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Abstract In this paper, the authors firstly establish the weak laws of large numbers on the
canonical space (R, B(RY)) by traditional truncation method and Chebyshev’s inequality
as in the classical probability theory. Then they extend them from the canonical space to
the general sublinear expectation space. The necessary and sufficient conditions for Peng’s
law of large numbers are obtained.
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1 Introduction

The general law of large numbers (LLN for short) on sublinear expectation space (2, H,E)
was established by Peng [13-15], known as Peng’s law of large numbers: Let {X;};en be inde-
pendent and identically distributed (i.i.d.) random variables with

lim E[(|X:| —A)T] =0. (1.1)
A—00
Then
. 1 Z"
nl;n;O]E{cp(ﬁ Pt XZ)} T B X Sh<EX] o), Vo€ G(R). (12)

Here the notions of i.i.d. are initially introduced by Peng [14], which are directly defined by
the sublinear expectation E instead of the capacity (see [11-12]). The convergence in the form
(1.2) is similar to the weak convergence in the classical probability theory, as such (1.2) can be
regarded as the weak LLN. The limit distribution in the right hand of (1.2) is called maximal
distribution (see [15]). There are also strong LLNs on the sublinear expectation space (see
[1, 3, 6, 18, 20]).
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This paper focuses on the weak LLN on the sublinear expectation space, which can not be
implied directly by the strong one. Recently, the convergence rate of Peng’s LLN was studied
under higher moment conditions (see [4, 8, 17]). But is (1.1) a sharpest condition to obtain
(1.2)? We recall that the classical weak LLN shows that, for i.i.d. sequence {X;} on the

probability space (2, F, P), % > X; converges to p in probability if and only if
i=1

lim nP(|X;|>n)=0 and lim Ep[(—nV X1) An]=pu, (1.3)

n—oo n—r oo

which inspires us to explore the necessary and sufficient conditions for Peng’s LLN analogous
to (1.3).

Different from most literature on the limit theorems under sublinear expectation, we adopt
the formulation similar to Li [9]. We firstly establish LLN on the canonical space (RN, B(RY)),
which enables us to apply the classical techniques, including truncation method and Chebyshev’s
inequality (for example, see [16]). Then we extend the LLN to the general sublinear expectation
space introduced by Peng in [15]. The necessary and sufficient conditions for Peng’s LLN are
obtained, which is a natural generalization of the classical LLN to the sublinear expectation
theory. But unlike the classical situation, there is a counterexample shows that the weak LLN
(1.2) does not hold if E[|X;]] < cc.

The rest of this paper is organized as follows. Section 2 describes the fundamental model
on the canonical space. We establish the LLNs on the canonical space in Section 3 and then
extend them to the general sublinear expectation space in Section 4. The proofs are given in
Section 5.

2 Fundamental Model on Canonical Space

Following Li [9], let (RY, B(RY)) be the canonical space and {X;};en be the sequence of
canonical random variables defined by X;(w) = w; for w = (wy, -+ ,wp, --) € RY. For each i €
N, P; is the convex and weakly compact set of probability measures on (R, B(R)) characterizing
the uncertainty of the distributions of X; as described in Peng [15]. The set of joint laws on
(RY) B(RY)) via the probability kernels is defined by

P = {P : P(A(") X RN_") = /R,ul(da:l)/R@(xl,dxz) . -/RIAmmn(xl, s X1, day,)

Vn>1, v AWM ¢ B(R"), ki(x1, - ,xi—1,") €EPs, 2<i<n, p1 € 771}, (2.1)

where for each i > 2, k;(21,- - ,2;-1,dz;) is the probability kernel satisfying:
() V(x1, - ,mi_1) € R ki(wy,--+ ,24_1,-) is a probability measure on (R, B(R)).
(ii) V B € B(R), k;(-, B) is B(R"~!)-measurable.

The existence of P on (RY, B(RY)) is shown by Ionescu-Tulcea theorem.

Since P; is independent of (x1,--- ,2;_1), we call that X; is independent of (X7, , X;_1).
Here independence means the uncertainty of the distributions of X; is independent of random
vector (X1,--+,X;_1). It is obvious that such independence is not symmetric in general. If we
further assume that the uncertainties of each X; are the same, i.e., P; = Py, then {X;}ien is
an i.i.d. sequence. In this case, P is determined by the set P; of the distributions of Xj.
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For each B(RY)-measurable random variable X, the sublinear expectation E” is defined by

E”[X] := sup Ep[X].
PeP

The corresponding capacities v and V' are defined respectively,

v(A) = inf P(A), V(A)=sup P(4), VAcBRY).
PeP PeP

The canonical filtration {F;}ien is defined as F; = o(Xk,1 < k < i) with convention Fy =
{0, RN}.
By the regularity of conditional probability, we have

Eplp(Xi)|Fic1](w) = B, (w1, zi1 0 [0(Xi)], - P-as,

where w = (21, , 2, ) € RN and k; is the probability kernel introduced by P.

We immediately have the following proposition since k;(x1,- - ,xi—1,-) € P;, 1 <i < n.

Proposition 2.1 For each P € P and ¢ € Cy(R), we have

~EP[—¢(X:)] < Ep[p(X;)|Fiz1] < EP[p(X;)], P-a.s.i€N. (2.2)
Remark 2.1 The inequality (2.2) also holds on the general sublinear expectation space
(see [5, 6]).
At the end of this section, we generalize Ottaviani’s inequality to the canonical space.

n
Proposition 2.2 Let ¢ be a real number satisfying 0 < ¢ <1 and S, = . X;. If there exist
i=1
constants o, € Rt such that

max V(|S, — Sk| > an) <,
1<k<n

then we have

1
V( max |Sg| > 2an) < ——V(|Su| = an).
1<k<n 1—c¢

Remark 2.2 The general Levy maximal inequality on the sublinear expectation space was
firstly proved in [19, Lemma 2.1], which assumes that there exist real constants 3, 5 such that

V(lsk_sn|2ﬁn7k+5)§0, VE>0,]€:1,27---7’]’L,

then
V(max(|5k|—ﬁ k)>:13—|—€)<—[/(|5|>$) Vz,e > 0.
E<m, n, — 1 c n k) Y

Based on such inequality, Zhang [19] obtained the necessary and sufficient conditions for Peng’s
central limit theorem (see [15]), which inspires us to consider Peng’s LLN.
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3 Law of Large Numbers on the Canonical Space

In this section, we establish the weak LLN on the canonical space by traditional truncation
method and Chebyshev’s inequality as in the classical probability theory.

Given a weakly compact and convex set Py of probability measures on (R,B(R)), for
fixed n € N, we can construct P on (RN, B(RY)) by (2.1) with P; = Py for i € N, such
that the sequence of canonical random variables {X;};en is 1.i.d., where X;(w) = w;, Vw =
(Wi, ,wn, ) € RN, The sublinear expectation E” and the capacities v and V correspond-
ing to P are defined as in the previous section.

Inspired by the weak LLN under sublinear expectation without the moment condition in
[2], we also have the similar LLN on the canonical space.

Theorem 3.1 Let {X;}ien be a canonical i.i.d. sequence under P which is constructed by
(2.1), and we further assume that

lim nV(|X1] >n)=0.
n—oo

Then for any € > 0,

1 n
li ( —e<=SX, <7 ):1, 3.1
im v(p Ein; <u,+e (3.1)

n—00

where p = ~EP[(-nV —X1) An] and 1,, = EP[(—n V X1) An].
Furthermore, if {§t_}nen and {Ti, tnen are bounded, then

n—00 B, ST,

lim ‘IEP [gp(%in)] — max gp(u)‘ =0, VeelR). (3.2)
i=1

Now we establish Peng’s LLN on the canonical space with the necessary and sufficient
conditions.

Theorem 3.2 Let {X;}ien be a canonical i.i.d. sequence under P which is constructed by
(2.1). Then

n—00 p<p<p

lim EP M%anx)] = max o(u), Vo€ Ch(R), (3.3)

where —oo < p < < 400, if and only if the following three conditions hold:
(1) nlgrgo nV(|X1| >n)=0.
(ii) nh_)n;O EP[(-nV X1) An] =T
(iii) nh—%o —EP[(-nV —X1) An] = p.

4 Law of Large Numbers on the Sublinear Expectation Space

In this section, we extend the obtained weak LLN to the general sublinear expectation space
(Q,H,E) introduced by Peng [15].

Let €2 be a given set and let H be a linear space of real functions defined on 2 such that
¢ € H for c € R, and if X € H, then | X| € H. We further assume that Xi,---,X,, € H, then
o(X1,---,X,) € H for each ¢ € Cp.1ip(R™), where Cp 1ip(R™) denotes the space of all bounded
and Lipschitz functions on R™. H is considered as the space of random variables.
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Definition 4.1 A sublinear expectation E on H is a functional E : H — R satisfying the
following properties: For all XY € H, we have

(a) Monotonicity: E[X] > E[Y] if X > Y.

(b) Constant preserving: E[c|] = ¢ for ¢ € R.

(c) Sub-additivity: E[X +Y] < E[X] + E[Y].

(d) Positive homogeneity: E]AX] = AE[X] for A > 0.
The triple (Q, H,E) is called a sublinear expectation space.

Let X = (X1, -+, X,) be a given n-dimensional random vector on a sublinear expectation
space (2, H,E). We define a functional on Cj i, (R™) by

Fx[e] :=E[p(X)], Ve € CoLip(R").

The triple (R",Cb,Lip(R”)ﬁX [[]) forms a sublinear expectation space, and ﬁx is called the
sublinear distribution of X.

Definition 4.2 Let X and Y be two random variables on (2, H,E), they are called identi-
cally distributed, denoted by X 4 Y, if for each ¢ € Cp1ip(R),

Definition 4.3 Let {X;},cn be a sequence of random variables on (Q,H,E). X; is said to
be independent of (X1, -+ ,X;—1) under E, if for each ¢ € Cprip(R™),

Elp(X1,- -, Xi)] = E[E[p(21, -, 2im1, Xi)ll(21, 20 0)=(X1, X))

The sequence of random variables {X;}ien s said to be independent, if X; 11 is independent of
(X1, -, X;) for each i > 1.

If the sublinear distribution of X is given, then there exists a unique weakly compact and
convex set of probability measures Py on (R, B(R)) such that

Elp(X1)] =EP[g], V¢ € CoLip(R), (4.1)

where the existence was proved in [7] and the uniqueness can be shown by [10].
The relation between the i.i.d. sequence on sublinear expectation space and the one on
canonical space is characterized by the following proposition, which was proved in [9].

Proposition 4.1 Let {X;}ien be an i.i.d. sequence on sublinear expectation space (2, H,E)
and the sublinear distribution of X1 can be represented by Py as in (4.1). Then there exists a
sequence of i.i.d. canonical random variables {Y;}ien on canonical space (RN, B(RY)) with the
set of probability measures P constructed by (2.1) with P; = Py such that for each n € N and
¢ € CpLip(R™),

Elp(X1,, Xp)] = EP [p(Y1,- -+, Ya)).

Now we extend Peng’s LLN (Theorem 3.2) from canonical space to sublinear expectation
space. We need to characterize condition (i) of Theorem 3.2 directly by sublinear expectation
E instead of capacity V. For each n € N, we define 9, € Cp 1ip(R) as

Un(x) = sup{nlyy>n} — nly — x|}
yeR
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Proposition 4.2 For each n € N, we have
nl{zi>ny < Ynl(®) < nljg>n_1}- (4.2)

Theorem 4.1 Let {X;} be an i.i.d. sequence on (Q, H,E). Then
. 1
nlggoE[w(g ;Xﬂ = Mgljguw(u), Vo € Cy(R), (4.3)

if and only if the following three conditions hold:
() lim B, (X)) =
(ii) nh_)rr;o E[(-nV X1) An] =T1.
(iii) nh_}rrgo —E[(—nV —X31) An]

At the end of this section, we provide some examples. The first one shows that there exists
a random variable X such that lim E[¢,(X)] = 0 but condition (1.1) does not hold, i.e.,
n—oo

lim E[(|X|—\)T] #0.
A—00
Example 4.1 Let Q =N, P ={P, : n € N} where P({1}) =1 and P,({1}) =1 — 2,

P,({kn}) = ng, k=1,2,---,n, forn =2,3,---. We consider a function X on N defined by
X(n) =n,n € N. We can calculate that lim E”[¢,,(X)] =0 but
n—oo

1
lim E”[(|X] - A)*] = = #0.
A—00 2

The next example shows that Peng’s LLN may fail only with the first moment condition,
which is different from the classical LLN.

Example 4.2 Let Q =N, P = {P, : n € N}, where P,,({0}) =1— % and P,({n}) = 1 for
n=1,---. Consider a function X on N defined by X (n) = n, n € N. The sublinear expectation
E is defined by E[-] = sup Ep|[-]. It is clear that E[X]| = —E[-X] = 1. By [15], we can construct

PeP

an i.i.d sequence {X;};cny under E such that X; have the same distribution with X. But the
weak law of large numbers does not hold, i.e., we can find ¢ € Cy(R), such that

lim E{g@(%)} # o(1).

n—oo

Indeed, we consider p(x) = 1 A (1 — 2)T. In this case, by simple calculation, we can obtain
E[p(#X)] = (). Then we have

oo (2]
P,

:
o R ()

(0) =

Il
€ =

which implies that,
Xi 4+ X,
lim E[tp(—l R )} =14 (1) =0
n

n—r oo
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145

We firstly prove Ottaviani’s inequality.

Proof of Proposition 2.2 For k=1, - ,n, let

A = { max S| < 2an, |Sk| = 20, },
1<k—1
then

_wP
V(g 1801 2 200) =BT 3]

We have

NE

n
lis,zanr 2 Q1 ys, 20,1 = ZlAk1{|sn—sk|<an}

1 k=1

>
Il

I
NE

14, (1= 15, -84>an})

b
Il
—

=(1-0)) 14+ 1alc—1gs, -5 2an}):
k

=1 k=1

which implies that

(1=0) > 1a, <15, 300 + 2 1, (1s,—5 20} — ©O)-
k=1 k=1

For each P € P, by (2.1), we obtain

n

(1- c)P(rl?<21751<|Sk| > 2%) < P(1Su] = an) + 3 P(A)(P(IS, — Sul = an) - ¢)
- k=1

< P(|Sn] > an)
< V(|Sn| > an).

The proof is completed.

Now we give the proofs of LLNs on canonical space.

Proof of Theorem 3.1 Let )?i = (—nV X;) An, 1 <i < mn, which is analogous to the
traditional truncation as in [16], S, = 3. X; and T, = 3. X;.

i=1 1=1
For each P € P, Proposition 2.1 implies that

~EP[-X,] < Ep[Xi|Fi_1] <EP[X;], VieN.
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By Chebyshev’s inequality, we have

n

P23 0(Xi - BplKilFi]) > <)

i=1

L Z Epl(X; — Ep[Xi\Fio))?)

IN

IN

2 & <
22 > Ep[IXi?]
=1

2 «— -
WZEPHXJZ]

=1

2 ~
—EP[IX, 7.
—SEPIXP7)

IN

Noting that

n

P(sn;éTn)gznj P(IXi| > n) <) V(X > n) =nV(IX1] > n),

i=1 i=1
thus

€
(Xi ~ Ep[Xi|Fia)) > )

S|
M:

P(% >ﬁn+€) gP(SnyéTnH—P(

Il
-

3

1 — ~ ¢

P(ﬁ ;Ep[XiLFi_l] >, + 5)
8 -~ 1 — ~ 5
<nV(Xy| > —EP(I X’ +P(= EPIX;]|>7, + -
<nV(1X1] > n) + —EP (X2 + (nz (%] > 7, + 5)

8 ~
V(X > —EP[|1X, 7.
(I 1'-")+n52 (| X1]7]

We claim that
lim —EP[|X1| ]=0

n—oo n

Indeed,

1 ~
—EP[|X1]?] < = sup Ep[| X1 1qx,<ny] + V(| X1| > n)
n PeP

IN
|
wn
=i
kel

/ LP(X1| > )dt +nV (X1 > n)
0

IN

E/ WV (1X1| > B)dt + V([ X1| > n) — 0,
0

since nV (| X1| > n) — 0.
Thus we imply
V(& >ﬁn+s) — 0.
n
Similarly, we can prove that V( 2z < p, —¢€) — 0. Therefore, (3.1) holds.
The proof of (3.2) is divided into two steps.
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Firstly, for each € > 0, we have

B [‘P(%” =, e el +I§§H§<<p(u)(v(% >, +e) + V(% <u, ).

Let n — oo, we obtain

lim sup {EP [@(&)} - max @(u)} <0, YeeGp(R).

n—00 n p —e<p<pm,+e
Since ¢ is continuous, {¢ }nen and {7, tnen are bounded, let ¢ — 0, we imply that,

lim sup {E[(p(%)} —  max tp(u)} <0, V¢eC,(R). (5.1)

n—00 Hngﬂgﬁn

Secondly, for fixed ¢ € Cy(R) with |p(z)| < €, and for each € > 0, there exists pun, € (1 . 7,,)

such that ¢(u,) > max_ ©(u) — €. By the construction of P, we can find P, € P such that
1, SHET,

{X;} is an i.i.d. sequence under P, with Ep, [)?1] = pyn. Indeed, we take k;(x1, -+ ,2i-1,") =
p1,4 > 2in (2.1), where p; such that E,, [X1] = pn.
In this case, by the classical weak law of large numbers, for each ¢ > 0,

Sn

P*(
n

=

>5)—>0.

By the continuity of ¢, there exists ¢ > 0 such that |p(z) — ¢(y)| < e provided |z — y| < 4.
Then

o o (2] -t < 2007 )
which implies that
s o (2] -] -0

Finally, for each £ > 0,

lim inf {EP {cp(&)} —  max cp(u)}

n—>00 n n Sp<H,
> it . [ 22)] - oo} 5= -2 o

Combining (5.1) and (5.2), we can see that (3.2) holds.
Now we prove the sufficient and necessary conditions for Peng’s LLN on the canonical space.

Proof of Theorem 3.2 If (i)—(iii) hold, then by Theorem 3.1, (3.3) holds. Conversely, we
assume that (3.3) holds.
Let 1 = 2[f] + 2 > 25, which is an integer. By (3.3), there exists N such that

V(|Sn| > %ﬁ) < i, Vn > N.
Then for N < k < n, we have
V(IS — a2 ni) < V(190 2 ) 4 v (15, = 1)
< (|Sk| > %ﬁ) +v(|sn| > %’A‘)

IN
[\D.I - <
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Applying Ottaviani’s inequality, we obtain
> ) < >nu
V( max 1Skl > 20i) <2V(1S,] > nil).
which implies that

V( max | Xi| > 4nﬁ) < V( max  |Sk| > Znﬁ) —I—V( max  |Sg| > Znﬁ)
N+1<k<n N+1<k<n N<k<n—1

< AV (1Sl > ni).
On the other hand, by the construction of P in (2.1),

V( X >4A):1—( X 4A)
ymax [ Xe| = dnfi v ymax [ Xi| <dnfi

n

=1- [ (Xl <4nf)
k=N+1

=1—t(1—V(Xy1| > 4np))" N
> 1 — e~ (=N)V(Xy|24np)

Thus
(n = NYV(|X1| > 4ni) < —In(1 — 4V(|S,| > n)).

Since V(M > i) = 0, as n — oo, if n > 2N, we have

SVIXP| 2 4nfi) < (n— N)V(X2| > dnfa) — 0,

which implies that
lim nV (| X1| >n)=0.

n—oo

Then by Theorem 3.1, we can deduce that

Sn
limv(u —Eg—gﬁn—i—g):l, Ve >0,
n n

n—oo

where 77, = EP[(—n vV X1) An] and g = —EP[(—n V —X1) An]. Thus

S
i [Ele(5)] - |=o
A Bl )] -, e o)
Combining with (3.3), we can see that (ii)—(iii) hold.
The proof of Proposition 4.2 is just by the simple calculations.

Proof of Proposition 4.2 Taking y = x, we immediately obtain

nl{jz>ny < Vn (7).

We also have

¢n(ff) = max{ sup {n1{|y|2n} - n|y - {E|}, sup {nl{\y\Zn} - nly - 1‘|}}
ly—z[<1 ly—z[>1

< max{nlyj|zn-1}, 0} = nlgjz)zn-1}-
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This completes the proof.

In the end, we prove Peng’s LLN on sublinear expectation space with necessary and sufficient

conditions.

Proof of Theorem 4.1 By Proposition 4.1, for each n € N, there exists a sequence of

i.i.d. canonical random variables {Y;} on canonical space (RY, B(RY)) endowed with the set of
probability measures P constructed by (2.1) with P; = Py such that

(150 - ()] vecam

Then by Theorem 3.2, (4.3) is equivalent to (i)—(iii) in Theorem 3.2.

It is clear that (ii)—(iii) in Theorem 4.1 is equivalent to (ii)—(iii) in Theorem 3.2, respectively.
For Theorem 4.1(i), it is equivalent to

lim E” (4, (X1)] =0,

n—oo

which implies that

nV(|X1| >n)—0.

Conversely, by (4.2),

n
-1

EP [ (X1)] S nV (X1 20 —1) = — (n =1V (X1| 2 n —1)) = 0.

Thus (i) in Theorem 3.2 is equivalent to (i) in Theorem 4.1.

Declarations

Conflicts of interest The authors declare no conflicts of interest.

References

[1]
2]
[3]
[4]
[5]
[6]
[7]
(8]

[9]

Chen, Z., Strong laws of large numbers for sub-linear expectations, Science China Mathematics, 59, 2016,
945-954.

Chen, Z., Liu, Q. and Zong, G., Weak laws of large nunbers for sublinear expecatation, Mathematical
Control and Related Fields, 8(3-4), 2018, 637-651.

Chen, Z., Wu, P. and Li, B., A strong law of large numbers for non-additive probabilities, International
Journal of Approzimate Reasoning, 54(3), 2013, 365-377.

Fang, X., Peng, S., Shao, Q. and Song, Y., Limit theorems with rate of convergence under sublinear
expectations, Bernoulli, 25, 2019, 2564—-2596.

Guo, X., Li, S. and Li, X., On the laws of the iterated logarithm with mean-uncertainty under the sublinear
expectations, Probability, Uncertainty and Quantitative Risk, 7(1), 2022, 1-12.

Guo, X. and Li, X., On the laws of large numbers for pseudo-independent random variables under sublinear
expectation, Statistics & Probability Letters, 172, 2021, 109042.

Hu, M. and Li, X., Independence under the G-expectation framework, Journal of Theoretical Probability,
27, 2014, 1011-1020.

Hu, M., Li, X. and Li, X., Convergence rate of Peng’s law of large numbers under sublinear expectations,
Probability, Uncertainty and Quantitative Risk, 6(3), 2021, 261-266.

Li, X., On the functional central limit theorem with mean-uncertainty, 2022, arXiv:2203.00170.



150
[10]
[11]
[12]
[13]
[14]

(15]
[16]

(17]
(18]
19]

20]

X. P. Li and G. F. Zong

Li, X. and Lin, Y., Generalized Wasserstein distance and weak convergence of sublinear expectations,
Jounral of Thereoitical Probability, 30, 2017, 581-593.

Maccheroni, F. and Marinacci, M., A strong law of large numbers for capacites, Annals of Probability, 33,
2005, 1171-1178.

Marinacci, M., Limit laws of non-additive probabilites and their frequentist interpretation, Journal of
Economic Theory, 84, 1999, 145-195.

Peng, S., Survey on normal distributions, central limit theorem, Brownian motion and the related stochastic
calculus under sublinear expectations, Science in China Series A: Mathematics, 52, 2009, 1391-1411.

Peng, S., Law of large numbers and central limit theorem under nonlinear expectations, Probability, Un-
certainty and Quantitative Risk, 4, 2019, 1-8.

Peng, S., Nonlinear Expectations and Stochastic Calculus under Uncertainty, Springer-Verlag, Berlin, 2019.

Petrov, V. V., Sums of Independent Random Variables (translated by Brown, A.), Springer-Verlag, New
York-Heidelberg, 1975.

Song, Y., Stein’s method for the law of large numbers under sublinear expectations, Probability, Uncer-
tainty and Quantitative Risk, 6(3), 2021, 199-212.

Zhang, L., Rosenthal’s inequalities for independent and negatively dependent random variables under
sub-linear expectations with applications, Science China Mathematics, 59(4), 2016, 751-768.

Zhang, L., The convergence of the sums of independent random variables under the sub-linear exepctations,
Acta Mathematica Sinica (English Series), 36(3), 2020, 224-244.

Zhang, L., The sufficient and necessary conditions of the strong law of large numbers under the sub-linear
expectations, Acta Mathematica Sinica (English Series), 39(12), 2023, 2283-2315.



