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Geometry of Numerical Range of Linear Operator
Polynomial*

Deyu WU! Alatancang CHEN?

Abstract Let B(X) be the algebra of all bounded linear operators on a Hilbert space X.
Consider an operator polynomial

PA) = Ap A" 4+ Ay X 4+ Ay,
where A; € B(X),7=0,1,--- ,m. The numerical range of P(\) is defined as
W(P(\) ={xe C: (P(A\)z,z) =0 for some z # 0}.

The main goal of this paper is to respond to an open problem proposed by professor Li, and
determine general conditions on connectivity, convexity and spectral inclusion property of
W(P(X)). They also consider the relationship between operator polynomial numerical
range and block numerical range.
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1 Introduction

Let B(X) be the algebra of all bounded linear operators on a Hilbert space X. Consider an

operator polynomial
PA) = Ap\™ + Ay AN A,

where 4; € B(X),7=0,1,---,m. The numerical range of P()) is defined as
W(PN)={ e C: (P(AN)x,x) =0 for some x # 0}.
If P(A\) = A — A, then W(P())) reduces to the numerical range of A defined and denoted by
W(A) = {(Az,z) :x € X, ||z|| = 1}.

In this sense, the numerical range of an operator polynomial is a generalization of the classical

numerical range (see [1-2]).
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Because of the important applications both in overdamped vibration systems with a finite
number of degrees of freedom and in stability theorem, the numerical range of matrix polyno-
mials has been studied by many authors (see [3-6]). It is worth noting that the first systematic
study of the numerical ranges of matrix polynomials (i.e., finite dimensional case) has appeared
in [3]. In this paper, we continue the investigation of the numerical range of linear operator
polynomials in a Hilbert space (i.e., infinite dimensional case). The main goal of this paper is
to respond to an open problem proposed by professor Li [3], and determine general conditions
on connectivity, convexity and spectral inclusion property of W (P(A)).

Note that W(P(X)) is not always bounded or connected, and even if it is bounded and
connected, it is not always convex. For the finite dimensional case, W (P())) is always closed,
and W (P()\)) is bounded if and only if 0 ¢ W (A,,) (see [3-4]). However, for the infinite
dimensional case, W (P()\)) is not surely closed, and W(P(\)) may be bounded even if 0 €
W(A).

Example 1.1 Let P(\) = A3)\% + A1\ + Ag, where

1 0 0 O
0L 0 0
Ag = Ay = 0 0 % 0 , A =2A,.

Then W (A2) = (0,1] and 0 € W(Az). However, we can obtain that
W) ={-1},

and it is a bounded set. Therefore, it is an interesting topic to study the properties of the

numerical range of operator polynomials in a Hilbert space.

In the following proposition we present some properties of W (P()\)) in infinite dimensional

space, for the finite dimensional case please see [3].

Proposition 1.1 Let P(\) = A\ + Ay i A™ L + -+ + Ag be an operator polynomial,
where A; € B(X), A #0,i=0,1,--- ,m

(i) If 0 ¢ W(A,,), then W(P(\)) is bounded.

(ii) If 0 ¢ W(Asm) and there exists Aj (0 < j < m—1) such that W(A,,) "W (A4;) =0, then
W(P(N)) is bounded if and only if 0 ¢ W (A,,).

Proof (i) Let |[A| > 1+ Z, where v = max{w(4;)}/"5", w(4;) denote numerical radius of
A; (i=0,1,---,m—1), 5 = min{|(Anx,2)| : ||z|]| = 1}. Then
—1

(Aiz, @) [ YN i o YA =y A m
s = L — <
Z‘ m“’w 5 2 51 “a—1 =P

K3

i=0
which implies A ¢ W(P(A)). Hence W(P(A)) C {A € C: [A\| <1+ 7%} and W(P(A)) is bounded.
(ii) Without loss of generality, we suppose that W (A,,) N W(A,,—1) = 0 and W(P())) is
bounded. Let \;(x) (i =1,2,---,m) be the solutions of equation
(Am—1z,2) 4 (Ajz,z)  (Aox,x)
(A, x) (Apz,z)  (Anz,2)

DI U

=0, x#0.
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In view of

(Ap_1,2) o (Ajz, ) (Aoz, x)
(A, ) ot )\(Amx,x) + (A, x)

W(P(/\)):{/\G(C:)\m+/\m‘l :o,:wéo},

if we suppose 0 € W (A,,), then 0 ¢ W(A,,_1) and there exist {z,,}.1°9, ||z,|| = 1,n =1,2,- -,
such that (Ap,xn,2,) #0,n=1,2,---, (Anzn,z,) — 0(n — +00) and

1Tn, T
Z|/\ xn|_‘ m=1Zn; n) — +00, N — 400,

mx’ﬂi xn

which contradicts the boundedness of W (P()\)).

2 Spectral Inclusion Properties of Numerical Range of Operator Poly-
nomial

The most important feature of the classical numerical range of bounded linear operator is
that it has the spectral inclusion property. That is to say, let 7' € B(X). Then

o(T) © W(T).

The spectral inclusion property of numerical range of unbounded Hamiltonian operator was
studied in [7]. Tt is of interest to find that whether the numerical range of operator polynomial
has the spectral inclusion property. One important application where the spectral inclusion
property of operator polynomial numerical range playing a significant role is the problem of
operator equation

A1ZGy — G1ZAs = F. (2.1)

Here A;,G; (i = 1,2) are given linear operators acting between Hilbert spaces (or Banach
spaces) X. The problem is for a given £ € B(X) to find a Z € B(X) such that (2.1) holds. By
[8, Theorem IV2.1], if W/(AG1 — Ay), W(AG2 — As) satisfy the spectral inclusion property and
W(AG1 — A1), W(AG2 — Ag) are disjoint, then (2.1) has a unique solution Z € B(X).

We recall that the resolvent set p(P())) of operator polynomial P()\) is defined by

p(P(X)) = {\ € C: P(}) is bijective}.

If P(\) = Al — A, then p(P(\)) reduces to the resolvent set of A. In this sense, the resolvent
set of an operator polynomial is a generalization of the classical resolvent set. The spectrum
of operator polynomial P(A) is the set o(P(\)) = C\p(P (X)) (see [8]), and its point spectrum,
residual spectrum, continuous spectrum and the approximate point spectrum are defined by

op(P(N)) ={A € C: P()) is not injective},
o.(P(\) = {\ € C: P()\) is injective, R(P(\)) # X},
oc(P(\)) = {\ € C: P()\) is injective, R(P(\)) = X, R(P(\)) # X},
oap(P(N) ={A € C: Hap 1125 € X, [Jan|| = 1,n=1,2,--+ , P(\)z,, — 0,n — +00},
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respectively.
In general, the spectral inclusion property of the numerical range of operator polynomial

does not surely hold.

Example 2.1 Let P(\) = A; A+ Ap, where

10 0
Ag=A, =] 0 3 0
00 0

Then we have W(P()\)) = {—1}. However, 0 belongs to the approximate point spectrum of
A;yi = 0,1, there exist {z,}1> C X, |lz,|| =1,n=1,2,---, such that

Az, =0 (i =0,1)

hold for n — +oo. That is to say, P(A)xz, — 0 for all A € C. Hence 0,,(P()\)) = C and the

spectral inclusion property of the numerical range of operator polynomial does not hold.
Next we shall identify when W (P(A)) has the spectral inclusion property.

Theorem 2.1 Let P(\) = A, \™ + A,y 1 A™ L.+ Ay be an operator polynomial, where

A; € B(X),i =0,1,---,m. If 0 ¢& W(A,,), then o(P(\)) C W(P(\)) and thus o(P())) is
bounded.

Proof The proof of (0,(P(\)) Uo.(P(X)) € W(P(X)) is trivial. It suffices to show
Tap(P(N)) € W(P(N)). Let A € 04p(P(N)). Then there exist {z,}°5, [z, = 1,n =1,2,-- -,
such that

PNz, — 0
hold for n — +o0. It follows that

N (A, ) F AN A1, ) + -+ MA12Z0, 20) + (Ao, £,) — 0.

Let AV, A2 . A™ be the solutions of equation
— Am—lxn xn) (Alxn xn) (AOxn xn)
Am )\m l( ? by ? ? =0 =1.2.---.
- Amman) — tman) | Apamyan) 07

Then {A\Y}7 c W(P(N),i=1,2,---,m and
A=A =A@y oA =AMy 50, n— 400,
which implies A — AY) — 0 (n — +00) for some j, and thus A € W(P(X)). The boundedness of
o(P(\)) follows from Proposition 1.1. The proof is completed.
3 Connectedness of Numerical Range of Operator Polynomial

In general, the numerical range of operator polynomial is not surely connected, even if it is
bounded. It worth noting that if W (A;)\{0} is connected then the numerical range W (P()\))
of operator polynomial

P(\) = Aix+ Ag
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is simply connected (see [3, Theorem 2.2, 9, Theorem 4]). However, this does not hold for the

case of m > 2.

Example 3.1 Let P()\) = A1 \? — Ag, where

I 0 I0
AO:{O 21}’ Al:{o I]'

Then W (A1)\{0} = W(A;) = {1} is connected. However,

W(PWN)={ eC: N2 =2—-t,tc[0,1]}
=[-v2,—-1]U[1,V2],

it is not a connected set.

The following theorem is a generalization of [9, Theorem 4].

Theorem 3.1 Let P(\) = ™A1+ Ag be an operator polynomial. If0 ¢ W (A1),0 € W(Ay),
then W (N Ay + Ag) is simply connected.

Proof When m = 1, it was proved in [9, Theorem 4]. Without loss of generality, we suppose

m > 1. In view of 0 ¢ W (A,,), we can see that W(P())) is bounded and (A;xz,x) # 0 for all

x # 0. Thus
(Aoz, )

(Aldf, :Z:)
Let A\;j(z)(i =1,2,--- ,m) be the solutions of the polynomial

(Aoz, x)
ATy 20T )
* Az, 2)

Then in view of 0 € W (Ay), there exits ||zo|| = 1 such that (Agzo,z0) = 0, and thus

W(P(A)):{/\E(C:)\m+ =O,x7$0}.

=0, x#0. (3.1)

)\i(xo)zoa i:1727"'7m7

which implies W(A" Ay + Ap) is connected. By [9, Theorem 4],

B oy (Ao, x)

is a simply connected set containing the origin, hence

(Aoz, )

W(P()\)) = {Ae(C:/\: (v

x;«éO}

is a simply connected set. The proof is completed.
Next, we shall identify when W (A4,,A™ + A, _1A™"1 + ... + Ag) (m > 2) is connected.
Theorem 3.2 Let P(\) = A, \™ + A,y 1 A™ L.+ Ay be an operator polynomial, where
A, €B(X),i=0,1,---,m. If 0 ¢ W(A,,) and there exists 0 # x* € X such that

ci [(Am_lx*,x*) i (Apjz,27)
T Lm (A at, ) (Apa*, z*)

then W (P (X)) is connected.

j=12---,m, (3.2)
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Proof In view of 0 ¢ W(A,,), we have (A, z,z) # 0 for all  # 0 and

1 (Apoiz, ) (Ajz,z)  (Aoz,x)
P _ L m 1( 14 ) ) _ .
W (P(\) {/\E(C N A b A S () =0 x;ﬁO}
Let A\;j(z) (i=1,2,---,m) be the solutions of the polynomial

m m—1 (Am—lxﬂx) (Alil',il') (onax) _

N N A S oy — & 270 (3.3)
Then

0= \" + )\m—l (Am—lxﬂx) NI A (Alil',il') (onax)

(A, x) (Apz,z)  (Anz,2)
= (A= M(@)A = Xa2(@)) - (A= A ().
On the other hand, if there exits 0 # z* € X such that

(Am_lx*,a:*)}j (A, )
m(Amz*, 2*)] — (Aprt,z*)

C,jn[ i=12-,m

_ (Apm_iztz”)

hold, then we can show that (AT 5%

is a solution of (3.3) and

0= (s iy

= A= M@)A = Aa(27)) - (A= Am(2")),

which implies

(Am_ldi*,df*) _ * s
Az, =X\(z"), i=12,

Since each of A\;(x) (i =1,2,--- ,m) is continues, W(P())) is connected.

Remark 3.1 By applying Theorem 3.2, it is easy to prove that the numerical range of
P(X) = A" — Ay is connected if 0 € W(Ap). In fact, if 0 € W(Ap), then there exists
0 # 2* € X such that

(Aogz™,2") = 0.
In view of A; =0,i=1,2,--- ,m — 1, we have
(Am_lx*,x*)}j  (Apjat,x¥)
m(Apz,x*)]  (Anrr %)’

Hence W(P())) is connected by Theorem 3.2 (see [5, Example 2]).

0=0CY,

j=12-,m.

When m = 2, the condition (3.2) is equivalent to
[(Arz*, 2)])? = 4(Agx™, %) (Agz™, x*). (3.4)
Therefore, we can obtain the following proposition.

Proposition 3.1 Let P(\) = \2Ay + AA; + Ag be an operator polynomial, where A; €
B(X),i =0,1,2. If 0 ¢ W(Az), then W(P(\)) is connected if and only if there exits x* # 0
such that [(Ayz*, x*)]? = 4(Aox*, 2*)(Azx*, z%).
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Next, we will construct an example to illustrate the effectiveness of Theorem 3.2 and Propo-

sition 3.1.

Example 3.2 Let P()\) = A4, + AA; + Ap, where
I 0 2 -1 I -1
A2:{0 I}’ Al:[—l 31]’ AO:[—I 21]

- ] ,|lz|| = 1. Then it is easy to check that

Taking x* = [ 0

[(Ajz*, 2*)]? = 4 = 4(Agz™, %) (Aoz™, ™).

By Proposition 3.1, W(P(\)) is connected.
On the other hand, we have

w(p) = [25Y0, VD)

hence W(P())) is connected, which is consistent with theoretical conclusion.

4 Convexity of Numerical Range of Operator Polynomial

Another important feature of the classical numerical range is that it is a convex set. However,
the numerical range of operator polynomial is not surely convex, see Example 3.1. Hence it is
of interest to find the conditions under which the numerical range of operator polynomial is

convex.

Theorem 4.1 Suppose

P\) = A A™ + Ay AN 4 A,

where A; € B(X),i=0,1,--- ,m. Let 0 ¢ W(A,), A and A; (j=m—1,m —2,---,0) are

commutative, there exists 0 # u € C,{a;};_; C C such that pA,, is a nonnegative operator and
P(a;)=0,P'(a;)=0,--- ,P*)(a;) =0, i=1,2,--,s,

where
PO) = A"+ A" A A, 4 A A AN A

and k1 +ka+---+ks=m—1—s. Then W(P(X)) is convez if and only if the following hold:

(i) L(ai,aj) CW(T) (i,j =1,2,--+,5), where T = —A A1 — > (ki +1)a;, and L(m,n)
i=1
denotes the open line segment with m,n as endpoints. Specify L(m,n) =0, when m = n.

(i) For any a; ¢ W(T), LinW(T) =0 or for any v € Ly nW(T), L(a;,x) C W(T), where
L; denotes the support line of W(T) with a; € L; (1 <1i < ).

Proof Without loss of generality, suppose A,, > 0. In view of 0 ¢ W(A4,,), we have
0 € p(A,,) and

PO = AN+ XA AL R AA A A A). (4.1)
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Since A,, and A; (j =m —1,m —2,---,0) are commutative, we can claim that

where
PO) = A"+ N PA A, e AA A+ A A

In fact, let A € W(P(A)). Then there exists « # 0 such that

(A N+ XA Ay 4 -+ AL AL+ A Ag)z, o) = 0. (4.2)
Since A, and 4; (j =m —1,m —2,---,0) are commutative, A%n and ﬁ()\) are commutative
and
= (Am PNz, x)

— (AL PNz, Ab)
— (PN ALz, Abx

which implies W (P(\)) € W(P())). On the other hand, in view of 0 € p(A,%n), the square root
_1 ~ ~
Ap? of Al and P(\) are commutative. Let A € W (P())). Then

-

0= (ﬁ(A)x,x)
= (Am? P(A )x Am®x)

— (PN AmZa, An2z),

-

which implies W (P(\)) € W(P(\)), and thus

In view of
P(a;) =0,P'(a;)=0,--- ,P*)(a;) =0, i=1,2---,s

and k1 + ko + -+ + ks =m — 1 — s, it is easy to check that

PO =\ —a)P ¥ (A —ag)BF o (A = ag)P T (=T 4 AT),

where T'= —A_YA,,_1 — > (k; + 1)a;. Hence
i=1
W(PA) =W(P\) ={ar,az, -, as} UW(T).
When W(P())) is convex, the proof of (i) is trivial. To prove (ii), without loss of generality,

suppose a; ¢ W(T). Then ay € W(T). Let Ly be the support line of W(T') with a; € L. Let
x € Ly NW(T). Then in view of the convexity of W(P())), we have

Conv({z} U{a1}) = {a1} U L(a1, x]
C {al} U W(T),
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which implies L(a1,2z) C W(T'). Where Conv(G) denotes the convex hull of G.
On the contrary, let z,y € W(P(\)). Without loss of generality, suppose z € {ay, a2, - ,as},

x ¢ W(T) and y € W(T). Then by (i) we have z € W(T'). Let L, be the support line of W (T)
withz € L. If L, "NW(T) =0, then tz+ (1 —t)y € W(P())) for any ¢ € [0, 1], thus W (P()))

is convex. If z € L, N W(T), then by (ii) we have L(z,z) C W(T') and
tr+(1—ty=te+(1—t)z+y— (ty+ (1 —1t)z2)
=c1+y—c
holds for any ¢ € [0, 1], where ¢; =t + (1 —t)z € W(P(X)), ca =ty+ (1 —t)z € W(P(N\)),y €
W(P(X)). Hence tz + (1 — t)y € W(P(\)) and the proof is completed.

Proposition 4.1 Suppose
P\) = ApA™ 4 Ay N4 4 A,

where A; € B(X),i = 0,1,---,m. If0 ¢ W(A,), A, and A; (j = m—1,m —2,---,0)
are commutative, there evists 0 # p € C,{a;}"7" € C,a; # a;j(i # j) such that pA,, is a

nonnegative operator and

Pla;)=0, i=1,2,---,m—1,

then W (P(X)) is convez if {a1, a2, ,am—1} C W(T'), where
PO) = A"+ A" A A, 4 A A + A A

and T = —A 1A, 1 — Y a;.

1=1

Next we will construct an example to illustrate the effectiveness of Theorem 4.1.

Example 4.1 Let P(\) = A3 + \24, + AA; + Ap, where

31 2I 31 —4I -1 21
A2:[ 21 —41}’ Al:[—u 51 } AO:[H —21]

Then we have
P(1)=P'(1)=0

and m=3,s=1,k; =1 and

4 ~ N I =27\ _ [3—VI7 3+ V17

W(_AmAm—l_;(k““l)“z) _W([ —or oI ])_ )

Hence {1} C W(—Az — 2I) and by Theorem 4.1, we can see that W(P(\)) is convex.
On the other hand, we have

3-V17 3+\/ﬁ]

W(PW) = [ "

and thus W(P())) is convex, which is consistent with theoretical conclusion.
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5 The Numerical Range of Operator Polynomial and Block Numerical
Range

It is worth noting that Tretter and Markus (see [10]) introduced a more general notion of the
block numerical range of an n x n block operator matrix A in a Hilbert space X1 X Xo x-+-x X,,.

If, with respect to this decomposition,

A - A
Anl T Ann
then the block numerical range W™ (A) is defined as the set of all A € C for which there exists
x1 € X1, ,xn € Xp, |21]| =+ = ||xn]] = 1 such that
(Anzr,zi) - (Ao, 21)
det ( : : ~ L) =0,
(Anlxlaxn) et (Annxnaxn)

where [,, denotes the identity matrix in C™. The block numerical range also satisfies the spectral
inclusion property (see [10]): If A is everywhere defined bounded operator, then

(0, (A) Uo,(A) C W(A), o(A) C W(A).

However, the numerical range of operator polynomial W (P(\)) can be characterized by the

block numerical range of an n x n block operator matrix.
Theorem 5.1 Suppose

P(A) = ApA™ + A A+ A,

where A; € B(X),i =0,1,---,m. If0 ¢ W(A,,), Ay and A; (j =m—1,m—2,---,0) are

commutative, and there exists 0 # p € C such that pA,, is a nonnegative operator. Let

0 I 0
0 I
A =
0 I
—A;,LlAO —A;,LlAl v _A;,LlAm_Q —A;,LlAm_l
and
0 1 0
0 1
A, =
0 1
—(A A, z)  — (A Ay ) o — (A Amom ) — (A A 1w, 1)

Then we have the following conclusions:

(i) W(P(A) = U o(A:) c W"(A),

llzll=1
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(ii) if P(Xo) = 0 then Ao € o,(A),
(iii) 0p(A) C 0p(P(N)),
(iv) if Ao is an isolated point of W(P(X)), then Ao € op(A).

Proof (i) Without loss of generality, suppose A,, > 0. In view of the proof of Theorem
4.1,

where
P) = X"+ X" A Ay -+ AAGT AL+ AL Ao,

By [10, Theorem 5.1],
W(P(\) = U o(Az) C W"(A).
l|lz(l=1
(ii) If Ao = 0, in view of P(Ag) = 0, we have Ay = 0. Hence 0 € o,,(A).
If A\p # 0, then

—Xo I 0
-0 I
A—Xo= ,
—Xo I
—ASTAy —AIAL o —ATIAL o —AZTAL L — o

we eliminate the entries above the diagonal successively by adding )\—10 times the kth column to
the (k + 1)th column for kK =1,--- ,n — 1. This shows that

—Xo 0 0
—Xo 0
A_)\O:Q()\O) )
—X 0
—AG Ay~ AL A - AL AL - 0

where Q(Xo) is invertible, and which implies Ao € o,(A).
(iii) Let Ao € 0,(A). Then there exists u = [z1 2 --- x,]" # 0 such that

—Xo 1 0

Z1
) 1 .
. =0.
-0 I x.
_A;IAQ —A;lAl <o —A;lAm_g —A;lAm_l — o "

It is easy to check that x; # 0 and
P(/\Q)l‘l =0.
Hence Ao € a,(P())).
(iv) If Ao is an isolated point of W(P(A)), then 0 is an isolated point of W(P()\g)). In view
of the convexity of W(P(\g)), we have W(P(X\g)) = {0}, and thus P(X\g) = 0. By (ii) the

conclusion is valid.



162

D. Y. Wu and A. Chen

Acknowledgement The authors are thankful to the referees for their helpful suggestions

of improving this paper.

Declarations

Conflicts of interest The authors declare no conflicts of interest.

References

1]
2]

3]

[6]
[7]
(8]
[9]

[10]

Chien, M. T. and Yeh, L., On the boundary of the numerical range of a matrix, Appl. Math. Lett., 23,
2010, 725-727.

Zhang, H. Y., Dou, Y. N., Wang, M. F. and Du, H. K., On the boundary of numerical ranges of operators,
Appl. Math. Lett., 24, 2011, 620-622.

Li, C. K. and Rodman, L., Numerical range of matrix polynomials, STAM J. Matriz Anal. Appl., 15, 1994,
1256-1265.

Psarrakos, P. J., Numerical range of linear pencils, Linear Algebra Appl., 317, 2000, 127-141.

Maroulas, J. and Psarrakos, P., On the connectedness of numerical range of matrix polynomials, Linear
Algebra Appl., 280, 1998, 97-108.

Maroulas, J. and Psarrakos, P., The boundary of the numerical range of matrix polynomials, Linear Algebra
Appl., 267, 1997, 101-111.

Qi, Y. R., Huang, J. J. and Chen, A., Spectral inclusion properties of unbounded Hamiltonian operators,
Chin. Ann. Math. Ser. B, 36(2), 2015, 201-212.

Gohberg, 1., Goldberg, S. and Kaashoek, M., Classes of Linear Operators, 1, Birkhduser Verleg, Boston,
1990.

Nakazato, H. and Psarrakos, P., On the shape of numerical range of matrix polynomials, Linear Algebra
Appl., 338, 2001, 105-123.

Tretter, C. and Markus, W., The block numerical range of an n X n block operator matrix, SIAM J. Matrix
Anal. Appl., 24, 2002, 1003-1017.



