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Eigenvalues of Second-Order Left-Definite Linear
Difference Operator with Spectral Parameters in
Boundary Conditions*
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Abstract In this paper, the authors consider the spectra of second-order left-definite d-
ifference operator with linear spectral parameters in two boundary conditions. First, they
obtain the exact number of this kind of eigenvalue problem, and prove these eigenvalues
are all real and simple. In details, they get that the number of the positive (negative)
eigenvalues is related to not only the number of positive (negative) elements in the weight
function, but also the parameters in the boundary conditions. Second, they obtain the
interlacing properties of these eigenvalues and the sign-changing properties of the cor-
responding eigenfunctions according to the relations of the parameters in the boundary
conditions.
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1 Introduction

Let a and b be two integers with a < b. We use [a, b]z to denote the integer set {a,a +
1,---,b}. In this paper, we consider the spectra of the following second-order left-definite linear

difference operator

=V(p)Ay(t)) + q)y(t) = Ar()y(t), te[1,T]z, (1.1)
(a0 + boAN)y(0) = (co + doA)Ay(0), (1.2)
(a1 + 01 N)y(T+ 1) = (e1 + N Vy(T + 1), (1.3)

where 7' > 1 is an integer, [1,T)z ={1,---,T}, p:[0,T]z — (0,400), ¢ : [1,T]z — [0, +00),
r(t) # 0 and changes its sign on [1,T)z.
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As an important problem in both mathematical subject and any other subject, Sturm-
Liouville (S-L for short) problem has been discussed more than a hundred years. Many of
the classical earliest results and references on the S-L problem could be found in Ince [34]. In
details, for the following S-L problem

— ()Y (1)) + q(t)y(t) = Am(t)y(t), t € (a,b),
aoy(a) + coy'(a) =0, ary(b) — b1y’ (b) =0,

if the operator Ly := —(py’)’ + qy is right-definite, then this problem has a sequence of real and
simple eigenvalues \j as
AM< << A <os = 400,

and the corresponding eigenfunction changes its sign exactly k — 1 times. Meanwhile, if L is

left-definite, the problem has two sequences of real and simple eigenvalues )\ki as

0<A <A << Af < = 400,

02)‘1_>)\2_>"'>)\;>'--—>—oo,

and the corresponding eigenfunction to )\f changes its sign exactly k — 1 times. After this,
several authors paid attention to the right-definite and left-definite S-L problems for ordinary
differential equations, such as [13-15, 47] and the references therein. Meanwhile, the discrete
S-L problem attracted wide attention as well. In 1964, Atkinson [9] obtained the spectra of the

discrete problem

c®)y(t+1) = (Aa(t) + b(t)y(t) —c(t — Dyt — 1), te[l,T]z, (1.4)
y(0)=0, y(T'+1)+1y(T)=0. (1.5)

Under the assumption that a(¢) > 0, this S-L problem has T real and simple eigenvalues. Later,
Jirari [35] continued to consider the spectra of the same equation with a more general boundary
condition and obtained similar results. Hartman [33] discussed the oscillation of the Sturm-
Liouville difference equations including the possible sign-changing in the leading coeffcient p(t),
and the notion of a generalized zero was introduced to get the oscillation properties of the
eigenfunctions. For the discrete right-definite periodic eigenvalue problems and the eigenvalue
problems with coupled boundary conditions, the eigenvalue results have been obtained by Ma
and Ma [43], Wang and Shi [46] and Sun and Shi [45]. Meanwhile, for the discrete left-definite S-
L problems, Ma et al. [41] first considered the spectra of the discrete second-order left-definite
S-L problem with Neumann boundary condition. They obtained this kind of problems has
exact T real and simple eigenvalues. In details, the number of positive eigenvalues equals to
the number of positive elements in the weight function, and the number of negative eigenvalues
equals to the number of negative elements in the weight function. Meanwhile, they obtained
the sign-changing time of the corresponding eigenvalues. Later, Ma et al. [40, 42] obtained
the spectra of the discrete problem with Dirichlet boundary condition and the Sturm-Liouville
boundary condition, respectively.

Now, let us recall the research history on the S-L. problems with spectral parameters in
the boundary conditions. As far as we know, the study of this kind of problems could be first
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found in 1820s, Poisson [44] deduced an ODE model with spectral parameter in the boundary
conditions from a pendulum problem. After this, this kind of problems has received widespread
attention (see [1-8, 1012, 16-32, 36-39]) and it appeared in several practical problems, such as
the vibrating string problems (see [1]), the acoustic wave problem (see [10]), the heat conduction
problems (see [20]), the problem of vibrating beam (see [7-8]) and so on. In particular, Binding
and Browne [11] considered the problem

—(py') +qy = Ary, te[0,1], (1.6)
(aj +0;N)y(j) = (¢; +diN)(py')(5), 7=0,1. (L.7)

Under the assumption (—1)%o; = (—1)%(bic; — a;d;) < 0 (i = 1,2) and the other assumptions
which could guarantee that the operator L is a right-definite and self-adjoint opertor, the au-
thors obtained (1.6)—(1.7) has a sequence of real and simple eigenvalues A, which has only
accumulation +o00. Meanwhile, they obtained the oscillation properties of the corresponding
eigenfunctions. The method they used is the Priifer transformation. They also obtained the
interlacing properties of the eigenvalues and the sign-changing time of the corresponding eigen-
functions. Later, the same results for (1.6)—(1.7) were obtained by Kerimov and Aliyev [36] and
Kerimov and Poladov [38] by using a different method. Meanwhile, Aliyev [2] and Aliyev and
Dun’yamalieva [3] continued to consider the spectra of (1.6)—(1.7) under the assumption ¢ < 0
and 07 < 0 in a Pontryagin space and they obtained the basis properties of system of root
functions of the S-L problem with spectral parameter in the boundary conditions. Moreover,
Aliyev and Guliyeva [4], Aliyev and Kerimov [5], Aliyev and Namazov [6-8] also considered the
spectral properties of the fourth-order S-L problems with spectral parameters in the bound-
ary conditions. For the left-definite S-L problems with spectral parameters in the boundary
conditions, Binding and Browne [12] considered the problem (1.6)—(1.7) under the left-definite
assumptions. They obtained this eigenvalue problem has two sequences of real and simple
eigenvalues A\, in which one is negative with only one accumulation —oo and the other one
is positive with only one accumulation +oo. Furthermore, the interlacing properties of the
eigenvalues and the sign-changing time of the corresponding eigenvalues are obtained as well.
Now, the question is what would happen for the discrete S-L problems. In 2002, Harmsen and
Li [31] considered the spectra of the following right-definite discrete S-L problems: (1.1) with
the boundary condition

y(0)=0, (a1 +biNy(T+1)=(c1+d1\)Vy(T +1). (1.8)

They obtained the problem (1.1), (1.8) has at most T + 1 real eigenvalues. Then they (see
[32]) continued to consider the S-L problem, that is, (1.1) with the condition y(0) = 0 and a
boundary condition with squared spectra parameter. They obtained this problem has at most
T + 2 real eigenvalues. Later, Gao and Ma [25] considered the more general right-definite S-L
problem (1.1)—(1.3) with (—1)’; < 0 and obtained this problem has exact 7'+ 2 real and simple
eigenvalues (for (1.1), (1.8), it is exact T'+ 1 real and simple eigenvalues). They also obtained
the interlacing properties of the eigenvalues and the oscillation properties of the corresponding
eigenfunctions. Later, Gao et al. [23] obtained the spectral properties of (1.1)—(1.3) in a finite
dimensional Pontryagin space under the assumptions: r(t) > 0, o9 < 0 and o1 < 0. Gao et al.
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[28] considered the spectral properties of the right-definite S-L problems, (1.1) with nonlinear
parameters in the boundary conditions, then obtained the exact number of the real and simple
eigenvalues and the oscillation properties of the corresponding eigenfunctions. Meanwhile, Gao
et al. [26] studied the spectra of second-order left-definite S-L problem (1.1) with the boundary
condition

boy(0) = doAy(0), (a1 +b1N)y(T +1) = (c1 + dy\)Vy(T + 1). (1.9)

Under the following assumptions:

(A1) p(t) >0 for t € [0, Tz, q(t) > 0ont € [1,T]z.

(A2) r(t) changes its sign on t € [1,T]z, i.e., there are m points in ¢ € [1,T]z such that
r(t) > 0, while r(t) < 0 on other T'— m points in ¢ € [1,T]z.

(H3) by + do # 0,body > 0, and if by = 0, then ¢(t) Z 0.

(A4) —o1 M, is positive definite, where o1 = byc1 — a1dy and

a1by  —aidy
My, = .

—a1d1 Cldl
They obtained the exact number of positive eigenvalues and negative eigenvalues in differen-
t cases. Furthermore, they obtained the interlacing properties of eigenvalues and oscillation
properties of the corresponding eigenfunctions. However, for the problem (1.1)—(1.3), the fun-
damental functions defined in [26] is not useful for (1.1)—(1.3). Therefore, in this paper, we try
to consider the spectral properties of (1.1)—(1.3). To get it, we have to give a new assumption

on the first boundary condition.
(A3) o9My is positive definite, where oo = byco — agdy and

apby  —apdp
My = .
—aodo C()d()
Under the assumptions (A1)—(A4), we find that the S-L problem (1.1)—(1.3) is really a left-
definite eigenvalue problem in a new Hilbert space, which will be shown in Section 2. Then, in
Subsection 3.1, by defining and discussing the properties of the generalized Sturm’s sequences,
we obtain the eigenvalues of the Right Dirichlet Problem (RDP for short) and Right Neumann

Problem (RNP for short). In details, according to the sign of dp, we could get the following
table.

Table 1 Number of eigenvalues of RDP (or RNP).

o9 >0 o0 <0

Number of Positive Eigenvalues (NPE) m m+1

Number of Negative Eigenvalues (NNE) | T+1—m | T—m

Then, the sign-changing time of the generalized Sturm’s sequences will be obtained in Sub-
section 3.2 and then the sign-changing time of the eigenfunctions of RDP and RNP will be
obtained subsequently. Furthermore, based on the discussion of Section 3, we define two new
fundamental functions f(A) and g()), and then get the interlacing properties of the eigenvalues
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and the oscillation properties of the corresponding eigenfunctions in Section 4. Different from
the continuous version, it is noted that the sign of the weight function r(¢) and o; influences
the number of positive (negative) eigenvalues. The following table shows that how r(t) and o;
influence the number of positive (negative) eigenvalues.

Table 2 Number of Eigenvalues of (1.1)—(1.3).

o9 >0 o9 <0
o1 >0 o1 <0 o1 >0 o1 <0
NPE m+1 m m+ 2 m+1

NNE T+1-m T+2-m T-m T+1—m

2 Left-Definiteness of the Generalized Operator

Let

E={y|y:[1,T)z— C}.

T
Then E is a Hilbert space under the inner product (y,z)g = > y(t)z(t).
t=1
Furthermore, Let H := E @ C2. Then H is a Hilbert space under the inner product

(Y, Z) = ((y, a, ), (2, B,v)) = (y, 2),, +p(0)|0—10|aﬁ +p(T)ﬁ;w.

Define an operator L : D(L) — Y @& C? as follows:
LY = L(y, o, 1)
= (=V(p®)Ay(t) + a(t)y(t), —eo(aoy(0) — coAy(0)),e1(ary(T + 1) — cr Vy(T + 1)),

where D(L) = {(y,a,p) | y € Y,doAy(0) — boy(0) = a,diVy(T + 1) — biy(T + 1) = p},
€9 = sgnoyp, €1 = sgnoy. S0, (1.1)—(1.3) is equivalent to LY = ASY, where S(y,a,u) =

(ry, —eoq, 14).

Lemma 2.1 Suppose that (A1), (A3) and (A4) hold. Then the operator L is positive definite
on D(L).

Proof Let Y € H be a nonzero element. Then

(LY,Y)
T
=3 (=V(H)Ay(t) + qt)y(t)y(t) + p(o)ﬁ(—boy(o) + doAy(0))(—e0(aoy(0) — coAy(0)))
t=1
+p(T)|01—1|(d1Vy(T +1) = bay(T + D)) (er(ary(T + 1) — e Vy(T + 1))

T T

T
=3 q)y®))* =Y pe)yt)Ay(t) + > p(t)y(t + 1)Ay(t) + y(0)Ay(0)p(0)

t=0 t=0

~
Il
-
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- p(O)E—O [doaoy(0)Ay(0) + coboy(0) Ay(0) — aoboy(0)* — codo(Ay(0))?]

|ool
—|—p(T)|2—1|[b101y(T + D)Vy(T + 1) — arbyy(T + 1)* + ardiy(T + 1)Vy(T + 1)
— c1dy (Vy(T +1))?]
T T T
=Y a®)w®)* =Y py(O)Ay() + D p(t)y(t + 1)Ay(t) +y(0)Ay(0)p(0)
t=1 t=0 t=0
— (T + Dp(T)Vy(T + 1) - p(0)— [2doaoy(0)Ay(0) — aobo(y(0))? — codo(Ay(0))?

00

+00y(0)Ay(0)] + p(T) —[2a1dry(T + 1) Vy(T + 1) — arbry(T + 1)?

1
01
+ o1y(T + 1)Vy(T + 1) — crdy (Vy(T +1))?]

]~

T
A0 + 3 PO + 0)- (Moo, o)~ p(T) (M s, i)
t t=0

where fo = (y(0),Ay(0)T, f1 = (y(T +1),Vy(T + 1))T. Since (A3), (A4) hold, we know
ooMy, —o1 My is positive definite. Therefore, (LY,Y) > 0. The desired result is obtained.

1

3 Generalized Sturm’s Squences and Its Properties

In this section, we try to consider the properties of the roots of the polynomial y (¢, \) = 0,
which satisfy the initial condition

y(O, /\) = co + dg, Ay(O, /\) = ag + bo\. (31)

Then, by (1.1), the explicit expression of y(¢, A) is obtained as follows:
y(0,A) = co + doX;

e = [+ 29 202y, - 28y 0,0

where P;_1()\) is a polynomial of degree ¢ — 1 of A. This kind of sequences is the generalized
Sturm’s sequence. Now, let us recall some basic properties of the generalized Sturm’s sequence
(3.2), which can be found in the references [23, 26, 28].

Lemma 3.1 (see [23, 28]) Suppose that y(t,\) is a solution of the initial value problem
(1.1)x,(2.1) and y(t, 1) is a solution of (1.1),,(2.1). Then fort € [1,T]z,

(1= N[ el At = )] =) [ SN PSR (e

s=1
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Lemma 3.2 (see [23, 28]) Suppose that y(t,\) is a solution of the initial value problem
(1.1)x, (2.1). Then, fort € [1,T)z, we have

3™ #(5) (w5, ) — p(0)c0 = p(0) } yt+ 1) gyl + 1)) (3.4)

Lemma 3.3 (see [26]) Suppose that y(t, \) is a solution of the initial value problem (1.1)y,
(2.1). Then, fort € [1,T]z, we have

T T T

A r(®)y()* =D ) Z

t=1 t=0 t=1
+p(0)y(0)Ay(0) — p(T)y(T + 1)Vy(T + 1). (3.5)

Lemma 3.4 (see [23, 28]) Fort € {1,--- , T+ 1}, y(t,\) = 0 and y(t — 1,X) = 0 have no
common zeros.

Lemma 3.5 (see [23, 28]) Suppose that A= \g is a root of y(t,\)=0. Then, for te{1,---,
T}, y(t —1, Ao)y(t +1, )\0) < 0.

Next, let us prove another useful properties for the Sturm’s sequences. To get it, it is
necessary to discuss the relations of the o, ag, bg, cop and dy.

Remark 3.1 Suppose that (A3) holds. Then ogMj is positive definite. By the properties of
positive definite matrix, it follows that cgagbg > 0, cgcody > 0 and ogdet My = Ug(aobocodo —
add?) = o3apdy > 0. Therefore, det My = opapdy > 0. Finally, from the inequalities ogagdy >
0,00a0by > 0, 009cody > 0, we get apgcyp > 0, bodoy > 0.

Lemma 3.6 Suppose that (A1) holds. If A = 0, then (ap + co)Ay(t — 1,0) > 0 and (agp +
Co)y(t,()) >0,t¢€ [O,T—I— 1]2-

Proof Without loss of generality, let ag + ¢g > 0. Then by Remark 3.1, it is easy to see
that y(0,0) = ¢o > 0 and y(1,0) = ag + ¢o > 0. Then, Ay(0,0) > 0. Next, suppose that the
result holds for ¢ = k, that is, Ay(k —1,0) > 0 and y(k,0) > 0. Then for t = k+ 1, by (1.1), it
follows that

Ay(k,0) = @ (k, O)—i—p(;(;)l)Ay(k—l,O).

By the condition (A1), we get Ay(k,0) > 0, and y(k + 1,0) > 0 subsequently. Therefore, the
induction method implies that the results hold.

3.1 Interlacing properties of zeros of Sturm’s sequence

In this subsection, let us consider the interlacing properties of the roots of y(¢,\) = 0.
For t € [2,T + 1]z, let

St ={kel,t—1]z|r(k) >0}, Sy ={ke[l,t—1]z|r(k) <0}

Let m; be the number of S;", ¢ — 1 —m; be the number of S; . Meanwhile, if t =0 and t = 1,

we define m; =0 and ¢ — 1 — m; = 0 for convenience.
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Lemma 3.7 Fort € [0,T + 1]z, y(t,\) has the following asymptotic behavior as X — +00.
In details,
(a) if bo + do > 0, then

)xgrilooy(oj A) - :l:OO, )\ll)glooy(l7 )\) - :l:OO,
lim (_1)t_mty(tv )‘) = +o00, lim (-Umty(t, /\) = 4-00;
A——00 A—4o0

(b) if b + do < 0, then

lim y(0,A) = Foo, lim y(1,\) = Foo,
A—+too A—TFoo
lim (=1 y(t, ) = +oo,  lim (—1)™Tly(t, \) = +o0.

A——00 A——+oco

Proof In fact, by Remark 3.1, if by + dy > 0, then dy > 0, if by + dy < 0, then dy < 0.
Therefore, the asymptotic behavior of y(0,A) and y(1, A) holds for A — +cc.
For t € [2,T + 1]z, by (2.2),

_ T =Dt =2) (1)
y(t7)\)_( 1) p(f—l)p(t—2)---p(1)/\ (b0+d0)+Pt_1(/\)
_ _qyme @ = Dlr = 2)] - [r()]
=(=1) o Dp—2) - p) A (bo + do) + Pr—1(N).

Then, it is not difficult to see that (a) and (b) hold.

Now, we focus on the interlacing properties of the generalized Sturm’s sequence. For the
sake of simplicity, let A 4; denote the positive root(s) of y(¢,\) = 0 and A\, _;_;_;) denote the
negative root(s) of y(¢,A) = 0. By Remark 3.1, the roots of y(0,\) = 0 and y(1,\) = 0 satisfy
the following relation:

If oo > 0, then

co ap + co
A1 = —— < A _ — 0 3.6
R S R (3:6)
If 09 < 0, then
co ap + Co
A =—— >\ =— > 0. 3.7
0,+1 do 1,41 bo & do (3.7)

Furthermore, for t € [1,T)]z, the following interlacing result holds.

Lemma 3.8 Fort € [1,T]z, the roots of y(t,\) = 0 and y(t +1,\) = 0 are simple, real and
interlacing each other. In details,
(a) if oo < 0 and r(t) > 0, then
0 < Aeg1,40 < Aei < Aeg14(ig1), =12, my+ 15
0> Aet1,—5 > At—j > A1, —(5+1):

At41,—(t—me—1) > At,—(t—me—1), J =1L, t—my—2;

(b) if oo <0 and r(t) <0, then

0 < At14+i <At <Ap14(i41) Ml (met1) < Aep(met1)y 0= 1,2, my;
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0> Ag1,—5 > Me—j > N1 —ry, J=12, it —my — 1
(¢) if oo > 0 and r(t) > 0, then

0 < Aeg1+i < Atpi < Aegigigr)s 0= 1,2, my;

0> Mt1,—5 > A= > A1, (1) Al —(t—my) > M—(t—my)y  J = 1,2, —mp — 15
(d) if oo > 0 and r(t) < 0, then

0 < Aet,4i < Aiti < Mgt 4641)s Atk dme < Adme, 0= 1,2, my — 1

0> )‘t+1,—j > /\t7—j > )\t+l,—(j+l)7 3=1,2,--- ;t —my.

Proof We only prove the case (a). Others could be proved similarly. First, we prove that
(a) holds for y(1,A) = 0 and y(2,A) = 0. In this case, r(1) > 0, m; = 0 and ma = 1. Now, the
proof will be divided into two cases.

Case I bg + dy > 0. Then, y(0,A) and y(1,\) are both increasing linear function with
respect to A. On the other hand, it follows from (3.7) that Ao, 41 > A1 41 > 0, and then, by the
fact that 09 < 0, we obtain
0o

—— <0.
bo + do

Y(0, A1 41) = co + doAi 41 =
Combining this with Lemma 3.5, it follows that y(2, A1, +1) > 0. On the other hand, Lemma
3.7 implies that
t_lgimooy(l, A) =+oo and t_l)lglooy(Z, A) = —o0.

Therefore, y(2, ) = 0 has exact 2 real roots. Furthermore, by Remark 3.1, o9 < 0 implies that
ap < 0 and ag 4+ ¢p < 0. Combining this with Lemma 3.6, we have that y(2,A\) = 0 has two
positive roots Ag 41 and Ag 4o satisfying 0 < Ao 41 < A141 < Ag,42. This means (a) holds for
y(1,A) =0 and y(2,\) = 0, if by + dp > 0.

Case IT by + dy < 0. Then (3.7) still implies that A\g+1 > A1,41 > 0 and op < 0 implies

that
g0

— > 0.
bo + do

Y(0, A1 41) = co + doAi 41 =

From Lemmas 3.5 and 3.7, y(2, A1 +1) < 0 and
t_l}glooy(l,)\) = Foo and t_l)lglooy(Z, A) = +o0.

Therefore, by Lemma 3.6, we obtain that y(2,\) = 0 has exact two different real roots Ag 41
and Mg yo such that 0 < Ao 11 < A1,41 < Ag,42. Therefore, (a) holds.

Next, suppose that (a) holds for y(k,A) = 0 and y(k + 1,\) = 0. That is to say, if o9 <0
and r(k) > 0, then the roots of these two equations satisfy the following interlacing properties:

0 < Aet14i < Meti < Apgtg(itr), =12, mp+ 1
0> /\k+1,—j > /\k,—j > /\k+1,—(j+1)7 (3.8)

)\k+1,—(t—mk—1) > Ak,—(t—ﬂlk—l)a J=12, -t —mp — 2;
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Finally, let us consider the interlacing properties of the roots of y(k + 1,\) = 0 and y(k +
2,)) =0. By (2.2),

sz TR DIrR)] - [r(D)] |
p(k+1)p(k)---p(1)

Then the following two cases should be discussed.
Case I r(k+1)>0and by+ dy > 0. In this case, myi2 = mgy1 + 1 = my + 2 and

y(k+2,)) = (-1)

(bo + do) + Pk+1()\).

lim (—1)MF2=met2g(k 42, 0) = 400,  lim (=1)"+2y(k 4+ 2,\) = +o0. (3.9)

A——00 A——+oco
Now, let us focus on the sign of y(k,\) and y(k + 2, A) at the roots of y(k + 1, ) = 0, i.e., at
the points A = A\gy1,44. In fact, from Lemma 3.5 and (3.8), it follows that

(=)™ y (ks Mot 1, 4mpt2) > 0, (1™ y(ky Mg pmy+1) > 0,0+ (=12 y (b, Aga 1) > 0.
This together with Lemma 3.5 implies that

(_1)mky(k + 27 )\k+17+mk+2) < 07

—1)™ (k4 2, Akt 4+m <0,
(1) ( +1,4met1) (3.10)

]

(=1)?™ Ty (k 4+ 2, Agg1,41) < 0.

Meanwhile, since og < 0 and bg, dy > 0, we know from Remark 3.1 that ag < 0 and ag+c¢o < 0.
Therefore, y(k + 2,0) < 0. Combining this with (3.9)—(3.10), we know that y(k + 2, ) = 0 has
myg + 2 positive roots with

0 < Mego,4i < Aeg14i < Apgo,4ivt, =1,2,--- my + 1.

Next, let us consider the distribution of the negative roots of y(k+1,A) = 0 and y(k+2,\) = 0.
In fact, by (3.8), at the point A = A\py1,—;, we get

(_1)k_mk_1y(k7 Ak—‘,—l,—(k—mk—l)) > 07 (_1)k_mk_2y(k7 Ak—‘,—l,—(k—m;c—Q)) > 07
 (=1)%y(k, Akg1,—2) > 0, (=1)'y(k, Akg1,-1) > 0.

Therefore, Lemma 3.5 implies that

(=D (ke 4+ 2, Mgt — (bmmp—1)) < 0, (= 1)F 7™ 72y (k 4+ 2, Nt — (kmmp—2)) < 0,
S (=D2y(k 2, M er1,—2) < 0, (=D y(k + 2, \gr1,—1) < 0.

Combining this with (3.9) and the fact that y(k 4+ 2,0) < 0, we get that y(k + 2,\) = 0 has
k — 1 — my, negative roots which satisfy

0> Apg2,—j > Aet1,—5 > Mg, —(j+1)

)\k+2,—(t—mk—1) > Ak—i—l,—(t—fnk—l)a .7 =12, 7k —my — 1.

By the mathematical induction, (a) holds for r(k + 1) > 0 and by + dy > 0.
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Case Il r(k+1)> 0 and by +dyp < 0. In this case, ag > 0, co > 0, m, = my + 1 =my +2
and by Lemma 3.7,

lim (—1)*™ =1y, \) = +oo,  lim (—=1)™*Fly(k,\) = +o0.

A——00 A—+oo
lim (=1 ly(k +20) = +oo,  lim (=1)"™Tly(k +2,)\) = 4oc0. (3.11)
A——00 A—+oo

Furthermore, by Lemma 3.5 and (3.8), we get

(=)™ y(ky Mgt mpt2) > 0, (=1)™ F2y(k, Ao, 4mp11) > 0,
(=12 2y (ke A1 41) > 0

and

(=)™ y(k + 2, Mot 1,1mp+2) < 0, (=1 2y(k 4+ 2, Aoyt 4mp+1) <0,
T (_I)ka-i-Qy(k + 27 )‘k+1,+1) < 0.

Therefore, if follows from (3.11) that y(k+ 2, A) = 0 has at least my, + 3 positive roots satisfying
(a). On the other hand,

(_1)k_mky(ka A}’C-‘,—l,—(}’f—?’nk—l)) > 07 (_1)k_mk_ly(k7 )\k+17—(k—mk—2)) > 07
 (=1)Py(k, Akg1,—2) > 0, (=1)%y(k, Agg1,—1) > 0

and

(=D gk + 2, M1, — (i —1)) < 0, (= 1)F ™y (k4 2, Npset — (h—my—2)) < 0,
(D3 (k4 2, Mg 1,-2) < 0, (=1)2y(k + 2, \jer1,-1) < 0.

Combining this with (3.11) and the fact y(k + 2,0) > 0, we get that y(k + 2,\) = 0 has at
least k — my, — 1 negative roots satisfying (a). Finally, since y(k + 2, ) is a (k + 2)th degree
polynomial about A\, we know that those “at least” should be “exact”.

In what follows, by the mathematical induction, we get that (a) holds for oy < 0 and
r(t) > 0. This completes the proof.

From Lemma 3.8, it is easy to get the following eigenvalue results for the Right Dirichlet
problem (RDP for short): (1.1),(2.1) with the boundary condition y(7' + 1) = 0.

Theorem 3.1 Suppose that (A1)—(A3) hold. Then Right Dirichlet problem has exact s real
and simple positive eigenvalues /\fi, and T + 1 — s real and simple negative eigenvalues /\E’l,

satisfying
Moy << AP < NP <0< AP < A <o < AR (3.12)

where

m, oo > 0,
S =
m-+1, o9<0.
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Then by Theorem 3.1, we could get the distribution of eigenvalues of the Right Neumann
problem (RNP for short): (1.1),(2.1) and boundary condition Vy(7T'+ 1) = 0.

Theorem 3.2 Suppose that (A1)—(A3) hold. Then Right Neumann problem has exact s

real and simple positive eigenvalues )\fi, i=1,---,5 and T — s + 1 real and simple negative
etgenvalues /\]_Vj, j=1,---.T —s+ 1. These eigenvalues satisfy the following interlacing
properties
My <AZy <A <0 <Al < AR <Al (3.13)
Proof Let (T3
N = =2 N#A AR and A #£ AP

y(T+1,))’
It follows from (2.2) that Vy(T + 1) is a (T + 1)th degree polynomial of A. Then, there are at
most 7'+ 1 real A such that Vy(T + 1, A) = 0. This implies that N(\) has at most 7'+ 1 real
zeros. Now, we only need to discuss that the equation N(\) = 1 has exact T + 1 real roots
which satisfy the conclusion.

By (2.2), it is easy to see that AEIEOO N(X) = 0. Furthermore, by Lemma 3.6, we know that
(ap + co)Ay(T,0) > 0 and N(0) < 1. Meanwhile, no matter ag + ¢y > 0 or ag + ¢o < 0, by
Lemma 3.8, it is not difficult to see that, there exists a small left neighbourhood U° (AY; o) of

APy, such that N(\) > 0 for 4% (A\P};8y). This implies that lim N(X) = +oo. Therefore,
A—=AD, 0

N(X) =1 has a positive root A} in (0,\%;). Furthermore, by Lemma 3.8, there exists a small
right neighbourhood U (A?,; 80) of AP, such that N(X) < 0 for U (A2;;80). This implies that
lim N(A\) = —oo. Similarly, by Lemma 3.8, we know that for some § > 0 small enough,

A=AD 40
NA) >0, AeU°(A\2;6) and N(A) <0, AeUi(N\P;0), i=1,2,--,s—1,
N(\) <0, XeU’(AP;6) and N(A) >0, XeUI(N\P;0), j=1,2,---,T—s.

_]’ -3
Therefore, N(A) has at least one zero point in each of these open intervals: (0, /\fl) (=P 71,0),
(Ati, Ay i41)) and (AP (+1)° ,AD)), where i € [1,5 — 1]z and j € [1,T — sz
Meanwhile, N'(\) < 0 for A € U2 (AP,;8) and N(A) > 0 for A € U2 (A1, y56). Combin-
ing this with the fact that /\lirf N()\) = 0, it is not difficult to see that N(\) does not have
—+oco

any zero in (—oo, /\1_7(T+1_S)) and (AP, +00).
Overall, N()) has exact s positive zeros AY; (i € [1,5]z) and T + 1 — s negative zeros AV,
(j € [1,T + 1 — s]z) such that the interlacing inequalities (3.13) holds.

3.2 The sign-changing rule of the generalized Sturm’s sequence

In this section, we try to discuss the oscillation properties of y(k, \) about k. Then the
position of the point Ag 41 (or Ag,—1) will be important for our discussion.
For the sake of convenience, if oo > 0, let

A mig) = A2romisy = =00, My = Mmany = 00, Al =25 = A5 =22 =o0.
If g < 0, let

/\]—V(T—m—i-l) = /\l—)(T—m—i-l) = 09, )‘N +(m+2) — /\+(m+2 = +00, )\+o = /\Eo =\ = /\1—)0 =0.
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Furthermore, without loss of generality, if o9 > 0, we suppose that there exists a nonnegative
constant W_ : 1 < W_ <T — m + 2 such that

/\l_)V[/; < )\0,—1 < /\l—)(W,—l)'

If o9 < 0, we suppose that there exists a non-negative constant W, : 1 < W, < m + 2, such
that
Mav, —1y < dog1 < APw, -

Theorem 3.3 Suppose that (A1)-(A3) hold and o9 > 0. Then

(i) if A e (/\f(k_l),)\fk] and k € [1,m + 1]z, then all solutions of (1.1), (2.1) change their
signs exactly k — 1 times on [0, T + 1]z;

(ii) if A € [A?k,)\?(k_l)) or X\ € ()\0,_1,/\1_)(W7_1)), k€ [1,W_ — 1]z, then all solutions of
(1.1), (2.1) change their signs exactly k — 1 times in [0, T + 1]z;

iii) if A € MNP AR ) or A e (AP, Xo—1], k€ [W_,T —m +2,]z, then all solutions

kN (k—1) W A0,

of (1.1), (2.1) change their signs exactly k — 2 times in [0,T + 1]z.

Proof Now, we only need to discuss the sign-changing time of the sequence

{y(0,N), y(1,\), -+, y(T+1,N)}. (3.14)

First, let us prove (i) holds. Since og > 0, it follows that y(0,\) and y(1, ) are both
negative or positive for A > 0. Now, we prove the result by using the method of induction on
k,k=1,2,--- T +1.

Step 1 Let us consider the case that k = 2. If (1) < 0, then, by Lemma 3.8, we know
that the two roots of y(2,A\) = 0 are both negative. This together with Lemmas 3.6-3.7 implies
that y(2,) > 0 for A > 0.

On the other hand, if r(1) > 0, then by Lemma 3.7, y(2, A\) = 0 has exact one negative root
A2,—1 and one positive root Ag 1. Then, the following two cases happen for r(1) > 0.

Case I by + dy > 0. Since o¢ > 0, it follows from Remark 3.1 that ag > 0 and ¢y > 0.
Then, by Lemmas 3.6-3.7, we get y(2,0) < 0 and Ali]fin y(2,\) = —oo. Therefore,
—+o0

sgn{y(0, ), y(L,A), y(2,\)} = {(_1)07 (_1)07 (_1)0} for A € (0, )\2,+1);
Sgn{y(ov /\)7 y(lv )‘)v y(27 )‘)} = {(_1)05 (_1)07 0} for A = )‘2,+1;
Sgn{y(ov /\)7 y(lv )‘)v y(27 )‘)} = {(_1)05 (_1)07 (_1)1} for A € (/\2,4-17 +OO)

Therefore, {y(0, ), y(1,\), y(2,\)} does not change its sign for A € (0, A2 41] and changes its
sign exactly one time for A € (Ag 41, +00). We get the desired result.

Case II by + dy < 0. In this case, ag < 0 and ¢y < 0. By Lemmas 3.6-3.7, y(2,0) < 0 and
lim y(2,\) = —oco. Then, Lemma 3.8(c) implies that

A—Foo

sgn{y(O, /\)7 y(1,A),y(2, )‘)} = {(_1)17 (_1)17 (_1)1} for A € (0, )‘2,+1);
sgn{y(O, /\)7 y(1,A),y(2, )‘)} = {(_1)17 (_1)17 O} for A= A y1;
Sgn{y(ov /\)7 y(lv )‘)v y(27 )‘)} = {( 1)15 (_1)17 (_1)0} for A € (/\2,4-17 +OO)
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The result still holds for k = 2.

Step 2 Suppose that the result holds for £ = ¢t. This is to say, the sequence

changes its sign exactly £ — 1 times for A € ()\f(k_l), )\fk].

Step 3 Now, we consider the case k =1t + 1, i.e., the sign-changing time of the sequence

{y(O,/\),y(l,/\),--- ay(tv)‘)ay(t+17)‘)}' (3'16)

Without loss of generality, let A € (A1, 4(i—1), Me41,4i), @ = 2, , 8¢41. According to Lemma
3.8, A t(i—2) < At (im1) < Apg(i—1) < At1,4i < Ag,+i- Furthermore, since Ay 4 (;—1) is the
(2 — 1)th zero of y(t + 1, A) and (ap + ¢o)y(t + 1,0) > 0, we know that

sgny(t +1,0) = (=1)"sgn(ag + co)  for A € (Apy1,4(i-1)s A1, 4i)- (3.17)

If A€ (Ng1,4G—-1) At,+(i—1))» then A € (A¢ y(i—2), A, +(i—1)]. According to Step 2, we know
that the sequence (3.15) changes its sign exactly i —2 times and the sign of y(¢, \) in this interval
is (—1)""2sgn(ag + cp). This together with (3.17) implies that (3.16) changes its sign exactly
i — 1 times. On the other hand, if A = A\; {(;_1), then by Lemma 3.5, y(t + 1, \s 4 i—1))y(t —
1, At +(i—1)) < 0. Therefore, (3.16) still changes its sign exactly 7 — 1 times.

If A€ (A t(@im1)s Aeg1,44)s then A € (N 4(i—1), At,+i). According to Step 2, we know that
the sequence (3.15) changes its sign exactly ¢ — 1 times and the sign of y(¢, \) in this interval is
(—1)*!sgn(ag + co). Combining this with (3.17), we know that y(¢+ 1, \) and y(¢, \) have the
same sign in (A; 4 (;—1), At+1,44), which guarantees the sequence (3.16) changes its sign exactly
i — 1 times. Meanwhile, for A\ = Ay 44, the result holds since (3.15) changes its sign exactly
i — 1 times at this point and y(t + 1, \y+1,44) = 0.

Therefore, the conclusion (i) holds by the induction method.

Next, let us prove (ii) and (iii) hold. Because of o9 > 0, we know that A\; _; < Ag_1 < 0.
So, there exists a non-negative constant W’ : 1 < W’ < T — m + 2 such that

ag + ¢o
bo + do

Nowr <A1 = - <Ay

Similar to the discussion for (i), it is not difficult to see that

{y(lv)‘)ay(27)‘)v"' 7y(T+17)‘)} (318)

has the following two oscillation properties:

(P1) The sequence (3.18) changes its sign exactly k& — 1 times for A € (NP, AP, ), k =
1,2,--- ,W'_ —1and W/_ — 1 times for A € (A _1, AE)(WL—I))'

(P2) The sequence (3.18) changes its sign exactly k — 2 times, for A € [\, AP, ), k =
W.,---, T —m+2and W' —2 times for X € (A2, , Ay 1]

Now, let us discuss the sign-changing time of the sequence (3.14).

First, when A € (A1,—1,0), then (ap + co)y(0,A) > 0,(ap + co)y(1,A) > 0. This means
y(0,A) and y(1, \) have the same sign for A\ € (A;,_1,0). This together with the property (P1)



Eigenvalues of Second-Order Left-Definite Linear Difference Operator 919

implies that the sequence (3.14) changes its sign exactly k — 1 times, when \ € [)\E)k, /\I_D,H_l) or
A€ (Alx_l’)\?(WL—l))’ ke [1, w! — 1]2.

Second, when A € (Ao, —1, A1,—1], then (ap+co)y(0, A) > 0 and (ap+co)y(1,\) < 0. Therefore,
y(0,A) and y(1,\) have the opposite sign in this interval. This together with (P1) implies
that the sequence (3.14) changes its sign exactly k — 1 times, when X € (A2, AP, ) or X €
(/\l—)WL’)‘la—l] or A€ (/\0,_1,)\’3(“,7_1)), ke W, ,(W_ —-1)z.

Third, when A € (—o00, Ag,—1], then (ap+ co)y(0,A) < 0, and (agp + co)y(1, A) < 0. Therefore,
when A € (N2, AP Yor A e (AP, Xo—1], k € [W_,T —m+2]z, the sequence (3.14) changes
its sign exactly k — 2 times. If A = Ao _1, then y(0, ) = 0 and the sequence (3.14) still changes
its sign exactly k — 2 times.

Final, when A € (0, +00), then (ag + ¢o)y(0,X) > 0, (ap + ¢o)y(1,A) > 0. Therefore, when
Ae (AP 0P], k € [1,m + 1]z, the sequence (3.18) changes its sign exactly k — 1 times.

Similar to the proof of Theorem 3.3, we could get the following oscillation properties for the
case oo < 0.

Theorem 3.4 Suppose that (A1)—(A3) hold and oo < 0.

(i) If A € N2 AR L), k€ [1,T —m + 1]z, then all solutions of (1.1), (2.1) change their
signs exactly k — 1 times in [0, T + 1]z.

(i) If A € (M2, AR or X e ()‘E(W+—1)’/\O>+1)’ k€ [1,Wy — 1]z, then all solutions of
(1.1), (2.1) change their signs exactly k — 1 times in [0,T + 1]z.

(itt) IF A € (APp_ s M) or A€ o1, APy, ), k€ (Wi, m + 2]z, then all solutions of (1.1),
(2.1) change their signs exactly k — 2 times in [0,T + 1]z.

4 Spectral Properties for (1.1)—(1.3)

First, let us introduce a function

+(s+1)
Vy(T + 1,
fA) = /\((Ti—f—lx\))’ A€E U AL A1), (4.1)
y ’ k=—(T—s+2)

where s is defined in Theorem 3.1. Then, we get the following result.

Lemma 4.1 Suppose that (A1)—(A3) hold. Then f(X\) has the following properties:

(i) The graph of f(\) consists of T + 3 branches &,k € [—(T —s+2), —1]U[+1,+(s+1)]z.
The branch intersects \—azis at X = \Y.

(ii) f(A) is (strictly) decreasing as X varies from ) to A,y for k € [—(T—s42),4+(s+1)]z.

(iii) For k € [—(T — s +1),+s|z, f(\) = —00 as A T AP and f(A) — 400 as A | \P.
Meanwhile, f(A) — 0 as A\ — +o0.

Proof (i) Since f(A) has only one kind of zero point: A = A, it is easy to see that (i)
holds.
+(s+1)

(ii) For A € U (A2, A2L), we have
k=—(T—s+2)

oy = 2 (Vy(T+ 1,)\))

T \y(T+ 1,0
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g+ L, 0VY(T L) + AT+ 1,0 Z&y(T ) — (TN Gy(T +1,0)]
- (Ay(T +1, X))

P+ LTYT +1.0) + A T r(s)(w(5 1) — p(0)doA

ST O + LYY
p(0)5(0, M) Ay(0, A) + § p(1)(Ay(t N)? + é 2Oy (E. )2 — p(0)For
PV GESSY)E

According to Remark 3.1, we have bgdy > 0, 09apdg > 0. Therefore,

p(0)y(0,\)Ay(0,A) — p(0)aoA
= p(0)[(co + doA)(ao + boA) — (boco — aodo)A] = p(0)(bodoA® + 2aodo + agco) > 0.

Further, we have f'(\) < 0. Therefore, (ii) holds.
(iii) The results of (ii) and the definition of f(\) imply the results of (iii) holds.

bet +biA
a1+ by 1
= AT N0, — L
IN=Teray M7
According to (A4), if o7 > 0, then —% > 0; if o9 < 0, then —% < 0.

Lemma 4.2 g(\) has the following properties:

(i) g(A) has two vertical asymptotes py = min {0, —%} and po = max {0, - }. Meanwhile,
the graph of g(\) has three branches F, k = 1,2,3 and one zero point —Z—ll.

(i) g(N) is (strictly) increasing for (—oo, u1) U (1, p2) U (2, +00).

(i) lim g(s) = +oo, lim g(s) = —o0, lim ¢(s) =0,i=1,2.

s—py s—p) §—00

Proof Obviously, (i) holds. Now, we only need to prove that (ii) holds. For A € (—oo, 1)U

(11, o) U (2, +00), we have

> 0.

ap + b1 A )/ _ _CLlCl + 2a1di )\ + bldl)\Q
) N (al +b1)\)2 -

/ —
g\ = (/\(Cl + di A
Since (A4) holds, the last inequality holds. This implies that g(A) is (strictly) increasing on
each of its branches. Further, (ii), (iii) hold.

In order to obtain the oscillation theory of problems (1.1)—(1.3), we give some notations.
Let

1= 45 o1 <0,
T ls+1, o1 >0.
Then
m, o1 <0, o9 >0,

l=<m+1, 01<0,00<0 or o7>0, g9 >0,
m+2, o01>0, g9 <O.

If 01 < 0, then there exists a non-negative integer L_ : 1 < L_ < T — [+ 2 such that

aj
MV, < 5 < Mo 1y (4.2)
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Further, there exists a non-negative integer K_ : 1 < K_ < T — [+ 2 such that
D €1 D
Ao < 4 <Ak -1 (4.3)

Obviously, L_ < K_. If o1 > 0, then there exists a non-negative integer L : 1 < Ly <[ +1,
such that

a
M,y < T S Me. (4.4)

Further, there exists a non-negative integer K, : 1 < K, <[+ 1 such that
D ! D
AL (K, —1) <_d_1§/\+K+' (4.5)
Obviously, Ly < K.

Theorem 4.1 Suppose that (A1)—(A4) hold. Then (1.1)—(1.3) has | positive eigenvalues
(N 1=, T+ 2 — 1 negative eigenvalues {\_j }¥=T271 These T + 2 eigenvalues satisfy the
following properties:

(a) If o1 > 0, then
A?(T-‘,-Q—l) < A—(T-‘,—Q—l) < )\J_V(T+2_l) < e < )\?1 < )\_1 < )\J_vl < 0
<My <A <Ay < <M Ly < ey <Ao< v
<M, <APp < <y < M on) < M oy < kg

< A1K+ < A+(K++1) S )\EK+ < M < Afl—l < A.l,.l < Afl—l' (46)
(b) If o1 < 0, then

)‘?(T—l+1) < /\—(T—l+2) < /\]—V(T—l—i-l) << /\E)K, < /\—(K,+1) < /\]—VK,
< )\—K, < )\?(Kf—l) < A]—V(K,—l) < )\—(Kf—l) < e & A?L,
< )\JXL, <A < )\?(L,—l) < /\—(L,—l) < /\]—V(L,—l) < < )\?1

<Ao< AN <0< A < ap <0 <M < < 0 (4.7)

Proof We only show that (a) holds. Without loss of generality, let o9 > 0. Then ! =m+1
and T+2—1=T+41—m. Now, the proof will be divided into two cases.

Case I 1 < Ky < m+ 1. First, we consider the first branch %#; of g()\). From the
monotonicity of g(A) and f(A), the first branch % of g(\) intersects the upper half of branch
&_(T—m+1) to branch & 1 of f()) and does not intersect the branch &_(p_,,42). Therefore, we
can get the following interlacing inequalities

)\?(T—m-l-l) < )\_(T_m_;’_l) < )\JX(T—m-‘rl) < M < A?l < )\_1 < )\le < 0 (48)

Next, we consider the second branch .%, of g(A). From the monotonicity of g(A\) and f(\),
the second branch %, of g(\) intersects branch &4, to branch &k, of f()\). More precisely,

since \Y <-g < Y 1, » the second branch 7 of g()) intersects the lower half of branch

+(Ly—1)
&41 to branch &, (r, 1) of f(A) and intersects the upper half of branch &, 1, to branch &

of f(A). Therefore, we can get the following interlacing inequality

0< Afl < )\+1 < AEI <0< )\f(LJr_l) < )\+(L+_1) < AE(L+_1)
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and
N D N D N
Ay <ANfp, <AL, < <Aprg -1 < APk o1) <Ak o1y <Ak <Ak,

We consider the third branch 3 of g(\). From the monotonicity of g(\) and f(A), the third
branch .73 of g(\) intersects the lower half of branch &} gk to branch &4, of f()) and does not
intersect the last branch &, (,,11). Therefore, we can get the following interlacing inequality

M <M+ <Ak, < <M < Apmen < AP

Finally, if —§* = /\pr then /\fL+ = Ayr,- So (4.6) holds.

Case IT Ky = +(m+1). Then AP < -+ < /\E(m+1)' Similar to the discussion of Case
I, we obtain (4.8) holds. Therefore, we only consider how the branches %3 and F3 of g(\)
intersect the branches of f(A). From the monotonicity of g(A) and f(A), the second branch %,
of g(\) intersects the upper half of branch &, to branch &, (1) of f(A), the third branch

F3 of g(\) does not intersect f(\). So, we can get the following interleaving inequality
Ain, ML <M << dm < MY <AL < Aty

Therefore, (4.6) holds.

For the sake of convenience, let

K= min{)\oﬁ_l,ul}, Ky = max{/\o,_l,,ul} if o1 < 0,
K3 = min{)\o,+1,u2}, Ky = maX{)\o)+1,/L2} if o1 >0.

Theorem 4.2 Suppose that (A1)—(A4) hold. If og > 0 and 01 < 0, then

(i) if Ko < A_g, then the —kth eigenfunction y_i(t) changes its sign exactly k — 1 times for
te 0,1+ 1)z;

(il) if K1 < A_ < Ko, then the —kth eigenfunction y_j(t) changes its sign exactly k — 2
times for t € [0,T + 1]z;

(iii) of Ao < K1, then the —kth eigenfunction y_r(t) changes its sign exactly k — 3 times
fort €0, T+ 1]z;

(iv) the +kth eigenfunction y4i(t) changes its sign exactly k — 1 times for t € [0,T + 1]z.

Proof Without loss of generality, suppose that K7 = py. Then W_ < K_. Other cases
can be obtained similarly.

First, from Theorem 4.1, if k € [1, K_]z, then AP, < A_j < )\?(k_l). Therefore, by Theorem
3.3, if A, > Ao —1, then the —kth eigenfunction y_(¢) changes its sign exactly k — 1 times for
te[1,T+1]z. If p1 < Ak < Ag,—1, then the —kth eigenfunction y_(t) changes its sign exactly
k — 2 times for t € [1,T + 1]z.

Second, from Theorem 4.1, if kK € [K_ + 1,7 — m + 2]z, then /\f’(k_l) < Agp < /\E’(k_Q).
Therefore, by Theorem 3.3, if A\ < p1, then the —kth eigenfunction y_j(t) changes its sign
exactly k — 3 times for ¢t € [1,T + 1]z.

Last, if k € [1,m+1]z, then Ay € ()\f(k_l), AP]. According to Theorem 3.1, then the +kth
eigenfunction y,(t) changes its sign exactly k — 1 times for ¢ € [1,T + 1]z.
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Theorem 4.3 Suppose that (A1)—(A4) hold. If og > 0 and o1 > 0, then

(1) if Mo,—1 < A_k, then the —kth eigenfunction y_i(t) changes its sign exactly k — 1 times
fort €0, T+ 1]z;

(i) if A < Xo,—1, then the —kth eigenfunction y_(t) changes its sign exactly k — 2 times
fort €0, T+ 1]z;

(iil) if Apx < p2, then the +kth eigenfunction yix(t) changes its sign exactly k — 1 times
fort €0, T+ 1]z;

(iv) if Apx > pe, then the +kth eigenfunction yii(t) changes its sign exactly k — 2 times
fort €0, T+ 1]z.

Theorem 4.4 Suppose that (A1)—(A4) hold. If og <0 and o1 <0, then

(i) if p1 < A_g, then the —kth eigenfunction y_i(t) changes its sign exactly k — 1 times for
t €0, T+ 1]z;

(ii) of A < p1, then the —kth eigenfunction y_(t) changes its sign exactly k — 2 times for

[

te 0,7+ 1]z;

(ili) if Ay < Ao,+1, then the +kth eigenfunction y1i(t) changes its sign exactly k —1 times
fort €0, T + 1]z;

(iv) if Atk > Ao.+1, then the +kth eigenfunction y4i(t) changes its sign exactly k — 2 times
fort e [1,T +1]z.

Theorem 4.5 Suppose that (A1)—(A4) hold. If og <0 and o1 > 0, then

(i) the —kth eigenfunction y_(t) changes its sign exactly k — 1 times for t € [0, T + 1]z;

(ii) if Apr < K3, then the +kth eigenfunction yii(t) changes its sign exactly k — 1 times
fort €0, T+ 1]z;

(iil) if K3 < Ay < Ky, then the +kth eigenfunction yir(t) changes its sign exactly k — 2
times for t € [0,T + 1]z;

(iv) if Ay > Ky, then the +kth eigenfunction yii(t) changes its sign exactly k — 3 times
fort €0, T+ 1]z.

Remark 4.1 In order to better verify the results of this paper, we use another method to
verify the spectra of the following left-definite difference operator

V(Ay(t)) = =Ar(t)y(t), tell,3]z, (4.9)
(1= 30y(0) = (2~ )Ay(0), (1-20y(4) = (2 +2)Ty(a), (4.10)
where (1) = 1,7(2) = 1,7(3) = —1,a0 = 1,bp = —3,¢c0 = 2,dy = —1l,a1 = 1 = —=d;,b; =
—2,c1 = —%. Suppose that initial conditions y(0,\) = 2 — A, y(1,\) = 3 — 4\. Therefore, by
(3.2), we obtain
Y(2,0) = (2= N)(3 —4\) + X — 2 =4\ — 10) + 4;
Y(3,0) = (2= N[(2 = A)(3—4\) + A — 2] + 4\ — 3 = —4)\3 + 182 — 20\ + 5;
y4,N) = 2+N[2-MN[E2-ANB =4+ A =2]+4X=3] - (2—-N)(B —4\) — A +2
= —4X* + 10X% + 120% — 25\ + 6.

In order to obtain the eigenvalues of (4.9)—(4.10), we first consider the eigenvalues of Right
Dirichlet problem (i.e., y(4) = 0) and Right Neumann problem (i.e., Vy(4) = 0). By using
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Matlab 7.0, it is not difficult to see that y(4, A) = 0 has one negative eigenvalue and three pos-
itive eigenvalues, i.e., AP}, )\fl, /\5_’2, /\5_’3. Similarly, Vy(4, A\) = 0 has one negative eigenvalue

and three positive eigenvalues, i.e., A, A, A, Ay Then

AP = —1.7064, AP, =0.2884, AP, =1.0703, AP =2.847T;
AN =—-0.5000, AN, =0.1771, AY, =1.0000, A}, =2.8229.

Further, we can get the following interlacing inequality
AP < AN <0< Al < 0P < 0T, < A\D, < Ay < AP

Next, suppose that

1-2 A= 2
) = 3 SVy(4) = 3 3 (—4A 4+ 1403 — 6A% — BN+ 1),
a(\) = ! _/\2)\y(4) 1= 2A(—4X’= 4+ 10A% 4+ 12)% — 25\ + 6).

So, in order to get the eigenvalues of (4.9)—(4.10), we need to find the intersection of f;(\) and
g1(A). It can be seen that f1()) has five zeros AN, A, AY,, AYs and A = 2. Meanwhile,

AEIPOO fid) = —os, )\EI-‘,I}OO fuld) = —oo.
f1(A) has an asymptote A = 0, and
i i) = +o0, im0V = —ox.
g1(X) has five zeros, i.e., AP, AP APy AP, 1, and
AEIPOO 91(A) = Fo0, )\EI-‘,I}OO 91(A) = Foo.
91(\) has an asymptote A = 0, and
limg1(A) = o0, limg1(A) = +o0.

Therefore, (4.9)—(4.10) have two negative eigenvalues A_; and three positive eigenvalues A1, Aya,
At3, Apa, which satisfy the following interlacing inequality

AP < as < A <0< A < h i < AP <o < A < s < 0P, <A < s < 0D

In this example, we can see that K, = L, =2, 09 = —5 and 01 = %, therefore, the conclusion
is the same to the conclusion of Theorem 4.1.
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