the

tangent bundle TM , a fiber-wise Berger type deformation of the Sasaki metric on TM (called

also (ϕ, δ)-metric) is defined by

(1) gϕ,δ(X
H , Y H) = g(X,Y ) ◦ π,

(2) gϕ,δ(X
H , Y V ) = 0,

(3) gϕ,δ|(x,u)(XV , Y V ) = gx(X,Y ) + δ2gx(X,ϕ(u))gx(Y, ϕ(u)),

where X,Y ∈ Γ(TM), (x, u) ∈ TM, and δ is some constant.

The Berger type deformed Sasaki metric on the tangent bundle over a Kählerian manifold

firstly introduced and studied by Yampolsky [33]. Then, in [3–4], Altunbas and his coauthors de-

fined the Berger type deformed Sasaki metric on the tangent bundle over an anti-paraKählerian

manifold and they studied its curvature properties and some harmonic problems in this setting.

2.2 Whitney tangent fiber bundle TM ⊕ TM

Let π : TM →M be a canonical projection. The Whitney tangent fiber bundle TM ⊕ TM

is defined by

TM ⊕ TM = {(u,w) ∈ TM × TM ; π(u) = π(w)} =
⋃

x∈M

TxM × TxM,

where π is denoted by

π : TM ⊕ TM →M

(u, ω) 7→ π(u, ω) = π(u) = π(ω).

A local chart (U,ϕ) = (U, xi) on M induces a chart (π−1(U), ϕ̃) = (π−1(U), xi, ui) on TM

and (π−1(U), ϕ) = (π−1(U), xi, ui, zi) on TM ⊕ TM such

ϕ(x, u, ω) = (ϕ(x), ϕ̃x(u), ϕ̃x(ω)) = (ϕ(x), u, z).

Let X̃, Ỹ ∈ H(TM) then (X̃, Ỹ ) ∈ H(TM ⊕ TM) if and only if

dπ(X̃) = dπ(Ỹ ).

Relatively to the chart (π−1(U), ϕ) = (π−1(U), xi, ui, zi), the local frame vector fields are

given by

∂

∂xi
=

( ∂

∂xi
,
∂

∂xi

)
,

∂

∂ui
=

( ∂

∂ui
, 0
)
,

∂

∂zi
=

(
0,

∂

∂zi

)
.

For X ∈ Γ(TM) and f ∈ C∞(M), then we have

(XV , 0) = X i ∂

∂ui
, (0, XV ) = X i ∂

∂zi
,
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(XH , XH) = X i ∂

∂xi
− Γk

ijX
iuj

∂

∂uk
− Γk

ijX
izj

∂

∂zk
,

(XV , 0)(f ◦ π) = (0, XV )(f ◦ π) = 0,

(XH , XH)(f ◦ π) = X(f) ◦ π.

Let (M, g) be a Riemannian manifold, ∇ be its Levi-Civita connection and γ1, γ2 : 0 ∈ I ⊂
R →M be a smooth curve. Then we have

[γ1 ∼ γ2] ⇔
[
γ1(0) = γ2(0),

dγ1
dt

(0) =
dγ2
dt

(0) and
d2γ1
dt2

(0) =
d2γ2
dt2

(0)
]
,

j20γ =
{
γ; γ ∼ γ

}
.

The second-order tangent bundle is the natural bundle of 2-jets of differentiable curves,

defined by

T 2M = {j20γ; γ : R0 →M, is a smooth curve at 0 ∈ R}.

The canonical projection P on T 2M is given by

P : T 2M →M,

j20γ 7→ γ(0).

A local chart (U,ϕ) induces a chart (P−1(U), φ) on T 2M given by

φ(j20γ) =
(
ϕ(γ(0)),

dϕ ◦ γ
dt

(0),
d2ϕ ◦ γ
dt2

(0)
)
.

Theorem 2.1 (see [10]) If TM ⊕ TM denotes the Whitney sum, then

S : T 2M → TM ⊕ TM,

j20γ 7→ (γ̇(0), (∇γ̇(0)γ̇)(0))

is a diffeomorphism of natural bundles.

In the induced coordinate, we have

S : (xi, ui, zi) 7→ (xi, ui, zi + ujukΓi
jk). (2.4)

Definition 2.2 (see [12]) Let T 2M be a second-order tangent bundle endowed with the

vectorial structure induced by the diffeomorphism S. For any section σ ∈ Γ(T 2M), we define

two vector fields on M by

Xσ = P1 ◦ S ◦ σ,

Yσ = P2 ◦ S ◦ σ,

where P1 and P2 denote the first and the second projection from TM ⊕ TM onto TM .
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2.3 λ-Lifts on T
2
M

Let (U,ϕ) be a local chart on M , then the diffeomorphism S induces a local chart ((π⊕ ◦
S)−1(U), ϕ ◦ S) on T 2M such as

∂

∂xi
= S−1

∗

( ∂

∂xi
,
∂

∂xi

)
, (2.5)

∂

∂ui
= S−1

∗

( ∂

∂ui
, 0
)
, (2.6)

∂

∂zi
= S−1

∗

(
0,

∂

∂zi

)
, (2.7)

where π⊕ : (u, ω) ∈ TM ⊕ TM 7→ π(u) = π(ω) = x.

Definition 2.3 (see [10]) Let (M, g) be a Riemannian manifold and X ∈ Γ(TM) be a vector

field on M . For λ = 0, 1, 2, the λ-lift of X to T 2M is defined by respectively

X(0) = S−1
∗ (XH , XH),

X(1) = S−1
∗ (XV , 0),

X(2) = S−1
∗ (0, XV ).

From formulae (2.5)–(2.7) and Definition 2.3, we obtain the following lemma.

Lemma 2.1 For any X ∈ H(M) and any smooth function f ∈ C∞(M), we have

X(1) = X i ∂

∂ui
,

X(2) = X i ∂

∂zi
,

X(0) = X i ∂

∂xi
− Γk

ijX
iuj

∂

∂uk
− Γk

ijX
izj

∂

∂zk
,

X(1)(f ◦ π) = X(2)(f ◦ π) = 0,

X(0)(f ◦ π) = X(f) ◦ π.

From Definition 2.3 and (2.3), we obtain the following theorem.

Theorem 2.2 (see [12, 20, 24]) Let (M, g) be a Riemannian manifold. If R denotes the

Riemannian curvature tensor of (M, g), then for all vector fields X,Y ∈ Γ(TM) and p ∈ T 2M

we have

(1) [X(0), Y (0)]p = [X,Y ]
(0)
p − (Rx(X,Y )u)(1) − (Rx(X,Y )w)(2),

(2) [X(0), Y (i)] = (∇XY )(i),

(3) [X(i), Y (j)] = 0,

where (x, u, w) = S(p) and i, j = 1, 2.

Lemma 2.2 Let (M2k, g, ϕ) be a Kählerian manifold. For all x ∈ M , u = ui ∂
∂xi , ω =

ωi ∂
∂xi ∈ TxM and any smooth function f : R → R, we have the followings

(1) X(0)(g(Y, u))p = gx(∇XY, u),



The Second-Order Tangent Bundles over Bi-Kählerian Manifolds 783

(2) X(0)(g(Y, ω))p = gx(∇XY, ω),

(3) X(0)(g(Y, ϕ(u)))p = gx((∇XY ), ϕ(u)),

(4) X(0)(g(Y, ϕ(ω)))p = gx((∇XY ), ϕ(ω)),

(5) X(0)(f(r21))p = X(0)(f(r22))p = 0 = X(0)(g(u, u))p = X(0)(g(ω, ω))p,

(6) X(1)(g(u, u))p = 2gx(X,u),

(7) X(1)(g(ω, ω))p = 0 = X(2)(g(u, u))p,

(8) X(2)(g(ω, ω))p = 2gx(X,ω),

(9) X(1)(g(Y, u))p = gx(X,Y ) = X(2)(g(Y, ω))p,

(10) X(1)(g(Y, ω))p = 0 = X(2)(g(Y, u))p,

(11) X(1)(g(Y, ϕ(u)))p = gx(Y, ϕ(X)) = X(2)(g(Y, ϕ(ω)))p,

(12) X(1)(g(Y, ϕ(ω)))p = 0 = X(2)(g(Y, ϕ(u)))p,

(13) X(1)(f(r21))p = 2f ′(r21)gx(X,u),

(14) X(1)(f(r22))p = 0 = X(2)(f(r21))p,

(15) X(2)(f(r22))p = 2f ′(r22)gx(X,ω),

where p = S−1(x, u, ω), r21 = g(u, u) = |u|2, r22 = g(ω, ω) = |ω|2.

2.4 The Berger type deformed sasaki metric

Definition 2.4 Let (M4k, g, ϕ1, ϕ2) be a bi-Kählerian manifold. We define a Berger type

deformed Sasaki metric gBS on the second order tangent bundle T 2M by

gBS = S−1
∗ (gϕ1,δ ⊕ gϕ2,η). (2.8)

From Definition 2.4, we obtain the following proposition.

Proposition 2.1 Let (M4k, g, ϕ1, ϕ2) be a bi-Kählerian manifold. If p ∈ T 2M , then for all

X,Y ∈ Γ(TM) and i, j ∈ {0, 1, 2} (i 6= j), we obtain

(1) gBS(X
(0), Y (0))p = g(X,Y )x,

(2) gBS(X
(i), Y (j))p = 0,

(3) gBS(X
(1), Y (1))p = g(X,Y ) + δ2g(X,ϕ1(u))g(Y, ϕ1(u))x,

(4) gBS(X
(2), Y (2))p = g(X,Y ) + η2g(X,ϕ2(ω))g(Y, ϕ2(ω))x,

where S(p) = (x, u, w) ∈ TxM ⊕ TxM .

From Lemma 2.2 and Proposition 2.1, standard calculations give the following lemma.

Lemma 2.3 Let (M4k, g, ϕ1, ϕ2) be a bi-Kählerian manifold and T 2M be its second-order

tangent bundle with the Berger type deformed Sasaki metric gBS. Then

X(0)(gBS(Y
(0), Z(0)))p = X(g(Y, Z)),

X(0)(gBS(Y
(1), Z(1)))p = gBS((∇XY )(1), Z(1)) + gBS(Y

(1), (∇XZ)
(1)),

X(0)(gBS(Y
(2), Z(2)))p = gBS((∇XY )(2), Z(2)) + gBS(Y

(2), (∇XZ)
(2)),

X(1)(gBS(Y
(0), Z(0)))p = 0 = X(2)(gBS(Y

(0), Z(0)))p,
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X(1)(gBS(Y
(1), Z(1)))p = δ2g(ϕ1(X), Y )g(Z,ϕ1(u)) + δ2g(Y, ϕ1(u))g(Z,ϕ1(X)),

X(2)(gBS(Y
(2), Z(2)))p = δ2g(ϕ2(X), Y )g(Z,ϕ2(ω)) + δ2g(Y, ϕ2(ω))g(Z,ϕ2(X)),

X(1)(gBS(Y
(2), Z(2)))p = 0 = X(2)(gBS(Y

(1), Z(1)))p

for all X,Y, Z ∈ Γ(TM) and p ∈ T 2M .

Lemma 2.4 Let (M4k, g, ϕ1, ϕ2) be bi-Kählerian manifold and T 2M be its second order

tangent bundle equipped with the Berger type deformed Sasaki metric gBS. Then

g(Z,ϕ1u) =
1

λ
gBS(Z

(1), (ϕ1u)
(1)),

g(Z,ϕ2w) =
1

β
gBS(Z

(2), (ϕ2ω)
(2)),

g(Z,ϕ1X) = gBS

(
(ϕ1X)(1) − δ2

λ
g(X,u)(ϕ1u)

(1), Z(1)
)
,

g(Z,ϕ2X) = gBS

(
(ϕ2X)(2) − η2

β
g(X,ω)(ϕ2ω)

(2), Z(2)
)
,

where λ = 1 + δ2|u|2, β = 1+ η2|ω|2, X,Z are vector fields and u ∈ TM .

Theorem 2.3 Let (M4k, g, ϕ1, ϕ2) be a bi-Kählerian manifold and T 2M be its second order

tangent bundle equipped with the Berger type deformed Sasaki metric gBS. If ∇̃ denote the

Levi-Civita connection of T 2M , then for p ∈ T 2M and X,Y ∈ Γ(TM) we have

(1) (∇̃X(0)Y (0))p = (∇XY )(0) − 1

2
(R(X,Y )u)(1) − 1

2
(R(X,Y )ω)(2),

(2) (∇̃X(0)Y (1))p = (∇XY )(1) +
1

2
[R(u, Y )X + δ2g(Y, ϕ1(u))R(u, ϕ1(u))X ](0),

(3) (∇̃X(0)Y (2))p = (∇XY )(2) +
1

2
[R(ω, Y )X + η2g(Y, ϕ2(ω))R(ω, ϕ2(ω))X ](0),

(4) (∇̃X(1)Y (0))p =
1

2
[R(u,X)Y + δ2g(X,ϕ1(u))R(u, ϕ1(u))Y ](0),

(5) (∇̃X(2)Y (0))p =
1

2
[R(ω,X)Y + η2g(X,ϕ2(ω))R(ω, ϕ2(ω))Y ](0),

(6) (∇̃X(1)Y (1))p = δ2[g(Y, ϕ1(u))ϕ1X + g(X,ϕ1(u))ϕ1Y ](1)

− δ4

λ
[g(X,u)g(Y, ϕ1u) + g(Y, u)g(X,ϕ1u)](ϕ1u)

(1),

(7) (∇̃X(2)Y (2))p = η2[g(Y, ϕ2(ω))ϕ2X + g(X,ϕ2(ω))ϕ1Y ](2),

− η4

β
[g(X,ω)g(Y, ϕ2ω) + g(Y, ω)g(X,ϕ2ω)](ϕ2ω)

(2),

(8) (∇̃X(1)Y (2))p = (∇̃X(2)Y (1))p = 0,

where S(p) = (x, u, w), λ = 1 + δ2|u|2, β = 1 + η2|w|2, ∇ and R denote the Levi-Civita

connection and the Riemannian curvature tensor of (M4k, g), respectively.

Proof Using Proposition 2.1, Lemmas 2.3–2.4 and Koszul formula, we have

2gBS(∇̃X̃
Ỹ , Z̃) = X̃(gBS(Ỹ , Z̃)) + Ỹ (gBS(X̃, Z̃))− Z̃(gBS(X̃, Ỹ ))
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− gBS(X̃, [Ỹ , Z̃]) + gBS(Ỹ , [Z̃, X̃]) + gBS(Z̃, [X̃, Ỹ ]),

then Theorem 2.3 immediately follows.

If we denote the horizontal and vertical projections by H, V1 and V2 respectively, then we

can state the followings (see [3]):

(i) The vertical distribution V 1T 2M is totally geodesic in TT 2M if H∇̃X(1)Y (1) = 0 and

V2∇̃X(1)Y (1) = 0.

(ii) The vertical distribution V 2T 2M is totally geodesic in TT 2M if H∇̃X(2)Y (2) = 0 and

V1∇̃X(2)Y (2) = 0.

(iii)The horizontall distribution HT 2M is totally geodesic in TT 2M if V1∇̃X(0)Y (0) =

V2∇̃X(0)Y (0) = 0.

As an application of the Levi-Civita connection ∇̃, we can state the following result.

Proposition 2.2 Let (M4k, g, ϕ1, ϕ2) be a bi-Kählerian manifold and T 2M be its second

order tangent bundle equipped with the Berger type deformed Sasaki metric gBS. Then

(i) the vertical distributions V 1T 2M and V 2T 2M are totally geodesic in TT 2M ;

(ii) the horizontal distribution HT 2M is totally geodesic in TT 2M if and only the base

manifold M4k is flat.

Proof The results come immediately from (1), (6) and (7) of Theorem 2.3.

3 The Riemannian Curvature Tensors on T
2
M

Let F : TM → TM be a smooth bundle endomorphism of TM . The horizontal and vertical

vector fields F (0), F (1), F (2) are defined respectively on T 2M by

F (0) : TM → T (T 2M),

(x, u) 7→ (Fxu)
(0), (3.1)

F (1) : TM → T (T 2M),

(x, u) 7→ (Fxu)
(1), (3.2)

F (2) : TM → T (T 2M),

(x, ω) 7→ (Fxω)
(2). (3.3)

Locally, we have

F
(0)
(x,u) = ui(F (∂i))

(0),

F
(1)
(x,u) = ui(F (∂i))

(1),

F
(2)
(x,ω) = ωi(F (∂i))

(2). (3.4)

From Lemma 2.1 and formulas (3.4), we get the following proposition.
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Proposition 3.1 Let (M4k, g, ϕ1, ϕ2) be a bi-Kählerian manifold and T 2M be its second

order tangent bundle equipped with the Berger type deformed Sasaki metric gBS and F : TM →
TM be a smooth bundle endomorphism of TM . Then we have the following formulas

(1) ∇̃X(0)F (1)(x, u) = ((∇XF )u)
(1) +

1

2
[R(u, Fu)X + δ2g(Fu, ϕ1u)R(u, ϕ1u)X ](0),

(2) ∇̃X(0)F (2)(x, ω) = ((∇XF )ω)
(2) +

1

2
[R(ω, Fω)X + η2g(Fω, ϕ2ω)R(ω, ϕ2ω)X ](0),

(3) ∇̃X(1)F (1)(x, u) = (FX)(1) + δ2[g(Fu, ϕ1u)ϕ1X + g(X,ϕ1u)ϕ1Fu]
(1)

− δ4

λ
[g(X,u)g(Fu, ϕ1u) + g(Fu, u)g(X,ϕ1u)](ϕ1u)

(1),

(4) ∇̃X(2)F (2)(x, ω) = (FX)(2) + η2[g(Fω, ϕ2ω)ϕ2X + g(X,ϕ2ω)ϕ2Fω]
(2)

− η4

β
[g(X,ω)g(Fω, ϕ2ω) + g(Fω, ω)g(X,ϕ2ω)](ϕ2ω)

(2),

(5) ∇̃X(2)F (1)(x, u) = ∇̃X(1)F (2)(x, ω) = 0.

Using Theorem 2.3, Proposition 3.1 and the second Bianchi identity, we obtain the following

proposition.

Proposition 3.2 Let (M4k, g, ϕ1, ϕ2) be a bi-Kählerian manifold, (T 2M, gBS) be its sec-

ond order tangent bundle equipped with the Berger type deformed Sasaki metric and R̃ be the

curvature tensor of (T 2M, gBS). Then we have the following formulas

(1) R̃(X(0), Y (0))Y (0) = [R(X,Y )Y ](0) +
3δ2

4
g(R(X,Y )u, ϕ1u)[R(u, ϕ1u)Y ](0)

+
3

4
[R(u,R(X,Y )u)Y ](0) +

1

2
[(∇Y R)(X,Y )u](1)

+
3η2

4
g(R(X,Y )ω, ϕ2ω)[R(ω, ϕ2ω)Y ](0)

+
3

4
[R(u,R(X,Y )ω)Y ](0) +

1

2
[(∇Y R)(X,Y )ω](2),

(2) R̃(X(0), Y (1))Y (1) = −δ
2

4
g(Y, ϕ1u)[R(u, ϕ1u)R(u, Y )X +R(u, Y )R(u, ϕ1u)X ](0)

− δ4

4
g(Y, ϕ1u)

2[R(u, ϕ1u)R(u, ϕ1u)X ](0) − 1

4
[R(u, Y )R(u, Y )X ](0),

(3) R̃(X(0), Y (2))Y (2) = −η
2

4
g(Y, ϕ2ω)[R(ω, ϕ2ω)R(ω, Y )X +R(ω, Y )R(ω, ϕ2ω)X ](0)

− η4

4
g(Y, ϕ2ω)

2[R(ω, ϕ2ω)R(ω, ϕ2ω)X ](0) − 1

4
[R(ω, Y )R(ω, Y )X ](0),

(4) R̃(X(1), Y (1))Y (1) = δ4g(Y, ϕ1u)[g(Y, ϕ1u)X
(1) − g(X,ϕ1u)Y

(1)]

+
δ6

λ
g(Y, ϕ1u)[g(X,ϕ1u)g(Y, u)− g(Y, ϕ1u)g(X,u)][u]

(1)

+
[ δ6
λ2
g(Y, u)(g(X,u)g(Y, ϕ1u)− g(Y, u)g(X,ϕ1u))

+
δ4

λ
(g(X,ϕ1u)g(Y, Y )− g(Y, ϕ1u)g(X,Y ))

+ 3
δ4

λ
g(X,ϕ1Y )g(Y, u)

]
[ϕ1u]

(1) − 3δ2g(X,ϕ1Y )[ϕ1Y ](1),
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(5) R̃(X(2), Y (2))Y (2) = η4g(Y, ϕ2ω)[g(Y, ϕ2ω)X
(2) − g(X,ϕ2ω)Y

(2)]

+
η6

β
g(Y, ϕ2ω)[g(X,ϕ2ω)g(Y, ω)− g(Y, ϕ2u)g(X,ω)][ω]

(2)

+
[ η6
β2
g(Y, ω)(g(X,ω)g(Y, ϕ2ω)− g(Y, ω)g(X,ϕ2ω))

+
η4

β
(g(X,ϕ2ω)g(Y, Y )− g(Y, ϕ2ω)g(X,Y ))

+ 3
η4

β
g(X,ϕ2Y )g(Y, ω)

]
[ϕ2ω]

(2) − 3η2g(X,ϕ2Y )[ϕ2Y ](2),

(6) R̃(X(1), Y (2))Y (2) = 0.

Proposition 3.3 Let (M4k, g, ϕ1, ϕ2) be a bi-Kählerian manifold and T 2M be its second

order tangent bundle equipped with the Berger type deformed Sasaki metric gBS and R̃ be the

curvature tensor of (T 2M, gBS). Then we have

(1) gBS(R̃(X
(0), Y (0))Y (0), X0)p = gx(R(X,Y )Y,X)− 3

4
|R(X,Y )u|2 − 3

4
|R(X,Y )ω|2

− 3δ2

4
g(R(X,Y )u, ϕ1u)

2 − 3η2

4
g(R(X,Y )ω, ϕ2ω)

2,

(2) gBS(R̃(X
(0), Y (1))Y (1), X(0))p =

1

4
|R(u, Y )X |2 + δ4

4
g(Y, ϕ1u)

2|R(u, ϕ1u)X |2

+
δ2

2
g(Y, ϕ1u)g(R(u, ϕ1u)X,R(u, Y )X),

(3) gBS(R̃(X
(0), Y (2))Y (2), X(0))p =

1

4
|R(ω, Y )X |2 + η4

4
g(Y, ϕ2ω)

2|R(ω, ϕ2ω)X |2

+
η2

2
g(Y, ϕ2ω)g(R(ω, ϕ2ω)X,R(ω, Y )X),

(4) gBS(R̃(X
(1), Y (1))Y (1), X(1))p = δ4(g(X,ϕ1u)

2 + g(Y, ϕ1u)
2)− 3δ2g(X,ϕ1Y )2

− δ6

λ
(g(X,u)g(Y, ϕ1u)− g(X,ϕ1u)g(Y, u))

2,

(5) gBS(R̃(X
(2), Y (2))Y (2), X(2))p = η4(g(X,ϕ2ω)

2 + g(Y, ϕ2ω)
2)− 3η2g(X,ϕ2Y )2

− η6

β
(g(X,ω)g(Y, ϕ2ω)− g(X,ϕ2ω)g(Y, ω))

2,

(6) gBS(R̃(X
(1), Y (2))Y (2), X(1))p = 0,

where p = S−1(x, u, ω).

Proposition 3.3 implies the following theorem.

Theorem 3.1 Let (M4k, g, ϕ1, ϕ2) be a bi-Kählerian manifold and T 2M be its second order

tangent bundle equipped with the Berger type deformed Sasaki metric gBS and K̃ be the sectional

curvature of (T 2M, gBS). Then we have

(1) K̃p(X
(0), Y (0)) = Kx(X,Y )− 3

4
|R(X,Y )u|2 − 3

4
|R(X,Y )ω|2

− 3δ2

4
g(R(X,Y )u, ϕ1u)

2 − 3η2

4
g(R(X,Y )ω, ϕ2ω)

2,
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(2) K̃p(X
(0), Y (1)) =

1

1 + δ2gx(Y, ϕ1u)2

[δ4
4
g(Y, ϕ1u)

2|R(u, ϕ1u)X |2

+
δ2

2
g(Y, ϕ1u)g(R(u, ϕ1u)X,R(u, Y )X) +

1

4
|R(u, Y )X |2

]
,

(3) K̃p(X
(0), Y (2)) =

1

1 + δ2gx(Y, ϕ2ω)2

[η4
4
g(Y, ϕ2ω)

2|R(ω, ϕ2ω)X |2

+
η2

2
g(Y, ϕ2ω)g(R(ω, ϕ2ω)X,R(ω, Y )X) +

1

4
|R(ω, Y )X |2

]
,

(4) K̃p(X
(1), Y (1)) =

1

1 + δ2(gx(X,ϕ1u)2 + gx(Y, ϕ1u)2)

[
− 3δ2g(X,ϕ1Y )2

+ δ4(g(X,ϕ1u)
2 + g(Y, ϕ1u)

2)

− δ6

λ
(g(X,u)g(Y, ϕ1u)− g(X,ϕ1u)g(Y, u))

2
]
,

(5) K̃p(X
(2), Y (2)) =

1

1 + η2(gx(X,ϕ2ω)2 + gx(Y, ϕ2ω)2)

[
− 3η2g(X,ϕ2Y )2

+ η4(g(X,ϕ2ω)
2 + g(Y, ϕ2ω)

2)

− η6

β
(g(X,ω)g(Y, ϕ2ω)− g(X,ϕ2ω)g(Y, ω))

2
]
,

(6) K̃p(X
(1), Y (2)) = 0,

where p = S−1(x, u, w), X,Y ∈ Γ(TM) are orthonormal vector fields, and K is the sectional

curvature of (M4k, g).

Let m = 4k, p = S−1(x, u, w) ∈ TM such as u,w ∈ TxM\{0} and {Ei}i=1,m (resp.

{Ei}i=1,m) be an orthonormal basis of the vector space TxM , such that E1 = ϕ1u
|u|

(
resp.

E1 = ϕ2w
|w|

)
, then the orthonormal basis {Fi}i=1,3m of Tp(T

2M) is given by





Fi = E
(0)
i ,

Fm+1 =
1√
λ
(E1)

(1),

Fm+j = (Ej)
(1),

F2m+1 =
1√
β
(E1)

(2),

F2m+j = (Ej)
(2)

(3.5)

for i = 1,m and j = 2,m.

From Theorem 3.1, we obtain the following lemma.

Lemma 3.1 Let (M4k, g, ϕ1, ϕ2) be a bi-Kählerian manifold and T 2M be its second order

tangent bundle equipped with the Berger type deformed Sasaki metric gBS, p = S−1(x, u, ω) ∈
T 2M and {Fi}i=1,3m be an orthonormal basis of Tp(T

2M) defined by formula (3.5). Then the

sectional curvature K̃ satisfies the following formulas

K̃p(Fi, Fj) = Kx(Ei, Ej)−
3

4
|R(Ei, Ej)u|2 −

3

4
|R(Ei, Ej)ω|2

− 3δ2

4
g(R(Ei, Ej)u, ϕ1u)

2 − 3η2

4
g(R(Ei, Ej)ω, ϕ2ω)

2,
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K̃p(Fi, Fm+1) =
δ2λ

4(λ− 1)
|R(u, ϕ1u)Ei|2,

K̃p(Fi, Fm+l) =
1

4
|R(u,El)Ei|2,

K̃p(Fm+t, Fm+1) =
δ2(λ− 1)

λ
− δ4(λ2 + λ+ 1)

λ2(λ− 1)
(g(Et, u))

2,

K̃p(Fm+t, Fm+l) = −3δ2g(Et, ϕ1El)
2,

K̃p(Fi, F2m+t) =
1

4
|R(ω,Et)Ei|2,

K̃p(Fi, F2m+1) =
η2β

4(β − 1)
|R(ω, ϕ2ω)Ei|2,

K̃p(Fm+i, F2m+j) = 0,

K̃p(F2m+t, F2m+1) =
η2(β − 1)

β
− η4(β2 + β + 1)

β2(β − 1)
(g(Et, ω))

2,

K̃p(F2m+t, F2m+l) = −3η2g(Et, ϕ2El)
2

for i, j = 1,m and t, l = 2,m, where m = 4k.

Theorem 3.2 Let (M4k, g, ϕ1, ϕ2) be a bi-Kählerian manifold and T 2M be its second order

tangent bundle equipped with the Berger type deformed Sasaki metric gBS. Then the scalar

curvature is given by

σ̃p = σx − 1

4

m∑

i,j=1

|R(Ei, Ej)u|2 +
δ2(3− λ)

4(λ− 1)

m∑

i=1

|R(u, ϕ1u)Ei|2

− δ2

λ
[(m− 4)λ+ 2(m− 1)]− 2δ2(λ2 + λ+ 1)

λ2

+
1

2

m∑

i=1,t=2

|R(ω,Et)Ei|2 −
3

4

m∑

i,j=1

|R(Ei, Ej)ω|2 −
2η2(β2 + β + 1)

β2

+
η2(3− β)

4(β − 1)
|R(ω, ϕ2ω), Ei|2 −

η2

β
[β(m− 4) + 2(m− 1)].

Proof From definition of scalar curvature (see [13]), we have

σ̃p =

3m∑

j=1

R̃icci(Fj , Fj)

=
3m∑

i,j=1

gBS(R̃(Fj , Fi)Fi, Fj)

=

3m∑

i,j=1

K̃(Fi, Fj).

Using Lemma 3.1, Theorem 3.2 immediately follows.

Corollary 3.1 Let (M4k, g, ϕ1, ϕ2) be a bi-Kählerian manifold and (T 2M, ) be its second

order tangent bundle equipped with the Berger type deformed Sasaki metric gBS. If (M4k, g) is
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locally flat, then the scalar curvature is given by

σ̃p = −δ
2

λ
[(m− 4)λ+ 2(m− 1)]− 2δ2(λ2 + λ+ 1)

λ2

− 2η2(β2 + β + 1)

β2
− η2

β
[β(m− 4) + 2(m− 1)],

where m = 4k.

Remark 3.1 In the case where (M4k, g) is locally flat, the scalar curvature σ̃ is negative.

4 Geodesics on T
2
M

Lemma 4.1 (see [35]) Let (M4k, g) be a Riemannian manifold. If X,Y ∈ Γ(TM) are vector

fields and (x, u) ∈ TM such that Xx = u, then we have

dxX(Yx) = Y H
(x,u) + (∇YX)V(x,u).

Lemma 4.2 Let (M4k, g) be a Riemannian manifold. If Z ∈ Γ(TM) and σ ∈ Γ(T 2M),

then we have

dxσ(Zx) = Z(0)
p + (∇ZXσ)

(1)
p + (∇ZYσ)

(2)
p , (4.1)

where p = σ(x).

Proof Using Lemma 4.1, we obtain

dxσ(Z) = dS−1(dXσ(Z), dYσ(Z))S(p)

= dS−1(ZH , ZH)S(p) + dS−1((∇ZXσ)
V , (∇ZYσ)

V )S(p)

= Z(0)
p + (∇ZXσ)

(1)
p + (∇ZYσ)

(2)
p .

Lemma 4.3 Let (M4k, g, ϕ1, ϕ2) be a bi-Kählerian manifold and T 2M be its second order

tangent bundle equipped with the Berger type deformed Sasaki metric gBS, and x : I →M be a

curve on M4k. If C : t ∈ I → C(t) = S−1(x(t), y(t), z(t)) is a curve in T 2M such that y(t), z(t)

are vector fields along x(t)(i.e., y(t), z(t) ∈ Tx(t)M), then

Ċ = ẋ(0) + (∇ẋy)
(1) + (∇ẋz)

(2), (4.2)

where ẋ = dx
dt and Ċ = dC

dt .

Proof If Y, Z ∈ Γ(TM) are vector fields such that Y (x(t)) = y(t) and Z(x(t)) = z(t), then

we have

Ċ(t) = dC(t) = dσ(ẋ(t)),

where σ = S−1((Y, Z)). Using Lemma 4.2 we obtain

Ċ(t) = dσ(x(t)) = ẋ(0) + (∇ẋy)
(1) + (∇ẋz)

(2). (4.3)



The Second-Order Tangent Bundles over Bi-Kählerian Manifolds 791

In the following, we will denote x′ = ẋ, x′′ = ∇ẋẋ, y
′ = ∇ẋy, y

′′ = ∇ẋ∇ẋy, z
′ = ∇ẋz and

z′′ = ∇ẋ∇ẋz.

Theorem 4.1 Let (M4k, g, ϕ1, ϕ2) be a bi-Kählerian manifold and T 2M be its second or-

der tangent bundle equipped with the Berger type deformed Sasaki metric gBS. If C(t) =

S−1(x(t), y(t), z(t)) is a curve on T 2M such that y(t), z(t) are vector fields along x(t), then

∇̃ĊĊ = [x′′ +R(y, y′)x′ + δ2g(y′, ϕ1y)R(y, ϕ1y)x
′

+R(z, z′)x′ + η2g(z′, ϕ2z)R(z, ϕ2z)x
′](0)

+
[
y′′ − 2δ2g(y′, ϕ1y)

[
− ϕ1(y

′) +
δ2

λ
g(y′, y)ϕ1(y)

]](1)

+
[
z′′ − 2η2g(z′, ϕ2z)

[
− ϕ2(z

′) +
η2

β
g(z′, z)ϕ2(z)

]](2)
.

Proof From formula (4.3) and Theorem 2.3, we have

∇̃ĊĊ = ∇̃
[ẋ(0) + (∇ẋy)

(1) + (∇ẋz)
(2)]

[ẋ(0) + (∇ẋy)
(1) + (∇ẋz)

(2)]

= ∇̃
ẋ(0)

ẋ(0) + ∇̃
ẋ(0)

(∇ẋy)
(1) + ∇̃

(∇ẋy)
(1) ẋ

(0) + ∇̃
(∇ẋy)

(1)(∇ẋy)
(1)

+ ∇̃
ẋ(0)

(∇ẋz)
(2) + ∇̃

(∇ẋz)
(2) ẋ

(0) + ∇̃
(∇ẋz)

(2)(∇ẋz)
(2)

= [x′′ +R(y, y′)x′ + δ2g(y′, ϕ1y)R(y, ϕ1y)x
′

+R(z, z′)x′ + η2g(z′, ϕ2z)R(z, ϕ2z)x
′](0)

+
[
y′′ + 2δ2g(y′, ϕ1y)ϕ1(y

′)− 2δ4

λ
g(y′, ϕ1y)g(ϕ1(y

′), ϕ1y)ϕ1(y)
](1)

+
[
z′′ + 2η2g(z′, ϕ2z)ϕ2(z

′)− 2η4

β
g(z′, ϕ2z)g(ϕ2(z

′), ϕ2z)ϕ2(z)
](2)

.

As a direct consequence of the theorem above we get the following theorem.

Theorem 4.2 Let (M4k, g, ϕ1, ϕ2) be a bi-Kählerian manifold and (T 2M, gBS) be its sec-

ond order tangent bundle equipped with the Berger type deformed Sasaki metric. If C(t) =

S−1(x(t), y(t), z(t)) is a curve on T 2M such that y(t), z(t) are vector fields along x(t), then C

is a geodesic if and only if

x′′ = −[R(y, y′) + δ2g(y′, ϕ1y)R(y, ϕ1y)

+R(z, z′) + η2g(z′, ϕ2z)R(z, ϕ2z)]x
′, (4.4)

y′′ = 2δ2g(y′, ϕ1y)
[
− ϕ1(y

′) +
δ2

λ
g(y′, y)ϕ1(y)

]
, (4.5)

z′′ = 2η2g(z′, ϕ2z)
[
− ϕ2(z

′) +
η2

β
g(z′, z)ϕ2(z)

]
. (4.6)

From Theorem 4.2, we obtain the following results.

Theorem 4.3 Let (M4k, g, ϕ1, ϕ2) be a locally flat bi-Kählerian manifold and T 2M be its

second order tangent bundle equipped with the Berger type deformed Sasaki metric gBS. If
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C(t) = S−1(x(t), y(t), z(t)) is a curve on T 2M such that y(t), z(t) are a vector fields along x(t),

then C(t) is a geodesic on T 2M if and only if x(t) is a geodesic on (M4k, g, ϕ1, ϕ2) and

y′′ = 2δ2g(y′, ϕ1y)
[
− ϕ1(y

′) +
δ2

λ
g(y′, y)ϕ1(y)

]
,

z′′ = 2η2g(z′, ϕ2z)
[
− ϕ2(z

′) +
η2

β
g(z′, z)ϕ2(z)

]
.

Corollary 4.1 Let (M4k, g, ϕ1, ϕ2) be a locally flat bi-Kählerian manifold and T 2M be its

second order tangent bundle equipped with the Berger type deformed Sasaki metric gBS. If

C(t) = S−1(x(t), y(t), z(t)) is a horizontal lift of the curve x(t)(i.e., y′ = z′ = 0), then C(t) is

a geodesic on T 2M if and only if x(t) is a geodesic on (M4k, g, ϕ1, ϕ2).

Corollary 4.2 Let (M4k, g, ϕ1, ϕ2) be a locally flat bi-Kählerian manifold and T 2M be its

second order tangent bundle equipped with the Berger type deformed Sasaki metric gBS. The

natural lift C(t) = S−1(x(t), ẋ(t), ẋ(t)) of any geodesic x(t) is a geodesic on T 2M .

Theorem 4.4 Let (M4k, g, ϕ1, ϕ2) be a locally symmetric bi-Kählerian manifold and T 2M

be its second order tangent bundle equipped with the Berger type deformed Sasaki metric gBS. If

C(t) = S−1(x(t), y(t), z(t)) is a curve on T 2M such that y(t), z(t) are vector fields along x(t),

then R1(y, y
′) and R2(z, z

′) are parallel along x(t) and we have the following formulae

x(p+1) = −[R1(y, y
′) + (R2(z, z

′)]x(p), ∀ p ≥ 1, (4.7)

|x(p)| = const., ∀ p ≥ 1, (4.8)

where

R1(y, y
′) = R(y, y′) + δ2g(y′, ϕ1y)R(y, ϕ1y), (4.9)

R2(z, z
′) = R(z, z′) + η2g(z′, ϕ2z)R(z, ϕ2z). (4.10)

Proof Standard calculations give

R′
1(y, y

′)

= ∇ẋ[R(y, y
′) + δ2g(y′, ϕ1(y))R(y, ϕ1(y))]

= R(y′, y′) +R(y, y′′) + δ2g(y′′, ϕ1(y))R(y, ϕ1(y)) + δ2g(y′, ϕ1(y
′))R(y, ϕ1(y))

+ δ2g(y′, ϕ1(y))R(y
′, ϕ1(y)) + δ2g(y′, ϕ1(y))R(y, ϕ1(y

′))

= R(y, y′′) + δ2g(y′′, ϕ1(y))R(y, ϕ1(y)) + δ2g(y′, ϕ1(y))R(y
′, ϕ1(y))

+ δ2g(y′, ϕ1(y))R(y, ϕ1(y
′))

= R(y, y′′) + δ2g(y′′, ϕ1(y))R(y, ϕ1(y)) + 2δ2g(y′, ϕ1(y))R(y, ϕ1(y
′))

= −2δ2g(y′, ϕ1(y))R(y, ϕ1(y
′) +

2δ4

λ
g(y′, ϕ1(y))g(ϕ1(y

′), ϕ1(y))R(y, ϕ1(y))

+ δ2g(y′′, ϕ1(y))R(y, ϕ1(y)) + 2δ2g(y′, ϕ1(y))R(y, ϕ1(y
′))

=
2δ4

λ
g(y′, ϕ1(y))g(ϕ1(y

′), ϕ1(y))R(y, ϕ1(y)) + δ2g(y′′, ϕ1(y))R(y, ϕ1(y))
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=
2δ4

λ
g(y′, ϕ1(y))g(ϕ1(y

′, ϕ1(y))R(y, ϕ1(y))− 2δ4g(y′, ϕ1(y))g(ϕ1(y
′), ϕ1(y))R(y, ϕ1(y))

+
2δ6

λ
g(y′, ϕ1(y))g(ϕ1(y

′), ϕ1(y))g(ϕ1(y), ϕ1(y))R(y, ϕ1(y))

=
[2δ4
λ

− 2δ4 +
2δ6

λ
g(ϕ1(y), ϕ1(y))

]
g(y′, ϕ1(y))g(ϕ1(y

′), ϕ1(y))R(y, ϕ1(y))

=
2δ4

λ
[1− λ+ δ2|ϕ1(y)|2]g(y′, ϕ1(y))g(ϕ1(y

′), ϕ1(y))R(y, ϕ1(y))

= 0.

In the same way, we have R′
2(z, z

′) = 0. Using (4.4), we obtain

x(3) = −[R′
1(y, y

′′) +R′
2(z, z

′′)]x′ − [R1(y, y
′) +R2(z, z

′)]x(2)

= −[R1(y, y
′) +R2(z, z

′)]x(2).

By induction on p the formula (4.7) follows.

On the other hand, we have

(g(x(p), x(p)))′ = 2g(x(p+1), x(p))

= −2g(R1(y, y
′)x(p), x(p))− 2g(R2(z, z

′)x(p), x(p))

= 0.

5 Geodesics of the Hypersurface T
2

1,1
M

Let T 2
1,1M be the hypersurface in T 2M defined by

T 2
1,1M = {p = S−1(x, u, w) ∈ T 2M, (|u|, |w|) = (1, 1)}. (5.1)

The unit normal vector fields to T 2
1,1M are given by

U : T 2M → T (T 2M),

p = S−1(x, u, ω) 7→ Up = (u)(1), (5.2)

W : T 2M → T (T 2M),

p = S−1(x, u, ω) 7→ Wp = (ω)(2). (5.3)

Indeed, for p = S−1(x, u, ω) ∈ T 2
1,1M , we have

gBS(U ,U)p = g(u, u) + δ2g(ϕ1(u), u)
2 = g(u, u) = 1,

gBS(W ,W)p = g(ω, ω) + η2g(ϕ2(ω), ω)
2 = g(ω, ω) = 1,

gBS(U ,W)p = 0.

On the other hand, if we set

F1 : T 2M → R,
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p = S−1(x, u, ω) 7→ g(u, u),

F2 : T 2M → R,

p = S−1(x, u, ω) 7→ g(ω, ω),

F : T 2M → R2,

p 7→ (F1(p), F2(p)),

then the hypersurface T 2
1,1M is given by

T 2
1,1M = {p = S−1(x, u, ω) ∈ T 2M, (F1(p), F2(p)) = (1, 1)},

where gradgBS
(F1) and gradgBS

(F2) are vector fields normal to T 2
1,1M . From Lemma 2.2, for

any vector field X on M , we get

gBS(X
(0), gradgBS

(F )) = X(0)(F ) = X(0)(g(u, u))

= 0 = gBS(X
(0),U),

gBS(X
(2), gradgBS

(F )) = X(2)(F ) = X(2)(g(u, u))

= 0 = 2gBS(X
(2),U),

gBS(X
(1), gradgBS

(F )) = X(1)(F ) = X(1)(g(u, u))

= 2g(X,u) = 2gBS(X
(1),U).

So, U = 1
2gradgBS

(F1). By the same way, we obtain W = 1
2gradgBS

(F2), therefore U and W are

vector fields orthonormal to T 2
1,1M and the second fundamental form is given by

B(X̃, Ỹ ) = gBS(∇̃X̃
Ỹ ,U)U + gBS(∇̃X̃

Ỹ ,W)W (5.4)

for all X̃, Ỹ ∈ H(T 2
1,1M).

Lemma 5.1 Let (M4k, g, ϕ1, ϕ2) be a bi-Kählerian manifold and T 2M be its second or-

der tangent bundle equipped with the Berger type deformed Sasaki metric gBS, and C(t) =

S−1(x(t), y(t), z(t)) be a curve on T 2
1,1M such that y(t) is a vector field along x(t). Then, we

have

(1) g(y, y) = 1 = g(z, z),

(2) g(y′, y) = 0 = g(z′, z),

(3) g(y′′, y) = −|y′|2 = −g(y′, y′),
(4) g(z′′, z) = −|z′|2 = −g(z′, z′).

As T 2
1,1M is a hypersurface in T 2M , the curve on T 2

1,1M is a geodesic if and only if its

second covariant derivative in T 2M is collinear to the unit normal vectors (y)(1) and (z)(2).

From Theorem 4.1, formula (5.1) and Lemma 5.1, we obtain the following lemma.

Lemma 5.2 Let (M4k, g, ϕ1, ϕ2) be a bi-Kählerian manifold and T 2M be its second or-

der tangent bundle equipped with the Berger type deformed Sasaki metric gBS and C(t) =
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S−1(x(t), y(t), z(t)) be a curve on T 2
1,1M such that y(t) and z(t) are vector fields along x(t).

Then, C is a geodesic on T1,1M if and only if

x′′ = −[R(y, y′) + δ2g(y′, ϕ1y)R(y, ϕ1y)

+R(z, z′) + η2g(z′, ϕ2z)R(z, ϕ2z)]x
′, (5.5)

y′′ = −2δ2g(y′, ϕ1y)ϕ1(y
′) + ρ1 y, (5.6)

z′′ = −2η2g(z′, ϕ2z)ϕ1(z
′) + ρ2 z, (5.7)

where ρ1, ρ2 are any function.

Lemma 5.3 Let (M4k, g, ϕ1, ϕ2) be a bi-Kählerian manifold and T 2M be its second or-

der tangent bundle equipped with the Berger type deformed Sasaki metric gBS, and C(t) =

S−1(x(t), y(t), z(t)) be a curve on T 2
1,1M such that y(t) and z(t) are vector fields along x(t). If

we put c1 = |y′|, µ1 = g(y′, ϕ1y), c2 = |z′|, µ2 = g(z′, ϕ1z), then we have

ρ1 = −c21 − 2δ2µ2
1, (5.8)

ρ2 = −c22 − 2η2µ2
2, (5.9)

c′1 = 0 = c′2, (5.10)

µ′
1 = 0 = µ′

2. (5.11)

Proof From formula (5.6), we obtain

y′′ = ρ1 y − 2δ2µ1 ϕ1(y
′),

g(y′′, y) = −2δ2µ1 g(ϕ1(y
′), y) + ρ1 g(y, y)

−|y′|2 = −2δ2µ1 g(ϕ1(y
′), y) + ρ1

= 2δ2µ1 g(y
′, ϕ1(y)) + ρ1

= 2δ2µ2
1 + ρ1,

1

2
(c21)

′ = g(y′′, y′)

= ρ1 g(y, y
′)− 2δ2µ1 g(ϕ1(y

′), y′)

= ρ1 g(y, y
′)

= 0, (from Lemma 5.1 (2))

µ′
1 = g(y′′, ϕ1(y)) + g(y′, ϕ1(y

′))

= g(y′′, ϕ1(y)) + ρ1 g(y, ϕ1(y))− 2δ2µ1 g(y
′, y)

= 0.

By the same way, we obtain the other formulae.

Using Lemmas 5.2–5.3, we obtain the following theorem.

Theorem 5.1 Let (M4k, g, ϕ1, ϕ2) be a bi-Kählerian manifold and T 2M be its second or-

der tangent bundle equipped with the Berger type deformed Sasaki metric gBS, and C(t) =
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S−1(x(t), y(t), z(t)) be a curve on T 2
1,1M such that y(t) and z(t) are vector fields along x(t).

If we put c1 = |y′|, µ1 = g(y′, ϕ1y), c2 = |z′|, µ2 = g(z′, ϕ1z), then the curve C(t) =

S−1(x(t), y(t), z(t)) is a geodesic on T 2
1,1M if and only if

c1 = const., µ1 = const. and ρ1 = −c21 − 2δ2µ2
1 = const., (5.12)

c2 = const., µ2 = const. and ρ2 = −c22 − 2η2µ2
2 = const., (5.13)

x′′ = −[R(y, y′) + δ2µ1R(y, ϕ1y)

+R(z, z′) + η2g(z′, ϕ2z)R(z, ϕ2z)]x
′, (5.14)

y′′ = −c21y − 2δ2µ1[µ1 y + ϕ1(y
′)], (5.15)

z′′ = −c22z − 2η2µ2[µ2 z + ϕ2(z
′)]. (5.16)

Theorem 5.2 Let (M4k, g, ϕ1, ϕ2) be a locally symmetric bi-Kählerian manifold and T 2M

be its second order tangent bundle equipped with the Berger type deformed Sasaki metric gBS,

and C(t) = S−1(x(t), y(t), z(t)) be a geodesic on T 2
1,1M such that y(t) and z(t) are vector fields

along x(t). Then

R1(y, y
′) = R(y, y′) + δ2µ1R(y, ϕ1(y)),

R2(z, z
′) = R(z, z′) + η2µ2R(z, ϕ2(z))

are parallel along x(t) for the case of T 2
1,1M .

Proof Using Theorem 5.1 and formula (5.15), we get

R′
1(y, y

′) = ∇ẋR1(y, y
′)

= (∇ẋR)(y, y
′) +R(y′, y′) +R(y, y′′) + δ2µ1R(y

′, ϕ1(y)) + δ2µ1R(y, ϕ1(y
′))

= R(y, y′′) + δ2µ1R(y
′, ϕ1(y)) + δ2µ1R(y, ϕ1(y

′))

= R(y, y′′)− δ2µ1R(ϕ1(y
′), y) + δ2µ1R(y, ϕ1(y

′))

= R(y, y′′) + 2δ2µ1R(y, ϕ1(y
′))

= R(y,−c21y − 2δ2µ2
1 y)− 2δ2µ1R(y, ϕ1(y

′) + 2δ2µ1R(y, ϕ1(y
′))

= −(c21 + 2δ2µ2
1)R(y, y))

= 0.

By the same way, we obtain the other formula.

From Theorems 5.1–5.2, we obtain the following theorem.

Theorem 5.3 Let (M4k, g, ϕ1, ϕ2) be a locally symmetric bi-Kählerian manifold and T 2M

be its second order tangent bundle equipped with the Berger type deformed Sasaki metric gBS.

If C(t) = S−1(x(t), y(t), z(t)) is a geodesic on T 2
1,1M such that y(t), z(t) are vector fields along

x(t), then we have

x(p+1) = −[R1(y, y
′) +R2(z, z

′)]x(p), ∀ p ≥ 1, (5.17)
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|x(p)| = const., ∀ p ≥ 1, (5.18)

where

R1(y, y
′) = R(y, y′) + δ2µ1R(y, ϕ1(y)),

R2(z, z
′) = R(z, z′) + η2µ2R(z, ϕ2(z)).

Theorem 5.4 Let (M4k, g, ϕ1, ϕ2) be a locally symmetric bi-Kählerian manifold and T 2M

be its second order tangent bundle equipped with the Berger type deformed Sasaki metric gBS,

and C(t) = S−1(x(t), y(t), z(t)) be a geodesic on T 2
1,1M such that y(t), z(t) are vector fields

along x(t), then all geodesic curvatures of γ = x(t) are constants.

Proof Denote by s an arc length parameter on x(t). Then x′t = x′s
ds
dt . Since C is a geodesic,

‖Ċ‖ = ‖ d
dtC‖ = K = const. and

K2 = ‖Ċ‖2 =
∣∣∣
ds

dt

∣∣∣
2

+ |y′|2 + δ2g(y′, ϕ1(y))
2 + |z′|2 + δ2g(z′, ϕ2(z))

2

=
∣∣∣
ds

dt

∣∣∣
2

+ c21 + δ2µ2
1 + c22 + η2µ2

2.

Hence
∣∣∣
ds

dt

∣∣∣ =
√
K2 − (c21 + δ2µ2

1 + c22 + η2µ2
2) = β = const., (5.19)

where β2 = K2 − (c21 + δ2µ2
1 + c22 + η2µ2

2) = const.

Denote by ν1, · · · , ν2n−1 the Frenet frame along γ and by k1, · · · , k2n−1 the geodesic curva-

tures of γ. From (5.19), we obtain

x′ = βν1,

x′′ = β2k1ν2,

x(3) = β3k1(−k1ν1 + k2ν3),

...

Using (5.18) we deduce k1 = const., k2 = const., · · · , k2n−1 = const., which completes the

proof.

6 Harmonicity

Let φ : (Mm, g) → (Nn, h) be a smooth map between two Riemannian manifolds. Then the

second fundamental form of φ is defined by

Bφ(X,Y ) = (∇dφ)(X,Y ) = ∇φ
Xdφ(Y )− dφ(∇XY ). (6.1)

Here ∇ is the Levi-Civita connection on M , ∇φ is the pull-back connection on the pull-back

bundle φ−1TN , and

τ(φ) = traceg∇dφ = tracegBφ (6.2)
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is the tension field of φ. A map φ is called to be harmonic if and only if τ(φ) = 0.

If ψ : (Nn, g) → (N
n
, h) is a smooth map between two Riemannian manifolds, then we have

τ(ψ ◦ φ) = dψ(τ(φ)) + traceg∇dψ(dφ, dφ). (6.3)

One can refer to [1, 4, 8, 11, 17–18, 21, 23, 26–27] for background on harmonic maps.

6.1 Harmonicity of section

Lemma 6.1 Let (M4k, g, ϕ1, ϕ2) be a locally symmetric bi-Kählerian manifold and T 2M be

its second order tangent bundle equipped with the Berger type deformed Sasaki metric gBS. If

σ ∈ Γ(T 2M), then the energy density associated to σ is given by

e(σ) =
m

2
+

1

2
tracegg(∇Xσ,∇Xσ) +

δ2

2
tracegg(∇Xσ, ϕ1(Xσ))

2

+
1

2
tracegg(∇Yσ,∇Yσ) +

η2

2
tracegg(∇Yσ, ϕ2(Yσ))

2,

where m = 4k.

Proof Let p = σ(x) = S−1(x, u, w) ∈ T 2M and (e1, · · · , em) be a local orthonormal frame

on M4k at x, then

2e(σ)p =

m∑

i=1

gBS(dσ(ei), dσ(ei)).

Using formula (4.1), we obtain

2e(σ)p =
m∑

i=1

gBS(e
(0)
i , e

(0)
i ) +

m∑

i=1

gBS((∇eiXσ)
(1), (∇eiXσ)

(1))

+

m∑

i=1

gBS((∇eiYσ)
(2), (∇eiYσ)

(2)),

from which using Proposition 2.1, we deduce

2e(σ) = m+ tracegg(∇Xσ,∇Xσ) + δ2tracegg(∇Xσ, ϕ1(Xσ))
2

+ tracegg(∇Yσ,∇Yσ) + η2tracegg(∇Yσ, ϕ2(Yσ))
2.

Theorem 6.1 Let (M4k, g, ϕ1, ϕ2) be a locally symmetric bi-Kählerian manifold and T 2M

be its second order tangent bundle equipped with the Berger type deformed Sasaki metric gBS.

Then the tension field associated with σ ∈ Γ(T 2M) is given by

τ(σ)p = traceg[R(Xσ,∇∗Xσ) ∗+δ2g(∇∗Xσ, ϕ1(Xσ))R(Xσ, ϕ1(Xσ))∗](0)

+ traceg[R(Yσ,∇∗Yσ) ∗+η2g(∇∗Yσ, ϕ2(Yσ))R(Yσ, ϕ2(Yσ))∗](0)

+ traceg[∇2
∗Xσ + 2δ2g(∇∗Xσ, ϕ1(Xσ))ϕ1(∇∗Xσ)]

(1)
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− traceg

[2δ4
λ
g(∇∗Xσ, Xσ)g(∇∗Xσ, ϕ1(Xσ))ϕ1(Xσ)

](1)

+ traceg[∇2
∗Yσ + 2η2g(∇∗Yσ, ϕ2(Yσ))ϕ2(∇∗Yσ)]

(2)

− traceg

[2η4
β
g(∇∗Yσ, Yσ)g(∇∗Yσ, ϕ2(Yσ))ϕ2(Yσ)

](2)
,

where S(p) = (x, u, ω) = (Xσ(x), Yσ(x)).

Proof Let x ∈ M4k and {ei}ni=1 be a local orthonormal frame on TxM , then by summing

over i, we have

τ(σ) = ∇̃dσ(ei)dσ(ei)− dσ(∇eiei)

= ∇̃
e
(0)
i

+(∇ei
Xσ)(1)+(∇ei

Yσ)(2)
(e

(0)
i + (∇eiXσ)

(1) + (∇eiYσ)
(2))

− (∇eiei)
(0) − (∇∇ei

eiXσ)
(1) − (∇∇ei

eiYσ)
(2)

= ∇̃
e
(0)
i

e
(0)
i + ∇̃

e
(0)
i

(∇eiXσ)
(1) + ∇̃

e
(0)
i

(∇eiYσ)
(2) + ∇̃(∇ei

Xσ)1e
(0)
i

+ ∇̃(∇ei
Yσ)(2)e

(0)
i + ∇̃(∇ei

Xσ)(1)(∇eiXσ)
(1) + ∇̃(∇ei

Yσ)(2)(∇eiYσ)
(2)

− (∇eiei)
(0) − (∇∇ei

eiXσ)
(1) − (∇∇ei

eiYσ)
(2)

= (∇ei∇eiXσ)
(1) + (∇ei∇eiYσ)

(2) + [R(Xσ,∇eiXσ)ei +R(Yσ,∇eiYσ)ei]
(0)

+ [δ2g(∇eiXσ, ϕ1(Xσ))R(Xσ, ϕ1(Xσ))ei + η2g(∇eiYσ, ϕ2(Yσ))R(Yσ, ϕ2(Yσ))ei]
(0)

+
[
2δ2g(∇eiXσ, ϕ1(Xσ))ϕ1(∇eiXσ)−

2δ4

λ
g(∇eiXσ, Xσ)g(∇eiXσ, ϕ1(Xσ))ϕ1(Xσ)

](1)

+
[
2η2g(∇eiYσ, ϕ2(Yσ))ϕ2(∇eiYσ)−

2η4

β
g(∇eiYσ, Yσ)g(∇eiYσ, ϕ2(Yσ))ϕ2(Yσ)

](2)

− (∇∇ei
eiXσ)

(1) − (∇∇ei
eiYσ)

(2).

Theorem 6.2 Let (M4k, g, ϕ1, ϕ2) be a locally symmetric bi-Kählerian manifold and T 2M

be its second order tangent bundle equipped with the Berger type deformed Sasaki metric gBS.

A section σ : M4k → T 2M is harmonic if and only if the following conditions are verified

traceg[R(Xσ,∇∗Xσ) ∗+δ2g(∇∗Xσ, ϕ1(Xσ))R(Xσ, ϕ1(Xσ))∗]

= −traceg[R(Yσ,∇∗Yσ) ∗+η2g(∇∗Yσ, ϕ2(Yσ))R(Yσ, ϕ2(Yσ))∗],

traceg[∇2
∗Xσ + 2δ2g(∇∗Xσ, ϕ1(Xσ))ϕ1(∇∗Xσ)]

= traceg

[2δ4
λ
g(∇∗Xσ, Xσ)g(∇∗Xσ, ϕ1(Xσ))ϕ1(Xσ)

]
,

traceg[∇2
∗Yσ + 2η2g(∇∗Yσ, ϕ2(Yσ))ϕ2(∇∗Yσ)]

= traceg

[2η4
β
g(∇∗Yσ, Yσ)g(∇∗Yσ, ϕ2(Yσ))ϕ2(Yσ)

]
.

Corollary 6.1 Let (M4k, g, ϕ1, ϕ2) be a locally symmetric bi-Kählerian manifold and T 2M

be its second order tangent bundle equipped with the Berger type deformed Sasaki metric gBS.

If σ : M4k → T 2M is a section such that Xσ and Yσ are parallel (i.e.,∇Xσ = ∇Yσ = 0), then

σ is harmonic.
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Theorem 6.3 Let (M4k, g, ϕ1, ϕ2) be a locally symmetric bi-Kählerian manifold and T 2M

be its second order tangent bundle equipped with the Berger type deformed Sasaki metric gBS.

If M4k is a compact manifold, then σ : M4k → T 2M is a harmonic section if and only if Xσ

and Yσ are parallel.

Proof If σ is parallel, from Corollary 6.1, we deduce that σ is harmonic or vice versa. Let

σt be a compactly supported variation of σ defined by σt = (1+ t)σ. From Lemma 6.1 we have

e(σt) =
m

2
+

(t+ 1)2

2
[tracegg(∇Xσ,∇Xσ) + δ2tracegg(∇Xσ, ϕ1(Xσ))

2

+ tracegg(∇Yσ,∇Yσ) + η2tracegg(∇Yσ, ϕ2(Yσ))
2].

If σ is a critical point of the energy functional, we have

0 =
d

dt

∫

M

e(σt)dvg |t=0

=

∫

M

[tracegg(∇Xσ,∇Xσ) + δ2tracegg(∇Xσ, ϕ1(Xσ))
2

+ tracegg(∇Yσ,∇Yσ) + η2tracegg(∇Yσ, ϕ2(Yσ))
2]dvg.

So

g(∇Xσ,∇Xσ) = g(∇Yσ,∇Yσ) = 0.

Theorem 6.4 Let (M4k, g, ϕ1, ϕ2) be a locally symmetric bi-Kählerian manifold and T 2M

be its second order tangent bundle equipped with the Berger type deformed Sasaki metric gBS.

σ : (M4k, g, ϕ1, ϕ2) → (T 2M, gBS) is an isometric immersion if and only if ∇Xσ = 0 = ∇Yσ.

Proof Let X,Y be vector fields. From Lemma 4.2 we have

gBS(dσ(X), dσ(Y ))

= gBS(X
(0) + (∇XXσ)

(1) + (∇XYσ)
(2), Y (0) + (∇YXσ)

(1) + (∇Y Yσ)
(2))

= g(X,Y ) + g(∇XXσ,∇YXσ) + δ2g(∇XXσ, ϕ1Xσ)g(∇YXσ, ϕ1Xσ)

+ g(∇XYσ,∇Y Yσ) + η2g(∇XYσ, ϕ2Yσ)g(∇Y Yσ, ϕ2Yσ),

from which it follows that

gBS(dσ(X), dσ(Y )) = g(X,Y ).

Therefore, σ is an isometric immersion if and only if

0 = g(∇XXσ,∇YXσ) + δ2g(∇XXσ, ϕ1Xσ)g(∇YXσ, ϕ1Xσ)

+ g(∇XYσ,∇Y Yσ) + η2g(∇XYσ, ϕ2Yσ)g(∇Y Yσ, ϕ2Yσ),

which is equivalent to ∇Xσ = 0 and ∇Yσ = 0.

As a direct consequence of Theorems 6.3–6.4 , we obtain the following theorem.
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Theorem 6.5 Let (M4k, g, ϕ1, ϕ2) be a locally symmetric bi-Kählerian manifold and T 2M

be its second order tangent bundle equipped with the Berger type deformed Sasaki metric gBS.

If σ : (M4k, g, ϕ1, ϕ2) → (T 2M, gBS) is an isometric immersion, then σ is totally geodesic.

Furthermore, σ is harmonic.

6.2 Harmonicity conditions of inclusion

Theorem 6.6 Let (M4k, g, ϕ1, ϕ2) be a bi-Kählerian manifold and T 2M be its second order

tangent bundle equipped with the Berger type deformed Sasaki metric gBS. If gS denotes the

Sasaki metric on TM , then the inclusion

I2 : (TM, gS) → (T 2M, gBS),

(x, u) 7→ S−1((x, u, u))

is a non-harmonic map and its tension field is given by

τ(I2)(x,u) = −2δ2(u)(1) − 2η2(u)(2).

Proof Let X ∈ H(M4k), then we have

dI2(X
H) = dS−1(XH , XH) = X(0),

dI2(X
V ) = dS−1(XV , XV ) = X(1) +X(2).

Let x ∈ M4k, {ei}mi=1 be a local orthonormal frame on M4k and ∇ be the Levi-Civita

connection associate with the Sasaki metric gS. We have

BI2(e
H
i , e

H
i ) = ∇̃dI2(eHi )dI2(e

H
i )− dI2(∇eH

i

eHi ) = ∇̃e0
i

e0i − (∇eiei)
0 = 0,

BI2(e
V
i , e

V
i ) = ∇̃dI2(eVi )dI2(e

V
i )− dI2(∇eV

i

eVi )

= ∇̃e1
i
+e2

i

(e1i + e2i ) = ∇̃e1
i

(e1i ) + ∇̃e2
i

(e2i )

= 2δ2
[
g(ei, ϕ1(u))ϕ1ei −

δ2

λ
g(ei, u)g(ei, ϕ1u)ϕ1u

](1)

+ 2η2
[
g(ei, ϕ2(u))ϕ2ei −

η2

β
g(ei, u)g(ei, ϕ2u)ϕ2u

](2)

= 2δ2[g(ei, ϕ1(u))ϕ1ei]
(1) + 2η2[g(ei, ϕ2(u))ϕ2ei]

(2).

6.3 Harmonicity conditions of projections

Let (E1, · · · , Em) be the orthonormal vector fields on M4k. The matrix of Berger type de-

formed Sasaki metric gBS on T
2M with respect to (E

(0)
1 , · · · , E(0)

m , E
(1)
1 , · · · , E(1)

m , E
(2)
1 , · · · , E(2)

m )

is as follows

GBS =




δij 0 0
0 aij 0
0 0 bij



 , (6.4)
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G−1
BS =



δij 0 0
0 aij 0
0 0 bij


 , (6.5)

where a = (δij + δ2(ϕ1u)
i(ϕ1u)

j)i,j≤4k and b = (δij + δ2(ϕ2w)i(ϕ2w)j)i,j≤4k.

Using formula (6.1) and Theorem 2.3, we obtain the following lemma.

Lemma 6.2 Let (M4k, g, ϕ1, ϕ2) be a bi-Kählerian manifold and T 2M be its second order

tangent bundle equipped with the Berger type deformed Sasaki metric gBS. If π : (T 2M, gBS) →
(M4k, g) denotes the canonical projection, then we have

Bπ(E
0
i , E

0
j )p = Bπ(E

1
j , E

1
i ) = Bπ(E

2
j , E

2
i ) = 0,

Bπ(E
0
i , E

1
j )p = −1

2
[Rx(u,Ej)Ei + δ2g(Ej , ϕ1u)R(u, ϕ1u)Ei],

Bπ(E
0
i , E

2
j )p = −1

2
[Rx(w,Ej)Ei,+η

2g(Ej , ϕ2w)R(w,ϕ2w)Ei],

Bπ(E
1
i , E

2
j )p = 0.

Theorem 6.7 Let (M4k, g, ϕ1, ϕ2) be a bi-Kählerian manifold and T 2M be its second order

tangent bundle equipped with the Berger type deformed Sasaki metric gBS. If ∇ is locally flat,

then the canonical projection π : (T 2M, gBS) → (M4k, g, ϕ1, ϕ2) is totally geodesic. Moreover,

π is a harmonic map.

Using formula (6.1) and Theorem 2.3, we obtain the following lemma.

Lemma 6.3 Let (M4k, g, ϕ1, ϕ2) be a bi-Kählerian manifold and T 2M be its second order

tangent bundle equipped with the Berger type deformed Sasaki metric gBS, and (TM, gS) be its

tangent bundle equipped with the Sasaki metric gS. If π denotes the canonical projection, given

by

π : (T 2M,GBS) → (TM, gS),

p = S−1(x, u, ω) 7→ (x, u),

then we have

π∗(X
0) = XH , π∗(X

1) = XV , π∗(X
2) = 0,

Bπ(E
0
i , E

0
j )p = −1

2
[R(Ei, Ej)u]

V ,

Bπ(E
0
i , E

1
j )p = −1

2
[R(u,Ej)Ei + δ2g(Ej , ϕ1u)R(u, ϕ1u)Ei]

H ,

Bπ(E
0
i , E

2
j )p = −1

2
[R(ω,Ej)Ei + η2g(Ej , ϕ2ω)R(w,ϕ2ω)Ei]

H ,

Bπ(E
1
i , E

1
j )p = 0 = Bπ(E

2
i , E

2
j )p = Bπ(E

1
i , E

2
j )p,

where (E1, · · · , Em) is a local orthonormal frame on M4k.

From Lemma 6.2, we have the following theorem.
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Theorem 6.8 Let (M4k, g, ϕ1, ϕ2) be a bi-Kä hlerian manifold and (T 2M, gBS) be its second

order tangent bundle equipped with the Berger type deformed Sasaki metric gBS. The canonical

projection π : (T 2M,GBS) → (TM, gS) is totally geodesic if and only if ∇ is locally flat.

Moreover, π is a harmonic map.
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