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A Blow-up Result for an Extensible Beam with
Degenerate Nonlocal Nonlinear Damping

Vando NARCISO! Fatma EKINCI? Erhan PISKIN?

Abstract The results of this work deal with the existence and blow up of solutions for
the following damped extensible beam with degenerate nonlocal damping and source term
wge + A%u — M(||Vu|*)Au + ||Aul**|u|Yus = |u|?u. Tt is regarded as the second part of
the paper by Narciso et al. (in 2023), where global existence, uniqueness and asymptotic
stability of strong solutions were obtained for regular initial data in the case |u|’u = 0.
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1 Introduction

Let Q C R™ be a bounded domain with regular boundary I' = 92. This work is dedicated

to the study of the existence and blow-up of solutions of the following class of extensible beams

{utt + %= M(Valt) ) S B0 = o QxRS

ulp = Aulr =0, u(0) =wup, u(0)=1uy,

where a > 0,7 > 0 and p > 0, the function M (||Vul?) = —w + ||Vu||*¢, @, { > 0, corresponds
to a nonlocal function of extensibility which appears in the context of extensible beams (see
e.g. Woinowsky-Krieger [46] and Berger [5]), and || - || stands for the norm in L?(Q2). The great
novelty of the article is to consider the dissipative term given by the product of a nonlocal
degenerate term by a nonlinear function. This type of dissipativity is connected to the class
of nonlocal damping suggested by Balakrishnan-Taylor [1]. For more details on the model
formulation see [36, Section 1.1].

This work is the second part of Narciso et al. [36] where we consider model (1.1) without
the presence of the source term |u|?u. Existence and uniqueness of regular global solutions
and stability for regular initial data were obtained. The main result in [36] was the stability
result which, due to the difficulties generated by the degenerate nonlocal term, was obtained

by a contradiction method without explaining the decay rate. As a complement to the results
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obtained in [36], in this work, we studied the changes generated in the results by the presence
of the term force |u|’u in the model. Our main aim is to discuss the well-posedness of problem
(1.1), on a regular space Ha. More specifically, we studied the existence and uniqueness of both
global and local solutions and also blow-up of the solutions.

Works associated with wave or plate models that consider dissipations given by the product
of a nonlocal degenerate term by a dissipative term are recent in the literature. A pioneering
work in this sense was the paper by Cavalcanti et al. [8] who considered the following wave

model
gy — Au+ || Vu()|Pus =0 in Q x RT. (1.2)

The authors studied that the well-posedness and stability results were established through
contradiction arguments for regular initial data taken in bounded sets. Afterwards, Cavalcanti
et al. [7] considered the presence of a degenerate nonlocal damping for the following extensible

beam model
wge + A%u — M(||Vu(t)]|*)Au + [[Aut)||PAus = 0 in Q x RT, (1.3)

where 2 is a bounded domain of R™ and A = —A or A = [. Also using arguments of con-
tradiction stability results were obtained for regular initial data taken in bounded sets. The
contradiction arguments were an appropriate way to show stability for problems with this class
of damping because techniques that are standard in the study of stability of second order evo-
lution equations are not applicable in this situation. For works dealing with nondegenerate
nonlocal damping, see [9, 11-12, 17, 24, 26, 28, 30, 34-35, 37] and its references. A model as-
sociated with (1.3) in the case where the damping coefficient is dependent on the linear energy
of the system was treated in [27].

When in (1.2) the nonlocal term ||Vu(t)||? is replaced by a polynomial term of the form |u|",
(1.2) is associated with the well-known polynomially-damped wave equation studied extensively
in the literature. See for example [43-44]. In this context, it is important to mention the work

of Barbu et al. [4] which considered the following wave model
uge — Au A+ |ul*9j(us) = [ufPru in Q x RT,

where j is a continuous convex function defined on R and 97 is its sub-differential operator (in

ﬁ|s|’“‘27 then 0j(s) = |s|7s). Under suitable conditions on function j and

parameters k, v and p, several results on the existence of global solutions, uniqueness, nonex-

particular, if j(s) =

istence and propagation of regularity are obtained. With further restrictions on the parameters
they prove the existence and uniqueness of a global weak solution. In addition, they prove a
result on the nonexistence of global weak solutions to the equation whenever the exponent p is

greater than the critical value k& 4+ m, and the initial energy is negative. Recently, this type of
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dissipation |u|"dj(us) was considered for an extensible beam model by Ekinci and Pigkin [20].
They prove the nonexistence of global solutions with arbitrary positive initial energy.

This kind of (1.1) has its origin in the canonical model introduced by Woinowsky-Krieger
[46] which arises in the dynamic bucking of a hinged extensible beam of the length L whose

ends are attached at a fixed distance

EI H FEA [F )
—Uzggzt — | — 5. 7 z zxll = U, 1.4
Onu + p@ u {p+2pL/0 |0yl dx}a u=0 (1.4)

where F, I, p, H and A denote, respectively, the Young’s modulus, the cross sectional moment
of inertia, the mass density, the tension in the rest position and the cross-sectional area. The
modeling aspects were also discussed by Berger [5] and Eisley [19]. One of the first mathematical
analysis for global existence and asymptotic behavior of these extensible beams was investigated
by Ball [2-3], Dickey [16] and Medeiros [33]. Later, it was extensively studied by several
researchers in different contexts (see [6, 10, 13-15, 18, 20-23, 25, 29, 31-32, 38-42, 45, 47-48)).

1.1 Organization of the paper

Our paper is organized as follows: In Section 2, we establish the existence and uniqueness of
global regular solution for appropriate small initial data. In Section 3, we prove the existence
and uniqueness of a local solution without restriction on the initial data. We end this work by
proving that for appropriate conditions on the initial data and exponents «;,~, p, the solutions

blow up in finite time.

2 Existence and Uniqueness of Global Solution for Small Initial Data

This section is dedicated to the existence of a unique global solution to problem (1.1) under

conditions of small initial data.

2.1 Notation and statement of results

We begin by introducing some notation that will be used throughout this work. In order,

with respect to the boundary condition u = Au = 0, we define Wy = L?(Q),

H?(Q) N HY(Q), it m=2,
Wy = Hy(Q) and W, = (2.1)
{ue H™(Q) N HLQ); Auec HLQ)}, ifm=3,4.
Here the notation (-, -) stands for L2-inner product and || - ||, denotes LP-norm. By simplicity
we will denote the standard L?(Q2) norm by ||- || = || - ||2. Thus, ||V - || and ||A || represent the

norms in Wj and Wa, respectively. Denoting by A; > 0 the first eigenvalue of the bi-harmonic

operator A? with boundary condition (1.1), then

Mllul® < [Aull?, AF[Vull® < [|Aul?, Vue W, (2.2)
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We also consider the following phase spaces H; = Wyo x Wj, j = 0,1, 2, equipped with the
following standardized norms

1, )30, = [1Aul® + ol (u,v) € Ho = Wa x W,

1w, 0)l3, = IV (AW)|* + [[Vol?,  (u,0) € Hi = W5 x Wi,

a0, = IA%]? + | A0]2, (u,0) € Ho = Wi x We.

From (2.2), we have

1 1
(s )3 < /\—%H(u,v)l\%l = )\_1”(”7“)”3-[27 (u,v) € Ho. (2.3)
1

To investigated the existence, uniqueness and regularity of solutions for the initial value problem

(1.1) we assume the following hypotheses.

Assumption 2.1 (I) M € C'([0,00)) with M (1) > —w for all 7 > 0, where 0 < w < )\1%.
(IT) The exponents p and ~y satisfy the following growth conditions

4

p>0, ifl<n<4 or O<p§—4, if n > 5,
n—
2

v>0, ifl<n<3 or 0§7§—2, if n> 3.
n—

Note that Assumption 2.1(IT) implies that Wy < L>°+1)(Q) and W, — L20+D(Q).
The energy associated with problem (1.1) is given by

&0(0) = 31T, + 5T (VuO®) ~ —5lu(Ol;3 24)
where U = (u,u;) and M(7) = Jy M(s)ds.

2.2 Assumption on initial data

Let us consider a heuristic method in order to obtain an appropriate hypothesis on the

initial data (ug,u;). Multiplying (1.1) by w; and integrating over Q we obtain the following
equality

&SU( )+ 1 Adk (@)% lue ()11 = (2.5)

We define the functional J : Wy — R by

_ 1 2, 1= oy L et
76) = 18017 + ST(IV6I) — —511gEE

p+2

From Assumption 2.1(I) and immersion Wy < W7, we get

Lyiaw fror ds > —ZIvu@®)|? > —Z || Au()|?
5 (IVu(®)|?) = /0 M(s) S_TH u(t)|| _2/\%” u(t)]|”.

1
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From immersion Wy < LPT2(Q)), we have
+2
lu(®)llpiz < ol Au(®)]**2.

Then, taking w :=1— % > 0, we obtain
AL

Tu(0) 2 S18uO - —Z5 [ Au(@)]** = P(|au()]).

1
Note that, the polynomial function P(\) = A% — —£5A7*? has roots in zero and (%::2)) oIt
1
has a minimum in zero and a maximum in d = (%) . Tt is easy to see that P(s) is increasing
in the interval [0, d] from its minimum zero to its maximum %aﬂ assumed at d. Thus, for

each 0 < pu < %cﬁ there exists a unique 0 < 8 < d such that P(8) = pu.

2.3 Global solution
We will use the following definition of a regular (strong) solution to problem (1.1).

Definition 2.1 (Regular solution) A function u(t) € C([0,T], Ho) possessing the properties
u(0) = ug and ut(0) = uy is said to be regular solution to problem (1.1) on the interval [0,T],
if and only if

(1) U = (u,us) € L*([0,T], Ha), uee € L=([0,T], Wp),

(2) (1.1) is satisfied in W[ for almost all t € [0,T].

We are now in a position to state the following theorem of existence of global regular solution.

In order, we define the open bounded set

V= {U = (u,v) € Ho | Eu < %d? and ||Au < d}.

Theorem 2.1 (Global solution) We assume the Assumption 2.1 holds with (ug,u1) € Vg N
Ho with o > % Then problem (1.1) has a regular solution u according to the Definition 2.1.

Proof The proof relies on the Faedo-Galerkin method, where we use compactness argu-

ments.

Approximate problem Let us consider the spectral problem

(Awj, Av) = Xj(wj,v) forallve Wsand j=1,2,---

with boundary condition u = Au = 0. We represent by Vi, = span{ws, --- ,wy} the subspace of
Wy generated by vectors wy, - - ,wy. For every k € N, we can find a function
k

uk(t) = Zyjk(t) wj, 0<t<T,

Jj=1
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which is a solution to the approximate ODE system

(ufy (1), wj) + (Au (1), Awy) + M ([ Vu @)]*)(Vu, Vo))
+ 1 AuF @)1 (Juf [y, w5) = ([u*[Pu®, w;) (2.6)

on [0,t), tr >0, 1 < j <k, with initial condition
(u*(0), uf (0)) = (uok, urk) — (o, u1) (2.7)
by using standard methods in ODE. We must obtain estimates to extend the solution to the
interval [0, T].
A priori estimates

Estimate I We first consider the approximate system (2.6) with
Uéc = (uok, ulk) — (UQ,ul) = Uy strongly in Vg N Hy.

Multiplying the approximate equation (2.6) by yj, (t) with 1 < j < k and taking the sum from
7 =1to k, we get
d

g Eor () + [ Auh @)l (¢ I = (2.8)

Integrating (2.8) from 0 to ¢ < ¢y, we obtain

£or®)+ [ 1806 ok 17 F0s = €04 0), (2:9)

Note that, from condition (2.7), if ||Au(0)|| < d, then ||Augx| < d for large k. Let us prove, by
contradiction, that it implies ||Au*(¢)|| < d in [0,x). Indeed, let £ := {t € [0,t); [|Au*(#)|| >
d}. If L is empty, the conclusion is true. Suppose £ is not empty and let t* = inf £. Then,
since ||Au*(0)|| = ||Augr|| < d, we have t* > 0. By continuity of u*(¢) in [0,¢*), we have
|AuF ()| = d and ||Auk(t)|| < d in [0,¢*]. Thus, P(||Au*(t)|) > 0 in [0,¢*]. Consequently,
from (2.7) and (2.9) , we obtain

P(|Au*(t)]]) < %Illti“(t)ll2 + P([|Au®(t)]])

< Sl + 7wk (o)

— Epr(t) < Epr(0) < =222

2(p+2)

for all ¢ € [0,¢*]. Hence, there exists 0 < p < 50 _’;2) d? such that
P([Au*@0)]) < p on [0,¢7].
Note that P(5) = p with 0 < 8 < d. Since P(\) is increasing in [0, d], we get

[Au* @)l < B in [0,¢7].
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We found, by continuity of ||Au¥(t)|| on [0,%3), that ||Au*(t*)|| = d or d < 3, contradiction.
This implies that £ is empty and we have

lAuh(t)] <d in [0, ).

Since [Juy (1)[|* < 5p%5yd” in [0,¢1), we can extend the approximated solution u*(t) to [0, 7]

and we have the following estimate

IUFO13, = luf O + [|Au®(@)]* < Ry < 0o in [0,T), VkeN, (2.10)
where Ry = (g7fgy +1)d*. From (2.10), we have

U* = (u¥,uf) = (u,u;) = U  weakly * in L>=(0,T;H,). (2.11)
Estimate IT We consider the approximate problem (2.6) with
U(]f — Up strongly in Vg NH;.
We define the functional
Funt) = IO, + M V6t 0)]7) | Ak 1)

Note that, from Assumption 2.1(I), immersion Wi < Wy and using that w = 1 — 2, we get
AL

w 1 My
SIUF®IB, < Foe®) < 5(1+ =) IV O3,
A

where Mo := max |M(7)|. Now, let us consider w; = —Au} in (2.6). Then, we obtain
<2
0< SAI%
d A+ 1) A k20 k(% , k)2 -
e+ g I [ IVt b = 3 (212)
where

I =(p+ 1)/ [u*|PVuFVulda,
Q
Iy = M’(IIVuk(t)IIQ)/ VulVupda|| Au®(#)]%.
Q
In what follows we will estimate the terms I; and Is. From Holder inequality with m +
m + 3 =1 and immersion Wy — L2P+1(Q) with || - [|2(p11) < 0]|A - ||, we have

(p+1)orttde

L < (p+ DIl O15 00 IV O 201 I Vur ()] < Fun(t).



188 V. Narciso, F. Ekinci and E. Piskin

Since M € C'([0,+0)), taking My = max_ |M’'(7)], from immersion W; < W, and estimate

0<r< 2
A2

(2.10), we infer

I = M'(IIVuk(lﬁ)Hz)/Q(—Auk)ufdﬂ:IIAu'“(t)||2

M 2M, d?
< —%1I\Auk(t)llIIUf(t)IIIIV(AU’“(t))II2 < T Fue(t).

A2 WA?

Substituting I; and Iy in (2.12), we obtain

d 4p o ~ -~
&]:Uk (t) + WHAUIC(UHQ /Q[V(Wﬂ 2uf)]Pda < RoFyn(t),

~ ~q 10 2 .
where Ry = (% + %) From Gronwall’s lemma, we obtain
w)\f

Foe(t) < et Fy(0), Wt e[0T,
which implies that

M\ B .
HU’C@H%ISw(1+;)eR0f||U§|\%ISRl in [0,7], VkeN.
1

From (2.14), we have

U* = (u¥,uf) = (u,us) = U weakly * in L>(0,T;H,).

Estimate III Now we consider the approximate problem (2.6) with
Uk — Uy strongly in V; N Hs.
In order, let us define the functional
G (1) = SR @) 3, + 5 MV (0)2)[ Ve (1)

It follows from Assumption 2.1(T), embedding Wy < Wy, and w = 1 — 5 that

AP

w 1 Moy
SNUEW By, < Gon () < 5 (1+ =2 ) ITFO) I,
2 2 N

(2.13)

(2.14)

(2.15)

(2.16)

(2.17)

Next, deriving the approximate equation (2.6) with respect to variable ¢ and substituting w; =

u¥ in the resulting expression, it results

1d
S Gus(0) + (7 + DA (D) /Q k[ (ke = 37 3,

j=1

(2.18)
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where
J1 = 2M(|Vuk (@)]]2) /Q VurVikdz /Q Aubub de,
Jo = M/(||Vuk(t)||2)/gVukVdeﬂWuf(t)HQ,
Jg = —o<||Auk(t)||2(o‘_1)/QAukAufd:z:/Q|uf|”ufuftd:z:,
Ji=(p+1) /Q |u|Pusugde.

Now let us estimate the terms on the right-hand side of (2.18). First, using immersions Wy <

Wy — Wy, (2.10) and (2.17), we can estimate J; + Jo as follows

4M; 2M1 6M1R0
i+ J2 < — | Au®|PGyn (t) + uFOllug @) Go (1) < ———Gun (1),
WA w/\1 w)\l
where My = max [M'(7)]. From Hélder inequality with 2('y+1) + 4 =1, embedding Wy <
0<r< 4
A

L2O+)(Q) with || - ll2(v+1) < &IV -], (2.10), (2.14) and (2.17), we can estimate the term J3

as follows

3 20 Ry? R
Ja < af| Ak )P Auf ()] luf (1354 luf (D] < LS G ().

Finally, from Holder inequality with + + % = 1, immersion Wy — L2(P+1)(Q) and

(2.10), we get

1
(p+1) 2(p+1)

3o < COL+ UF 18 ) ()i e (8) | < CryGin ().
Returning to (2.18), we obtain
d
&gw (t) < Cry,r, Gy (). (2.19)
Applying Gronwall’s lemma to (2.19), we get
Gu (t) < e“rorit G (0).

To estimate the term Gy« (0), first note that, taking ¢ = 0 in the approximate equation (2.6)

and substituting w; = uf,(0), it results that

« 1 1
a0V < 1A%uor | + MV uok )l Avor ]+ |Auoel? usell3, + leokIZE

Thus, from the convergence (2.16), we have

1 1
Gu(0) < SIUFO)I3, + 5 1M IV ok ) [ Vure*
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Hence, from (2.17),

w

SIUE @5 < Gun(#) < eTrom, (2.20)
Moreover, taking w; = A2u” in (2.6), there exists also a constant Ry > 0, such that

|A2F @] < [l ()] + Mo T @O + [Adb Ol (3, + I @155, < Re (2:21)

for all t € [0,7) and Vk € N. From (2.20)—(2.21), we obtain
U @)l = 122" @) + | Aug ()] < Rs, (2.22)

where R3 = R3(T, [|Uo||3)-
Therefore, from the estimates (2.11), (2.15), (2.20) and (2.22), we can pass the limit in the
approximated equation (2.6) for a subsequence of (u”), obtaining a function u : [0,7] — R,

which is a regular solution claimed in Theorem 2.1.

2.4 Uniqueness

The uniqueness of solution for problem (1.1) under the conditions of Theorem 2.1 is an

immediate consequence of Theorem 2.2 below.

Theorem 2.2 Assume the Assumptions of Theorem 2.1 hold. If Uy = (u,us), Uy = (v,v4)
are reqular solutions of (1.1) corresponding to U1(0) = (ug,uy), U2(0) = (v, v1), respectively.
Then

[U1() = U2(t) I3, < O7[U1(0) = U2(0) |34,  t € [0, 7] (2.23)

for some constant Cp > 0 depending on initial data in Ho. In particular, problem (1.1) has a

unique reqular solution.

Proof Let U' = (u,u;) and U? = (v, v;) be two regular solutions of (1.1) with initial data
Us = (ug,u1) and U2 = (vo,v1), respectively. Setting w = u — v, the difference Ul — U? =

(w,w;) =: W solves the following problem in the strong (or weak) sense

wie + A%w — M([Vu(t)[*) Aw + [| Au() [ (e ur — |ve[Tor)
= (|u|’u — |[v]Pv) + Ay Av — Ay j2a v Vv (2.24)

with initial condition (w(0),w:(0)) = 2¢ — 22, where
An = M([Vu)]]?) = M([Vo@)]]*) and  Apajee = [Au(t)[** — [|Av(t)]**.

Let the functional
1 1
Ew(t) = 51V )3, + §M(||Vu(t)I\Q)I\Vw(t)IIZ)-
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From Assumption 2.1(I), immersion Wy < W7, we have

w 1 M,
S @I, < Ew®) < 5 (14+ ) IW O, (2:25)
A

Multiplying (2.24) by w; and integrating over 2, we infer

4
d
&Ew(t) + [|Au(t)]|* /Q(|ut|'yut — || o) wedx = ZL“ (2.26)

=1

where

Ly :M’(HVu(t)HQ)/ VuVudz||Vw(t)|]?,

Q
Ly = AM/ Avwydx,
Q
Ls = / (|u]Pu — |v|v)wede,
Q
L4 = — A”A,Hza / |vt|7vtwtda:.
Q
Firstly, using Mean Value Theorem (MVT for short), there exists C, > 0 such that
/(|ut|mt oo wnda > €, / (el + [oe])ew2da > 0.
Q Q

Now let us estimate the right-hand side of (2.26). Using that M € C'(R") and immersion
Wy — W7, we have

MR
Li< max, M) Ao [lu(®) Ve (0] < =) du()?
T_E 1
and
M, RZ
1
0| ()],

Ly < Mi[[[Au(®)]| + [[Av@) [ Aw (@) ]| lw: (8)]] <

i
4
1

Using MVT to ¥(s) = |s|’s, Holder’s inequality with 2(p—p+1) + m + % = 1, embedding

W — L*P+t1)(Q) and Young’s inequality, one gets

Ly < q/ 10 + (1 — 0)0]|w|jwy|dz
Q

< 209w 15 1) + [0O5 g 1)l @2go1) [[0e (D]
< 22q0"[[|Au(®)[)” + [Av @O P ]| Aw (@) [ [[w: ()
< 220" Rg [|W (1) [,

Finally, applying MVT to function |s|?¥, a > %, using Hélder inequality and immersion Wi <
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L20FD(Q) with || - [|2(y41) < 0|V - ||, one has

Ly < 2af|Au(®)] + IIAv(t)II]2°“1IIAw(t)II/ [0 | |d
Q

< 2a[ | Au(®)] + | AvOIP [ Aw® o O35 1) lwe ()]
< 20" [ Au(®)[| + [ Av@)[**H Vo ()17 | Arw(E) [ we (1))

1
< ARG TR IW @) Ry,
Replacing the last four estimates in (2.26) results

%Sw(t) < REw(®) (2.27)

for all t € [0, 7] and some constant R = R(T, ||U}||#,, |Ugl3,) > 0. Integrating (2.27) on [0, ¢]

and applying Gronwall’s inequality, we arrive at

Ew(t) < Ew(0)ef, Vtelo,T]. (2.28)
Thus, from (2.25), we obtain
1 M,
WO, < (14 =)™ IWO) - (2.20)
w 22

1

Hence, taking Cp = 1 (1 + 22)eR7 from (2.29), we obtain (2.23). This shows that solutions
AL
of (1.1) depend continuously on initial data. In particular, we have uniqueness of solution by

taking Us = Ug. Therefore, this completes the proof of Theorem 2.2.

Remark 2.1 The proof of the existence and uniqueness of a weak solution remains open.
The difficulty arises in the estimation of the term L, in Theorem 2.2 above. Because the
constant Ry 7 in the estimate Ly < 04[2R0%]20‘_1§7+1R¥}1HW(L‘)H%O depends on the regular
initial data in Ho. As a consequence of this, the constant R in (2.29) also depends on the
strong initial data in Hs, so it is not possible to apply density arguments to prove the existence

of a weak solution.

3 Local Existence and Blow-up
In this section, we deal with the local existence and blow-up properties of problem (1.1).

3.1 Local solution
Our next result shows that for initial data Uy € Ha, problem (1.1) has a local solution.

Theorem 3.1 We assume Assumption 2.1 holds with (uo,u1) € Ha and o > Then there

1
§ .
exists a T > 0 such that problem (1.1) has a unique regular solution u.
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Proof The proof can also be done through the Faedo-Galerkin method and compactness
arguments. Without restriction of initial data in (ug,u1) € Vg N Ha, the proof changes (in
relation to proof of Theorem 2.1 for global solution) in Estimate I. Indeed, let approximate

problem (2.6) have initial condition
(uF(0),uf (0)) = (uok, u1k) — (uo,u1) strongly in Ho. (3.1)
Estimate I in this case is established as follows. Let Ex be defined by
Bypr = IO, + 5T OI)
From Assumption 2.1(I), we have
Bypa (1) > Sk @) + S IO > SN0,
k

Substituting w; = uy in (1.1), we obtain

d o
3 Pos () + 1A (@) IIUf(t)Illiﬁ=/Q|uk|”ukadx- (3-2)

From Hélder’s inequality with 2 + 4 = 1 and immersion W, — L*?T1(Q), we get
o2
2

2
2= C pt2
[ e < O IO < ClaF @ b Ol < e (B ()]
Returning to (3.2), we have
p+2
d o 272 C
Eye(t) < L{Eype (1)), where L = — (3.3)
dt w 2
From (3.3),we get
d _pt2
3 (B Ol[Eu(2)] = <,
which implies that
d P Lp
al -7 > _ZF
S (0] > -
Integrating from 0 to ¢t we get
1
By ()% < :
Fo = Eor T B
Therefore
w 1
§||Uk(lf)||3¢0 < Eye(t) < —
([Bue(0)] 72 — 5Pt)”
which implies that the approximate solution u* exists locally at [0, 7] with T < —2—. To
Lp(Eu(0))2

show the regularity of the approximate solution u* and pass the limit on approximate problem
(2.6) the arguments are the same as in Estimate IT and Estimate III. The uniqueness of the

solution is established analogously as in the proof of Theorem 2.2.
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3.2 Blow-up
We consider the polynomial function P(X) = £\? — p—i2)\p+2 defined in Subsection 2.2. We
1
have already seen that P has a maximum in d = (%) * and
w 0 wp
Pd) = -d* — ——d""? = ——d* > 0.
(4) 2 p+2 2(p+2)

We set

Wy = {U = (u,v) € Ho | Eu < %d? and || Ay > d}.

Our objective now is to study the behavior of solutions to problem (1.1) with Uy € Wy N Ha.
Firstly, we observe that for data Uy € Wy N Ha, repeating the proof of Theorem 3.1 with

[|Aug|| > d, the results are valid for o > 0. Then we have the following statement.

Theorem 3.2 We assume Assumption 2.1 holds with (ug,u1) € WaNHa. Then there exists

aT > 0 such that problem (1.1) has a unique regular solution u.

Proposition 3.1 Let us assume the hypotheses of Theorem 3.2. Then, the following state-
ments are valid:

(i) Eu(t) < Eu(0) for all t €[0,T],

(ii) |Au(t)|| > di for allt € [0,T] for some di > d.

Proof Multiplying (1.1) by us and integrating over Q x [0,¢] with ¢ < T', we obtain
Eu(t) + [|Au(®)|[**[lus() 1155 = Eu(0), (3.4)
which implies (i).
From definition J(u(t)) given in Subsection 2.2, this yields

Eu(t) = %Illtt(lt)ll2 +J(u(t)) = P([[Au(®)]])- (3.5)

1
Note that, P takes its maximum for d = (£)” with P(d) = 3aryd’, being strictly decreasing
for A > d, and that P(\) — —occ as A — oco. Then there exists d; > d such that P(dy) = Ey(0).
From (3.5), we have

P(||Aug||) < Eu(0) = P(dy).

It follows that di < ||Aug||. Now suppose for contradiction that ||Au(tg)|] < di for some
to € (0,T]. By continuity of ||Au(-)|| we can suppose that d < |[[Au(to)|]. But then

&u(to) = P([[Au(to)]]) > P(dr) = Eu(0).

But this is a contradiction with (i). Therefore (ii) is valid.
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Remark 3.1 In what follows, for simplicity let us assume that
M(s)= —w+5°, (>0 forall s >0.

Note that, M satisfies Assumption 2.1(I).

We are now in a position to establish the main result of this section given by Theorem 3.3

below.

Theorem 3.3 Suppose the hypotheses of Theorem 3.2 are valid with M given as in Remark

3.1. In addition, let « € (0,1) and p > max{d;fdz, 'Yl"fj‘} If Uy € Wy N Ha, then T is

necessarily finite, i.e., u can not be continued for all t > 0.

Proof We assume the solution exists for all time and we arrive to a contradiction. We fix
Ey € (Eu(0), 2(p+2)d2) and set
H(t) = FEy — &y (t).
Deriving H (t) with respect to t, we obtain
d d

SH(E) =~ E0(t) = [ Au(t) P (@)1 > 0. (36)
This shows that H is an increasing function, so that
H(t)>H(0)=E; —&y(0) >0, t>0. (3.7)

On the other hand, by using Proposition 3.1 and the definition of &y (t),
1 — 1
H(t) < By = 5 (U0, + M([Vu@®)]*) + mHU(b‘)HZig

1 w
<E - _||ut(t)||2 - —HAU(UII2 +

2
IIU()II,’iiz
_wp o.) 2
w
< - i +
= p+27t p+2

||U(t)||ﬁi§7 t>0. (3.8)
From (3.7)—(3.8) and immersion Wy — LPT2(Q), we have
w(®)|P+2 > wd? and ||Au(t)|"T? > C—ud2, t>0. 3.9
1
o

p+2

Now, we define the perturbed functional
U(t) = H'7"(t) + 5/ uude, (3.10)
Q

where 0 > 0 is small enough and will be specified later and

. (2p(1 —a) —2(y + 2a) p 1
<y = 5
0<rv<i mln{ )}<2

(y+D(p+2)?  "2(p+2
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Taking the derivative of ¥ with respect to ¢ we obtain

d _y,nd 2
GO = 1= DEOFHO + 8w +3 [ v (3.11)
From (3.6), we have
(1= )™ () S H() = (L= ) Ol A0 ()] 753 > 0. (312)

Let
X(®) = [8u(O [ JuPveuda.
Q
Using (1.1) and adding the term 2(¢ + 1)(H (t) — E1 4+ Ey(t)) we find the following equality

/Q winds = (€ + Dl|ue(®)? + CAu(®)]? + =(C +2)[Vu(®)||?

+ LB I + 2+ DI =2+ DB —x(0). (313
Substituting (3.12)—(3.13) in (3.11), we obtain
Sty > (1 - H O a0 e+ 5 + ) D)

2 P +2
+ ()l ~ 281) + 6( L5 o)l - 251

%CII 0))7:2

+0¢(1 = w)lAu®)]|* + 6w (C + 2)[ Vu(t)|* + P2

+26(C + 1)H(t) — 5 (). (3.14)

Using that HA"H >1and F; < d?, we have

2(;3:)2))
9 2F, 9
el Au(D)? ~ 261) > 6w — 5t ) | du(o)]

2
> aw(1 - L5 ) IAuo)?

p(di — d?) 2 2
e | LGl

= 5@)(

Now, using that ”u”p“ >1and F; < d?, we have

2(p+2))
pt2 P p+2  2En pt2
(g Il - 28) 2 6( etz - S ) I 73

p+2
5 (d2 ) p+2
> W” u(t)[a
Returning to (3.14), we get

SU(0) 2 (1= ) H () Aul) 1 e 73 +5(C + 2) fu (1)

p(d%—d2)+2+1—w
p+2

+ o Y du(®)|2 + 6 + 2)]| Vu(®)

2 _ 42\ _
+ 5(%) [u(®) 515+ 20(C + DH(E) = ox(2). (8.15)
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From Holder’s and Young’s inequalities with 'Yié + 5 +2 =1, we have

16x(8)] < 6 Au(t)]* / ot e ]z
< 5 AP e (0|2 )2
v+1 Y2 YO ()
< A
Ty 42 (1—1/)’Y+1('y+2)

x1(t)

(L —w)H "(t)H'(t) + 1Au(t)[** a3

From immersion LF*2(Q) < L72(Q), using H(t) < ;%[ Au(t)]|’*? and Young’s inequality

=1 4 21*2 _ | we obtain

with 2 e T o

or (|| 572
(I =)+ (y +2)(p+2)v0H!
< 12K (p — VN Au() | OFD(e+2)+2a] £
<72 (2 Au(o)]

xa(t) <87+ sl Au() || ORI ER (1)1

p+2

7+2
L )53,

QV('Y+1)‘Q| ,‘;1;

1—a)—2(v+2«
where Ko = GG e Ry

Note that, using that v < 2p((7+1)(p+2)2 , we have

P:= [V('y+1)(p+2)+2a]p+2 <2

p—
Then, substituting —x(¢) in (3.15) and using ||Aul|| > dy, we obtain

d (r+1)
— >
dtqj(t) I

d? — d? 2
+ogu( LU= 2 a0l + 5601 - @)t - 57 Ka) [ Bult)]

HY ()| Au()** ue()I313 + 6(C + 2)|lue(t)]®

2 2y
+ow(c+ 2 Vu +5( A=K ) ol

+26(C + 1) H(2). (3.16)

From (3.16), taking

(1 —w)dt™" p(df —d?) - 2<}ﬁ

5<50:m1n{ T ovs

there exists Qy > 0 that does not depend on § such that
T V() > Qo ([luet Z + [Au(®)1? + [w(®)|555 + H(t)) > 0. (3.17)
Especially, (3.17) means that ¥(t) is increasing on (0,7"), with

=H'" wpude > HV ut (0)u x.
U(t)=H (t)—l—&/ﬂ de > H (O)—HS/Q (0)u(0)d

We further choose ¢ to be sufficiently small such that ¥(0) > 0, so ¥(t) > ¥(0) > 0 for ¢ > 0.
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On the other hand, using (a + b)ﬁ <2T% (aﬁ + bﬁ), Young’s inequality with ﬁ +

1-2v
2(1—-v)

= 1 and immersion Wy — W5, we obtain

27 (H (1) + 07 [|u(t) | =7 |lue (8)] )
274 (H0) + 37— O + 5 = fu(o)] ).

Note that, using that v < 2(p—p+2), we have % < p+2. Since 1 < ”uni”*f, we obtain

IN

U (8)

IN

[wdf]P+2
(r+2)- 125
2 2 2 u(t)| e T 1
w2 < w2 .1 < ||lu(t)|| =2 p+ _ w(t p+2'
I )”p+2 < e pi < [l pi [(Ud%]l_(p_+2)(2—1—2u) [wd%]l——(p+2)(2_172,/) € )Hp+2
Thus, there exists @; > 0 such that
_1
W= (1) < Qulflue (@)1 + [ Au®)|* + fu®)lo3 + H (D). (3.18)
Combining (3.17)—(3.18) we get that
d )
E\If(t) > Q\I/ﬁ(t), where Q = leo.
This implies that
d 1 1—vd —y d —v —v
— U)Wt (t) > — v > — —v .
SUOTTE () > Q= X S[WO]F > Q= LU < -0
Integrating from 0 to ¢, we get
1 —v 12
— < [P¥(0)]7™=" — ot. 3.19
G <O - (3.19)
Therefore
1
U(t) > (3.20)

1—v )
v

(W)= — 591

which implies that the solution blows up in a finite time 7', with T" < W. But this is a
v =

contradiction to the assertion that the solution exists for all time. This completes the proof of

Theorem 3.3.
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