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1 Introduction

The general law of large numbers (LLN for short) on sublinear expectation space (Ω,H,E)

was established by Peng [13–15], known as Peng’s law of large numbers: Let {Xi}i∈N be inde-

pendent and identically distributed (i.i.d.) random variables with

lim
λ→∞

E[(|X1| − λ)+] = 0. (1.1)

Then

lim
n→∞

E

[
ϕ
( 1

n

n∑

i=1

Xi

)]
= max

−E[−X1]≤µ≤E[X1]
ϕ(µ), ∀ϕ ∈ Cb(R). (1.2)

Here the notions of i.i.d. are initially introduced by Peng [14], which are directly defined by

the sublinear expectation E instead of the capacity (see [11–12]). The convergence in the form

(1.2) is similar to the weak convergence in the classical probability theory, as such (1.2) can be

regarded as the weak LLN. The limit distribution in the right hand of (1.2) is called maximal

distribution (see [15]). There are also strong LLNs on the sublinear expectation space (see

[1, 3, 6, 18, 20]).
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This paper focuses on the weak LLN on the sublinear expectation space, which can not be

implied directly by the strong one. Recently, the convergence rate of Peng’s LLN was studied

under higher moment conditions (see [4, 8, 17]). But is (1.1) a sharpest condition to obtain

(1.2)? We recall that the classical weak LLN shows that, for i.i.d. sequence {Xi} on the

probability space (Ω,F , P ), 1
n

n∑
i=1

Xi converges to µ in probability if and only if

lim
n→∞

nP (|X1| ≥ n) = 0 and lim
n→∞

EP [(−n ∨X1) ∧ n] = µ, (1.3)

which inspires us to explore the necessary and sufficient conditions for Peng’s LLN analogous

to (1.3).

Different from most literature on the limit theorems under sublinear expectation, we adopt

the formulation similar to Li [9]. We firstly establish LLN on the canonical space (RN,B(RN)),

which enables us to apply the classical techniques, including truncation method and Chebyshev’s

inequality (for example, see [16]). Then we extend the LLN to the general sublinear expectation

space introduced by Peng in [15]. The necessary and sufficient conditions for Peng’s LLN are

obtained, which is a natural generalization of the classical LLN to the sublinear expectation

theory. But unlike the classical situation, there is a counterexample shows that the weak LLN

(1.2) does not hold if E[|X1|] <∞.

The rest of this paper is organized as follows. Section 2 describes the fundamental model

on the canonical space. We establish the LLNs on the canonical space in Section 3 and then

extend them to the general sublinear expectation space in Section 4. The proofs are given in

Section 5.

2 Fundamental Model on Canonical Space

Following Li [9], let (RN,B(RN)) be the canonical space and {Xi}i∈N be the sequence of

canonical random variables defined by Xi(ω) = ωi for ω = (ω1, · · · , ωn, · · · ) ∈ R
N. For each i ∈

N, Pi is the convex and weakly compact set of probability measures on (R,B(R)) characterizing

the uncertainty of the distributions of Xi as described in Peng [15]. The set of joint laws on

(RN,B(RN)) via the probability kernels is defined by

P =
{
P : P (A(n) × R

N−n) =

∫

R

µ1(dx1)

∫

R

κ2(x1, dx2) · · ·

∫

R

IA(n)κn(x1, · · · , xn−1, dxn)

∀n ≥ 1, ∀A(n) ∈ B(Rn), κi(x1, · · · , xi−1, ·) ∈ Pi, 2 ≤ i ≤ n, µ1 ∈ P1

}
, (2.1)

where for each i ≥ 2, κi(x1, · · · , xi−1, dxi) is the probability kernel satisfying:

(i) ∀ (x1, · · · , xi−1) ∈ R
i−1, κi(x1, · · · , xi−1, ·) is a probability measure on (R,B(R)).

(ii) ∀B ∈ B(R), κi(·, B) is B(Ri−1)-measurable.

The existence of P on (RN,B(RN)) is shown by Ionescu-Tulcea theorem.

Since Pi is independent of (x1, · · · , xi−1), we call that Xi is independent of (X1, · · · , Xi−1).

Here independence means the uncertainty of the distributions of Xi is independent of random

vector (X1, · · · , Xi−1). It is obvious that such independence is not symmetric in general. If we

further assume that the uncertainties of each Xi are the same, i.e., Pi = P1, then {Xi}i∈N is

an i.i.d. sequence. In this case, P is determined by the set P1 of the distributions of X1.
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For each B(RN)-measurable random variable X , the sublinear expectation E
P is defined by

E
P [X ] := sup

P∈P
EP [X ].

The corresponding capacities v and V are defined respectively,

v(A) = inf
P∈P

P (A), V (A) = sup
P∈P

P (A), ∀A ∈ B(RN).

The canonical filtration {Fi}i∈N is defined as Fi = σ(Xk, 1 ≤ k ≤ i) with convention F0 =

{∅,RN}.

By the regularity of conditional probability, we have

EP [ϕ(Xi)|Fi−1](ω) = Eκi(x1,··· ,xi−1,·)[ϕ(Xi)], P -a.s.,

where ω = (x1, · · · , xn, · · · ) ∈ R
N and κi is the probability kernel introduced by P .

We immediately have the following proposition since κi(x1, · · · , xi−1, ·) ∈ Pi, 1 ≤ i ≤ n.

Proposition 2.1 For each P ∈ P and ϕ ∈ Cb(R), we have

−E
P [−ϕ(Xi)] ≤ EP [ϕ(Xi)|Fi−1] ≤ E

P [ϕ(Xi)], P -a.s. i ∈ N. (2.2)

Remark 2.1 The inequality (2.2) also holds on the general sublinear expectation space

(see [5, 6]).

At the end of this section, we generalize Ottaviani’s inequality to the canonical space.

Proposition 2.2 Let c be a real number satisfying 0 < c < 1 and Sn =
n∑

i=1

Xi. If there exist

constants αn ∈ R
+ such that

max
1≤k≤n

V (|Sn − Sk| ≥ αn) ≤ c,

then we have

V
(

max
1≤k≤n

|Sk| ≥ 2αn

)
≤

1

1− c
V (|Sn| ≥ αn).

Remark 2.2 The general Levy maximal inequality on the sublinear expectation space was

firstly proved in [19, Lemma 2.1], which assumes that there exist real constants βn,k such that

V (|Sk − Sn| ≥ βn,k + ε) ≤ c, ∀ ε > 0, k = 1, 2, · · · , n,

then

V
(
max
k≤n

(|Sk| − βn,k) > x+ ε
)
≤

1

1− c
V (|Sn| > x), ∀x, ε > 0.

Based on such inequality, Zhang [19] obtained the necessary and sufficient conditions for Peng’s

central limit theorem (see [15]), which inspires us to consider Peng’s LLN.
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3 Law of Large Numbers on the Canonical Space

In this section, we establish the weak LLN on the canonical space by traditional truncation

method and Chebyshev’s inequality as in the classical probability theory.

Given a weakly compact and convex set P0 of probability measures on (R,B(R)), for

fixed n ∈ N, we can construct P on (RN,B(RN)) by (2.1) with Pi = P0 for i ∈ N, such

that the sequence of canonical random variables {Xi}i∈N is i.i.d., where Xi(ω) = ωi, ∀ω =

(ω1, · · · , ωn, · · · ) ∈ R
N. The sublinear expectation E

P and the capacities v and V correspond-

ing to P are defined as in the previous section.

Inspired by the weak LLN under sublinear expectation without the moment condition in

[2], we also have the similar LLN on the canonical space.

Theorem 3.1 Let {Xi}i∈N be a canonical i.i.d. sequence under P which is constructed by

(2.1), and we further assume that

lim
n→∞

nV (|X1| ≥ n) = 0.

Then for any ε > 0,

lim
n→∞

v
(
µ
n
− ε ≤

1

n

n∑

i=1

Xi ≤ µn + ε
)
= 1, (3.1)

where µ
n
= −E

P [(−n ∨ −X1) ∧ n] and µn = E
P [(−n ∨X1) ∧ n].

Furthermore, if {µ
n
}n∈N and {µn}n∈N are bounded, then

lim
n→∞

∣∣∣EP
[
ϕ
( 1

n

n∑

i=1

Xi

)]
− max

µ
n
≤µ≤µ

n

ϕ(µ)
∣∣∣ = 0, ∀ϕ ∈ Cb(R). (3.2)

Now we establish Peng’s LLN on the canonical space with the necessary and sufficient

conditions.

Theorem 3.2 Let {Xi}i∈N be a canonical i.i.d. sequence under P which is constructed by

(2.1). Then

lim
n→∞

E
P
[
ϕ
( 1

n

n∑

i=1

Xi

)]
= max

µ≤µ≤µ
ϕ(µ), ∀ϕ ∈ Cb(R), (3.3)

where −∞ < µ ≤ µ < +∞, if and only if the following three conditions hold :

(i) lim
n→∞

nV (|X1| ≥ n) = 0.

(ii) lim
n→∞

E
P [(−n ∨X1) ∧ n] = µ.

(iii) lim
n→∞

−E
P [(−n ∨ −X1) ∧ n] = µ.

4 Law of Large Numbers on the Sublinear Expectation Space

In this section, we extend the obtained weak LLN to the general sublinear expectation space

(Ω,H,E) introduced by Peng [15].

Let Ω be a given set and let H be a linear space of real functions defined on Ω such that

c ∈ H for c ∈ R, and if X ∈ H, then |X | ∈ H. We further assume that X1, · · · , Xn ∈ H, then

ϕ(X1, · · · , Xn) ∈ H for each ϕ ∈ Cb.Lip(R
n), where Cb.Lip(R

n) denotes the space of all bounded

and Lipschitz functions on R
n. H is considered as the space of random variables.



Peng’s Law of Large Numbers Under Sublinear Expectations 143

Definition 4.1 A sublinear expectation E on H is a functional E : H → R satisfying the

following properties: For all X,Y ∈ H, we have

(a) Monotonicity: E[X ] ≥ E[Y ] if X ≥ Y .

(b) Constant preserving: E[c] = c for c ∈ R.

(c) Sub-additivity: E[X + Y ] ≤ E[X ] + E[Y ].

(d) Positive homogeneity: E[λX ] = λE[X ] for λ ≥ 0.

The triple (Ω,H,E) is called a sublinear expectation space.

Let X = (X1, · · · , Xn) be a given n-dimensional random vector on a sublinear expectation

space (Ω,H,E). We define a functional on Cb.Lip(R
n) by

FX [ϕ] := E[ϕ(X)], ∀ϕ ∈ Cb.Lip(R
n).

The triple (Rn, Cb.Lip(R
n), F̂X [·]) forms a sublinear expectation space, and F̂X is called the

sublinear distribution of X .

Definition 4.2 Let X and Y be two random variables on (Ω,H,E), they are called identi-

cally distributed, denoted by X
d
= Y , if for each ϕ ∈ Cb.Lip(R),

E[ϕ(X)] = E[ϕ(Y )].

Definition 4.3 Let {Xi}i∈N be a sequence of random variables on (Ω,H,E). Xi is said to

be independent of (X1, · · · , Xi−1) under E, if for each ϕ ∈ Cb.Lip(R
n),

E[ϕ(X1, · · · , Xi)] = E[E[ϕ(x1, · · · , xi−1, Xi)]|(x1,··· ,xi−1)=(X1,··· ,Xi−1)].

The sequence of random variables {Xi}i∈N is said to be independent, if Xi+1 is independent of

(X1, · · · , Xi) for each i ≥ 1.

If the sublinear distribution of X1 is given, then there exists a unique weakly compact and

convex set of probability measures P0 on (R,B(R)) such that

E[ϕ(X1)] = E
P0 [ϕ], ∀ϕ ∈ Cb.Lip(R), (4.1)

where the existence was proved in [7] and the uniqueness can be shown by [10].

The relation between the i.i.d. sequence on sublinear expectation space and the one on

canonical space is characterized by the following proposition, which was proved in [9].

Proposition 4.1 Let {Xi}i∈N be an i.i.d. sequence on sublinear expectation space (Ω,H,E)

and the sublinear distribution of X1 can be represented by P0 as in (4.1). Then there exists a

sequence of i.i.d. canonical random variables {Yi}i∈N on canonical space (RN,B(RN)) with the

set of probability measures P constructed by (2.1) with Pi = P0 such that for each n ∈ N and

ϕ ∈ Cb.Lip(R
n),

E[ϕ(X1, · · · , Xn)] = E
P [ϕ(Y1, · · · , Yn)].

Now we extend Peng’s LLN (Theorem 3.2) from canonical space to sublinear expectation

space. We need to characterize condition (i) of Theorem 3.2 directly by sublinear expectation

E instead of capacity V . For each n ∈ N, we define ψn ∈ Cb.Lip(R) as

ψn(x) = sup
y∈R

{n1{|y|≥n} − n|y − x|}.
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Proposition 4.2 For each n ∈ N, we have

n1{|x|≥n} ≤ ψn(x) ≤ n1{|x|≥n−1}. (4.2)

Theorem 4.1 Let {Xi} be an i.i.d. sequence on (Ω,H,E). Then

lim
n→∞

E

[
ϕ
( 1

n

n∑

i=1

Xi

)]
= max

µ≤µ≤µ
ϕ(µ), ∀ϕ ∈ Cb(R), (4.3)

if and only if the following three conditions hold:

(i) lim
n→∞

E[ψn(X1)] = 0.

(ii) lim
n→∞

E[(−n ∨X1) ∧ n] = µ.

(iii) lim
n→∞

−E[(−n ∨ −X1) ∧ n] = µ.

At the end of this section, we provide some examples. The first one shows that there exists

a random variable X such that lim
n→∞

E[ψn(X)] = 0 but condition (1.1) does not hold, i.e.,

lim
λ→∞

E[(|X | − λ)+] 6= 0.

Example 4.1 Let Ω = N, P = {Pn : n ∈ N} where P1({1}) = 1 and Pn({1}) = 1 − 1
n2 ,

Pn({kn}) =
1
n3 , k = 1, 2, · · · , n, for n = 2, 3, · · · . We consider a function X on N defined by

X(n) = n, n ∈ N. We can calculate that lim
n→∞

E
P [ψn(X)] = 0 but

lim
λ→∞

E
P [(|X | − λ)+] =

1

2
6= 0.

The next example shows that Peng’s LLN may fail only with the first moment condition,

which is different from the classical LLN.

Example 4.2 Let Ω = N, P = {Pn : n ∈ N}, where Pn({0}) = 1− 1
n
and Pn({n}) =

1
n
for

n = 1, · · · . Consider a function X on N defined by X(n) = n, n ∈ N. The sublinear expectation

E is defined by E[·] = sup
P∈P

EP [·]. It is clear that E[X ] = −E[−X ] = 1. By [15], we can construct

an i.i.d sequence {Xi}i∈N under E such that Xi have the same distribution with X . But the

weak law of large numbers does not hold, i.e., we can find ϕ ∈ Cb(R), such that

lim
n→∞

E

[
ϕ
(Sn

n

)]
6= ϕ(1).

Indeed, we consider ϕ(x) = 1 ∧ (1− x)+. In this case, by simple calculation, we can obtain

E
[
ϕ
(
x+X
n

)]
= ϕ

(
x
n

)
. Then we have

E

[
ϕ
(X1 + · · ·+Xn

n

)]

= E

[
E

[
ϕ
(x+Xn

n

)]∣∣∣
x=X1+···+Xn−1

]

= E

[
ϕ
(X1 + · · ·+Xn−1

n

)]
= · · · = E

[
ϕ
(X1

n

)]

= ϕ(0) = 1,

which implies that,

lim
n→∞

E

[
ϕ
(X1 + · · ·+Xn

n

)]
= 1 6= ϕ(1) = 0.
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5 Proofs

We firstly prove Ottaviani’s inequality.

Proof of Proposition 2.2 For k = 1, · · · , n, let

Ak =
{

max
l≤k−1

|Sl| < 2αn, |Sk| ≥ 2αn

}
,

then

V
(

max
1≤k≤n

|Sk| ≥ 2αn

)
= E

P
[ n∑

k=1

IAk

]
.

We have

1{|Sn|≥αn} ≥
n∑

k=1

1Ak
1{|Sn|≥αn} ≥

n∑

k=1

1Ak
1{|Sn−Sk|<αn}

=

n∑

k=1

1Ak
(1− 1{|Sn−Sk|≥αn})

= (1 − c)

n∑

k=1

1Ak
+

n∑

k=1

1Ak
(c− 1{|Sn−Sk|≥αn}),

which implies that

(1− c)

n∑

k=1

1Ak
≤ 1{|Sn|≥αn} +

n∑

k=1

1Ak
(1{|Sn−Sk|≥αn} − c).

For each P ∈ P , by (2.1), we obtain

(1 − c)P
(
max
k≤n

|Sk| ≥ 2αn

)
≤ P (|Sn| ≥ αn) +

n∑

k=1

P (Ak)(P (|Sn − Sk| ≥ αn)− c)

≤ P (|Sn| ≥ αn)

≤ V (|Sn| ≥ αn).

The proof is completed.

Now we give the proofs of LLNs on canonical space.

Proof of Theorem 3.1 Let X̃i = (−n ∨ Xi) ∧ n, 1 ≤ i ≤ n, which is analogous to the

traditional truncation as in [16], Sn =
n∑

i=1

Xi and Tn =
n∑

i=1

X̃i.

For each P ∈ P , Proposition 2.1 implies that

−E
P [−X̃i] ≤ EP [X̃i|Fi−1] ≤ E

P [X̃i], ∀ i ∈ N.
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By Chebyshev’s inequality, we have

P
( 1

n

n∑

i=1

(X̃i − EP [X̃i|Fi−1]) > ε
)

≤
1

n2ε2

n∑

i=1

EP [(X̃i − EP [X̃i|Fi−1])
2]

≤
2

n2ε2

n∑

i=1

EP [|X̃i|
2]

≤
2

n2ε2

n∑

i=1

E
P [|X̃i|

2]

=
2

nε2
E
P [|X̃1|

2].

Noting that

P (Sn 6= Tn) ≤
n∑

i=1

P (|Xi| ≥ n) ≤
n∑

i=1

V (|Xi| ≥ n) = nV (|X1| ≥ n),

thus

P
(Sn

n
> µn + ε

)
≤ P (Sn 6= Tn) + P

( 1

n

n∑

i=1

(X̃i − EP [X̃i|Fi−1]) >
ε

2

)

+ P
( 1

n

n∑

i=1

EP [X̃i|Fi−1] > µn +
ε

2

)

≤ nV (|X1| ≥ n) +
8

nε2
E
P [|X̃1|

2] + P
( 1

n

n∑

i=1

E
P [X̃i] > µn +

ε

2

)

= nV (|X1| ≥ n) +
8

nε2
E
P [|X̃1|

2].

We claim that

lim
n→∞

1

n
E
P [|X̃1|

2] = 0.

Indeed,

1

n
E
P [|X̃1|

2] ≤
1

n
sup
P∈P

EP [|X1|
21{|X1|≤n}] + nV (|X1| ≥ n)

≤
2

n
sup
P∈P

∫ n

0

tP (|X1| > t)dt+ nV (|X1| ≥ n)

≤
2

n

∫ n

0

tV (|X1| > t)dt+ nV (|X1| ≥ n) → 0,

since nV (|X1| ≥ n) → 0.

Thus we imply

V
(Sn

n
> µn + ε

)
→ 0.

Similarly, we can prove that V (Sn

n
< µ

n
− ε) → 0. Therefore, (3.1) holds.

The proof of (3.2) is divided into two steps.
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Firstly, for each ε > 0, we have

E
P
[
ϕ
(Sn

n

)]
≤ max

µ
n
−ε≤µ≤µ

n
+ε
ϕ(µ) + max

µ∈R

ϕ(µ)
(
V
(Sn

n
> µn + ε

)
+ V

(Sn

n
< µ

n
− ε

))
.

Let n→ ∞, we obtain

lim sup
n→∞

{
E
P
[
ϕ
(Sn

n

)]
− max

µ
n
−ε≤µ≤µ

n
+ε
ϕ(µ)

}
≤ 0, ∀ϕ ∈ Cb(R).

Since ϕ is continuous, {µ
n
}n∈N and {µn}n∈N are bounded, let ε→ 0, we imply that,

lim sup
n→∞

{
E

[
ϕ
(Sn

n

)]
− max

µ
n
≤µ≤µ

n

ϕ(µ)
}
≤ 0, ∀ϕ ∈ Cb(R). (5.1)

Secondly, for fixed ϕ ∈ Cb(R) with |ϕ(x)| ≤ Cϕ and for each ε̃ > 0, there exists µn ∈ (µ
n
, µn)

such that ϕ(µn) ≥ max
µ
n
≤µ≤µ

n

ϕ(µ) − ε̃. By the construction of P , we can find P∗ ∈ P such that

{Xi} is an i.i.d. sequence under P∗ with EP∗
[X̃1] = µn. Indeed, we take κi(x1, · · · , xi−1, ·) =

µ1, i ≥ 2 in (2.1), where µ1 such that Eµ1 [X̃1] = µn.

In this case, by the classical weak law of large numbers, for each ε > 0,

P∗

(∣∣∣Sn

n
− µn

∣∣∣ > ε
)
→ 0.

By the continuity of ϕ, there exists δ > 0 such that |ϕ(x) − ϕ(y)| < ε provided |x − y| < δ.

Then ∣∣∣EP∗

[
ϕ
(Sn

n

)]
− ϕ(µn)

∣∣∣ ≤ ε+ 2CϕP∗

(∣∣∣Sn

n
− µn

∣∣∣ > δ
)
,

which implies that

lim
n→∞

∣∣∣EP∗

[
ϕ
(Sn

n

)]
− ϕ(µn)

∣∣∣ = 0.

Finally, for each ε̃ > 0,

lim inf
n→∞

{
E
P
[
ϕ
(Sn

n

)]
− max

µ
n
≤µ≤µ

n

ϕ(µ)
}

≥ lim inf
n→∞

{
EP∗

[
ϕ
(Sn

n

)]
− ϕ(µn)

}
− ε̃ = −ε̃. (5.2)

Combining (5.1) and (5.2), we can see that (3.2) holds.

Now we prove the sufficient and necessary conditions for Peng’s LLN on the canonical space.

Proof of Theorem 3.2 If (i)–(iii) hold, then by Theorem 3.1, (3.3) holds. Conversely, we

assume that (3.3) holds.

Let µ̂ = 2[µ] + 2 > 2µ, which is an integer. By (3.3), there exists N such that

V
(
|Sn| ≥

nµ̂

2

)
≤

1

4
, ∀n > N.

Then for N ≤ k ≤ n, we have

V (|Sk − Sn| ≥ nµ̂) ≤ V
(
|Sk| ≥

nµ̂

2

)
+ V

(
|Sn| ≥

nµ̂

2

)

≤ V
(
|Sk| ≥

kµ̂

2

)
+ V

(
|Sn| ≥

nµ̂

2

)

≤
1

2
.
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Applying Ottaviani’s inequality, we obtain

V
(

max
N≤k≤n

|Sk| ≥ 2nµ̂
)
≤ 2V (|Sn| ≥ nµ̂),

which implies that

V
(

max
N+1≤k≤n

|Xk| ≥ 4nµ̂
)
≤ V

(
max

N+1≤k≤n
|Sk| ≥ 2nµ̂

)
+ V

(
max

N≤k≤n−1
|Sk| ≥ 2nµ̂

)

≤ 4V (|Sn| ≥ nµ̂).

On the other hand, by the construction of P in (2.1),

V
(

max
N+1≤k≤n

|Xk| ≥ 4nµ̂
)
= 1− v

(
max

N+1≤k≤n
|Xk| < 4nµ̂

)

= 1−
n∏

k=N+1

v(|Xk| < 4nµ̂)

= 1− t(1 − V (|X1| ≥ 4nµ̂))n−N

≥ 1− e−(n−N)V(|X1|≥4nµ̂).

Thus

(n−N)V (|X1| ≥ 4nµ̂) ≤ − ln(1− 4V (|Sn| ≥ nµ̂)).

Since V
( |Sn|

n
≥ µ̂

)
→ 0, as n→ ∞, if n > 2N , we have

n

2
V (|Xn

1 | ≥ 4nµ̂) ≤ (n−N)V (|X1| ≥ 4nµ̂) → 0,

which implies that

lim
n→∞

nV (|X1| ≥ n) = 0.

Then by Theorem 3.1, we can deduce that

lim
n→∞

v
(
µ
n
− ε ≤

Sn

n
≤ µn + ε

)
= 1, ∀ ε > 0,

where µn = E
P [(−n ∨X1) ∧ n] and µn

= −E
P [(−n ∨−X1) ∧ n]. Thus

lim
n→∞

∣∣∣E
[
ϕ
(Sn

n

)]
− max

µ
n
≤µ≤µ

n

ϕ(µ)
∣∣∣ = 0.

Combining with (3.3), we can see that (ii)–(iii) hold.

The proof of Proposition 4.2 is just by the simple calculations.

Proof of Proposition 4.2 Taking y = x, we immediately obtain

n1{|x|≥n} ≤ ψn(x).

We also have

ψn(x) = max
{

sup
|y−x|≤1

{n1{|y|≥n} − n|y − x|}, sup
|y−x|>1

{n1{|y|≥n} − n|y − x|}
}

≤ max{n1{|x|≥n−1}, 0} = n1{|x|≥n−1}.
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This completes the proof.

In the end, we prove Peng’s LLN on sublinear expectation space with necessary and sufficient

conditions.

Proof of Theorem 4.1 By Proposition 4.1, for each n ∈ N, there exists a sequence of

i.i.d. canonical random variables {Yi} on canonical space (RN,B(RN)) endowed with the set of

probability measures P constructed by (2.1) with Pi = P0 such that

E

[
ϕ
( 1

n

n∑

i=1

Xi

)]
= E

P
[
ϕ
( 1

n

n∑

i=1

Yi

)]
, ∀ϕ ∈ Cb(R).

Then by Theorem 3.2, (4.3) is equivalent to (i)–(iii) in Theorem 3.2.

It is clear that (ii)–(iii) in Theorem 4.1 is equivalent to (ii)–(iii) in Theorem 3.2, respectively.

For Theorem 4.1(i), it is equivalent to

lim
n→∞

E
P [ψn(X1)] = 0,

which implies that

nV (|X1| ≥ n) → 0.

Conversely, by (4.2),

E
P [ψn(X1)] ≤ nV (|X1| ≥ n− 1) =

n

n− 1
((n− 1)V (|X1| ≥ n− 1)) → 0.

Thus (i) in Theorem 3.2 is equivalent to (i) in Theorem 4.1.
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