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Classification of the Conformally Flat Centroaffine
Hypersurfaces with Vanishing Centroaffine
Shape Operator*

Miaoxin LEI! Ruiwei XU? Peibiao ZHAO?

Abstract Cheng-Hu-Moruz (2017) completely classified the locally strongly convex cen-
troaffine hypersurfaces with parallel cubic form based on the Calabi product (called the
type I Calabi product for short) proposed by Li-Wang (1991).

In the present paper, the authors introduce the type II Calabi product (in case \1 =
2)2), complementing the type I Calabi product (in case A1 # 2X2), and achieve a classi-
fication of the locally strongly convex centroaffine hypersurfaces in R"*! with vanishing
centroaffine shape operator and Weyl curvature tensor by virtue of the types I and II
Calabi product.

As a corollary, 3-dimensional complete locally strongly convex centroaffine hypersur-
faces with vanishing centroaffine shape operator are completely classified, which positively
answers the centroaffine Bernstein problems III and V by Li-Li-Simon (2004).

Keywords Centroaffine hypersurface, Centroaffine shape operator, Calabi product,
Locally conformally flat, Calabi hypersurface
2020 MR Subject Classification 53A15, 53C24, 53C42

1 Introduction

In centroaffine differential geometry, the centroaffine normalization induces the identity as
Weingarten operator, which contains no further geometric information. By calculating the
variation formula of the volume with respect to the centroaffine metric, Wang [22] reasonably
introduced an important self-adjoint operator T := @T, originally named as centroaffine shape
operator also called Tchebychev operator in [15], where T and ¥ denote the Tchebychev vector
field and the Levi-Civita connection with respect to the centroaffine metric. In addition, the
Euler-Lagrange equation of the volume variation with respect to the centroaffine metric is

geometrically equivalent to

Tr7T =divT = 0. (1.1)
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The centroaffine hypersurfaces satisfying (1.1) are called centroaffine minimal hypersurfaces in
[22], later also called centroaffine extremal hypersurfaces in [10]. For such hypersurfaces several
related versions of centroaffine Bernstein problems were listed in [10, Section 5]. Tt is well known
that the classification of centroaffine extremal hypersurfaces is very interesting and important
but it is rather difficult. This partially motivates us to consider the centroaffine hypersurfaces

with vanishing centroaffine shape operator, i.e.,
T =VT=0. (1.2)

Noting that Liu-Wang [15] classified the non-degenerate centroaffine surfaces with vanish-
ing centroaffine shape operator. The classification of locally strongly convex flat centroaffine
hypersurfaces with vanishing centroaffine shape operator is equivalent to the classification of
the canonical centroaffine hypersurfaces, which has been investigated in [3, 13]. Here, a cen-
troaffine hypersurface is called canonical if its centroaffine metric is flat and its difference tensor

is parallel with respect to its centroaffine metric.

Theorem 1.1 (see [3]) Letxz: M™ — R"! be a locally strongly convex canonical
centroaffine hypersurface. Then it is locally centroaffinely equivalent to one of the following
hypersurfaces:

(i) aftas? - xp it =1, where either a; >0 (1 <i<n+1),ora; >0 (2<j<n+1) and
n+1
> aj <0;
j=1

(i) af @g? - a7t (a2 + a2 )™ exp (n41 arctan riil) =1, where ; <0 (1 <i<n-—1)

n—1

and 2a, + Y a; > 0;
i=1

(iii) 2py1 = ﬁ(m%— ctz? ) —zi(-Inzita,Inx,+- -+, Inx,), where2 < v < n+1,

n
a; >0 (v <i<n) are real numbers and Y a; < 1.

i=v

Recently, Cheng-Hu-Xing [6] classified the locally strongly convex centroaffine hypersurfaces
with vanishing centroaffine shape operator and constant sectional curvature. More researches
on the centroaffine shape operator, we refer the readers to [1, 5, 7, 11, 14, 16, 21] etc.

The current paper concerns the locally strongly convex centroaffine hypersurfaces with van-
ishing centroaffine shape operator and Weyl curvature tensor. To state the main result, we need
to recall some facts about Calabi hypersurfaces from [2, 9, 19]. Let ¢ : M7 — R"*! be a locally
strongly convex hypersurface immersion of a smooth, connected manifold into real affine space
R+ Assume that Yy = (0,---,0,1) € R**! is a relative normalization of the hypersurface
M, which is called the Calabi affine normalization. In the following, such immersion equipped
with the Calabi affine normalization is called Calabi hypersurface. Additionally, the main result
of this paper depends heavily on the (generalized) Calabi product shown in [3, 10, 13], and the
new type of (generalized) Calabi product presented in Section 3. In order to distinguish two
types of Calabi products, we call the Calabi products defined by (1.3)—(1.4) as the types I and II
Calabi product, respectively. Firstly, let ¢ : My — R™ be a locally strongly convex centroaffine
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hypersurface of dimension n — 1. Then, for a constant A # 0, —1, the type I Calabi product of
a point and M, is defined by

O(t,p) = (e(p),e ™) e R™, pe My, t€R. (1.3)

The hypersurface defined by (1.3) is a non-degenerate centroaffine hypersurface (see [3, Propo-
sition 3.2]). Secondly, let ¢ : M7 — R™ be a Calabi hypersurface of dimension n — 1 with
o) = (p1(p), -, Pn—1(p), Pn(p)) for p € My. Then the type II Calabi product of a point and
M is defined by

ZZ?(t,p) = et(la(pl(p)a"' a(pn—l(p)vgpn(p)_'—t) 6Rn+17 peMla teR. (14)

The hypersurface defined by (1.4) is a locally strongly convex centroaffine hypersurface of elliptic
type (see Proposition 3.1 below). If we focus only on the locally strongly convex centroaffine
hypersurfaces, then the type II Calabi product complements the type I Calabi product, see
Remark 3.2 below for the precise details.

The main result of this paper is as follows.

Theorem 1.2 Let M™(n > 3) be a locally strongly convex centroaffine hypersurface with
vanishing centroaffine shape operator and Weyl curvature tensor. Then one of the following
CaSeS OCCUTS:

(i) In case T =0, then M™ is an open part of a proper affine hypersphere centered al origin
with vanishing Weyl curvature tensor.

(ii) In case T # 0, then

(ii-1) M™ is an open part of a canonical centroaffine hypersurface; or

(ii-2) n = 3, M? is obtained as either the type 1 Calabi product (A < —1; resp. X > —1,\ #
0,3) of a point and a non-flat locally strongly convex proper (elliptic; resp. hyperbolic) affine 2-
sphere centered at origin, or the type I1 Calabi product of a point and a non-flat locally strongly
convez improper affine 2-sphere; or

(ii-3) n >4, M™ is locally centroaffinely equivalent to the hypersurfaces
(@3 +--+a2) a2, =1, A< -1
or

(xf—x%—---—ﬁ)kx?ﬁl:l, A>—1, A#£0,n.

n

Remark 1.1 It is an open problem that how to classify all locally strongly convex affine
hyperspheres with affine metrics being locally conformally flat. There appeared some partial

results recently (see [4, 8, 23]).

Obviously, Theorem 1.2 generalizes [6, Theorem 1.1]. Moreover, the fact Weyl curvature

tensor vanishes automatically for the dimension n = 3 implies Theorem 1.2 completely classifies
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the 3-dimensional locally strongly convex centroaffine hypersurfaces with vanishing centroaffine
shape operator, which partially generalizes [15, Theorem 4.1]. From the proof of Theorem 1.2,

one can get the following consequence.

Corollary 1.1 Let M3 be a locally conformally flat, locally strongly convex centroaffine
hypersurface with vanishing centroaffine shape operator. Then M?3 is locally centroaffinely e-
quivalent to

(i) a locally conformally flat proper affine hypersphere centered at origin; or

(ii) a locally strongly convex canonical centroaffine hypersurface with T # 0; or

(iii) the hypersurface (z3 + 23 + 23)*x% = 1 with A < —1; or

(iv) the hypersurface (z3 — 23 — 23)*x? = 1 with A > —1 and X # 0, 3.

As a corollary of Theorem 1.2, the classification of 3-dimensional centroaffine hypersurfaces

with vanishing centroaffine shape operator and complete centroaffine metric is obtained.

Corollary 1.2 Let M? be a complete locally strongly convex centroaffine hypersurface with
vanishing centroaffine shape operator. Then

(i) M3 is a complete proper affine hypersphere centered at origin; or

(ii) M3 is a complete canonical centroaffine hypersurface with T # 0, namely, it is cen-
troaffinely equivalent to one of the following hypersurfaces:

(ii-1) 2{" 252253 xy* = 1, where either a; >0 and a; #1 (1 <i<4), ora; >0 (2<j<4)
and 24: a; <05 or

j=1

(ii-2) x4 = ﬁ(x% +23) + x1lnzy; or 1y = % +zi1(lnzy —aslnzs), 0 < az < 1; or
xg=x1(Inzy —azlnzs —azlnas),a; >0 (2<i<3) and az + a3z < 1; or

(iii) M? is centroaffinely equivalent to the hypersurface (v2 + 22 + 23) 2% = 1 with A < —1;
or

(iv) M3 is obtained as the type I Calabi product (A > —1,\ # 0, 3) of a point and a complete

non-flat locally strongly convex hyperbolic affine 2-sphere centered at origin.

Remark 1.2 Apart from hyperellipsoids, cases (ii-2) and (iii), parts of cases (ii-1) and (iv)
shown above are complete centroaffine extremal hypersurfaces of elliptic type. Corollary 1.2
positively answers the centroaffine Bernstein problems III and V in [10]. In particular, the
hypersurface 24 = 5i-(23 + 23) + 1 In2; has a Euclidean boundary point (0,0,0,0), which

implies that it cannot be represented as graph over R3.

The remainder of this paper is organized as follows. Firstly, Section 2 presents some basic
facts of the centroaffine geometry and warped product manifold. In Section 3, a new type
of (generalized) Calabi product is introduced in centroaffine geometry and a decomposition
theorem is proved in terms of their centroaffine invariants, which will play a critical role in the
proof of main results. Finally, using the nice property (see Lemma 4.1 below) of the locally

strongly convex centroaffine hypersurface with vanishing centroaffine shape operator and Weyl



Centroaffine Hypersurfaces with Vanishing Centroaffine Shape Operator 167

curvature tensor, we complete the proofs of main results in Section 4.

2 Preliminaries

In this section, we shall show some basic facts of the centroaffine geometry. For more details
see [17, 20]. Let R™*! be the (n + 1)-dimensional affine space equipped with the standard flat
connection D. For an immersion x : M"™ — R™*! of an n-dimensional smooth manifold M™", if
the position vector z(p) (from the origin O) is transversal to x, (T, M™) at each point p € M™,
then x : M™ — R™*! defines a centroaffine hypersurface and the position vector defines the
so-called centroaffine normalization modulo orientation.

For any vector fields X and Y tangent to M"™, the centroaffine formula of Gauss reads
Dxz.(Y) =2.(VxY) + h(X,Y)(—¢x), (2.1)

where € = +1. Associated with (2.1), we call —ex, V and h the centroaffine normal, the induced
connection and the centroaffine metric induced by —ex, respectively. Moreover, the centroaffine
hypersurface = : M™ — R™*! is called non-degenerate if the centroaffine metric h, defined by
(2.1), remains non-degenerate. In this paper, we always assume that x : M™ — R"*! is a
locally strongly convex centroaffine hypersurface, i.e., the centroaffine metric h induced by —ex
is positive definite. More precisely, if € = 1, the centroaffine hypersurface is elliptic and if
e = —1, the centroaffine hypersurface is hyperbolic.

For a given centroaffine hypersurface = : M™ — R"*+!, the difference tensor is defined by
K(X,Y):= KxY :=VxY — VyY, (2.2)

where V is the Levi-Civita connection with respect to the centroaffine metric h. It follows
from both connections V and V are torsion free that K is symmetric. According to (2.2), the

Tchebychev vector field T is given by
1
hT,X)=—-Tr(Kx). (2.3)
n

Noting that if 7' = 0, which is equivalent to Tr(Kx) = 0 for any vector field X, then M™" is
reduced to be the so-called proper (equi-)affine hypersphere centered at the origin of R**! (see
(12, p. 279]). Denote by R the Riemannian curvature tensor of the centroaffine metric h. Then
the integrability conditions read

~

(VZE)(X,Y) = (VxK)(Z,Y). (2.5)
By choosing an h-orthonormal tangential frame field {eq,--- ,e,} on M™, we have T =

> T'e; = 5" K!e;, the Gauss equation and Codazzi equation
i ]

Rijii = €(0in0j1 — 0adjn) + Z(ijk i — KR K3, (2.6)



168 M. X. Lei, R. W. Xu and P. B. Zhao

KF, =K} (2.7)

gl il,j*

From (2.6) the components of Ricci tensor are
Rij=c(n—1)0; + > KRKjR—nY TK]. (2.8)
m,k m
Thus, the scalar curvature is given by
R=n(n—1)(J+¢)—n?T (2.9)

where J := ﬁE(K{?V is called the centroaffine Pick invariant. Additionally, a useful

formula can be concluded from (2.6)—(2.7) and the Ricci identity.

Lemma 2.1 (see [6, Lemma 4.2]) For a locally strongly convex centroaffine hypersurface of

dimension n, the following formula holds

MAJ = (K + > (Riu)® + izj(Rij)Q —e(n+1)R

b5,k 0,5,k
+n Y KERGTY +n) KETY,. (2.10)
0,5,k .5,k

From (2.9)—(2.10), it is obvious that for a flat centroaffine hypersurface, the parallelism of
Tchebychev vector field is equivalent to the parallelism of difference tensor.

Let (M, g1) and (M3, g2) be two Riemannian manifolds and f be a positive smooth function
defined on M;. The warped product M := M, X s M is the product manifold M; x M, equipped
with the Riemannian metric ¢ = g1 @ f2¢2. The function f is called the warping function of
the warped product. If X and Y are two linear independent vector fields on Ma, then, by [18,

Chapter 7, Proposition 42|, the sectional curvature of M satisfies
KM(X,Y) = f2(KM(X,Y) = g(V£, V),
where V is the Levi-Civita connection of (M, g). Particularly, if f is a constant, then

KM(X,Y) = f2KM2(X,Y). (2.11)

3 Generalized Calabi Product and Decomposition Theorem

The purpose of this section is to introduce a new type of (generalized) Calabi product and
prove a decomposition theorem in centroaffine differential geometry. Firstly, by some elementary
calculations on the type II Calabi product, Proposition 3.1 is formulated. Then, considering
the converse of this proposition, we obtain Theorem 3.1.

Let ¢ : M7 — R™ be a Calabi hypersurface relative to the Calabi affine normalization
Yy = (0,---,0,1)" € R™. Denote by G the Calabi metric of ¢(M;) and by {u1, - ,un_1}
the local coordinates for M;j. Then, the type II Calabi product of a point and the Calabi
hypersurface My

x:M"=Rx M — R"!
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is defined by

z(t,p) =€ (1L, 01(p), -+ on—1(p), on(p) +1t), pe My, teR. (3.1)

Claim The hypersurface x(M™) defined by (3.1) is a centroaffine hypersurface.

In fact, direct calculations show that

Ox
E = et(la(pla' y Pn—1,¥n +i+ 1)a

8213_ t 8&01 8‘;077,
aui_e (07 Bul”ﬁ—ul

), 1<i<n-—1.

It follows from o(M;) being a Calabi hypersurface relative to the Calabi affine normalization
YQ that

dp I
det . , Y
© (8u1 T OUp—1 0) 70
Thus
Oox Ox
det (2 G5 ™ G 1)7“)

which indicates that x(M™) is a centroaffine hypersurface. Hence, the Claim is demonstrated.

More precisely, the following result can be verified easily.

Proposition 3.1 The type I1 Calabi product of a point and the Calabi hypersurface My is a
locally strongly convez elliptic centroaffine hypersurface, and the centroaffine metric h induced

by —x is expressed as
h=dt*®G. (3.2)

The difference tensor K of x(M™) takes the following form:

~ ~ Ox ox
= = <1<n-— .
K(T,T) =T, K(T Bul) Go L<isn—L (3.3)
and the Tchebychev vector field of x(M™) satisfies
T:n+11~“+n_1-et(O,TM1), (3.4)
n n

where T —m is a unit vector field and TM* denotes the Tchebychev vector field of p(My).
Moreover, a:(M") is flat (resp. of parallel difference tensor) if and only if w(My) is flat (resp.
of parallel Fubini-Pick tensor).

Remark 3.1 It follows from (3.4) that the unit vector field T of M™ is not necessarily
parallel to its Tchebychev vector field T'. If it happens, then the immersion ¢ : M; — R”

reduces to the locally strongly convex improper affine hypersphere.

From (3.1), one can obtain a locally strongly convex elliptic centroaffine hypersurface by a

point and a lower dimensional Calabi hypersurface.



170 M. X. Lei, R. W. Xu and P. B. Zhao

Example 3.1 Let us write
r = (1’1, e 7xn+l) = (eta etyla e 7etyn—17 etyn + tet)~

For n = 3, if (M) in (3.1) is chosen to be, respectively, the canonical Calabi surfaces y; =
—c1Iny; + %yg (c1 >0), y3 = —c1lny; — calnys (c1,¢2 > 0) and y3 = %y% + %y%, then the
centroaffine hypersurface, obtained as the type II Calabi product of a point and ¢(Mj), is
locally centroaffinely equivalent to the hypersurfaces

2

2 (1 __a ) 3.5
T4 2x1+x1 nr; 7o nxsl, (3.5)
Cc1 C2

zy=x1(lne; - ——— Inx —7lnx), 3.6

* 1( AR REEP 14t ’ (3.6)
1

Ty = — (x5 +23) + 21 Inzy, (3.7)
2{E1

respectively.

In fact, the centroaffine hypersurfaces defined by (3.5)—(3.7) are exactly the case of n =

3 for the canonical centroaffine hypersurfaces M(Sz)v), presented in [6, (3.9)], which can be

obtained as the type II Calabi product of a point and the canonical Calabi hypersurfaces

Qe yermn—1),1<r <n-—2 Q(c1, - ,cn—1;n — 1) and elliptic paraboloid, respectively.
Here, the definition of Calabi hypersurfaces Q(c1, - ,¢;n—1), 1 <r <n—1is given by [25,
Example 3.1].

Next, the following decomposition theorem is the converse of Proposition 3.1.

Theorem 3.1 Let z : M™ — R be a locally strongly convex elliptic centroaffine hyper-
surface. Assume that there exist orthogonal distributions Dy (of dimension 1, spanned by a unit
vector field T), Dy (of dimension n— 1) with respect to the positive definite centroaffine metric
h induced by —x such that

(i) the unit vector field T is parallel with respect to the Levi-Civita connection of the cen-
troaffine metric h;

(ii) the difference tensor takes the following form:
K(T\T)=2T, K(T,V)=V, VYV €D..
Then x : M™ — R"*1 can be locally decomposed as the type 11 Calabi product of a point and a
Calabi hypersurface ¢ : M7~' — R™ with Calabi metric G = h|p,.

Proof Firstly, for any vector X € TM and V € D,, the item (i) indicates

-~

@XTVZO, VxV € Ds. (38)

It follows from de Rham decomposition theorem that (M™, h) is locally isometric to R x M]~*

such that T is tangent to R and Ds is tangent to M{‘_l.
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Secondly, assume that T = % and Uy € R"! is a constant vector. Let
o=+t te—te ' T Uy, ¢:=e YT —z). (3.9)
It follows that
Dzp=—te 'z + (1+ e 'T — (1 —t)e 'T — te_tDTT
= et (—tx + 2T — t(2T — x)) = 0. (3.10)
Similarly,
Dz = Dyt =0,
dp(V) = Dy =e 'V. (3.11)

The above relations imply that ¢ reduces to a map of Mf_l in R"*! and ¢ is a constant vector
in R"*1. Moreover, denoting by V! the Dy component of induced connection V and for any
V,V € Ds, we find that
Dydp(V) = e tDyV = e~ (vlvff + (VY V, DT — h(V, f/)gc)
= dp(VLV) + h(V,V)e YT — )
= dp(VLV) + h(V, V). (3.12)
Hence, the constant vector 1 is a relative normalization of the hypersurface Mf_l contained

in an n-dimensional vector subspace of R™*! with induced connection V! and positive definite

relative metric
GV, V)=hV,V), YV, VeDs,. (3.13)
Solving (3.9) for the immersion z, we have
x = el +telyh + e'Uy. (3.14)

As the constant vector v is the relative normalization of ¢, up to a centroaffine transformation,
one may assume that ¢ lies in the space spanned by the last n coordinates of R™*!, whereas
9 lies in the direction of (n + 1)-th coordinate with ¢ = (0,---,0,1) € R**!. Thus, ¢ can
be interpreted as an (n — 1)-dimensional Calabi hypersurface equipped with the Calabi affine
normalization (0,---,0,1) € R™. Since M™ is non-degenerate, z lies full in R"*!. Suppose that

Up = (1,0,---,0) € R**! then x can be written as
v = (e + tel,
namely,

szet(l,(pl’... ,(,On—l,(ﬁn+t)- (3.15)
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It completes the proof of Theorem 3.1.

We end this section by recalling some useful facts of the type I Calabi product given [3,
Section 3, 13] and stating the relationship between the types I and II Calabi product.

Let 1; : M™ — R"! be the non-degenerate centroaffine hypersurface obtained as the type
I Calabi product (A # 0, —1) of a point and a locally strongly convex centroaffine hypersurface
¥ : My — R™. Then, it follows from [3, Proposition 3.2] that the Tchebychev vector field of
(M™) takes the following form:
sgnd- (=N~ (n—1)(A+1)

n/|A| nA

T = et (TMz2 (), (3.16)

where T = ﬁ%—% is a unit vector field with respect to the centroaffine metric h shown in
[3, (3.7)], and T2 is the Tchebychev vector field of 1)(Ms). Moreover, we know from [3,
(3.8)] that, by suitably selecting the constant A in (1.3), the type I Calabi product centroaffine
hypersurface is locally strongly convex. Conversely, if the type I Calabi product centroaffine
hypersurface {/;(M") is locally strongly convex, then A < 0 (resp. A > 0) as {/;(M") is of elliptic
(resp. hyperbolic) type. It follows that —sgnA = € holds in [3, (3.10)], where ¢ is chosen so that
the centroaffine metric induced by _61,/; is positive definite.

Thus, from the analysis above, we can get:

Remark 3.2 If a type I Calabi product centroaffine hypersurface is locally strongly convex,
then the constants A\; and Ay in [3, (3.9)] satisfy A A2 — A3 = ¢ and \; # 2\2. While the type
I Calabi product centroaffine hypersurface is the case of A\jA\a — A3 = € and \; = 2)2, namely,
%)\1 = X = ¢ = 1 (see (3.3)). Hence, the type II Calabi product can be viewed as the
complementation of the type I Calabi product.

4 Proofs of the Main Results

Here and after, if there is no additional explanation, we shall use the following indices’
convention:

2§iaj7k7"'§na 1§a75775"'§n-

Denote by {FEi,- -, E,} the local orthonormal frame field of a locally strongly convex cen-
troaffine hypersurface (M™, h) with VT = 0 and vanishing Weyl curvature tensor. If T" # 0,
then we choose E; = % It follows that @El =0 and

Riapy =0. (4.1)
On the other hand, for any smooth tangent vector fields X, Y, Z, Weyl curvature tensor
W(X,Y)Z = ﬁ(X, YVZ - {{Y,Z)P(X)—(X,Z)P(Y)+ (P(Y),Z)X — (P(X),2)Y}
vanishes identically on M™ means that the Riemannian curvature tensor can be expressed as

~

R(X,Y)Z=(Y,Z)P(X) — (X, Z)P(Y)+ (P(Y),Z)X — (P(X), Z)Y, (4.2)
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where P is the Schouten tensor of (1,1) type and (-,-) := h(-,-). For any 4, it concludes from
(4.1)-(4.2) that
0= R(E;, E;)E: = (P(E)), B\)Ei — (P(E:), BV E;j, j #i,
which implies
(P(E;),Er) =0, Vi. (4.3)

Similarly, for any ¢ and j, one can get

0 = R(Ey, Ei)E; = 6;;P(Ey) + (P(E;), E;)Ey — (P(Ey), E;)E;. (4.4)
Taking i # j in (4.4), we obtain

(P(E:), Ej) = (P(Ey), Ej) = 0.

Thus {E1,---,E,} as above is the eigenvector field of the self-adjoint operator P. Without
loss of generality, suppose that
P(Ea) = IU“OtEOM

and denote by p1,--- , s the distinct eigenvalues for the tensor P of multiplicity nq,--- , ng,

respectively. It follows from taking ¢ = j in (4.4) that

0= 1+ pi,

which means
p2 == lp = — 1.

In fact, it is easy to see from Lemma 2.1 that the following lemma holds.

Lemma 4.1 Let M™(n > 3) be a locally strongly convex centroaffine hypersurface with
vanishing centroaffine shape operator and Weyl curvature tensor. If T' # 0, then the number of
distinct eigenvalues of the Schouten operator P is at most 2, namely, s < 2. More precisely,

(i) if s = 1, then 0 is the only eigenvalue of P and M™ is flat. It follows that M™ is an
open part of a canonical centroaffine hypersurface;

(i) if s = 2, let p1, pa be the two distinct eigenvalues for P of multiplicity 1 and n — 1,
respectively, then ps = —puy # 0.

Proof of Theorem 1.2 The proof of this Theorem is divided into two steps.

Step 1 From Lemma 4.1, for an n-dimensional locally strongly convex centroaffine hyper-
surface (M™, h) with VT =0 (T # 0) and vanishing Weyl curvature tensor, one only needs to
deal with two cases, namely, s = 1 and s = 2. Obviously, case (ii-1) in Theorem 1.2 occurs as
s=1.

In the following, we are going to discuss s = 2. For this case, it is easy to conclude from
(4.2) that

~

R(Ei, Ej)Ek = 2#2(5jkEi — 5ikEj),
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i.e.,
Rijii = 2p2(010ik — 0:10)- (4.5)
Direct computations get
Rio =0, Rij =2(n—2)pu2d;j (4.6)
and
R=2(n—1)(n—2)us #0. (4.7)

Obviously, the hypersurfaces occurring in this case are non-flat.
On the other hand, the Ricci identity and (4.1) indicate

Kapy,o1 — Kapy,1s = K ¢pyReast + LKacyRepst + X KapcReys1 = 0.

It follows from the Codazzi equation (2.7) that Kiap,+s5 are totally symmetric for all indices.

For any j, by taking i # j, we have
0= Ki1ij — Ki1iji = 2YX K150 Ra1ij + XK 110 Raii; = K11 Rjii;-
From (4.5), one can get
Ky =0. (4.8)
Similarly, for any i # 7,
0= Kiii,ij — Kuiiji = 25 K1iaRaiij + XKiaRatij = 2K 145 Rjiij.
Then
Ky = 0. (4.9)
Finally, for any i # j,
0 = Kiij,i5 — Kuijji = (Kvis — K1j5) Rijij,
which shows
Kyii = Kyj;. (4.10)
Accordingly, the following result can be obtained from (4.8)—(4.10).

Lemma 4.2 With respect to the local orthonormal frame field {Ey,--- ,E,} as above, the

difference tensor takes the following form
K(E\,E1) =MFE;, K(E,E)=XE,. (4.11)
In addition, the fact T = |T|E; shows that

A1+ (n—1)Xy = n|T| = const. > 0. (4.12)
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A straightforward computation shows
Rip = (n—1)(e + A3 — MiA2), (4.13)

where e = £1. Tt follows from (4.6) that

e+ A\ =0, (4.14)
which implies
M # X2, A #0. (4.15)
On the other hand, note that
(VK)(E;,E1, Ey) = Vg, K(Fy, E1) — 2K (Vg E1, Ey) = Ei(\)E} (4.16)
and
(VK)(Ey,Ei, By) = Vg, K(E;, B)) — K(Vg,Ei, B) = E1(A2)E;. (4.17)

Taking inner product of the right-hand sides of (4.16) and (4.17) with E; (resp. E;) and using

the Codazzi equation, we obtain
Ei(A2) = Ei(M\) = 0. (4.18)
It follows from (4.14) and (4.18) that
€
Ei(\)=E1(X+—) =0, 4.19
100 = Er (% + 1) (4.19)

which shows that both A; and Ay are constants. Associated with (4.14), we have if A\ = 2\
then, up to a direction of F1, A\ = 2 and Ao = & = 1. Thus, one can get either %)\1 =X=e=1
or A\ 7é 22, 6+/\g — M2 =0.

Case €; A(A1 —X2) =cand Ay =2Xg, i, g1 =X =e = 1.

For this case, Theorem 3.1 and Lemma 4.2 imply (M™, h) can be locally decomposed as the
type II Calabi product of a point and an (n — 1)-dimensional Calabi hypersurface N*~! with
Calabi metric G = h|p,, where Dy = span{Es, - - , E,,}. More precisely, Remark 3.1 indicates
N"1 reduces to a locally strongly convex improper affine hypersphere. Proposition 3.1 and
the fact (M™, h) is non-flat imply (N"~! G) is also not flat.

Case €3 Ma(A1 — A2) =€ and A1 # 2)a.

Similarly, by the fact A1, Ay in Lemma 4.2 are constants and [3, Theorem 3.3], (M™,h)
can be locally decomposed as the type I Calabi product of a point and an (n — 1)-dimensional

——n—1 . .
locally strongly convex centroaffine hypersurface ¢ : N """ 4 R" with centroaffine metric

h = X2(2X2 — \1)h|p, (4.20)
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induced by the position vector 1. It follows from (3.16) that N reduces to a locally strongly
convex proper affine hypersphere centered at origin. [3, Proposition 3.2] and the fact (M™, h)
is non-flat imply (V" ', 7) is also not flat.

Recall that, for the locally strongly convex centroaffine hypersurface (Nn_l,ﬁ), one can
choose € = +1 such that the centroaffine metric & is positive definite. Namely, if A2(2Xa — A1) is
negative (resp. positive) then we choose ¢ = 1 (resp. ¢ = —1) and say N s of elliptic (resp.
hyperbolic). To ensure the centroaffine hypersurface obtained as the type I Calabi product of a
point and N s locally strongly convex, one shall restrict the constant A in (1.3) as following;:

(i) if N s elliptic, then A < —1;

(ii) if N s hyperbolic, then A > —1 and \ # 0,
where [3, (3.8)] is used by taking ny = n — 1. Additionally, it follows from (3.16) and T' # 0
that A # n holds in this case.

Thus, taking account what we have discussed above, we get the following result.

Proposition 4.1 Let M™(n > 3) be a locally strongly convex centroaffine hypersurface with
VT =0 and vanishing Weyl curvature tensor. If T # 0, then

(i) M™ is an open part of a canonical centroaffine hypersurface; or

(il) M™ is obtained as the type 11 Calabi product of a point and an (n — 1)-dimensional
non-flat locally strongly convex improper affine hypersphere; or

(iii) M™ is obtained as the type I Calabi product (A < —1; resp. A > —1, A # 0,n) of a point
and an (n — 1)-dimensional non-flat locally strongly convex proper (elliptic; resp. hyperbolic)
affine hypersphere centered at origin.

Step 2 Furthermore, we proceed to discuss cases (ii)—(iii) of Proposition 4.1 as n > 4 in
this step.

Firstly, from case (ii) of Proposition 4.1, (M™,h) can be obtained as the type II Calabi
product of a point and an (n— 1)-dimensional non-flat Calabi hypersurface N"~! with vanishing
Tchebychev vector field. In this case, by employing (2.11), (3.13) and (4.5), we have the sectional
curvature of N~ (n > 4) is constant. Thus, the following equation [24, (2.10)]

(n—1)(n—2)JN = RN

shows J¥ is also a constant. Here and after, denote by *" the geometric invariants of Calabi
hypersurface N"~1. Tt follows from [24, (2.9)] that

N _ N 4N
R;; = E A A
k.l

Then, for the Calabi hypersurface N~ [24, (2.12)] becomes

(n—1)(n—2)

5 ANJN = 5(AT)? + 2(R)? + 2(R)? > 0,

where we have used N®~! is non-flat in the last step. This is a contradiction to J» = const.
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Secondly, by case (iii) of Proposition 4.1, (M™, h) can be obtained as the type I Calabi
product of a point and a non-flat locally strongly convex proper affine hypersphere N
centered at origin. Similarly, combining (2.11), (4.5) and (4.20), we have the sectional curvature
of N ! (n > 4) is a non-zero constant. It follows from [12, Theorem 3.11] that N" ' must be

contained in either the hyperellipsoid
Vit =d

or the hyperboloid

Yitoo Y —yn = ¢

where ¢ > 0. Hence, by the type I Calabi product defined by (1.3), M™ is locally centroaffinely

equivalent to the locally strongly convex centroaffine hypersurfaces

(@2 +--+a2) a2, =1, A< -1 (4.21)
or
(@2 —af—- =22 Dl =1, A>-1, A#0, n. (4.22)

The proof of Theorem 1.2 is complete finished.

Proof of Corollary 1.1 As is well known, the Weyl curvature tensor vanishes automati-
cally on 3-dimensional Riemannian manifolds. Accordingly, Proposition 4.1 still holds and we
only need to consider the last two cases. In the following, we are going to prove the Gauss curva-
tures of the non-flat locally strongly convex improper affine sphere N2 and the non-flat locally
strongly convex proper affine sphere N centered at origin are constants, which is equivalent to
the eigenvalues of the Schouten tensor are constants.

Denote by {w?} the Levi-Civita connection forms with respect to the orthonormal frame

field {E1, Eo, Es}, where By = ‘—% as before. Recall from Lemma 4.1 and suppose that
Py = —Py; = —P33 =: 1 (#0). (4.23)

Noting from
SPapw” = d(Pap) + (Paa — Pap)w,

the fact w? =0 and (4.23) that

Pagr =0, a#8. (4.24)

Recall that M3 is locally conformally flat means P is a Codazzi tensor. It follows from (4.24)
that
—E1(p) = By (Pa2) = Pagy = Prap = 0.

Similarly, for ¢ > 1, one can get
Ei(p) = Ei(P11) = 0.
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Hence
i = const. # 0. (4.25)

Then the Gauss curvatures of N2 and N are non-zero constants, and the remaining process
closely follows Step 2 of Theorem 1.2.
Thus, the proof of Corollary 1.1 is finished.

Proof of Corollary 1.2 Let M? be a complete locally strongly convex centroaffine hy-
persurface with vanishing centroaffine shape operator. As |T| is a constant, we consider the
following two subcases.

Case ¢, |T|=0.

In this case, the completeness of M? shows it is either a hyperellipsoid centered at origin, or
a complete hyperbolic affine hypersphere centered at origin. This proves case (i) of Corollary
1.2.

Case €, |T'| = const. > 0.

In this case, Proposition 4.1 is still available.

Firstly, case (i) of Proposition 4.1 indicates M? is a locally strongly convex canonical cen-
troaffine hypersurface with 7" # 0. Obviously, such hypersurfaces are included in the three
types of hypersurfaces given in Theorem 1.1. In the following, we are going to discuss the
completeness of the canonical centroaffine hypersurfaces shown in Theorem 1.1 as n = 3.

(i) For the hypersurfaces in case (i) of Theorem 1.1, by taking x; = e%i (2 < i < 4), we get the
components of flat centroaffine metric are constants in terms of the new coordinates (us, us, u4),
where —o0 < u; < 400, 2 < i <4, see the proof of [6, Claim 3.1] for details. Therefore, the
hypersurfaces in case (i) of Theorem 1.1 are complete with respect to its centroaffine metric.
Additionally, noting that xj2s2324 = 1 is a hyperbolic affine hypersphere included in case (i)
of Corollary 1.2. Thus, case (ii-1) of Corollary 1.2 is demonstrated.

(ii) For the hypersurfaces in case (ii) of Theorem 1.1, by taking x5 = e“2, x3 = €"3 sinuy
and x4 = e"? cosus, we have the components of flat centroaffine metric h = h;;du;du; are also
constants in terms of the new coordinates (uq, us, ug), where —oo < u; < 400 (2 <4 < 3) and
km — & <wuy < km+ %, k€ N. For more details see the proof of [6, Claim 3.2]. Consider the
curve

us(t) = us(t) = 0, M@:a—%<t<g

whose centroaffine arc length is given by

l:/ng@&<w

=
Thus, the hypersurfaces in case (ii) of Theorem 1.1 are not complete with respect to its cen-
troaffine metric.

(iii) Noting that the centroaffine hypersurfaces in case (iii) of Theorem 1.1 can be obtained

as the type II Calabi product of a point and a canonical Calabi surface, see Example 3.1. Note



Centroaffine Hypersurfaces with Vanishing Centroaffine Shape Operator 179

that elliptic paraboloid, the Calabi surfaces Q(c1;2) and Q(c1,c2;2) are all Calabi complete,
for details see [25], which indicates that the centroaffine hypersurfaces in case (iii) of Theorem
1.1 are centroaffine complete. This proves case (ii-2) of Corollary 1.2.

Secondly, case (ii) of Proposition 4.1 shows that (M?3,h) can be obtained as the type II
Calabi product of a point and a non-flat Calabi surface N? with vanishing Tchebychev vector
field. It follows from the relationship of metrics shown in Theorem 3.1 that N? is complete with
respect to its Calabi metric G. The fact complete Calabi surface with vanishing Tchebychev
vector field is an elliptic paraboloid shows that N? is flat, which is a contradiction.

Finally, it follows from case (iii) of Proposition 4.1 and the relationship of metrics shown in
(4.20) that Nisa complete non-flat locally strongly convex proper affine 2-sphere centered at
origin. Then, the last two cases (iii) and (iv) of Corollary 1.2 are demonstrated.

Thus, the proof of Corollary 1.2 is finished.
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