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Abstract In the paper, a concept of the essential numerical range We(T) of a linear
relation 7" in a Hilbert space is given, other various essential numerical ranges We; (7)),
1 =1,2,3,4, are introduced, and relationships among We(7T') and We;(T') are established.
These results generalize relevant results obtained by Bogli et al. in [Bogli, S., Marletta, M.
and Tretter, C., The essential numerical range for unbounded linear operators, J. Funct.
Anal., 279(1), 2020, 108509]. Moreover, several fundamental properties of closed relations
related to its operator parts are presented. In addition, singular discrete linear Hamiltonian
systems including non-symmetric cases are considered, several properties for the associated
minimal relations Hy are derived, and the above results for abstract linear relations are
applied to Hp.
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1 Introduction

The study of fundamental theory of single-valued operators has a long history and their
spectral theory has been investigated widely and deeply (cf. e.g. [12, 15, 27]). However,
many multi-valued operators have been found in the study of some problems. For example,
in the case that an operator is not densely defined, its adjoint is multi-valued; for symmetric
linear differential expressions, the associated minimal operators are non-densely defined, and
the associated maximal operators are multi-valued when the differential expressions do not
satisfy the definiteness condition (cf. [13]); the minimal and maximal operators generated by
discrete Hamiltonian systems are multi-valued or non-densely defined in general even though
the corresponding definiteness conditions are satisfied (cf. [16-17]). Therefore, it is required to
establish the theory of multi-valued linear operators.

Multi-valued linear operators are often called linear relations (briefly, relations) or subspaces

of the related product spaces (cf. [1, 5, 26]). Linear relations include both single-valued and
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multi-valued operators. In 1950, von Neumann introduced linear relations in order to study
adjoints of non-densely defined linear differential operators (cf. [26]). In 1961, Arens [1] initiated
the study of linear relations. He decomposed a closed relation in the product space X2 as an
operator part and a purely multi-valued part. This decomposition provides a bridge between
closed relations in X? and linear operators in X so that we can apply the theory of linear
operators to study some properties of closed relations. His work was followed by many scholars
(cf. [5-6, 11, 21-23] and references cited therein). The study of relations has been growing
interest in recent years because of its wide applications. In 2011, Ren and Shi studied the defect
indices and definiteness conditions, and later, gave out complete characterizations of self-adjoint
extensions for discrete Hamiltonian systems (cf. [16-17]). Recently, Shi and Sun studied some
spectral properties of discrete Hamiltonian systems (cf. [25]). In addition, some fundamental
results of Hermitian relations were established (cf. [20-22]). In particular, applying the theory
of Fredholm relations, Wilcox [28] introduced the concepts of different types of essential spectra
of relations and obtained basic properties of them. However, compared with the operator theory,
many important problems about relations have not been studied. We shall investigate essential
numerical ranges of relations in a Hilbert space.

The essential numerical range of a linear operator is an important concept in the spectral
analysis, and the original idea of it was to give a convex enclosure of the essential spectrum.
It was introduced for bounded operators in a Hilbert space by Stampfli and Williams in 1968
(cf. [24]), and later, several other characterizations were given by Fillmore et al in [10]. For the
further relevant research of it for bounded operators, the reader is referred to [2, 8, 14, 19]. More
recently, the concept of essential numerical ranges has been generalized to unbounded operators
in a Hilbert space by Bogli et al. [4] and fundamental properties of essential numerical ranges
including possible equivalent characterizations were studied. Some examples were given in [4]
to illustrate that many of properties for bounded operators do not carry over to the unbounded
cases. Moreover, one of advantages of the essential numerical range is that it captures all
possible spectral pollution in a unified and minimal way when approximating an operator 7" by
projection methods or domain truncation methods for PDEs (cf. [4, Theorems 6.3 and 7.1]).
Now, the essential numerical range has been introduced for linear operator pencils and discussed
in details by Bogli and Marletta in [3].

In this paper, the concept of the essential numerical range W.(T') of a linear relation T
in a Hilbert space is given, other various essential numerical ranges W.;(T), i = 1,2,3,4,
are introduced, and relationships among W, (T) and W,;(T') are established. Furthermore,
singular discrete linear Hamiltonian systems which may be non-symmetric are considered, and
the associated maximal, pre-minimal, and minimal relations H, Hyg and H, are introduced in
a product Hilbert space. It is noted that the sufficient and necessary conditions for the minimal
relation Hp to be an operator are given for singular symmetric discrete linear Hamiltonian
systems (cf. [17]). We first extend them to non-symmetric case, and then derive a sufficient
condition for the minimal relation Hy to be not densely defined. Finally, we apply the above
results for abstract linear relations to Hy.

The paper is organized as follows. In Section 2, some notations and basic concepts are
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introduced, and several fundamental properties of closed relations related to its operator parts
are presented. In Section 3, the concept of the essential numerical range W.(T") of a relation
T is given, other various essential numerical ranges We,;(T), i = 1,2, 3,4, are introduced, and
relationships among W, (T') and W,;(T') are established. In Section 4, singular discrete linear

Hamiltonian systems and their essential numerical ranges are discussed.

2 Basic Concepts and Fundamental Results About Linear Relations

In this section, we introduce some notations, recall some basic concepts, and give several
fundamental properties of closed relations related to its operator parts.

We denote by C and R the sets of complex and real numbers, respectively, and by N the set
of positive integer numbers, throughout this paper. Let X be a Hilbert space over C with the
inner product (-,-) and the induced norm | - ||, and X2 := X x X be the product space with
the following induced inner product, still denoted by (-, -) without any confusion:

(@, 1), (:9) = (z.y) + (f9), (2,[), (y,9) € X*.

A linear subspace 7' C X? is called a linear relation (briefly, relation) in X. A (linear)
operator T' in X is always identified with a relation in X via its graph G(T'). The domain
D(T), range R(T') and null space N(T') of T are respectively defined by

D(T):={zeX: (z,f) €T for some f € X},
R(T):={feX: (z,f) € T for some z € X},
NT)={xeX: (z,0)T}.

Further, we denote
T(x):={feX:(v,f)eT}, T ':={(fz):(x,f)eT} (2.1)

It is evident that 7°(0) = {0} if and only if T can uniquely determine an operator from D(T)
into X whose graph is 7. For convenience, if T(0) = {0}, then the relation 7' in X is called
an operator in X. The restriction of T to M, denoted by T'|ys, is defined by T'|as := {(x, f) €
X2, 2 € D(T)N M}. The adjoint relation T* of T is defined by

T"={(y.9) € X*: (g,2) = (y, f) for all (z, ) € T}.
Then, T is said to be Hermitian in X if 7' C T™ and to be self-adjoint in X if 7= T".
Let S and T be relations in X, a € C. We denote
ol :={(z,af): (z,f) €T},
T+5S5={(f+g):(xf)eT, (z,9) €S},
ST :={(z,f) € X*: (x,9) €T, (g,f) € S for some g € X}.
Let S and T be orthogonal, i.e., ((z, f), (y,g)) = 0 for all (z, f) € T and (y,g) € S. Then we

set
T®S=T+S,
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where T+S :={(z +y,f+g): (z,f) € T,(y,9) € S} and T NS = {(0,0)}.
Let T be a closed relation in X, i.e., T = T, where T is the closure of 7. Then T(0) is a
closed subspace of X. Arens [1] introduced the following decomposition for a closed relation T":
T=Ts® T, (2.2)

where
Te:={(0,9) € X*:(0,9) €T}, To:=T 6 Tw.
Then Ty is an operator with D(Ts) = D(T). Ts and Ty are called the operator and pure

multi-valued parts of T, respectively. Further, for a closed relation 7' in X, Arens [1] showed
the following result.

Lemma 2.1 (cf. [1, Lemma 5.2]) Let T be a closed relation in X. Then T(0) = D(T*)*,
D(T,) = T*(0)" and R(T,) c T(0)".

The following corollary can be proved by Lemma 2.1.

Corollary 2.1 Let T be a closed relation in X. Then D(T) = T(0)" if and only if T*(0) =
T(0).

Proof The result can be obtained by D(T') = D(T) = T*(O)J‘ and the fact that 7°(0) and
T*(0) are closed. This completes the proof.

Now, let T be a relation in X. By Q7 or simply @, when there is no ambiguity about the

relation T', we denote the natural quotient map X — X/T(0). Clearly QT is a single-valued

operator from X to X/T(0). For simplicity, we write T'(z) defined in (2.1) as Tz. The norm
|7 of T is given by

1T := |QT|| = sup{[|QT'z[| : € D(T) with [lz|| = 1}.

If | 7] is finite, then T is said to be bounded. It is noted that | 7'|| = 0 implies R(QT") C T(0).
By d(U,V) := inf{|ju — v|| : uw € U,v € V} we denote the distance between U and V', where U
and V are non-empty subsets of X. From [7, Chapter II, Proposition 1.4], we have

QT x| = d(Txz,T(0)) =d(Tz,0), x¢€ D(T). (2.3)

Let I :={(x,z): x € X} be the identity relation on X. We usually write A\l — T as A — 7.
For the following concepts, the reader is referred to [5, 21-22, 25, 28].

Definition 2.1 Let T be a relation in X.

(1) The set p(T) :={\ € C: (A\=T)"! is a bounded operator defined on X} is called the
resolvent set of T.

(2) The set o(T) := C\p(T) is called the spectrum of T.

(3) For A € C, if there exists x # 0 such that \x € Tx, then X is called an eigenvalue of T,
while x is called an eigenvector of T with respect to the eigenvalue X. Further, the set of all the
eigenvalues of T is called the point spectrum of T', denoted by o, (T).

(4) The set 0o(T) :={\ € C: 3 {xp}nen C D(T) with ||z,]| =1, z, — 0, and [|Q(\ —
T)x,| — 0, n — oo} is called the essential spectrum of T.
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Remark 2.1 Edmunds and Evans [9] gave five distinct essential spectra o, (T'), 1 <14 <5,
of a closed operator 1" in terms of its semi-Fredholm properties in the case that X is a Banach
space. If T is a closed and densely defined operator in X, then o.(T) given in Definition
2.1 is the second type of essential spectra in [9] by QA — T) = A — T and [9, Chapter IX,
Theorem 1.3]. Recently, Wilcox generalized these concepts of essential spectra to relations.
The essential spectrum o.(7T) given in Definition 2.1 is the second one of [28, Definition 2.2] by
[28, Proposition 3.3].

Proposition 2.1 Let T be a closed relation in X. Then o.(T) = 0.(Ts), and if, in addition,
D(T) C T(0)", then o,(T) = 0, (T%).

Proof Let T be a closed relation in X. Then (2.2) holds. It follows from (2.2) that
QA = T)a| = lRA = Ts)z + QT (0)[| = |Q(A = Ty)z||, = € D(T),
which implies that o.(T) = 0.(Ts) since D(T') = D(Ty).
Next, we show 0,(T") = 0,,(Ts). It suffices to show
NA-T)=N(W\-T,), XeC. (2.4)

Clearly, N(A — Ts) € N(A —T). Consequently, for z € N(A — T), we have (z,\z) € T.
Then, Az = Tsz + g for some g € T(0) by (2.2), which implies A\x = T,z and g = 0 since
D(T) = D(T,) C T(0)" and R(T,) C T(0)" by Lemma 2.1. Therefore, (z,\z) € T, and then
N(A—=T) C N(\—Ts). Hence, (2.4) holds. This completes the proof.

The following result can be easily verified by the closed graph theorem.

Lemma 2.2 Let T be a closed relation in X. Then A € p(T) if and only if RA—T) =X
and N(A=T) = {0}.

Now, let T' be a closed relation in X. Then R(Ty) C T(O)J‘ by Lemma 2.1. Further, if
D(T) c T(0)", then T, is an operator from T(0)" to T(0)". In the following, we consider Ty
2
in (T(0)%)”. For clarity, let 5(Ts) be the resolvent set of T in the space T(0)", i.e.,

p(T,) :={A e C: (A—T,) " is a bounded operator defined on T(0)"},

and let o(7s) := C\p(Ts). Then we have the result below.

Proposition 2.2 Let T be a closed relation in X with D(T') C T(O)J‘, Then
p(T) =p(T5) and o(T) = o(T5).

Proof Let T be a closed relation in X with D(T) C T(0)". We shall show p(T) = p(T5).
By Lemma 2.2 and (2.4), it suffices to show that R(A—T) = X if and only if R(A—T}) = T(0)™
for any A\ € C.

First, suppose that R(A —T) = X. Then there exists (z, f) € T such that Az — f = h for
every h € T(0)" C X. By (2.2), there exists g € T(0) such that f = Tz + g. From the above

two equations, we have
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h—(\x—Tsz) = —g. (2.5)

Note that D(T) ¢ T(0)" and R(T,) C T(0)" by Lemma 2.1. Then we get from (2.5) that
h— (Ax — Tyz) = —g = 0. Hence, h = Az — Tyxz. Then T(0)" C R(A — Ty), and consequently,
R(A—T,) = T(0)" since R(T,) C T(0)" and D(T) C T(0)*.

Next, suppose that R(A — Ts) = T(0)". Let h € X. Then h can be written as h = hy + hs
with hy € T(0) and hy € T(0)". Note that hy € T(0)" = R(A—T). Then there exists z € D(T})
such that he = Az —Tx. Obviously, (z, Tsx—hi) € T and it is evident that h = Ax— (Tsx —hq),
which implies that h € R(A —T). Then X C R(A —T), and hence X = R(A\ —T)).

Based on the above discussions, p(T') = p(Ts), and hence o(T") = o(T5). This completes the
proof.

Remark 2.2 If T is Hermitian, then 7'(0) C 7%(0). Hence, D(T) C T(0)" by Lemma 2.1,
and then Proposition 2.2 holds if T is closed. Therefore, Proposition 2.2 extends [22, Theorem
2.1] for closed Hermitian relations to general closed relations in X.

3 Essential Numerical Ranges of Linear Relations and Equivalent Char-
acterizations

In this section, the concept of the essential numerical range W, (T') of a linear relation T
in a Hilbert space is given, other various essential numerical ranges We,(7T'), i = 1,2, 3,4, are
introduced, and relationships among W, (T') and W,;(T') are established. This section is divided

into two parts.

3.1 Essential numerical ranges of linear relations

First, for a relation 7" in X, the numerical range is the set

W(T):={{f,2): (z,f) €T, |zl =1},

which was given by Rofe-Beketov in [18]. From [18, Theorem 1], W(T') is a convex subset of C,
and if dim D(T) < oo, then W(T) is closed and bounded or W (T') = C. Further, the following
result holds.

Lemma 3.1 (cf. [18, Lemma 1]) Let T be a relation in X. If there exists h € T(0) such
that h ¢ D(T)*, then W(T) = C. Consequently, if W(T) # C, then T(0) L D(T).

Next, we define the essential numerical range W, (T') of a relation T in X as follows.

Definition 3.1 Let T be a relation in X. Then the set
Wo(T) :={\€C:3 {(xn, fn)}nen C T with |x,| = 1,2, — 0, and (fn,zn) — A}

is called the essential numerical range of T'.

It is evident that W, (T') C W(T) and W (2T) = z2W.(T) and W (T + zI) = W,(T) + z for

z € C by the definitions. For the concept of essential numerical ranges of bounded operators
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in a Hilbert space, the reader is referred to [10, 24]. Recently, Bogli et al [4] introduced the
concept of essential numerical ranges of general operators including unbounded operators as

follows:
Wo(T) :={\ € C:3 {xn}nen C D(T) with ||z,]| =1, z, —= 0,and (Tx,,z,) — A},

which is a generalization of the corresponding concept for bounded operators. Clearly, Definition
3.1 extends the above concept to relations in X.

Now, let T be a closed relation in X. Then (2.2) holds. The relationships between the
numerical, essential numerical ranges of the relation 7" in X and those of its operator part T

are given as follows.

Proposition 3.1 Let T be a closed relation in X. If D(T) C T(0)", then
W(T) = W(T,) and W.(T) = W.(T). (3.1)

In particular, if W(T) # C, then (3.1) holds.

Proof Let T be a closed relation in X. Then, for (z, f) € T, there exists g € T'(0) such
that f = Tyx + g by (2.2). If D(T) C T(0)", then (f,z) = (Tyz,z), which yields (3.1). In
addition, if W(T) # C, then D(T) C T(0)" by Lemma 3.1. Then (3.1) holds by the above
discussions. This completes the proof.

Remark 3.1 Here we point out that if W (7T') = C, then (3.1) may be false. In fact, let E
be a non-zero closed subspace of X and P be an orthogonal projection in X onto E+. Then we
define Tx = Px + F for every x € D(T) = X. Clearly, T is a closed relation in X, T(0) = E,
Ty = {(x,Px) € X? : 2 € X} and T, = {(0,9) € X2 : g € E}. It is easy to see that
W (T) = C by Lemma 3.1 and W (Ts) C [0, 1]. Hence W(T') # W (Ts). In particular, in the case
of W(T') = C, we shall show that W, (T") = W(T') = C by the conclusion (iv) of Proposition 3.3
below. However, W, (Ts) C W(Ts) C [0, 1]. Hence, we also have W (T') # W.(T5).

It is noted that the inclusion o.(T") C W, (T) for T being an operator is immediate from the

definitions. However, it is not obvious for relations. Now, we prove it as follows.
Proposition 3.2 Let T be a relation in X. Then o.(T) C W (T).
Proof Let A € o.(T). Then there exists a sequence {x,}, .y C D(T) satisfying ||z,|| =

L, — 0and |Q\ — T)a,| — 0 as n — oco. For every fixed n € N, we get from (2.3) that

1QA = D)an| = d((A = T)2n,0) =  f [|Azn — full (3.2)

Tn

For convenience, we denote ¢,, = ; inzf Az, — full. Then there exists ffln) € Tz, such that
n€l'Ty

I\, — f,(l”)|| < 2¢, for n € N. Tt follows from (3.2) and ||Q(A\ — T)z,|| — O that €, — 0 as

n — oo. Therefore,

[Azn — (V) =0 as n— oc. (3.3)
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From (3.3), we have
(S 2n) = Al = (A = Az, 2a)| < Y = Azl lall =0 as n— oo,

Then A € W, (T'), and hence o.(T') C W,(T'). This completes the proof.

For a relation T in X, the following proposition is a generalization of the corresponding [4,

Propositions 2.2-2.4, Corollary 2.5] for operators.

Proposition 3.3 Let T be a relation in X.

(a) We(T) is a closed and convex subset of C and conv o (T) C W.(T'), where conv o.(T)
is convex hull of o.(T).

(b) If W(T) is a line or a strip or if W(T') = C, then W.(T) #

(c) If there exist z € W (T') and w € C\{0} with z + w(0,00) C
W, (T

d

0.
W(T), then z + w[0,00) C

NN

(d) The following five results hold:

(i) If W(T) is a line, then so is W.(T'), and thus W.(T) = W(T).

(i) If W(T) is a strip, then W(T) is a strip or a line.

(iit) If W(T) is a half-plane and W.(T) # 0, then W(T) is a half-plane.

(iv) If W(T) = C, then W(T) = C, and vice versa.

(v) If W(T) is or contains a sector and Wo(T) # 0, then Wo(T) contains each subsector

with vertex in Wo(T).

Proof By Proposition 3.2 and the proof of [4, Proposition 2.2] with some corresponding
changes, e.g., (zy,,Tx,) and (y,, Ty,) in [4, Proposition 2.2] replaced by (z,, fn) and (yn, gn),
respectively, the conclusion (a) can be proved. Further, conclusions (b) and (c) can be proved
with a similar argument to those of [4, Proposition 2.3] and [4, Proposition 2.3], respectively,
with some corresponding changes mentioned as the above. The conclusion (d) follows from
(a—c). Therefore, we omit the details here.

Finally, let T be a self-adjoint relation in X. The extended essential spectrum 7.(T") of T
is defined by

(1), T is bounded,
(T) U {+o0}, T is unbounded from above,
oe(T) U {—o0}, T is unbounded from below,
(T) U {£o0}, T is unbounded from above and below.

o.(T) :=

Then, it is a generalization of the concept of the extended essential spectrum of an operator in
a Hilbert space defined in [4]. It is always assumed that X is a separable infinite dimensional
Hilbert space in the remainder of this paper. The following result extends [19, Corollary 5.1]

for bounded operators and [4, Theorem 3.8| for unbounded operators to relations.
Theorem 3.1 Let T be a self-adjoint relation in X. Then

W, (T) = conv(ae(T)), T is bounded,
T econv(a. (T))\{£o0}, T is unbounded.



Essential Numerical Ranges of Linear Relations and Singular Discrete Linear Hamiltonian Systems 71

Proof Let T be a self-adjoint relation in X. Then T is closed and (2.2) holds. Since
W(T) C R, we have D(T) C T(0)" by Lemma 3.1. Together with R(T,) C T(0)" by Lemma
2.1, we get that T is a self-adjoint operator from T/(0)" to T'(0)". The essential spectrum
and essential numerical range of T in (T (O)l)2 are denoted by o.(Ts) and W, (T) without any
confusion. Then o.(T) = 0.(Ts) by Proposition 2.1 and W,.(T') = W,(Ts) by Proposition 3.1.
In addition, the boundedness of T and T are equivalent by [|Q(A —T)z|| = ||Q(A —Ts)z|, x €
D(T) = D(Ts). Then, from [19, Corollary 5.1] and [4, Theorem 3.8], it follows that

W, (T,) = conv(o. (7)), T is bounded,
T L eonv (e (Ts))\ {00}, T is unbounded,

which implies that (3.4) holds by the above discussions. This completes the proof.

3.2 Equivalent characterizations of W, (T)

In this subsection, we first introduce four varieties of essential numerical ranges We; (T,
1=1,2,3,4, of a relation T in X and study the relationships of them.

Now, let T be a relation in X, V be the set of all finite-dimensional subspaces of X, and
L(X) be the space of all bounded linear operators acting on X. For a relation T', we define

Wer(T) : = () W(Tlyiaper) ;
Vey
(N WT+GK));

KeL(X)
rank K <oo

| WT+GE)) ;

KeL(X)
K compact

W@Q (T) .

Weg (T) .

n—r oo

Wea(T) : ={X € C: H{(en, hn) tneny C T with (hy,,e,) —— A

and {e, } is an orthonormal sequence},

where G(K) is the graph of the operator K. These various essential numerical ranges We;(T'), i =
1,2, 3,4, were firstly introduced for bounded operators (cf. [10, 24]). They were extended to
unbounded operators by Bogli et al. [4]. The essential numerical ranges W,;(T),i = 1,2, 3,4,
defined here are generalizations of the corresponding concepts for bounded and unbounded
operators to relations.

It is known that T = T, & Ts, if T is a closed relation in X. Note that R(T,) C T(0)" by
Lemma 2.1. If D(T) C T(0)", then Ty is an operator from T'(0)" to T(0)". For clarity, let
W, (T,) and Wei(T,), i = 1,2,3,4, be defined similarly to W.(T) and We;(T) with 7' and X
replaced by T and T(O)J‘7 respectively. Then, we have the following result.

Proposition 3.4 Let T be a closed relation in X. If D(T) C T(0)", then

W.(T) = W.(T,) and We(T) = Weu(Ts), i=1,2,3,4. (3.5)

Proof Let T be a closed relation in X with D(T) C T(0)". It is evident that W, (T) =
W.(T,) and Wes(T) = Wea(Ty) by their definitions and D(T) = D(T) C T(0)™*.
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Next, we shall show that W,;(T") = Wei (Ts), i =1,2,3. First, we prove W, (T) = Wel (Ts).
It can be easily verified that Wi (T) C Wel(TS). We shall show Wel(Ts) C Wea(T). Let V
be an arbitrary finite-dimensional subspace of X and P be an orthogonal projection in X onto
T(0)*". Define a finite-dimensional subspace V of T(0)" by V := PV. Then, we claim that
VLN D(T) = (T(0)" e V)N D(T), ie.,

(X e V)N D(T) = (T(0)" & V)nD(T). (3.6)
In fact, for every z € (X © V)N D(T) and v € V, there exists a unique x; € X such that
xr =z —v with (z,v) =0. (3.7)

Further, 1 = 21 + To and v = vy + v9, where 1 = Pxy, 22 = 1 — Pxy, v1 = Pv and

vg = v — Pv. Then from (3.7), one has
xr = (gl — ’Ul) + (fQ — ’UQ). (38)

Note that 2 € T(0)" by D(T) c T(0)", Z; — vy € T(0)" and &5 — vy € T(0). Then (3.8) yields
z = ¥, — v1. In addition, it follows from (z,v) = 0 and D(T) C T(0)" that (z,v1) = 0. Then
z € (T(0)F & V), and consequently, z € (T(0)" © V)N D(T). Then “ C ” in (3.6) holds, and
the reverse inclusion is obvious. Therefore, (3.6) holds. In addition, for (x, f) € T', there exists
h € T(0) such that f = Tyz + h, and hence (f, z) = (T, z) by D(T) C T(0)". Then, together
with (3.6) and D(T') = D(T), we have

W(T|(X®V)F1D(T)) = W(TS|(X9V)F1D(T)) = W(TS|(T(0)L@\7)QD(TS))-

Hence, Wey (Ty) C Wi (T).

Now, we prove Wes(T) = Wes(T,). Let K € L(T(0)") be compact. Then we define
K := KP, where P is given on the above. Then K € L(X) and it is compact. On the other
hand, for (z, f) € T, one has (f,z) = (Tyz,z) by D(T) c T(0)". It follows that

W(T + G(K)) = W(T, + G(K)). (3.9)

Conversely, let K € L(X) be compact. Then we define K := PK | .. Clearly, K € L(T(0)")
and it is compact. For this pair of K and K, (3.9) also holds. Then W 3(T') = W,3(T5) by their
definitions.

Finally, note that if K is a finite rank operator, then it is compact. Then by the above
discussions, one sees that Weo(7T') = Weg (Ts). This completes the proof.

In what follows, we shall study the relationships among W, (T') and We,;(T),i = 1,2, 3,4, for
a relation T"in X. For bounded and unbounded operators, the relationships were established in
[10, Theorem 5.1] and [4, Theorem 3.1], respectively. For a closed relation T in X, the following
result can be derived by Proposition 3.4 and [4, Theorem 3.1].

Theorem 3.2 Let T be a closed relation in X .
(1) If D(T) C T(0)*, then

W1 (T) C W@4(T) C Weo (T) = Weg(T) = WG(T) (310)
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(2) If T*(0) = T(0), then
Wer(T) C Wea(T) = Wea(T') = Wez(T') = We(T), (3.11)
in addition, if W(T) # C, then
Wei(T) =W (T), i=1,234. (3.12)

(3) If D(T) N D(T*) = T(0)", then (3.12) holds.

Proof Let T be a closed relation in X. Then T' = T, & T, and T is an operator in T(O)l
since D(Ty) = D(T) € T(0)" and R(Ty) € T(0)" by Lemma 2.1. Then, from [4, Theorem 3.1],
we have

Wel (Ts) C We4(Ts) C I//i//eQ(zjs) = WeB(Ts) = We(Ts)a

which, together with (3.5), implies that (3.10) holds.
If T%(0) = T(0), then D(T) = T(0)" by Corollary 2.1. Hence, T, is a densely defined
operator in T'(0)". Then, from [4, Theorem 3.1], we have

Wel (Ts) C W@4(Ts) = WeQ(Ts) = /\W/GB(TS) = We(Ts)a

which, together with (3.5), implies that (3.11) holds. Further, if W(T) # C, by [4, p. 12, Claim
1)], we get

WeilTy) = Wo(T,), i=1,2,3,4. (3.13)

Then (3.12) holds by (3.5) and (3.13).

If D(T) N D(T*) = T(0)", then D(T) = T(0)", which implies that T} is a densely defined
operator from T(0)" to T(0)*. Let (T%)* be the adjoint operator of T, in T(0)" and (T*), be
the operator part of 7. We claim that (T%)" = (T*),. In fact, for y € D((T'*),) = D(T*) and
(z,f) € Ty C T, we have ((T*),y,z) = (9,z) = (y, f), where (y,9) € T* and g = (T*),y + h
for some h € T(0). Then y € D((T%)") and (T™*),y = (Ts)"y, and consequently, (T*), C (T5)".
Conversely, for y € D((Ts)*) and x € D(Ts), we have ((Ts) y,z) = (y,Tsx). In addition, for
(z,f) € T, we have (y, Tyz) = (y, f) by y € D((Ts)*) € T(0)". Then, it follows that

(Ts)'y,z) = (y, f), yeD(T.)"), (z,f)eT.

Then y € D(T*) = D((T*),), which, together with (7*), C (T,)", implies that (1), = (Ts)".

Hence

D(T) N D((T.)") = D(T.) " D((T*),) = D(T) N D(T*) = T(0)".

Then, by [4, Theorem 3.1], (3.13) holds. Together with (3.5), we get that (3.12) holds. This

completes the proof.

Remark 3.2 (1) If T is self-adjoint, then D(T) N D(T*) = D(T) = T(0)", and hence
(3.12) holds. For a general relation T in X, if W(T') # C and some open connected component
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of C\ W(T) is contained in p(T), then T'(0) = T*(0) by [11, Lemma 2.32], and hence (3.11)
holds.

(2) It was shown that (3.12) holds for a bounded operator T" on X by [10, Theorem 5.1],
where W, (T) = W1 (T) is not explicitly stated in [10, Theorem 5.1], but it can be read off
from the proof. This work was extended to unbounded operators and it has been proved in
[4, Theorem 3.1] that (3.10) holds for a general operator 7', (3.11) holds for 7" to be densely
defined, and (3.12) holds for T satisfying D(T) = X and W(T) # C, or D(T)ND(T*) = X.
Hence, Theorem 3.2 extends [10, Theorem 5.1] and [4, Theorem 3.1] for operators to closed

relations.

Theorem 3.2 presents relationships among W, (T) and W,;(T),i = 1,2,3,4, for a closed

relation 7" under certain conditions. Further, we give the relationships for general relations.

Theorem 3.3 Let T be a relation in X. Then (3.10) holds. Further, if D(T) is infinite-
dimensional and W (T) = C, then

Wer (T) C We4(T) = WEQ(T) = W3 (T) = We(T) =C. (314)

In particular, if D(T) = X and W(T') # C, then (3.12) holds.

Before proving Theorem 3.3, we first prepare the following lemma, which can be derived

with a similar argument to that of [4, Lemma 2.7]. Therefore, we omit the details here.

Lemma 3.2 Let T be a relation in X, W(T) = C and (y,g) € T with ||y|| = 1. If
{y}+ N D(T) # {0}, then, for every e > 0, there exists (we, he) € T with ||we|| =1 such that

W(T|(wa+apemy) =C,  [(he,we) — (g,9)] <e. (3.15)

Proof of Theorem 3.3 It is easy to see that Wea(T') C We(T') C Wes(T)) C Wea(T'). Since
every compact operator is the norm limit of finite rank operators, we have Weg(T') D Wea(T).
Similar to the proof of [4, Theorem 3.1], the conclusion W1 (T) C W.4(T) can be proved by

inductively constructing a sequence. By the above discussions, one has

W1 (T) C W@4(T) C W@(T) C Wes (T) =W, (T) (316)

In order to prove (3.10), it suffices to show We.3(T) = W.(T). First, we consider the case of
W(T) # C. Let P be an orthogonal projection in X onto T'(0)". Then PT(0) = 0, which
yields that PT is single-valued. Then, for every (z, f) € T, there exists g € m such that
f=PTx+g. If W(T) # C, then T(0) L D(T) by Lemma 3.1, which implies

(f,x) = (PTz,x), (x,f)eT. (3.17)
Then
W, (T) = Wo(PT) and Wes(T) = Wes(PT). (3.18)

Note that PT is an operator. Then, by [4, Theorem 3.1, formula (3.1)], we have W .(PT) =
Wes(PT). Hence, Wes(T) = W.(T) by (3.18). If W(T') = C, then W,(T) = C by (iv) of
Proposition 3.3, and hence W3(T) = W,(T') = C by (3.16). This completes the proof of (3.10).



Essential Numerical Ranges of Linear Relations and Singular Discrete Linear Hamiltonian Systems 75

Next, we prove (3.14). Suppose that W(T) = C. Then W (T) = Wes(T) = W (T) =
W(T') = C by (iv) of Proposition 3.3 and (3.16). It remains to show that W (T) = C. It
is noted that if N C D(T) is a finite-dimensional subspace, then it can be easily verified that
N+ N D(T) # {0}. Next, we shall show the result by mathematical induction method. Take
A € C. Since W(T') = C, there exists (y1,91) € T with |ly1|| = 1 satisfying (g1, y1) = A. Noting
that {y1}+ N D(T) # {0} by {y1} C D(T), and applying Lemma 3.2 with ¢ = 1 and (y, g)
replaced by (y1,¢1), one sees that there exists (ey, hy) € T with ||e1|| = 1 such that

W(Tl{m}i-ﬁD(T)) =C, |<h17€1> - )‘l <1

Since W (T |{e,3-np(r)) = C, we can choose (y2,92) € T such that [jya| = 1, y2 € {e1}* and
(92,y2) = A. Next, it is assumed that we have constructed (ey, hy), - ,(€én—1,hn—1) € T and
(y1,91):  (Yn, 9n) € T such that [len—1l|=[lyn-1ll = 1, yn € XosND(T), W(T|x2  apir)) =
C and

1

<gnayn> = )\7 |<hn—1aen—l> - A' < ma n > 17

where X,,_1 := {e1,-- ,en_1}. Note that {y,} C X; -, N D(T) implies that {y,}" N X , N
D(T) # {0}. Then, applying Lemma 3.2 with ¢ = 1, T replaced by T|x+ pery. and (¥, 9)
replaced by (yn, gn), one sees that there exists (e, hy,) € T with |le,|| = 1 such that

W(T|(ey - enyrnnmy) = W(Tlie,yrnx+ npm) =C (3.19)

and )
Ry, en) — Al < —.
(s en) = A < —

Now, (3.19) allows us to choose (yn+1, gnt1) € T with ||y,41]| = 1 satisfying

Yn+1 € {6’17 t aen}l N D(T) and <gn+lvyn+1> = A

This completes the induction. It implies that there exists an orthonormal sequence { (e, hy) }nen
satisfying (hy,, en) 7% \. Since \ is arbitrary, we get Wy (T') = C.

Finally, suppose that D(T) = X and W (T) # C. Then, one has T(0) = {0} by Lemma 3.1,
which implies that 7" can determine an operator. Hence, (3.12) holds by [4, p. 12, Claim 1].

This completes the proof.

Remark 3.3 (1) From Theorem 3.3, for a general relation 7', if D(T) = X and W(T') # C,
then (3.12) holds. Here, we point out that the restriction W (T') # C is necessary. In fact, let
T be the relation defined in Remark 3.1 with E being finite-dimensional. Then (3.14) holds
for this 7' by Theorem 3.3. However, Wi (T) C W(T|grnp(r)) = {1} by the definition. Then
Wer(T) C W (T) in (3.14) is strict, which implies that (3.12) is false for this 7.

(2) From Theorem 3.3, W1 (T) C W,(T) holds for a general relation 7" with D(T) being
infinite-dimensional and W(T') = C. Here, we point out that W, (T) = W.(T') maybe hold. In
fact, let T be the relation defined in Remark 3.1 with £ = X. Then it follows from Lemma 3.1
that W(T'|y,.p(r)) = C for every finite-dimensional subspace V. It implies that Wei(T') = C,
and hence Wy (T') = W (T) = C.
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(3) If D(T) is finite-dimensional, then W1 (T) = We4(T) = 0, which implies that (3.14) is

false.

4 Singular Discrete Linear Hamiltonian Systems and Their Essential
Numerical Ranges

In this section, we consider singular discrete linear Hamiltonian systems which may be non-
symmetric. First, we introduce the associated maximal, pre-minimal and minimal relations in a
product Hilbert space. Then, some sufficient and necessary conditions for the minimal relation
to be an operator are given under certain conditions, and a sufficient condition for the minimal
relation to be not densely defined is derived. Finally, we consider various essential numerical

ranges of the minimal relation Hy. This section is divided into two parts.

4.1 Singular discrete linear Hamiltonian systems and their minimal relations

Consider the following singular discrete linear Hamiltonian system
L(y)(t) :== JAy(t) — P()R(y)(t) = AW (t)R(y)(t), teT, (4.1)

where
(a) Z := {t}}°° is an integer set with a being a finite integer;
(b) A is the forward difference operator, i.e., Ay(t) = y(t + 1) — y(t);

0~ ), where I; is the d x d

(c) J is the canonical symplectic matrix, ie., J = ( I 0
d

identity matrix;
(d) for ¢ € Z, the weight function W (t) = diag {Wi(t), Wa(t)}, where W1 (t) and Wa(t) are
d x d matrices and W1 (t), Wa(t) > 0;
(e)fort €I, P(t) = ( ;18)(” g((g ), where A(t), B(t), C(t) and D(¢) are d x d matrices;
(f) R(y)(t) = (2™ (t+1),uT(¢))T is the partial right shift operator with y(¢) = (T (¢),u" (t))"
for x(t), u(t) € CY
(g) A is a complex spectral parameter.

By the condition (e), system (4.1) can be written as

{Aa:(t) =At)z(t + 1)+ Bt)u(t) + \AWa(t)u(t), 42)

Au(t) =C(t)z(t+1) — D)u(t) — AW (t)z(t+ 1), tel.

If P = P* ie, D= A* B and C are Hermitian matrices, then system (4.1) is (formally)
symmetric. To ensure the existence and uniqueness of the solution of any initial value problem

associated with system (4.1), it is always assumed that
(A1) I; — A(t) and I; — D(t) are invertible in Z.

Next, we introduce the following space

B (1) = {y = (y@Ohex € €2 3R OWORE)E) < +50}

tel
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with the semi-inner product

(. 2y = Y R (2)OW () R(y)(?).

tel

1
We denote ||yl := (y,y)3, for y € 1,(Z). Since the weight function W (¢) may be singular in

Z, || - |l is & semi-norm. Set

Liy (Z) = Gy (D) /{y € Gy (D) « llylly = 0}.

Then L%, (Z) is a Hilbert space with the inner product (-,)y. For a function y € (g, (Z), we

denote by y the corresponding equivalent class in L3, (Z). Then, (7,z)w = (y,2z)w for any

7,7 € L%, (T). Tn order to avoid confusion, we write 0 to denote the zero element in L2, (Z).
Set

Z%MO(I) :={y € 1%/(T): There exist s,k € T withs < k such that
y(t)=0fort <s and t > k+1}

and

H:={(y,9) € (L} (Z))* : There exists y € y such that £(y)(t) = W (t)R(g)(t)
forany g € g, t € I},
Hyo : = {(y,9) € H : There exists y € y such that y € I%V,O(I) and
L(y)(t) = W()R(g)(t) for any g € 7, t € T},

Clearly, H and Hy are subspaces of (L‘Q/V(I))Q. Then H, Hyy and Hy := Hoo are called the
maximal, pre-minimal and minimal relations associated with system (4.1), respectively. The
definiteness condition for system (4.1) is given by

(A,) there exists a finite subinterval Zy := [sg, to] = {t}iozso C T such that for all A € C any

non-trivial solution y of system (4.1) satisfies that
> R@) OW(OR)E) > 0.
telo

Remark 4.1 (1) From (Ay), for every (y,g) € H, there exists a unique y € y such that
L(y)(t) =W (t)R(g)(t) for any g € g and ¢ € Z. In this case, we write (y,g) € H for brevity.

(2) Tt was pointed out that Hy may be non-densely defined or multivalued, even if (As)
holds, see [17, Section 6] or Theorem 4.1 and Proposition 4.2 below. This is an important

difference between the discrete and continuous Hamiltonian systems.
Furthermore, we have the following result for the minimal relation Hy.
Proposition 4.1 Assume that (A1) and (Az) hold. If y € D(Hy), then y(a) = 0.

Proof Let (y,g) € Hy. Then there exists a sequence {(yn,gn)} C Hoo such that

lyn —yllw = 0 and |gn —gllyy = O0forany g €g and g, € g as n — oc. (4.3)
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Let ynk = yn — yx and gnk = gn — gr.- Then y,; is the solution of the initial value problem

{E(z)(t) =Wt R(gnr)(t), teETL,

Now, let ®(t) be the fundamental solution matrix of the system L£(z)(t) = 0 on Z with
®(a) = Iy. For every t € Z, we define

m(t) = P(t)( N ?d )+ ( ?d —Ig(t)D(t) )

Since Iy — D(t) is invertible, we get that H(t) is invertible on ¢ € Z. Let Y (¢) := ®(¢)C(t) be a
solution of £(z)(t) = W(t)R(gnk)(t). Then we have

POIR(®)(HC(E +1) = R(RC) ()] + JR()AC(E) = W () E(gnr ) (1),

which yields that H(¢)®(t)AC(t) = W (t)R(gnr)(t) by the direct calculation. Hence, y,r can
be expressed by

t—1

Ynk(t) = ®(t) Z O (s)H 1 (s)W(s)R(gnr)(s), teT. (4.4)

S=a

a—1
Here, we use the convention that Y ®~1(s)H~1(s)W(s)R(gnr)(s) = 0.

Take tg € T\ {a}. Clearly, ®(t) and ®~'(t)H~'(t) are bounded on [a, o] := {t}i°, C T.
Then, together with ||gni|l,,, — 0 and (4.4), we have y,x(t) — 0 for t € [a, to] as n, k — oo. Set

y(t) = lim y,(t), tel.

n—oo

Then y(a) = 0 and it is clear that ILm L(yn)(t) = L(Y)(t) for t € Z, which, together with the
second relation of (4.3) and L(y,)(t) = W(t)R(gn)(t), t € Z, yields that

L(@)(t) =W(t)R(g)(t) foranygeyg, te.

Then (3,§) € H. Clearly, |ly — |,y = 0. By (1) of Remark 4.1, we get y(t) = §(t) for t € T.
Then y(a) = y(a) = 0. This completes the proof.

In [17, Section 6], they give some sufficient and necessary conditions for the minimal relation
Hy to be an operator in the symmetric case; that is, Ho(a) = {6} By Proposition 4.1, we
extended these results to non-symmetric systems with a similar method, i.e., Theorem 4.1
below. First, we introduce some notations. Since Wi (t) and Wa(t) are Hermitian matrices for

every t € Z, one has
C? = Ker Wy (t) ® Ran W1 (t) = Ker Wa(t) ® Ran Wy (t), te .

For every t € Z, by Py(t) and Py(t) we denote the projection maps from C% to Ker Wi (¢) and
Ker Wa(t), respectively. Then, the following result is obtained.
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Theorem 4.1 Assume that (A1) and (As) hold.
(1) In the case of W1(t) > 0 for t € I, Hy is an operator if and only if for allt € T\ {a},

Ker Wh(t) NKer B(t) = {0} and RanWs(¢t) N Ran(B(t)P(t)) = {0}. (4.5)
(2) In the case of Wa(t) > 0 for € Z, Hy is an operator if and only if for allt € Z,

Ker Wi () NKer O(t) = {0} and RanW,(t) N Ran(C(t)Pi(t)) = {0}. (4.6)

Proof We first consider the sufficiency of assertion (1). Let (0,9) € Hy. Then, by (1) of
Remark 4.1, there exists a unique y = (z7,u™)T € 0 such that £(y)(t) = W(t)R(g)(t) for any
9="(91,93)" €7, e,

Ax(t) = A(t)z(t + 1) + B(t)u(t) + Wa(t)g2(1),
{Au(t) =Ct)x(t+1)— Dt)u(t) — Wi(t)g1(t+1), teZ.
Then we have

(Lo = A(t))x(t + 1) — 2(t) — Bt)u(t) = Wa(t)g2(t),

(4.7)
(Ig — D)ut) —ult+ 1)+ CH)x(t +1) = Wi(t)g1(t +1), te€T.
It follows from Wy (t) > 0 for t € Z and y € 0 that
z(t+1)=0 and Wr(t)u(t)=0, teZI, (4.8)

which implies u(t) € Ker Wa(t). In addition, z(a) = 0 by Proposition 4.1. Then, by (4.7) and
the first relation of (4.8), we have

—B(t)u(t) = Wa(t)ga(t),

(I — D(@t)u(t) —u(t +1) =Wi(t)g1(t +1), te.

(4.9)

From u(t) € Ker Wa(t), the first relation of (4.9), and the second relation of (4.5), one has
—B(t)u(t) = Wa(t)g2(t) = 0 for t € T\ {a}. Therefore, u(t) € Ker Wa(t) N Ker B(t). Then, by
the first relation of (4.5), one has u(t) = 0 for t € T\ {a}, which, together with u(a) = 0 by
Proposition 4.1, yields that u(t) = 0 for ¢t € Z. Hence, ¢1(t + 1) = 0 for ¢t € Z by the second
relation of (4.9), Wi(¢) > 0 and u(t) = 0 for t € Z. In addition, one has Wa(t)g2(t) = 0 for
t € T by the first relation of (4.9) and u(t) = 0 for t € Z. Then g € 0 € L%,(Z), which implies
H(0) = {0}. Hence, Hy is an operator.

Next, we consider the necessity of assertion (1). Let Hy be an operator. Suppose on the
contrary that the first relation of (4.5) does not hold. Then there exist ¢y € Z \ {a} and
0 # ¢ € C?% such that ¢ € Ker Wy (t) N Ker B(tg). Since Wy (t) > 0 and I; — D(t) is invertible
for t € Z, there exist 0 # 11,12 € C? such that Wy (to—1)n = —& and Wy (to)n2 = (Ig— D(to))E.
Set

T OT T _ -
t (OTng)Ta t:to, R . (nrlr’OT)Ta z_io 17
y()_ 0, teI\{tO}, (g)()_ (772, ) s =1,
0, teT\{to—1,t0}.
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Then y € 0, g ¢ 0, and it is easy to verify that £(y)(t) = W (t)R(g)(t) for t € Z. Tt follows that
g € Hy (6), and hence H is not an operator. This is a contradiction. Hence, the first relation of
(4.5) holds. Now, suppose on the contrary that the second relation of (4.5) does not hold. Then
there exist to € T\ {a} and 0 # v € C? such that v € Ran Wy (to) NRan(B(to) Px(to)). It follows
from v € Ran(B(to)P2(to)) that there exists 0 # & € Ker Wa(to) such that —B(tg)§ = v. In
addition, v € Ran Wy (to) implies that there exists 0 # ¢ such that Wa(t9)¢ = v. Since Wy (t) > 0
and I; — D(t) is invertible for ¢ € Z, there exist 0 # 11,72 € C? such that Wi (tg — 1) = —¢€
and Wi (to)n2 = (Ig — D(t))€. Set

0T, eNT,  t=to, (i, 007, t=to-1,
y(t) = R(g)(t) = (m",¢MT,  t=to,
0, t EI\{to},
0, tez\{to—l,to}.

Then y € 0, g ¢ 0, and it is easy to verify that £(y)(t) = W(t)R(g)(t) for t € Z. Tt follows

that ¢ € Hy(0), and hence Hy is not an operator. This is a contradiction. Hence, (4.5) holds.

Assertion (2) can be proved similarly. This completes the proof.

The following specific conditions for Hy to be an operator can be obtained by Theorem 4.1

directly.

Corollary 4.1 Assume that (A1) and (Az) hold.
1) Hy is an operator if one of the following conditions holds:
1) Wi(t) >0 fort € T and Wa(t) > 0 fort € T\ {a};
i) Wi(t) > 0 fort € Z and B(t) = Iy fort € T\ {a};
ili) Wa(t) >0 fort € Z and C(t) = 14 fort € .
(2) Let Wi(t) > 0 fort € T and Wa(t) =0 fort € T\ {a}. Then Hy is an operator if and
only if B(t) is invertible for each t € T\ {a}.
(3) Let W1 (t) =0 fort € T and Wa(t) > 0 fort € Z. Then Hy is an operator if and only if
C(t) is invertible for each t € T.

(
(
(
(

Next, we present a sufficient condition for Hy to be non-densely defined in any significant

case

Proposition 4.2 Assume that (A1) and (Az) hold. If there exists to € I such that W (to) #
0, then Hy is non-densely defined.

Proof Let tg € Z be the minimal point such that W (tg) # 0,1.e., W(t) =0fora <t < ty—1.

The proof is divided into two cases:

Case 1 tg = a. If Wy(a) # 0, then there exists 0 # ¢ € C? such that Wy(a)¢ # 0. Take
z(a) = (0,6T)T and 2(t) = 0, t > a + 1. It is clear that Z € L%, (Z). For any (y,g) € Ho, it

follows from Proposition 4.1 that y(a) = 0, and consequently,
Iz = yl?w > € Wala)¢ >0,

which implies that there exists no sequence {(yy, gn)} C Ho such that g, — z in L%, (Z). Hence,
Hy is non-densely defined in L, (Z). On the other hand, if Wa(a) = 0, then Wi (a) # 0 by the
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assumption. Take z € L%,(Z) and z = (n*,vT)T € Z with n(a + 1) # 0. For any (y,g) € Hp
with y = (27, uT)T, it follows from Proposition 4.1 that y(a) = 0. Consequently, by the first
relation of (4.7), (A1) and Wa(a) =0, we get z(a + 1) = 0. Then

Iz =yl > n(a+1)"Wi(a)n(a + 1) > 0.

Therefore, Hy is non-densely defined in L%, (Z).

Case 2 ty > a. If Wa(tg) # 0, then we take z € L%,(Z) and z = (n*,vT)T € Z with
v(to) # 0. For any (y,9) € Ho with y = (27, uT)T, one has y(t) = 0 for t € [a,to] by
Proposition 4.1, (4.7), (A1) and W (¢t) =0 for t < ¢ty — 1. Then

ly = 2l*y = v(to) Wa(to)r(to) > 0.

Therefore, Hy is non-densely defined in L3, (Z). On the other hand, if Wa(to) = 0, then Wi (t) #
0. Take z € L,(Z) and z = (n*,v")T € Z with n(to + 1) # 0. For any (y,g) € Hp with
y = (zT,u™)T, one has y(t) = 0 for t € [a,to] and x(ty + 1) = 0 by Proposition 4.1, (4.7), (A1),
Wa(tg) =0 and W(t) =0 for t <tg — 1. Then

ly = 2[1%w = n(to +1)"Wi(to)n(to +1) > 0,
which implies that Hy is non-densely defined in L%V(I). This completes the proof.

4.2 Essential numerical ranges of singular discrete linear Hamiltonian systems

In this subsection, we apply some results for abstract relations to the minimal relation Hy
and consider various essential numerical ranges of Hy. By Propositions 2.1-2.2, 3.1, 3.4 and
~ 1
Theorem 3.2, if D(Hy) C Hp(0) , then we get

UP(HO) = Up(HO,s)a o(Hy) = 5(H0,s)7
W(HO) = W(HO,S)7 We(HO) = We(HO,s) (410)

and
Wer (Ho) C We4(H0) C WEQ(HQ) = We3(H0) = We(Ho), (411)

where Hj s is the operator part of Hy. Furthermore, for Hy being an operator, we get that
D(Hy) C HO(G)L holds since Ho(0) = {0}, and thus (4.10)—(4.11) hold. This implies that
Theorem 4.1 gives sufficient conditions for (4.10)—(4.11). Next, we shall present some sufficient

conditions for general cases. Before giving them, we introduce the following notations:

o= {teT: Wi(t)>0, Wa(t) = 0},
Iy = {t el: Wl(t) =0, WQ(t) > 0},
I3 := {t el: Wl(t) =0, Wg(t) = 0}

and 7y :ZI\ (Il UZs UIg) = {t cTl: Wl(t) >0, WQ(t) > O}
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Theorem 4.2 Assume that (A1) and (Az) hold. If B(t) is Hermitian for t € Ty UZs, C(t)
is Hermitian for t € Io UZs and A(t) = D*(t) for t € Ty UZy U T3, then (4.10)—(4.11) hold.

Proof By the above discussions, we only need to prove D(Hy) C Ho(0 (N)L If Hy(0) ¢ H(0),
then we get D(Hy) C Hy (6) since D(Hy) ¢ Hg (0 ) by Lemma 2.1. Hence, it suffices to show
Ho(0) € Hg(0). Let (y,9) € Ho and y € 0. We shall show (y,§) € Hgy = Hg. For (z, f) € Hoo,

we have

@ Hw — G Dw = teZIR JR(y)(t) — R(2)" ()W () R(g)(t)
= tezz[ﬁ(z)*(f)R(y)(b‘) — R(2)" () L(y)(1)]
= R(2)*(t)(P - P*)( ZZICzPy (4.12)
teT i=1teT,
where K(z, P,y)(t) := R(2)*(t)(P — P*)(t)R(y)(t). In addition, we have
z(t+1)=0, teZy; u(t)=0, te€Iy Ryt)=0 tely (4.13)

by y € 0, i.e., STR(y)*()W (t)R(y)(t) = 0. Clearly, by the third relation of (4.13), one has
tez

S K(z,Py)(t) =0. Let y = (27, uT)T and 2 = (nT,vT)T. Then, by the first two relations of

tely

(4.13), one has

Y K Pay)t) = > (" (t+ 1)(D = A)(t) + v (0)(B — BY)(t)u(t),

tely tely
YK Py)t) = (" (t+ D)(=C+ C*)(t) + v (£)(A = D*)()x(t + 1).
tels tels
Therefore, > K(z,P,y)(t) = >, K(z, P,y)(t) = 0 by the assumptions. On the other hand,
tely tels

we have P(t) = P*(t) for t € I3 since D(t) = A*(t), B(t) = B*(t) and C(t) = C*(t) for

t € I3, which yields Y K(z, P,y)(t) = 0. Then (y, ]7>W — (9, %)y = 0 by (4.12). This implies
tels

(0,9) € Hgy. Hence, Ho(0) C Hg(0) since Hy, = H. This completes the proof.

Remark 4.2 If system (4.1) is symmetric, i.e., P*(t) = P(t) for t € Z, then the conditions
in Theorem 4.2 hold, and hence (4.10)—(4.11) hold.

Now, we give another sufficient condition.

Theorem 4.3 Assume that (A1) and (Az) hold and A(t), B(t),C(t) and D(t) satisfy the
conditions of Theorem 4.2 except the point a. If C(a) is Hermitian or Wi(a) > 0, then (4.10)-
(4.11) hold.

Proof Similarly, we shall prove Ho(0) ¢ Hg(0). Let (y,3) € Ho and y € 0. For (z, f) € Hoo,
we get from (4.12) and the assumptions that

@ Flw — (@ 2w = K(z, P,y)(a +Z > Kz Py)t) = K(z Py)(a).

i=1+teZ;\{a}
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Let y = (2T, uT)T and 2z = (nT,vT)T. Then u(a) = 0 by Proposition 4.1, which together with
v(a) = 0, one has
K(z, P,y)(a) =n"(a+1)(—C + C*)(a)z(a + 1).

If C(a) is Hermitian, then IC(z, P,y)(a) = 0. On the other hand, if Wi (a) > 0, then z(a+1) =0
by y € 0, which yields K(z, P, y)(a) = 0. Hence, (7, f)W—@, Zyw = 0. This implies (0,9) € H,
i.e., Ho(0) c HZ(0). This completes the proof.

—+oo
t=—o00"

Finally, we can get the following result when Z is replaced by Z' = {t}

Theorem 4.4 Assume that (A1), (Ag) and P*(t) = P(t) hold for t € I'. If there exist
ki, ke € T' with kv < ko such that one of the following conditions holds:

(1) W(t) >0 fort < ki and t > ko,

(2) Wa(t) =0 fort € I and W1 (t) > 0, B(t) is invertible for t < ki and t > ka,

(3) Wa(t) =0 fort € I and Wa(t) > 0, C(t) is invertible for t < ki and t > ko,
then

W,i(Ho) = Wo(Ho), i=1,2,34. (4.14)

Proof Since P(t) = P*(t) for t € T, we get that Hy is Hermitian and Hj, = Hj = H by |16,
Theorem 3.1]. Further, if D(Hy) = Ho(0)", then we get D(Ho) N D(H) = D(Hoy) = Ho(0)",
and thus (4.14) holds by (3) of Theorem 3.2. Hence, by Corollary 2.1, it suffices to show
Hg(0) = Ho(0). Tt follows from [17, Theorem 3.2] that

Hy={(zf) e H: t_l}r_n n*Jz(t) = t_lg}l n*Jz(t) =0 for all n € D(H)}. (4.15)
Note that Ho(0) ¢ H(0) = H(0). We shall show that Hg(0) ¢ Ho(0). Let (0,9) € Hi = H.
Then it implies that there exists a unique y = (27, uT)T € 0 such that L(y)(t) = W (t)R(g)(t)
for any g € g and ¢t € Z'. If condition (1) holds, then we have R(y)(t) = 0 by W (t) > 0 for t < ky

and ¢t > ko. Then, together with (4.15), we have (y,q) € Hop, and hence g € Hy(0). Therefore,
Hi(0) € Ho(0), and hence H;(0) = Hy(0). On the other hand, if condition (2) holds, then
z(t+1) =0 for t <k and ¢t > ko. It is noted that Wa(t) = 0 for t € 7/, z(t + 1) = 0 and
B(t) is invertible for ¢ < ky and ¢ > ko. Then, by the first relation of (4.7), we have u(t) = 0
for t < k; and ¢ > ko + 1. Therefore, y(t) = 0 for ¢t < ky and t > ko + 1, which, together with

(4.15), yields that (y,g) € Ho. Hence H;(0) = Hy(0). In addition, if condition (3) holds, then
H(0) = Ho(0) can be proved similarly. This completes the proof.
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