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Critical Perturbation Results for a Mixed
Boundary Value Problem
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Abstract Let K be a given positive function on a bounded domain €2 of R™, n > 3. The
authors consider a nonlinear variational problem of the form: —Au = K|u| 724 in Q with
mixed Dirichlet-Neumann boundary conditions. It is a non-compact variational problem,
in the sense that the associated energy functional J fails to satisfy the Palais-Smale con-
dition. This generates concentration and blow-up phenomena. By studying the behaviors
of non-precompact flow lines of a decreasing pseudogradient of .J, they characterize the
points where blow-up phenomena occur, the so-called critical points at infinity. Such a
characterization combined with tools of Morse theory, algebraic topology and dynamical
system, allow them to prove critical perturbation results under geometrical hypothesis on
the boundary part in which the Neumann condition is prescribed.

Keywords Critical elliptic equations, Variational methods, Asymptotic analyzes,
Critical points at infinity
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1 Introduction

Let 2 be a connected bounded domain of R™, n > 3, whose boundary 0f2 is Lipschitz-
continuous and splitted into two parts I'g and I'y having positive (n — 1)-dimensional Hausdorff
measure. Given a positive function K : Q — R. We deal with the analysis of critical nonlinear

problems of the form:

—Au=Klu77u i (9),

u=0 on (T'y), (1.1)
0
a—z =0 on (I'y),

where v is the out-ward unit normal to the boundary 0f2.

Such problems may appear in different branches of the applied sciences. For example in
the theory of viscoelastic fluids, when modeling the slip of a fluid along solid walls. Namely,
Dirichlet condition on I'g means that no-slip condition of the viscoelastic medium is imposed on
this part, while on I'; the impermeability condition is used. See for example the Kelvin Voigt

fluid model in [9] and [26]. It appears also when modeling problems of the boundary control
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of flows in a domain € with boundary 902 divided on several parts which differ in physical
properties (see [24-25]).

The natural space where we look for solutions of problem (1.1) is
V(Q)={uec HY(Q), s.t. u =0 on I'y}.

It is straightforward to see that the positive solutions of problem (1.1) correspond to the positive

critical points of the functional

subjected to the constraint u € 3, where
2= {ue V@) ul? = / Vul?dz =1},
Q

The main difficulty arising in studying problem (1.1) and its related functional J% comes
from the presence of the critical exponent of the Sobolev embedding V(Q) — L%(Q) In
virtue of the compactness defect of this embedding, J® does not satisfy the Palais-Smale
condition and therefore the classical variational methods do not work in the present setting. It
is also interesting to note that the analysis of blow-up phenomena of problem (1.1) presents an
additional difficulty compablack with the one of [7] concerning the case of homogenous Dirichlet
boundary conditions. Indeed, in [7] (see also [21, 30]) blow-up phenomena occur only in the
interior of the domain. However for the mixed problem (1.1), the picture is more complicated.
Namely, blow-up phenomena occur in the interior of the domain as well as on the part of the
boundary where the Neumann condition is prescribed (see [18, 22]). When K = 1 on Q, an
analysis of the minimising sequences of the functional J! has been established by Lions, Pacella
and Tricarico [22]. As a consequence of it, it is that J'(u) may have a minimum on ¥ (even
if 2 is bounded) and therefore some existence results have been derived for a certain class of
bounded domains (see [22, Corollaries 2.1-2.2]). However, it is proved that there are other
conditions, obtained by a Pohozaev-type identity (see [22]), that guarantee the infimum of J!
is not achieved. For more results on problem (1.1) for K = 1, we refer to [1, 10, 14-15, 17,
27]. For previous perturbation results on homogeneous boundary value problems, we refer the
reader to [2-4, 11-12, 19-20, 23].

In this paper, we consider the case of non-constant function K. As far as we know, there
is still no research on problem (1.1) dealing with this case. Our aim is to study the lack of
compactness of the problem and derive some existence results. Our main tool of the proof is
the critical points at infinity theory of Bahri [5]. For Bahri’s theory and its applications we
refer to [6-7, 13] and the references therein.

From now on we suppose that boundary of the domain € is smooth with Ty N T; = () and

the infimum of J!(u) is not achieved on ¥. As examples of such domains we may consider the
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domains bounded by two concentric spheres. If I'; describes the interior sphere, it is proved in
[28] by using certain “isoperimetric arguments” that the infimum of J! is not achieved whatever
the radius of the two spheres. For other examples of domains we refer to [22].

Denoting H the mean curvature of I'y, K p, the restriction of K on I'; and Crit(K p,) the

set of critical points of K . We shall prove the following existence results.

Theorem 1.1 Letn > 5. Assume that K/p1 18 a Morse function such that

~ 1 0K — .
L(y) = Cmg(y) —CH(y) #0, Vy € Crit(Kr,),

n+1

where C = wnTﬂ(n - 2)2%1;(;%;), L(s) = [y° tﬁ%dt, s > 0 is the Gamma function and
P) n

~ 22—
C=n(n—-2)° fp, on Tayerrdz. If

(i) L (1),
y€eCrit(K p, ),L(y)>0
then problem (1.1) has a positive solution provided K is close to (1). Hereind(Kr,,y) denotes
the Morse index of K, aty and x(I'1) denotes the Euler-Poincaré characteristic of T'y.

Theorem 1.2 Let n > 5. Assume that K/p1 admits an absolute maximum yo such that

L(yo) < 0. Then (1.1) has a positive solution provided K is close to 1.

We organize the rest of this paper as follows. In Section 2 we prove some preliminary
results related to the variational structure associated to problem (1.1). In Section 3 we provide
asymptotic expansions of the associated energy functional leading to describe the behavior of
the non-compact gradient flowlines at infinity and identify their possible ends, the so-called
critical points at infinity. Many useful estimates in this Section have been extracted from the
work of Rey [29]. In Section 4 we compute the topological contributions of the critical points
at infinity near the infimum of the associated variational functional and use it to prove our

existence results.

2 Variational Tools

Problem (1.1) has a variational structure. There is a one to one correspondence between

the positive solutions of (1.1) and the positive critical points of the Euler-Lagrange functional

|Vu|?dz
J(u) = T (u) = /Q =

- (/Ku%dx) "
Q

subjected to the constraint u € 3, where
2= {uev@), Ju?:= / Vul?dz = 1}.
Q

In virtue of the compactness defect of the embedding V() < L7 (€2), the functional J fails

to satisfy the Palais-Smale condition. Following the concentration and compactness principle
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of Grossi and Pacella [18] and Lions, Pacella and Tricarico [22], we describe in the next all the
possible neighborhoods in ¥ where the positive sequences failing Palai-Smale condition can stay
there.

Let a € QUT; and A > 0. We consider

n—2

Az
(1+ X2z —al?)"=

5(11,)\) (ZII) =

and
(a >\)( ) 1/)11( )5(117)\) (ZIJ), T e Rna
where v, is a C'°° cut-off function defined by

Vo) =1, ifxze B(a, g)

and
Yo (z) =0, if x € B(a,p)-.

Here p is a positive constant sufficiently small in such a way that ¢, x) =0 on I'p.
Let h be a positive integer and 0 < ¢ < h. For € > 0 small enough we define

‘ h
W(h,t,e) = {u = Zaigo(ai)&) + Z QiPazn) TV ED, st.ag, - ,a >0,
i=1 i=0+1

M, >e t(a, - a0) €T (appr, -, an) € Q" and |v|| < e
_a "

satisfying (Vo) with |o * K(a;)J(u)"2 —n(n —2)| <e, Yi=1,--- ,h,

Aid(a;,00) > e !, Vi=L0+1,--- hand e <, Vlgz’;«éjgh}.

_n-2
Here ¢;; = (i— + ?\—JL +Aidjlai —a;*) " * and

Doy Do
(Vo) /VqSVvdx—O V6 € {Pla iy 2, EAD =1l

Let
T ={ueX,u>0}
Proposition 2.1 Let (uy)y be a sequence of ©F such that J(uy) — ¢, 0J (ug) — 0 and (ug)x
converges weakly to zero. Then there exist h > 1, 0 < £ < h and subsequence of (ux)x denoted
again (ug)p such that ug € W(h, £ e), Vk > 1. Here Ek > 0,ex — 0 as k — co. Moreover if

K=1o0nQ, J' (u) = co((2h—0) ")%,where co=n""(n—2)"" and S, fR"%

Proof The proof follows from [7, Propositions 1-2, 18, Section 2].

To demonstrate our existence results we will focus our study on a specific open part of X
that we will describe in the sequel. Our used topological argument will avoid all the rest of this
part. Let b be a positive constant such that

Sn
o2 - ) +3b< oSy (2.1)
We have the following result.
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Proposition 2.2 Let n > 3. There exists a fized positive constant &, (which depends only
on b) such that if [|[K — 1|| pw ) < 0y, then the following hold:
(i) For any u € W(h,¢,e), 0 < ¢ < h with (h,0) # (1,1), we have

Sp\ #
J(u) > ¢ (7) + 3b.
(ii) For any u € W(1,1,¢), we have
Sn\ =
J(u) <co(7) +b.
Proof We will denote O(g) any function on a and A such that |O(e)| < ce. Let

u—Zaztpaﬂq +oveW(h,te).

Recall that

Julf? N
7;2 D
/Kun 2da:
‘We have
h ¢ g h
N =3 payl? +06) = (1 -2 (a2t + 3 a28,) +0(e).
; lecairl (e) =( ) ; 5 i;ﬂ (e)

Concerning the denominator,

h 2n_
D2 :/K(Zai@(aw\qz)) "dz+ 0(e)
i—1
_Za /K(paA)d$+O()

By an expansion of K around a;, we have

=1 =041
It follows that
n—2\ 52 o 2 Sp o~ 2 n2
D:( — ) (Za, 2K(ai)7+_z Q] ZK(al)Sn) +0(e)
=1 1=0+1
Therefore
)
Sary Z a}Sn
J(u) = co = — +0(e)
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Using the fact that o > K(a;) = n(n — 2)J(u)_n;2 +0(e),Vi=1,---, h, we get
0 h 2
S S. w
J(u) =c E — s + E —— ) +0(e).
(1) = eo 2K K ) ©)

o1 2K (ai) i1 K(ai)™

Denote M = supK and m = inf K. For any 0 < ¢ < h such that (h,¢) # (1,1), we have
a Q

Q
1 2
J(u) > co——Si + O(c). (2.2)
For (h,¢) = (1,1), we have
1 /Su\=
J(u) < co—sg (7) +O(e). (2.3)
m n

Let 6 > 0 such that

3
3o

cOS§—9>co(%)%+3b and co(%) +9<co(%) + b.

From (2.2)-(2.3), there exists e, > 0 such that V0 < e < ¢, we have

1 2
J(u) > co—=5Si — 0, if (h,£)# (1,1)
and
1 -\t .
J(u) < co _(%) +0, if (h,0) = (1,1).
mn

It follows that there exists d, > 0 which depends only on b such that if |[K — 1|« q) < &, we

have

J(u) > co(%)% +3b, i (h,0) £ (1,1)

and
Sp\ = ,
J(u)<co(7) b, i (h6) = (1,1).

This completes the proof.

We now introduce the following notations. For ¢ > 0 and v > 0, we define
Jc = {u € Ea J(u) < C}

and
_4_
Vet ={ues, T2, <a )
Ln—2

where v~ = max(—u,0). The following proposition extends the result of Proposition 2.1 to
Palais-Smale sequences in

+
Jco(ST")%+3me'Y(E ).
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Proposition 2.3 Let b > 0 satisfying (2.1) and b= co( ")” + 3b. There exists v =
v(b) > 0 such that for any sequence (ug)r C J; N Vy(XT), J(ur) — ¢, 0J(ux) — 0 and (ur)x
converges weakly to zero, there exists a subsequence of (ug)y denoted again (uy)r such that
(ug) € W(1,1,ex), Vk > 1. Here e, > 0,6, — 0 as k — oo.

Proof For any u € ¥ and ¢ € V(£2), we have

(0 (u), ) = 2J(u)(<u,¢) — J(u)" /S2K|u|ﬁu¢dx).

Let (ug)x be a sequence satisfying the assumptions of Proposition 2.3. For any k > 1, we have

after denoting u~ = max(—wu,0), v, = max(uy,0) and u, = max(—uy,0),
(0 (ur), —ui) =2 (w) | = (uf = ui,up) + J(w) / K g |77 (uf = ui)(uf )]
= 27 [Ju P = T ([ Kl - w7 g e
z,u(x)>0
N TR D)
z,u(z)<0
= 27w [l I = T = | Klu) #2da].

Using the fact that ag < J(ug) < 5, Vk, where oy = irzlfJ, we get

(0] (ur), —uiy) > 200 ug |2 — 2577 M]ju; II" ns

and by Sobolev inequality, we obtain that

_ _ 2n—1) MEn -
(07 (w), —up) = 2a0lluy | (1 - 9FF == u |72, ),

where ¥,, = 3,,(2) denotes the best constant of the embedding V' (Q2) — L5 Let

1 ay ~ 2D
2ME2 '

y =
Observe that if |lu, || " 2n < 7, for any k, then
(0T (ur), —uy,) > aolluy, ||* and thus [jug || — 0,

since 0.J (ux) — 0 as k — oo. Using the fact that

Nkl =l ] < llug |l and - Jusl =1, VE>1,
we get
ut
H i —ukH—>O as k — oo,

and therefore

()~ g0 and [or ("

oy |

+

i ”) —8J(uk)H —0 ask — oo,
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N
since 9.J is a bounded and Lipschitz vector field in J;. It follows that (”"i”)k satisfies the
Uy

conditions of Proposition 2.1. Using the results of Propositions 2.1-2.2, there exits ¢}, > 0,¢}, —

h
”Zi” (1,1,¢€},), Vk. Consequently, we write
k
+
u .
HUiH = O[kQO(akﬁAk) +o* with [[o¥]] < &}, VE.
k

Let g, = ||uk e *H || + ¢),. We then have

lur — * @ (ar 2wy || < er, VE.
Equivalently, see ([7, Appendix A]), ux € W(1,1,e), Vk.
We now prove the following result.

Proposition 2.4 Let b, b and ~v = () be the constants subjected to Proposition 2.3. There
erists a bounded pseudogradient Y, in J; NV, (X1, such that for any flowline s — n(s,u) of Yy
converging weakly to zero and with initial data (0,u), u € J;NVy(XT), the following holds: For
any € > 0 there exists se > 0 such that for any s > s, n(s,u) € W(1,1,¢).

To prove Proposition 2.4, we first define on ¥ a continuous and Lipschitz vector field X by
X(u) = [lu”[Pu+u”

Lemma 2.1 Let u € J; NV, (XT). We then have
(i) (9 (u), X (u)) <0,
(ii) (0J(u), X (u)) < —cp and ||0.J(u)|| > C—; if ue (V5(S7))".

Here ¢y, is a positive constant independent of .

Proof Let u € J;NV,(XT). Using the fact that || X (u)|] < 2 and (X(u),u) = 0, the

computations of Proposition 2.3 yield
(@(w). X () = 2J(w) (J(0) ™= / K ()P de — u” )

<2(b = M ||u H" 2"; aollu‘l\Q)

b= ”MZ‘Z 1
< 20 ju” |2 (2 |u" |72, 1)
o
< —apllu”?
since v = 3 1\/?5032 b_ = . Inequality (i) follows.

Now if [|u~ | 2 n 2 > 1, then by Sobolev inequality we have

lemI2= (3) 7 =,

and therefore
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In addition, we have

(0 (u), X ()| < 2|0 ()],
it follows that [|0J(u)|| > 2. Inequality (ii) is valid.

Lemma 2.2 Let u € J;NVy(XT) and let s — u(s) be a movement of X with u(0) = u.
Then u(s) € J, NV, (X1), Vs > 0.

Proof For s > 0, we have 1(s) = |Ju™(s)|*u(s) +u~(s). We claim that
u(s) = u(0)elo 1" O dt—s, (2.4)
Indeed, let g(s) = u(s)e™Jo lv" (DIt We have
a(s) =u (s)e Jo MmO = g7 (s).
Therefore, g(s) = g™ (0) — g~ (0)e™*. Consequently,
g (s) =g (0)e* =u"(0)e™* =u(s)e Jo ™ @l
Hence claim (2.4) follows. Let s < s’. We have

_ s’ w 2q¢—s’ _
lu ()] 2, = [ (O] za, el 1 OPI= < = ()| a0,

’

S
since / lu=(t)||?dt < s’ — s. It follows that s — Hu‘(s)HL% is a decreasing function and

therefore the flowline u(s) remains in J; NV, (X7), Vs > 0.

Proof of Proposition 2.4 We first note that by the expansion of Proposition 2.2 and by
Sobolev embedding there exists a positive constant €, > 0 such that for any 0 < ¢ < ¢, we
have W (1,1,e) C J; N V3 (E%). Define

Yy(u) = —x(w)0J (u) + (1 — x(u) X (u), u€ JNVy(ET),

where x(u) = 1 in J;NV3 (XF) and x(u) = 0 in J; N (Va, (E7))°.

Let w € J; NV, (¥7) and let s — n(s,u) be a flow line of Y} converging weakly to zero. By
Lemmas 2.1-2.2, n(s, u) stays in J; N Vy (E7) for any s > 0. Let e > 0 (¢ < &). We claim that
there exists s. > 0 such that n(s,u) € W(1,1,¢), Vs > s..

Indeed, outside W (1, 1,¢), n(s,u) has to satisfy

S I0(s)) = (2 (n(s)), Vi n(5))

= —x(m(s)10T (n(s)1* + (1 = x(n(s))(0 (1(s)), X (1(s)))-

Observe that from Proposition 2.3, there exists ¢. > 0 such that |0 (u)|| > ¢, Yu € W(1,1,¢)°.
Moreover by Lemma 2.1, we have (9.J(u), X (u)) < —cp and [|0J(u)|| > e, Yu € (Vz(E1))°.

Thus there exists a positive constant cp. such that
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Hence our claim follows from the fact J is lower bounded.

According to the result of Proposition 2.4 and in order to characterize the ends of non-
precompact flow lines in J, NV, (X7), the so-called critical points at infinity (see [5]), we focus
in what follows on detailing the analysis of the functional J in W (1, 1,¢). Note that in W (1,1,¢)
the pseudogradient Y}, coincides with the genuine gradient vector field (—9J).

3 Analysis at Infinity

In this section we provide asymptotic expansions of the functional J and its gradient in
W(1,1,¢) on function of ay,A1,a; and v. This will clarify the behavior of the functional at

infinity and hint to describe the concentration phenomenon of the problem in W (1, 1,¢).

Proposition 3.1 Let n > 5. There exists €1 > 0 such that for any u = a1P(ay,0) TV E
W(l,1,¢), 0 < e < &1, we have

where

= dz x 4 (n(n—2)) nt2
S = Tl('fl - 2)(/Rn W) s f(U) = —57,‘, QKQO(al))\l)’UdJ?,

Q.o = 2SI (o - MR [ KT ),

C and C are defined in Theorem 1.1. Here and in the sequel, O(f(a,\)) denotes any function
on a and A, such that |O(f(a,N))| is bounded by c|f(a, )|, where ¢ is a positive constant
independent of a and \, and o(f(a,\)) denotes any function on a and X\ such that |o(f(a,\))]
is dominated by |f(a,\)|g(e1), where g(e1) — 0 as &1 — 0.

Proof Let € >0 and u = ap(, ) +v € W(l,1,¢),

/ |Vul?dz
J(u) = Q

)= e
(/ Ku%dac)T
Q

Since v satisfies the orthogonality condition (Vp), we have

N
Ik

N = (g ? + o>

Observe that

ol =/Q|V<P(a7x)|2d$
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— / [V6(an P0ods + 2 / V(a3 Vad(a ) Yadz + / Vipa| 07, 5 da
Q Q Q

=1 + 21, + I3.

The first integral can be estimated as follows
L= [ Vo Pdot | (980,002 ~ i,
Q Q
By elementary computation,
1
/ Voan (1 — ¢2)dz < / VP < 055 )
Q \z—a\>§ A

and by estimate [29, (D.6)],

S% H(a) 1
Vé(an|?de = — —C' +o(5);
/Q| (@l 2n(n —2))= o3

since a € 0L2. Here, H is the mean curvature of 92 and

o (=2 L TR
2 L(25H)T(n)
Thus, we write
g% H 1
I = 5 — - (@) —l—o(—).
2(n(n—2)) 2" A A

For Iy, we have
(o -
L= (-2 [ Vi) Agg_ ;)2)”_1% (2)da.

Using the fact that Vi), = 0 in B(a, §) N Q, we get

A" dz 1
I < dz < =0 .
Ta| < C/|m—a|2§ (1 —|—)\2|x _ al?)n—l T~ C/z>A§ 1+ |z|2)"_1 (/\n—2)

In the same way,

c dz 1
I3 < —= =0 .
| 3| = A2 /z>)\§ (1 4 |Z|2)n_2 (/\n—Q)

Therefore,

N =

o253 [1 o 2nn— 2))*=° H(a) | 2(n(n _Nz))"% o[ +0(1)]

2(n(n —2)) = s

w3
(V]
n

We now expand the denominator D,

D73 :/K(atp(a)x)—l—v)%dx
Q

2n
n—2

=/K(atp(a)>\))%dx+ /K(aw(a)\))%vdx
Q Q

35
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n(n+2)
(n—2)2

—|—O(/Q(oztp(a)>\))m_ inf(aw(a)\),|v|)3dx> —|—O(/Q|v|%dx). (3.2)

/K P, )\))" 2v2de

Observe that
/K(aw(a_k))%dx = aT/ K (8(a0)ta) "2 dz. (3.3)
Q ’ (a,p)NQ ’

By expanding K around a, we get

/ K (atba)™2de = K(a) / (Oanya) ™ da
B(a,p)N

B(a,p)NQ

+ / VK(a)(x — a)(d(a)A)wa)%dx
B(a,p)N

Az — al?
* O(/Rn 0+ Nz = a|2)"dx)

=T, +1, +0(A2) (3.4)

We have

I = / 5”; f)dx / 5(a a1 ’2 )da:)

Using the fact that
2 = T 1
5(a (-l e g/ 5 <0(5).

and by estimate [29, (D.17)],

Ss H(a) 1
o de = - (5):
/ ()T = 2(n(n —2))z A o A
_ 1 OO
where C" = 572 W, we get
S% H(a) 1
1 = K(a)( ") 4+ o(5)- 3.5
= RO m )2 PRI ® (3:5)
To estimate the second integral in (3.4), we use orthonormal basis (e, - , €,) of R™, such that
(1, ,en—1) is a basis of the tangent space of I'y at a and e,, = —v, = —v. We have
Ié—/VK 5"2da: /VK a:—a5( )(1— "2)da:

-3 aei(“)/g(x‘ >(1+A2|$_a|) do+0(5)

1 = 0K Zi
:X;aei(‘” s (LT 2P d”O( 7)
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Observe that when )\ tends to oo, A(2 — a) tends to the half space 7T containing Og~ in its

boundary. Using a suitable coordinates system, we may assume that

n

7T+:{ZZ’L€’HZ’L€R? Vi:l,-~-,n—1andzn>0}

=1

,n, we write

Thus, for any i =1, --

- 2

———dz 2/ — = ——dz+o(1),
/A(Q—a) (1+ [[2)" o (122"

where o(1) = 0o as A — o0.
Let : =1,--- ,n — 1. By oddness properties, we have

Z
—————dz=0
/ﬁ (1+[2[*)"

and for i = n,

Thus,
I _ o 19K 1
I = ~Ci35-(a) O(A) (3.6)
It follows from (3.2)—(3.6) that
2n K 3 20" A —2))% 10K
R o O ERal WP YO RULURS LR S Y0
2(n(n —2))2 3 A K(a)S% A Ov
1 4n (n(n—2))% nt2 2 n(n+2) (n(n_z))%/ L
- = Ko/ vd — Ko vide
an=2 K@st Joo VT2 02 K @SE Jo© TV
+o(5) +olllvl®)] (3.7)
Thus
S* K(a)5 n—2 0 2 H(a) 1 0K
D =a? 1-— —92))2 — " il
2" (n(n_z))"%[ n (=2t = (C ) LK@\ v (“))
4 (n(n—2))3 nt2 2 n+2(n(n—2)% 1
+_7(n(n ~)n) K(p(’;’i)vd + 2n—|— (n(n N)n) /Ktp"a’i)ﬁdx
o K(a)Sz2 Q ’ a‘n—2 K(a)S3 g
(3.8)

After recalling that C’ — (n — 2)2C" = C (see [29, (4.14)]), the expansion of Proposition 3.1

follows from (3.1) and (3.8).
Next we focus on improving the above expansion by analysing the behavior of J with respect

to the v-variable.
Let u = ap(q,) € W(1,1,¢) and

Ala,a,\) ={v e V(2), v satisfies (V5)}.
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We consider the minimization problem
min{J (@) +v), v € Ala,a, ) and |v]| < e}

Proposition 3.2 Letn > 5. There exists 1 > 0 such that for any u = ap ) € W(1,1, e),

0 < e < &1, the above minimization problem has a unique solution T = v(a, a, \) satisfying

1
wi=o(3).
ol =05
In addition, there exists a change of variables V. =v — U such that

J(u+v)=Ju+2)+|V]>

Proof Arguing as in [5, Proposition 5.4]. There exists e; > 0 such that for any u =
@@ € W(l,1,e), 0 < e < &1, there exists ag > 0 such that for any v € A, a, A), [Jv]| <,
the quadratic form Q(v,v) defined in Proposition 3.1 satisfies

Q(v,v) > agllv]|*.

Let
g(v) = J(u+v) = f(v) + Q(v,v).

The coercivity of Q(v,v) implies the existence of a unique critical point ¥ in A(a, a, ), ||7|| < e

minimizing g(v). It follows that for any h € A(a, a, \),

_ 1
Q) = 3 f(h)
and therefore
9l < =—I1£1
20&0 L(A(a,a,N))-

The estimate of ||7|| follows from the estimate of || f|| in the space of linear forms on A(«, a, \).

For any v € A(a, a, \) we have

/ K(ap,n) Z+§ vdr = / K(a5(a,/\))%vdx + O( Hﬂt )
B(a,5)NQ A\

e vl
—an2 K 2 .
o (a)/(apma( yedz+0( 1), (3.9)
Observe that
1;:/ 535%(11:_/5 vdz +0( ”ﬂ'z)
B(a,5)NQ
m / = yede + O Hn+”2)
90(a,n) vl

n(n—2 /Vé(a)\Vvda:—/Fl ey d)—I—O( n+2)

1
7(/ V@ (an Vode —|—/ Vé(a,n) Vodr
n(n —2) B(a,2)NQ B(a,2)ens
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[ Zeias) o)

Using the fact that v satisfies (15), we have

/ Vo Vodr = —/ Vo Vodr = O(%)
B(a,2)N$ B(a,£)en Az

Moreover, by Hélder’s inequalities,

’/ %vda‘g(/ 0] do) D /‘85““
IR

2(n—1)

Using the fact that the embedding V(Q) — L =2 (I'1) is continuous and

(e )™ - o(})

=D
2(n—1
dcr) .

(see [29, (D.49)]), we get

_ ol
1= O(T). (3.10)
The estimate of ||7|| follows from (3.9)—(3.10).

To prove the results of this paper, we need to establish deformation lemmas near the infimum
of the functional J. These deformation lemmas will be realized using decreasing flow lines of a
suitable pseudogradient W in W (1, 1,¢). The result of Proposition 3.2 shows that W (1,1,¢) can
be parameterized by the variables («, a, A\, 7, V). On the V-space, we define a pseudogradient
as Bahri did in [6] by setting V =—uV, > 1. This shows that V(s) = e #$V(0) will be very
small at s = 1, taking u large enough. It follows that in order to perform our deformations, we
can work as if V' = 0. The construction will extend with the same properties to a neighborhood
of zero.

In order to define W on the («, a, A\, )-variables, we introduce the following two propositions

providing the asymptotic expansions of 8‘] and 8‘]

Proposition 3.3 Letn > 5. There exists 1 > 0 such that for any u = ap(qx) € W(1,1,¢),

0 <e<e1, we have
IP@aN\ ya= ~ 1 0K 1 1
<8J(u),a/\ B\ > = J(u)x (CH(a) - C—K(a) 5 (a)) X + O(X),

where C and C are the constants subjected to Theorem 1.1.

Proof Let € >0 and u = ap(,y) € W(l,1,¢). For any h € V(2), we have

(0.0 (), h) = 2(u) [, ) — T (u) 7 /Q Ku#*hda.
Therefore,

(00, 252 2 252
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_n_  2n_ nts BSO(a.A)
— J(u)" e / Ko 3\ = dx|. 3.11
() [ Kol =] (3.11)
Arguing as in the proof of Proposition 3.1,
650 (a,\ 5 (a,\ 1
<§0(a,)\)7 ) /WM)V o ))dx—l—O()\n_Q). (3.12)
Using estimate [29, (D.7)], we get
8<p(a7,\) C’ H(a) 1
<%’”’ Ao > 2 ¢ O(X)’ (8.13)

where C” is defined in the proof of Proposition 3.1. Concerning the remainder integral of (3.11),

we have

IP(a,n) 222 Ddan) 1
Ry = K"2/\ dx 5"2/\ —dx+ O — ). 3.14
1 / Pla,\) O\ ~/B(a,§)ﬂﬂ (a7 9N T+ ()\n) ( )
Expanding K around a, we get

242 9dan) 2tz 00(a,n)
R, = ()/%M d+/VK Q)3 A de

a6
—al2572 (@) —
+O(/Rn|x |5M))\ L dx)—i—O(/\n).
Using estimate [29, (D.18)],

n—2 (a )‘) n_2 H(a’) 1
/5“>A o= O(X)’

where C” is defined in the proof of Proposition 3.1. Moreover,

222 D) n— 1 - Nz —af
/QVK(a)(w — ) Ay 4T = Z 381 / ~ VT oy

where (e1, -+, e,—1) is an orthonormal basis of the tangent space of I'y at e and e,, = —v, = —v.

By a change of variables, we find

nt2 9d(a,n) n—21 oK 1—|z|? 1
K(a ls ’ = S TSy 3
/V Dt =3 A;Bei (a)/,rf (1+|z|2)"+1d2+0(/\)’

since, as A — 00, A(2 —a) — 7T, the half space defined in the proof of Proposition 3.1. Using

oddness arguments, we get

242 9d(q, ) n— 10K 1
/VK WA a4 =3 sza (@ +0(3):

|22 —1
here Cy = | 2y—1 —— 4. Therefore,
where Cs /,,+Z 1 z. Therefore

_n—2 .
Rl_—2n C K(a)

H(a) n—-2_, 10K

=+ CQXE(aHo(%). (3.15)
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Using relation |aﬁ K(a)J(u)72 —n(n —2)| < &, we write for 0 < & < 1, £ is small enough,

Q%K(a)J(u)ﬁ =n(n—2)+o(1). (3.16)
This with estimates (3.11), (3.13) and (3.15), yields after recalling that ¢’ — (n — 2)2C"” = C
and n(n — 2)2Cy = C the requiblack expansion.

In the next proposition, we denote by (a)r, k = 1,--- ,n — 1, the system of coordinates of

a € T'; in the orthonormal basis (e1,--- ,e,—1) of the tangent space of I'; at a. We have
Proposition 3.4 Let n > 5 and u = ap,n) € W(l,1,¢). Forany k =1,--- ,n—1, it
holds

10%@xn\ 1 0K 1
<8J(U), axm> = —2(TL — 2)Cga2J(u)m8—ek(a) + O(X),

|22

where C3 = l/ ——dz.
" Jay (¥ 2P

Proof Let u = agp(, € W(l,1,¢). We have

(070,03 57152)
=2J(u )[ <§0(a)\),:)[\88(p( 5 >—af"zJ(u)fz/Qchﬁ)iag(s)’z)dx] (3.17)

Using estimate [29, (D.8)], We have

(von 3 i) = (5e)

Moreover,
16$0aA) 165(a A) 1
R /K"2 dx—/ K5"2 de + 0| —
2 Plany d(a) B(a,5)nQ (@A) ) d(a) (/\”)
22 100 23 19,
— K(a /‘5<ama dz +/VK Y e +0(A2). (3.18)

From [29, (D.19)], we have

nt? 185((1)\) _ 1
/Q% N X D(a) d‘”’“’_o(ﬁ)'

In addition, by a preceding argument,

s 185 (a,)\) ZiZk 1
/QVK(G)( )511)\))\ 8( ) d Z 881 / Wd2+0(x)

By oddness, we have

Zikk .
— —  _dz=0, V k
/,T+ Ay eppm e =0 Vizk
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and hence

B 10K |22 1

Combining estimates (3.17)—(3.19) with relation aﬁJ(u)ﬁK(a) =n(n —2)+ o(1), we get
the desiblack expansion.

We now describe the concentration phenomenon of problem (1.1) in W(1,1,¢).
Let Crit(K,r,) be the set of critical points of K,p,. For any y € Crit(K,p,) we denote

~ oK —
L(y) = Cﬁg(y) — CH(y). We set
C> = {y € Crit(Kr,), L(y) > 0}. (3.20)

Proposition 3.5 Let n > 5. Assume that L(y) # 0 for every y € Crit(K,r,). There exists
a bounded pseudogradient W in W (1,1,¢) satisfying

(1) (0 (), W(w)) < %,

(ii) (0J(u +v), W(u) + %(W(u))) < =% for any u = gy € W(1,1,¢). Here the
positive constant c is independent of u.

(iii) The only case when the parameter A(s) of a flow line u(s) of W increases and tends to

oo is when the concentration point a(s) is close toy € C°.
The following result is an immediate corollary of the above proposition.

Corollary 3.1 Given a function K: Q — R satisfying the conditions of Proposition 3.5.
Then the critical points at infinity of J in W(1,1,¢) are

=~ Py,00)s Y S Ooo’
where C* is defined in (3.20).

We decompose the proof of Proposition 3.5 into two-lemmas. Each lemma describes the
concentration phenomenon in a specific region of W (1,1,¢). Let r be a positive constant such
that

1. .
r<y inf{d(y:,v;), vi #y;j € Crit(K,p,)}

and satisfying
L(y)L(z) >0, Vz € Br,(y,r) and Vy € Crit(Kp,).
Here, Br, (y,r) denotes the ball in I'y of center y and radius r. Define
Vrll(l,a): {u:acp(a,)\)—i—ﬁeW(l,l,a), st.aé U Br, (y,g)},
yGCrit(K/Fl)
VE (Le) ={u=apuxr +0 € W(l,1,¢), st.a € Br,(y,r),y € Crit(Kr,)}.
Lemma 3.1 There exists a bounded pseudogradient Wy in Vi, (1, €) satisfying inequalities (i)

and (ii) of Proposition 3.5 such that for any flowline u(s) = a(8)P(a(s),a(s)) of Wi, A(s) = A(0)

for any s >0 as long as u(s) stays in Vg (1,¢).
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Proof We will denote by ¢ any positive constant independent of u. Let u = ap, ) €

VFl1 (1,£). We move the concentration point a according to the differential equation

0= l VTK(G)
AVrK(a)|”

n—1
where Vr K (a) = 3. %5 (a)e; and (1, ,en—1) is the orthonormal basis of the tangent space
i=1

of I'y at a. The corresponding vector field is

_ 13(,0(a7>\) VTK(a)
Vilw) = 3= T SR (@)

Using the expansion of Proposition 3.4, we have

OZQ 03

(0J(u), Vi(u)) = =2J(u)(n — 2>K(Q)A

VrK ()] +0(§).

Using the fact that |V K] is lower bounded out side U Br,(1,%), we get
y€Crit(K ;)

c

(0 (u), Vi(u)) < =+ (3.21)
Thus assertion (i) of Proposition 3.5 follows. Observe that in Proposition 3.2, ||7||? is small
with respect to % Therefore from inequality (3.21) we obtain that
<aJ(u) +9,Vi(u) + l(V (u))> < ¢ (3.22)
o Aa,a,\) - N '

Let
Wi(u) = Vi(u) — (u, Vi(u))u.

From (3.21)—(3.22), W7 satisfies the requirements of Lemma 3.1.

Lemma 3.2 There exists a bounded pseudogradient Wo in Vlgl(l,a) satisfying inequalities
(i) and (ii) of Proposition 3.5. Moreover the only case where \(s) increases and tends to oo
under the action of Wa, when a(s) is close to y € Crit(Kp,) such that L(y) > 0.

Proof Let u = ap(,, ) € VF21 (1,e). If L(y) < 0, We move the parameters A and a according
to

A=-\ and a= %VTK((I).

The associated vector field is

NGRS N R ICN
‘/Q(U) = —Oé)\T + OZXTVTK(G)

Using the expansions of Propositions 3.3-3.4, we have

n — a 2
(O (u), Va(u) = oz2J(u)[L§\y) —203K(Cj + 'VTIS ) } +o(1).
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Using the fact that L(y) < 0, we get

(07 (u), Va(u)) < —5.
Now if L(y) > 0, we define

: 1

A=X and a= XVTK(a).

The corresponding vector field is

I 19¢(an

/ —
Va(u) = ad—g3= +ag—o

VrK(a).

It satisfies by the expansions of Propositions 3.3-3.4,

(0 (w), Vi (u)) = —aJ(u) Lg\y) + 205 7;{?(5 + |VTI§(Q)| ] + o(l).

Let ‘72 be a convex combination of V5 and V. We have

(07 (u), Va(w)) < -5 (3.23)
and
<8J(u +7), Va(u) + %(%(U)» < —% (3.24)

The requiblack pseudogradient of Lemma 3.2 is
Wa(u) = Va(u) = (u, Va(u))u.

Proof of Proposition 3.5 Let W be a convex combination of Wi and W5 defined in
Lemmas 3.1 and 3.2, respectively. Using (3.21)—(3.24), W satisfies the desiblack assertions.

4 Proof of Existence Results

We start this section with a few lemmas. Let

/ |Vu|*da
Q

JH(u) = - g u€e X
(/Qumdx)

be the variational functional associated to problem (1.1) when the function K = 1 on Q. Under

the assumption that the infimum of J! is not achieved, we prove the following results:

Lemma 4.1 Let ¢y and Sy, be the constants subjected to Proposition 2.1. There exists n; > 0

such that J' has no critical point in J*! o 2 .
co(Z)n+m

Proof We first note that by [18, Lemma 3.5] (see [22]), we have

inf J'(u) = co(&)% = S ;

ueED
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where S is defined in Proposition 3.1. Arguing by a contradiction and suppose that for any

k > 1 there exists uy € Jjo(ﬁ)%+; such that J%(ux) = 0. Denote w as a weak limit of the
minimizing sequence (uy)g. éince I‘Cche infimum of J' is not achieved, it follows by a blow-up
argument of Lions, Pacella and Tricarico [22, Theorem 2.2] that w = 0 and uy € W(1,1,¢),
Vk > 1. Performing an expansion like the one of Proposition 3.3, taking K = 1 on Q we find

that,

00t
(0700, ax =0 = 27 () L1+ 0(1)) £0, Vu =g +TE W(L1e).

It follows that W(1,1,¢) does not contain any critical point of J'. The obtained contradiction

yields the proof.
Lemma 4.2 Let n; be the constant subjected to Lemma 4.1. We then have

1

g 2 1s homotopical equivalent to T';.
co(=g2) ™ +m1

Proof Let € > 0 small enough and fix A\g > % Define

Prg: T1— W (1, 1,¢)
P(a,\)

a .
H(p(a,)\)”

By the expansion of Proposition 3.1 (when K = 1), the mapping ¢,, is valued under the level

2
co(22)™ + m1, provided ¢ is small. Denote again

Py, Ty — J! :
ot T ey (S R
We shall prove that ®,, is a homotopy equivalence.

Claim 1 There exists 72 > 0 (72 < 71) such that
J! CW(1,1,¢).
00(%)%+n2 ( 6)

Indeed, if not, there exists a sequence (ug) in J' _ ,  such that ugp ¢ W(1,1,¢). Using
co(Sm 1
[22, Theorem 2.2], the minimizing sequence (uy )y is relatively compact. This contradicts the
fact that the infimum of J! is not achieved and confirms Claim 1. Let
1

T spyon = WL

be the natural injection. Observe that by Lemma 4.1, J! has no critical points under the level
2
C()(ST") " + n1. Therefore by the expansion of Proposition 3.1 (taking K = 1), the only critical
2 2
value at infinity of J* under the level o (32)™ +n1 is co(S2) ™. It follows that J* has no critical
2 2

points nor critical points at infinity between the levels co(ST") " 412 and co(%) " +mny. Thus
the existence of a strong retract by deformation

r: Jt g .2 — Jt g 2 .
co(3-) ™ +m co(=g4) ™ +n2
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Let

P:W(1,1,6) — Iy,
U= g +0— Pu)=a

be the natural projection. Denote
g=Poior.

It satisfies

Pr, 09 ~id 1 ) and go ¢y, ~idp,.

co (S 4my

The mapping @), is then an equivalence of homotopy and the result of Lemma 4.2 follows.

Let
/ |Vu|?da
J(u) = I (u) = “ =5

B (/QKu%dx) "

u e .

We then have the following lemma.

Lemma 4.3 Let 1) be a positive constant and 0 < 0 < 1. If ||K — 1||p(q) < 6, then
J(u) = J*(u) + 0(5), Vu€ J,.
Here O(0) does not depend on u, it depends only on § and the given constant 7).

Proof For any u € X, we have

1
n—2

2n n
( / un-2 dx)
Q
1
n—2

- (/QKu%dx—l—/Q(l—K)u%dx) !
=J

JHu) =

(u) ! __

(1—1—(/QKu%dac)_l/Q(l—K)u%dac)T

Observe that by Sobolev inequality, we have

2n

n—2
2n_
‘/9(1 —K)un—zdx‘ <3 IK 1y VueE.

Moreover

n _1 n
(/ Kunzjdx) =J(u)n—2 <n=n-2, VYueld,
Q
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Consequently
JHu) = J (@)1 + O(IK = 1| oo 3)))-

This completes the proof.
We now state the proof our existence results.

Proof of Theorem 1.1 Let 1; be the constant provided by Lemma 4.1 and b(0 < b < 1),
band y = ~(b) be the constants subjected to Proposition 2.3. Following Lemma 4.3, there exists
a positive constant & such that if |K — 1HL;’%) < 0p, then

1
Jg_% - JZ—b C Jg. (4.1)

Moreover by Proposition 2.2, we have
J(u) >b, VueW(h,te) with (h,¢) # (1,1) (4.2)
and
J(u) <b—2b, VueW(l,1,e). (4.3)

Let W be a global vector filed on J; NV, (X7) constructed by a convex combination of Y} in
JNVy (ST\W(1,1,5) and W in W(1,1,¢), where Y}, and W are the pseudogradients defined in
Proposition 2.4 and Proposition 3.5, respectively. We use the flow of W to deform JNV,(3T).
If we assume that J has no critical points in J; NV, (X7), it follows from (4.2)-(4.3) and the
result of Corollary 3.1 that

J; NV, (S7T) retracts, by deformation on U Wu () oo, (4.4)
yeC>

where W, (y)s denotes the unstable manifold of the critical point at infinity (y)s.. Around

each critical point at infinity (y)so, J can be expanded as follows

2 A

K(a)™=

J(apar +7) = co(&) . : L (1+ L(y)) (4.5)

after a change of variables. It follows that the Morse index i(y)s of J at (y)oo equals to the
Morse index of (K /pl)_l around its nondegenerate critical point y. See for example [8, Lemma

10] (see also estimates (258) and (259) of the same paper). Namely,
i(y)oo =n—1—ind(Kr,,y).

Let x(M) be the Euler-Poincaré characteristic of a topological space M. Using the fact that
dimension of W, (y)s equals to i(y)eo, we get from (4.4) that

XNV (ER) = Y (1)@=, (4.6)

yeC°
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We now claim the following result.

Claim 2

X(FNVL(E1)) = x(T).

Indeed, since we have assumed that J has nocritical point in .J; NV, (X1), it follows from
(4.2)—(4.3) that

J; NV, (57F) retracts, by deformation on J;_,, NV, (37). (4.7)
Assertions (4.1) and (4.7) yield
J—g_b NV, (XY) retracts, by deformation on J;_,, NV, (E7F).

Thus by Lemma 4.2 we get
X(Jg_gy NVA(E7)) = x(J5_, N V5 (5%)) = x(T). (4.8)

Claim 2 follows from (4.7)—(4.8) and yields with (4.6) to a contradiction with the assumption
of Theorem 1.1. It results from such a contradiction that J has at least a critical point in

Jy NV, (¥7), and hence the existence of solution w of the problem

—Aw:K|w|ﬁw in (w),
w=0 on (Ty),
ow

% =0 on (Fl)

in V,(X%). Multiplying the above system by w™, we get

/|Vw_|2dx=/K(w_)%dx
Q Q

4
< ME w™ [P flw| Zi

2

It follows that if ||w™|| # 0, then
_4
lom |72, > (Ms2),
I n—2
Thus for v < (MX2)~!, w is a positive solution of (1.1).

Proof of Theorem 1.2 Let yo be an absolute maximum of K r,. It follows from expan-

sions of Propositions 2.2 and 3.1 that if ||K — 1HLOC(§) < &y, all the critical points at infinity of

2
J are above ¢o (%) —5—.
K(yo)
Let A> 1 and ug = ”:EZO’X T By the expansion of Proposition 3.1, we have
0>
Sn,

1 2(n(n — 2))*% L(yo)
10 =eo( ) s (1= 2t g2

Ok o (1+0(1))).
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Under the hypothesis of Theorem 1.2, we have

J(ug) < co(%)ﬁm.

Let n(s,uo) be the motion of (—8.J) such that 1(0,up) = uo. Using the fact that J decreases

along n(s,ug), if we suppose that J has no critical point in X%, then by Proposition 2.1 there
exists m = m(ug) > 0 such that ||0J(n(s,uo))|| > m,Vs > 1 and hence

T0(s)) = T ~ | 10D < J(uo) — ms.

It follows that, J(ms) — —oo as s — 4o00. This is impossible since by the Sobolev embedding

J is lower bounded. Hence the result holds.
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