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Exact Convergence Rate of the Local Limit Theorem for a
Branching Random Walk in Z¢ with a Random
Environment in Time*
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Abstract Consider a branching random walk with a random environment in time in
the d-dimensional integer lattice. The branching mechanism is governed by a supercritical
branching process, and the particles perform a lazy random walk with an independent,
non-identical increment distribution. For A C Z%, let Z,(A) be the number of offsprings
of generation n located in A. The exact convergence rate of the local limit theorem for
the counting measure Z,(-) is obtained. This partially extends the previous results for a
simple branching random walk derived by Gao (2017, Stoch. Process Appl.).
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1 Introduction

Branching random walk is a classical model in probability. The model gives a description
of the evolution of a population of particles where spatial motion is present, hence generalizes
the classical Galton-Watson branching processes. Although the model has a long history, it is
still quite central in pure and applied probability. It serves as a popular model for describing
and analyzing phenomena in various applied disciplines, such as biology, population dynamics
and computer science. Meanwhile, because the model captures the fundamental nature of the
stochastic dynamics, it is frequently found in many other random models (e.g. multiplicative
cascades, infinite particle systems, random fractals). The reader may refer to [1, 34] for the
classical results on BRW.

Since Harris [21, Chapter III §16] raised the conjecture of central limit theorem for branching
random walk, plenty of works were devoted to this topic. See e.g. [2, 6, 10, 18, 20, 23, 25-28,
32, 36, 38] and references therein.

In this article, we aim to derive the exact convergence rate of the local limit theorem (abbre-
viated as LLT) for a branching random walk in Z¢ with a time-varying random environment. In
the literature, Révész [34] initiated the study of the convergence speed in local limit theorems
for a simple branching random walk on Z? (without random environment setting), and Chen [9]
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derived the exact convergence rate of local limit theorems in this case under a second moment
condition for the branching mechanism. Later, Gao [15] improved Chen’s result by weakening
the moment condition therein. The main objective of this article is to extend the result in [15]
to the case of branching random walk with a time-varying random environment setting. Due
to the appearance of the random environment, the model may be more suitable to modelling
real world applications but the analysis is much more difficult and awkward.

When the walks are governed by non-lattice random distributions in R, some closely related
results on the central limit theorems for branching random walk with a time-varying random
environment have been obtained by Gao and Liu in [16-17]. This kind of branching random
walk in time-varying random environment appeared firstly in [7] and then some other related
limit theorems were surveyed in [23] and [31]. Different kinds of random environments have
been considered in the context of branching random walks in the literature (see [5, 8, 11-13, 19,
22, 33, 39]). The readers may refer to these articles and references therein for more information.

1.1 Description of the model and the notations

A random environment £ = (§,) is defined by a sequence of independent and identically
distributed random variables in a some abstract space ©. Each realization of £, determines
the probability distribution p(&,) = {pr(&,) : k € N} with N = {0,1,2,---}, and a real number
rn, =71(&n) € (0,1), with which the associated motion law Ge, (-) is define by

1- n
Ge,(0) =ra, G (e0) = Ge,(—e) = —=*, v=1,2--.d, (1.1)
where 0 = (0,0,---,0) € Z%, e,(1 < v < d) are the orthogonal unit vectors in Z<.

Without loss of generality, we can take &, as coordinate functions defined on the product
space (ON, Z®N) equipped with the product law 7 of some probability law 7y on (©,.7),
which is invariant and ergodic under the usual shift transformation 7" on OY: T(&,&p,--+) =
(&1,82,7 1)

Given the environment £ = (&,,), the process can be described as follows. It begins at time
0 with one initial particle @ of generation 0 located at Sy = 0 € Z¢; at time 1, it is replaced
by N = Ng new particle @i = i (1 < i < N) of generation 1, located at S; = L; € Z%, where
N, Ly, Ly, - -+ are mutually independent, N has the law p(&y), and each L; has the law G(&).
In general, each particle v = uy ---u, of generation n is replaced at time n + 1 by N, new
particles ui (1 < i < N,,) of generation n+ 1, with displacements L,,;, so that the ith child wi is
located at Sy; = Sy + Luy;, where Ny, Ly, Lys, - -+ are mutually independent, N, has the law
p(&n), and each L,,; has the same law G, . By definition, given the environment &, the random
variables N, and L,, indexed by all the finite sequences u of positive integers, are independent
of each other.

For each realization £ € O of the environment sequence, let (T',G,P¢) be the probability
space under which the process is defined (when the environment £ is fixed to the given real-
ization). The probability P¢ is usually called quenched law. The total probability space can
be formulated as the product space (ON x T',eN @ G, P), where P = E(5¢ @ P¢) with ¢ the
Dirac measure at £ and E the expectation with respect to the random variable £, so that for
all measurable and positive g defined on O x I', we have

/ oz, y)dP(z,y) = E / 9(&,y)dPe (y).
ONxT r
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The total probability [P is usually called annealed law. The quenched law P¢ may be considered
to be the conditional probability of P given £. The expectation with respect to P will still be
denoted by E; there will be no confusion for reason of consistence. The expectation with respect
to P¢ will be denoted by Ee.

Let T be the genealogical tree with {N, } as defining elements. By definition, we have (a)
@€ T; (b) ui € T implies u € T; (¢) if uw € T, then wi € T if and only if 1 <i < N,,. Let

T, ={ueT:|u =n}

be the set of particles of generation n, where |u| denotes the length of the sequence u and
represents the number of generation to which u belongs.

1.2 The main result

Define Z,(-) as the counting measure of particles of generation n: For B C Z4,

Zn(B) =Y 15(S.).

u€T,

In particular, we will frequently write Z,,(z) instead of Z,,({z}), which is the number of the nth
generation individuals located at z € Z¢ by definition.

Then {Z,(Z%)} constitutes a branching process in random environment (see e.g. [3-4, 35]).
For n > 0, let N, (resp. Zn) be a random variable with the law p(&,) (resp. G, ) under the
law P¢, and define

My =EeNy, T, =mg---mu_1, To=1.

It is well known that the normalized sequence

1
W, = H—Zn(Zd), n>1 (1.2)

constitutes a martingale with respect to the filtration (F,,) defined by
Fo={0,Q}, Fo=0(Ny:|ul <n) forn>1.
Throughout the paper, we shall always assume the following conditions:

Elnmo>0 and E[mioﬁo(w Rop*1] < oo, (1.3)
where the value of A > 0 is to be specified in the hypothesis of the theorems. Under these
conditions, the underlying branching process {Zn(Zd)} is supercritical, which means that
Zn(Zd) — oo with positive probability, and the limit W = li7rln W, verifies EW = 1 and
W > 0 almost surely on the explosion event {Z,, — oo} (see e.g. [4, 37]) .

For x = (21, -+ ,2q4) € R and y = (y1,--- ,ya) € RY, define

(x,y) = T1y1 + ToYyo + - + Taya, ||z|| = \/x%+x§+---+x§.

Set
n—1 n—1
8721: (1—my), un:Z(l—ri)Q.
i=0 i=0
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By the assumptions on &, we deduce from the law of large number that

82

S mTo0 g Epy, LR P70 (] )2 (1.4)
n a.s. n a.s.

Then our main results can be stated as follows.

Theorem 1.1 Assume (1.3) for some A\ > 4(d + 3), Emg* < oo for some v > 0. Then for
each © = (x1,--- ,xq) € Z2,

o) R - we (g el)]

n—o0 d 1 1 E(1 —7”0)2
a.s. 1—ET‘0|:_§‘/2+<x’m>+§(d_(d+2)m)wj|, (15)

where respectively Vi € R and Vi € R are the almost sure limit of the sequences { Ny pn(v =
1,2), defined by

1
Nip=— Z Su and Nyp =g > Sull? = s2). (1.6)

ue']l‘n " u€Ty
Remark 1.1 This theorem generalizes [15, Theorem 1.1(I)].

The rest of the paper is organized as follows. In Section 2, we define two martingales
associated with the branching random walk and prove their a.s. convergence. To prove the
main results, in Section 3, we consider a random walk with the independent, non-identical
increment distribution on Z%, and derive a first order correction of the local limit theorem with
asymptotical infinitesimal error terms. The proofs of the main theorem will be given in Section
4.

2 Two Martingales and Their Convergences

In this section, we prove the a.s. convergence of those two sequences defined by (1.6). In
fact, they are martingales with respect to the filtration

Do=10,9}, Dp=0(Ny,Ly;: i>1,|ul <n) forn>1.

Proposition 2.1 The sequences {(N1,n, Dn)} and {(Na,n, D)} are both martingales. More-
over when (1.3) and E(In~ mg)' ™ < oo for some X\ > 2, these two martingales converge a.s.
to Vi € RY and V, € R, respectively,

Vi= lim Ny, as. Vo= lim Nz, as.
n— 00

n—r oo

Proof The fact that {(Ny,,,Dy)} is a martingale can be easily shown

Ee.nNini1 = IEEW(H — 3 S):—Efn(ZZS + Lui) )

UET 41 uweT, =1

Z Egn(; (Su+ Lui))

n+1
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S —’]Vln

uETn

To see that {(Na,n+t1,Dp)} is a martingale, it suffices to notice that

1
Eg,nNQ,nH:Ef,n(H—l Z (I1Sull* = n+l))

n+ UET 41

(Z (IS + Luall® = 211))

uGT

- ZEM(ZEM (1Sl + 2085, Lua) + 1 Lusll® = 8211) | M)

u€eT, =1
1
- T Z mn(HS"HZ‘F(l_Tn)_Si_FQ
uE'JI‘n
1
== Z [1Sull* = 57) = Nop-
1L, €T,

We shall prove the a.s. convergence of the martingale { /N7 ,,} by showing that the series
> I, with I, = Ny g1 — Nip (2.1)
n=1

converges a.s. For n > 1 and |u| = n, set

N,
N “ Lu;
Xuzsu( u —1)+§ u| (2.2)
anu‘ i=1 ﬂlhA

It is plain to see

Ny
I < 1 (e

) (2.3)

and 1
In:: Ahqn+1'_jVLn :ITT; j{: )(u'
u€Ty
Let )?n be a generic random variable of X, i.e., )A(n has the same distribution with X, (for
|u| = n). Recall that N,, has the same distribution as N, |u| = n.
We shall use a truncating argument to prove the convergence. Put

X\ =Xuliyuey,y and I, = > X
ueT,

The following decomposition will play an important role:

ZI _ZI —1) +ZI —Een T, +Z]Egn (2.4)
n=0 n=0

We shall prove that each of the three series on the right hand side converges a.s.

Since lim InY= = Elnmg > 0 a.s., for a given constant 0 < ¢¢ < Elnmg and for n large
n—roo

enough, we have
InIL, > cen. (2.5)
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For the first series Y. (I, — I]) in (2.4),
n=0

1
B¢l I — I,|| = EfHH_ > Xul{ﬁ—wnn}H
n ueTy, "

1
<Be(- X EenllXullizom,y)
n UGTTL n

= (1%l g0, )

< R S (52)"

~

N, =~ _
< Ken R (— + 1) (In* N)" A 4 Ken™(In™ m,) ™ as.
my '

We see that

-~

E i n=* [Eg (& + 1) (In* ]Vn)l'M + (In™ mn)l"')‘}
:( i n_’\) [E(& + )(1n )1+’\ +E(In™ m0)1+’\} < 0,

which implies that

/\

i {]Eg(— + 1)(1n+ N+ (In~ mn)l“} <00 as. (2.6)

Hence

B .- 1)
n=1

e Y e,
n=1

< BT - T, || < oo,
n=1

= E&H > Een(l,—T,)
n=1

< Z]EEHIn - I;” < o0.
n=1

o0 o0
It follows that the series Y (I, — 1)) and Y E¢, I/, converge a.s.
n=1 n=1
Thus, it suffices to prove that the second series

Z(I,'L —E¢nI)) converges a.s. (2.7)
n=0

By using the fact that 3 (I —E¢ 1) is a martingale w.r.t {D,+1} and by the a.s. convergence
k=1

of an L? bounded martingale (see e.g. [14, P.251, Example. 4.9]), we only need to show that

the series Z Ee¢||I), — E¢ ., I},||* converges a.s.

First observe that

Ee{|| XN} < 2(E5||Su||2)(g—: + 1)2 + 2(%)2 < 2(n+ 1)(& + 1)2.

Mp
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Notice
/ 712
Eé”Ll_EE&nIn”

1 2
=Ee(z D Bem XL —Een Xl

n u€T,

1
<1l > Eenl X0

n u€T,

2 N, 2
< H—HE£(TL + 1)(m_n + 1) (1{Mn <I,} {Nn <eny T 1{22 <yt S >e2*})
L2t D +3) 2+ D)y (Xe)211,, (I 11,,) =1
= 13

Hn H'n, (Nn)(ln (ﬁz))—l—k

—1-X

(because z(lnx) is increasing for x > )

2(n +1)(e** +3) 2\M N, + A 4 (In~ 14X
< — LS .
< - + 4(05 ) n (Eg -~ 2 (It N 4 (In” my,) )

By using (2.6), we can obtain Z E¢| I, — E¢ I ||* < oo a.s., which implies (2.7). Combining

the above arguments, we see that the series > I, converges a.s. Therefore, Ny, converges a.s.

to
o0

Vi= Z(Nl,n+l — Nin)+ Nig.

n=1
By mimicking the above proofs in the case of {(Ny ,,, D,)}, we can prove the a.s. convergence
of the martingale {(N3,,, D,,)} by showing that

oo
E (N2y41 — Na )  converges a.s.
n=1

For n > 1 and |u| = n, we still use the nation X,, and I,,, which are defined respectively by

N,
N N, 2 2
X, = (—”—1) Sull? = 82) + %, —<Su, Lm-> 2.8
o (1Sl Sn)+mn7“ to ; (2.8)
and 1
In = Nanr = Now = - > X (2.9)
ueT,
It is easy to see
Ny
Xl < 2(n + 1)2(m + 1). (2.10)
Jul

Using the decomposition (2.4), with X, and I,, defined respectively by (2.8) and (2.9), and

oo

the following almost the same lines as above, we can prove that the series > (Na 41 — Nay)
n=1

converges a.s. Then {Ns,} converges a.s. to

[ee]

Vo = Z(NQ,n+l — Na) + Naji.

n=1

The proposition is proved.
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3 First Order Correction of the Local Limit Theorem for a Random
Walk in a Time-Inhomogeneous Environment

In this section, we derive the first order correction in the local limit theorem for a time-
inhomogeneous random walk in Z¢, whose step size distributions vary in time.

Theorem 3.1 Assume that B € (75,%) and 7 = {7, € (0,1) : n € N} is a sequence of real
numbers. Let S, = L1+ Lo + ---+ L,,, where

1 __n
P(L, =0) =F,, P(L,=e,)=P(L,=—e,)= er , v=1,--,d neN (3.1

et § n n n

Set §, = 1=l Z) py, = ;mm{m(sc(l 7)), 82 = _;(1 — ) Ty = ;(1 — %)%, If the

following conditions :
Mn n—oo 52 n—o0o _n n—00
ST A e (0,00), Sm MU, ST g (3.2)

n n n

hold, then we have

B(5, =) = (5~ )%[1+i(—%||x|2+1d—1(d+2)z—£)}+ R(r,z),  (3.3)

— = IR
27T8n Sh 8 8 n1+2

where R, (T,x) is asymptotically uniform bounded for ||z|| < n® as n — oo,

sup |R(F,x)| <Cq( n- 2 +2"nz2expy — —nt —
el <n n 24 n
(14+4) —M S5o\7e 14 1 (52N 1.4
+ntT2em M Oy ) n2Tsexpy — — (=2 |nt . (3.4)
n 2d\ n

Corollary 3.1 Under the hypothesis of Theorem 3.1,

d
2

it []P’(Sn =1)— (27:;%) xp ( B d!gz)}

g d )%+1(%d—é(d+2)g). (3.5)

215
Proof of Theorem 3.1 We start by the following simple fact:

1_7

d
Yr,(\) = Ee!™E) =7, d” S coshj, A=A, A) € [ A
p

=1

Because {L,} are independent, we have

n

PN, S L) n . n
G, () =Ee 5 TR =[] n, (V).
=1 =1

Then, by [29, Proposition 2.2.2], we see that

1

P(S, =) = G [ s, 0
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It can be easily seen that

27 — 1<, (\) <1 for7 e (0,1), \¢&[-mn]?

and

Yr,(\) =1& A=0.

When ||A|| < 1, by Taylor’s expansion, we have

Yr, () =T+

hence

oL, (MI <1 -
While when A € [—m,7]¢ and ||| > 1,

Therefore, we have

d

1—dﬂz(1

Jj=1

11(1 —7)
24

1 COs 15
— )2 J,\4)
2 it 24 ")’

A% < e~z A=TalIAI®,

d
—d< Zcos/\j <d—1+cos(d”?) <d.
7j=1

Y2 (M| € max{[27; — 1|, 7 + (1 = 8¢)(1 — T4)}

< exp{—(1 — max{|27; —

—e min{2r;,6.(1—7r;)}

On the basis of the above discussions, we write

with

Jn(x)

L.(x

1

cos(\, x)

1|7Fi + (1 - 50)(1 - Fz)})}

= — cos(\, x Y, (A)dA,
(2m)d /)\E[—W,Tr]d,HMZl < >i1;[1 »

1
)= W/.H

n

i=1

With the help of (3.8) and the definition of M,,, we see that

(@) < JT e W] < e = o(n™'7%).

We next estimate I,(x). Let & = \/n). Then,

L.(z)

1

(2my/n)¢

/ cos
llell<v/m

(x

\}g> il;[ldJLi (%)da.

813
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To estimate this integral, we put § = % — %B and use the following decomposition:

_ (z,0) 15 «
(2my/n)?L, = /n&§||a|<f ( )da + /|a||<n6 cos N il;[lwh (%)da
=:Tin(z) + Loy ().

By (3.7),
11 1 457
< 9dn3 _tpia (e L '
[Tin(z)| <2902 exp{ 5 (n )} (3.10)

Next we turn to the estimate of Is,(x). By Taylor’s expansion, as n tends to infinity, for
lall < n, ||z < n?, we have

(z, ) (@, 0)?) _ [ o)t 1 5
) -1 ) ‘ ) - +4( +5)
T T TV
Then we can write A
T,o x,a2 T, o
oS <\/ﬁ> =1- < 2n> < n2> My, (z, @), (3.11)
where sup [ Min(z, )| < 2
ol <nd,Jlz]|<n?
On the basis of (3.11), we have
" o} . 1-7 & o
)= o4t s
Hw“(\/ﬁ) E(TH’ d ;C%\/ﬁ)
Loy
| ol? A al®,
—exp{zog( i) g+ (L =T T+ (1= T) - Mo (@) }
i "
o
Cop{ el E Tl el oy
"0 ond T 2an2d - "Msn2a2 R3O
d
4
o
e A Y LN 1 Y T
"dn2d  "8n2d2 " pd " n

where, just as in (3.11), M;,(-) is a continuous function uniformly bounded by a constant,
i=2,3,4.
Now, combining the above expansions with (3.11), we obtain

i=1
= o el (1 - <x’23> +—$ﬂ241 57— Tn ;‘:2”([2 e, a)), (3.12)
where the term e, (z,T, o) satisfies
sup len(z, 7, a)| < Cy Inax{ 1_41(5+ﬁ), i&;}
el <n?,[lzll<n® " "
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— Oyn~min(3-2848) — 0 = 3+28

with Cy an absolute constant only depending on d. Thus

_ 52l Liog 52l
e " md g (x, da‘ <Cyn~2 e~ 2 da
llefl <n? R

sup
[|]|<n?

-2 _d

< C'd(s—n) Rt
n

Observe that

12

2o o
/ e 2nd da—ZWS/F(g)/ e ar® rd=tdr
lovl|>n?
—d

S 25
< Cy ( n ) n®e=zman
n

< Cd(%l) dn2+8 exp {_%d(j)n%_ﬂ}'

By elementary calculus, we evaluate

52 Jla)l? 2mnd
/ e~ " 2nd da = ( 71;1 ) +773(§121)7
lef| <n® Sn

2 2 %"‘2
/| o T~ dzoflda_?)(zw)%( if ) +7(50),

2 o)
/||| 56_ “ond Ha||4da—(27r)%d(d+2)
all<n

2 a2 d \&tl
/ et (a,2) da = (2m)F (=) Jlzl* + 0552, 0).
lafl<n

()

In the above estimates, similar to (3.15), all the infinitesimals 7¢(52) and sup o0& (32,

lzll<n?

bounded by

<2\ —d <=2
i) it (- 1 (i)
n 2d\n

Taking these evaluations and the expansion (3.12) into account, we obtain

2md N 4 d 1, o 1 Uy, 1@, 1,
Io, = ( ﬁ) [1+%(—§||x|| +§d(1—¥) —Z—%)} +E0n(sn,x),

n

where 0,,(32, x) satisfies

—d
sup o (52, 0)]| <Ca((22 )zn%%

lzll<n®
2. _d _
() "t {55 (B
n n

Combining this with (3.9)—(3.10), we obtain the desired

P(Sn:x):( d_2)g[1+%(——| 1?4+ = d——(d+2) i)}jL

1
—Rn _7 )
2rs; 8 3 (7.2)

nlt+

815

(3.13)

(3.14)

(3.15)

x) are

(3.16)

(3.17)
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where R, (T, ) is asymptotically uniform bounded satisfying (3.4), i.e., for ||z|| < n” asn — oo,

2\ . 9 d 4 11 1 432
sup |R(T,x)| < C'd(—”) n~2 T2 4 9dp3 exp{ - —nz_ﬂ—"}
n 24 n

lzll<n?

The lemma has been proved.

4 Proof of Theorem 1.1

In the proof of the main results, a key decomposition plays an important role. It goes back
at least as far as [28] and is widely used in later literature (see e.g. [9, 16, 18, 34]). To introduce
the decomposition, we need some notations.

Let T(u) be the shifted tree of T at u with defining elements { Ny, } satisfying (1) @ € T(u),
(2) vi € T(u) = v € T(u) and (3) if v € T(u), then vi € T(u) if and only if 1 <7 < N,,. Set
T, (u) = {v € T(u) : |v]| = n} and denote by |T},(u)| the cardinality of T, (u) (i.e., the number
of descendants of nth generation of u).

For u € (N*)*(k > 0) and n > 1, let Z,(u,x) denote the number of descendants of nth
generation of u located at x + S, € Z% . More precisely,

Zn(u, ZZ?) = Z 51(Suv - Su)a

vET, (u)
where
1, z=y
51 — ) )
(y) {0, .

Let 8 be a real number satisfying d—f < B < % and set k, = [n”], the largest integer not

bigger than n”. On the basis of the additivity property of the branching process, we have the
following decomposition:

Zn(x) = > Zn_p, (2 — Su). (4.1)

u€Tg,,

By definition, for u € Ty, , we have

Tty (U, — Sy) = > 3 (Suvs-vn 4y, )-

V1 Vp ke, €Ty (1)
In addition, we also need the following o—fields:
To=1{0,Q}, Z, =0, Ny, Ly; - k<n,i >1,jul <n) forn>1.
For conditional probabilities and expectations, we write
Pen() =Pe(Du), Een() =Ee(1Da), Pu() =B(|L.), Ea()=E(|L).
Also we write §n =51, forn >0, with 1,, = 1\,—3 forn >1and 10 = @. Then §n is a random

n
walk with the random environment ¢ in time .
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As the environment sequence is independent, identically distributed, the distribution of
Zp—k, (u, x) under P¢ coincides with that of Z,, _, (z) under Py, . Then for u € Ty, , we have

Zn—k, (u, ) ~
E ("7) N Ca—— 42
3 My M1 7ing(Sn—h, =) (4.2)

Therefore, we provide the following key decomposition:

1 1 Zn—kn (U,ZE _ SU) a
Zn(z) = ﬁ Z [ M, - = Prrng(Sn—k, = —Y)ly=s.,

H_n My —1
mn UeT}cn
1 ~
o Z Prine(Sn—k, = = Y)ly=s.,
k
n UeT}cn

On the basis of (4.3), we divide the proof of Theorem 1.1 into two lemmas.

Lemma 4.1 Assume the conditions of Theorem 1.1. Then

n'ts 4, 12, (4.4)

a.s.

Lemma 4.2 Assume the conditions of Theorem 1.1. Then

() - wew (-0

d 2s2
n—oo d 1 1 1 E(l B TO)Q
s ol [k CR A OB U B e LA (45)

Proof of Lemma 4.1 Firstly we give some notations. For u € Ty, define

-k, (u,x — S ~
nau = - n( U) - PT’Cn&(Sn—kn =T — y)ly:Su7
M, My —1

n

b

Xn;u = Xmul{\Xn,u\SHkn}a

_ 1 —
A, = — X

Then we have the following fact:

Tn—kn (u)

Mg+ Mpy—1

n

|Xn7u| < Wik, (u) +1 with Wy_g, (u) =:

We remind that {W,_, (u) : u € Ty, } are mutually independent and identically distributed
as Wy, under the conditional probability P¢ . . We can obtain the required result once we
prove Ve > 0,

ST P, (012 A, > 2€) < oo (4.6)
n=1
Notice
2e — — _ €
= V< _ -
P, ( Anl > —5 ) <Py, (An # Ap) + Py, (|An Be ko Anl > — )

+ Py, (|E57ann| > ) (4.7)

d
nits
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Then we divide the proof into 3 steps.
Step 1 Prove

> P, (A # Ay) < 0. (4.8)

n=1

To this end, we need the following result with W* = sup W,,.

Lemma 4.3 (see [30, Theorem 1.2]) Assume (1.3) for some A > 0 and Emgy* < oo for some
t>0. Then
E(W* + 1)(In (W * +1))* < c0. (4.9)

By virtue of this result, we have

u€Tg,, u€Tg,,
u€Tg,,

= Wkn [/R-TLIED(W"Z_ICH + 1 2 ﬂ—n)]

Tn :Hkn

< Wi [E((Wn—k, + Dliw, . +1570,))]mn =14,
< Wi [E(W™ + D1 w1157, lr, =114,

< WH(InTly, ) " E(W* + 1)(In (W* 4 1))*

< KW PE(W* +1)(In (W* + 1)),

where K¢ is constant depending on £. And the last inequality holds because of the conditions
k, ~ n? and

1
- Inll,, > Elnmg >0 a.s. (4.10)

By the choice of 5 and using Lemma 4.3, we achieve the first inequality (4.8).
Step 2 We next prove the following inequality for all £ > 0,
Z Pkn (|Zn — Eg)knzn| > Ld) < 00. (4.11)

143
n=1 L

Take a constant b € (1,e%m™0). For all u € Ty, and n > 1, we can see

(oo}

—9 o0 —
Er, X0 o = / 22P, (| Xnul > z)dz = 2/ 2Pr, (1 X |nulx, . |<1,, })dT
0 0

Hkn Hkn
< 2/ 2P, ([Wh—k, (u) + 1| > z)dx = 2/ 2P, ([Wh—k, + 1] > z)dz
0 0

IN

My,
2/ 2P((W* 4+ 1| > z)dx
0

IN

My,
< 2E(WT + 1)(ln (W + 1)%(/ - a

e

(Inz) Az + /

bkn

<QE(W* + 1)(In (W* 4 1)) (bF» 4 (I, — b )(k, Inb) ™) + 9.

(lnx)_’\) +9
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Then we have

Z]P’k (0 — Be, Al > +§)

n=1

— — €
Z ]P)gk (|A —Eg,knAn| > nl—"‘%)

_2Zn2+dE (H,:f Z ]Eg,knfi)u) — —2Zn2+d(1—[— Z E, X )

w€Ty, u€Ty,,

> 2+dW
Z [(W* 4+ 1)(In (W* + 1)) (0" + (I, — 0" ) (k, Inb)~*) 4 9]

262 WE(W* + 1)(In (W* + 1)* (Z "4+ i n?*t4(k, In b)‘A)

n=1 n=1

e 24-d

oty

i e

Using the condition (4.10) and A3 > 3+d, the last three series in the above inequality converge
and the second inequality (4.11) follows.
Step 3 As E¢, X, =0, we have

— € nlts — nlt+s 1 _
]P)kn (|]E£;knAn| > 7’1,1—-"_%) S e Ekn|]E£;knAn| = e ]Ekn H—n e; ]EkanXThu
u€Ty,,
nits 1
= B 2 (Eer Xnaulgx,.zm, })\
n UGTkn
nttz 1
SO Z Er,, Wk, (W) + D)l{w, . (w+1>1,,}
ken u€Tk,,
nite .
= Wi JEW™ +D1gw, . +1>m, ) me=T,
w* d y
< c n1+g[E(W + 1)1{W*+1Zﬂ'n}]ﬂ'n:r{kn
W* 1+ 4
< " R(W 1)t (W4 1)

e (InlL, )

< S MEW* + 1) In® (W* +1).

Then by the condition (4.10) and A3 > 3 + d, we obtain

o0

— €
Zpkn(lE@knAnl > ﬁ) < 00
n=1 n-z

Through Steps 1-3, We prove (4.6). Hence Lemma 4.1 has been proved.

Proof of Lemma 4.2 Just to keep the notations consistent with Theorem 3.1, we intro-
duce
n—ky—1 n—kp—1

S, = Z (L= rkpti)s  Un—k, = Z (1= re,+i)°,

=0 i=0
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n—k,—1

My_p, = Z min{2ry, 44, 0c(1 — 7k, +i) }-
=0

By the law of large numbers, we get

) 2 2
Sn—k Sp — Sk
n = ~ 5 1-E

n—ky n—kny 70,
an—kn Up — Uk, 2

= — E(1 - 4.12
n—ky n—ky (1=ro)", (4.12)
M,_
7];% — Emin{2rg, 6.(1 — r9)} > 0.
N — Rn

Using Theorem 3.1, we have

~

]P)Tkng(sn—kn =T — y)ly:Su

) (L)% [1+ ?L(_ %”"’J—Sullﬂ %d— %(d+2)§g—kn)]

)
27T8n_kn n—kn S’n«—kn

Ry—p, (&, — Su), (4.13)

+ -
(n — kn)'*2

where the remainder terms R,y ({ , x—Su) (u € Ty, ) are asymptotically uniform infinitesimals.
Observe ||Sy|| < ky, for u € Ty, and n > k,. Then

lz = Sull? = llz]l = 2(z, Su) + [I1Sull?,

Plugging these into (4.3), we obtain

~

]P)Tknf(sn—kn =T — y)'y:Su

= (5 ) 1+ S5 + (- 3015 - 2,))

27s?
d 1 2 1 1 an—lc
L Loy Lo Loyt )]
+s%( el +gd—gldT2z—"
+ e (4.14)

where €, ,,(u € Tk, ) denote a family of infinitesimals dominated by an infinitesimal 7,, i.e.,
sup{leu,n|: v € Tk, } <7, — 0.
Hence, combining (4.14) with (4.3), we conclude

2ms2\ § d 1
— ) "B, =W —| — =NV , N
( P ) kn T 2 5 V2kn + (z, N1,k,.)

n
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(-t dosa e e ¥ )

Sn—kn n ueTkn

Then we obtain

2, ¢ 2
(27rsn) "B — Wi exp ( =] )

d 2s2
dr 1 11 B 1
_2I__N N (— —Z(d+2) ")W } (—)W . 41
S%[ 5 N2k, + (2, Nug, ) + (gd — g(d+ )Si_kn b | 0~ )W, (4.15)

Under the condition (1.3), applying the result given in [24, Theorem 1.2], we obtain

By

W —W, =o(n™?), as.
the choice of 8 and k,,, we see that

W =W, =o(n ) =o(nt). (4.16)

So we can deduce the desired (4.5) from the results (4.12), (4.15)—(4.16) and Proposition 2.1.

Proof of Theorem 1.1 Theorem 1.1 follows directly from Lemmas 4.1-4.2.
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