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Convexity and Uniform Monotone Approximation of
Differentiable Function in Banach Spaces*
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Abstract In this paper, the author proves that if the dual X™* of X is weakly locally
uniformly convex and the convex function f is continuous on X, then there exist two
sequences {fn}ne; and {gn}nz1 of continuous functions on X** such that (1) fn(z) <
frg1(2) < f(2) < gnyi(x) < gn(z) whenever z € X; (2) the two convex functions f, and
gn are Gateaux differentiable on X; (3) fn — f and g, — f uniformly on X. Moreover,
if the function f is coercive on X, then (1) f, and g, are two w*-lower semicontinuous

convex functions on X™**; (2) epifn = epi fr N (X X R)w and epi g, = epign, N (X X R)w .
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1 Introduction

In this paper, let (X, || - ||) denote a real Banach space and X* denote the dual space of
Banach space X. Let S(X) ={z € X : ||z|| =1} and B(X) = {z € X : |lz|| < 1}. Moreover,
let 2, — x denote that {x,}°°, weakly converges to = and z} 2% 2* denote that {zp oo, is
weakly™ convergent to x*.

Definition 1.1 (see [8]) Suppose that D is an open subset of Banach space X, a continuous
function f is called Gateaur (Frechet) differentiable at x € D if there exists a functional

daf(z) € X* (dpf(x) € X*) such that

tian [T 2O 0y, 9] = 0
(%i_l%yesg&) [f(x : tyt) Sp (drf(2), y>} B 0)'

In 1979, Ekeland and Lebourg [6] proved that if a Banach space X is a strongly smooth space,
then X is an Asplund space. In 1990, Preiss, Phelps and Namioka [10] proved that if a Banach
space X is a smooth space, then X is a weak Asplund space. Converses of previous theorems fail

in general. It is well known that continuous convex functions are not necessarily differentiable in
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the definition domain, for example y = |z|,2 € R. Therefore, we naturally ask what conditions
can ensure that every continuous convex functions can be uniformly approximated by a sequence
of differentiable convex functions. In 2002, Cheng and Ruan studied uniform approximation of
Lipschitzian convex functions in locally uniformly convex space (see [4]). In 2015, Azagra and
Mudarra [1] proved that if the dual X* of X is locally uniformly convex and f is a continuous
convex function on X, then there exists a continuous convex function sequence {f,}22; on X
such that f,, is Frechet differentiable on X and f, — f uniformly on X. In 2019, Shang [11]
proved that if X* is a smooth space and convex function f is Lipschitzian on X*, then there
exist two w*-lower semicontinuous convex function sequences {f,}°2; and {g,}5°; such that

(1) fu(z®) < fapr(@™) < f(27) < gnt1(27) < gn(2”) whenever 2* € X,

(2) {fn}S2; and {g,}52 are Gateaux differentiable on X*;

(3) both function sequences {f,}2%; and {g,}5>; converge uniformly to f on X*.

In 2020, Shang [12] proved that if the dual X* of X is a strictly convex space and the
convex function f is coercive, bounded on every bounded subset of X, then f can be uniformly
approximated by Géateaux differentiable, continuous convex functions. We refer to [2, 4-5 7, 9,
14-15] for further details on the differentiability of functions.

From the above description, the geometric properties of Banach space play an essential role
in studying the approximation via differentiable functions. In this paper, we continue to study
the approximation properties of differentiable functions by using the geometric properties of
Banach spaces. We prove that if the dual X* of X is weakly locally uniformly convex and the
convex function f is continuous on X, then there exist two sequences {f,}°2, and {g,}>2 of
continuous functions on X** such that

(1) fn(z) < fas1(z) < f(2) < gnt1(x) < gn(x) whenever z € X;

(2) the two convex functions f,, and g,, are Gateaux differentiable on X;

(3) fn — f and g, — f uniformly on X.

Moreover, if the convex function f is coercive on X, then (1) f, and g, are two w*-

lower semicontinuous convex functions on X**; (2) epi f,, = epi f, N (X x R)dU and epig, =

epign N (X x R)uj . For the convenience of readers, we first recall some definitions and lemmas

needed in this paper.

Definition 1.2 (see [3]) A Banach space X is called weakly locally uniformly convex if
z, — x whenever € S(X), {£,}52, C S(X) and ||z, + z|| — 2.

Definition 1.3 (see [3]) A Banach space X is called locally uniformly convex if x, — x
whenever x € S(X), {zn}52, C S(X) and ||z, + z|| — 2.

It is well known that if X is a locally uniformly convex space, then X is weakly locally
uniformly convex and the converse does not hold. It is well known that if the dual X* of X is

a locally uniformly convex space, then X is not necessarily reflexive.

Definition 1.4 (see [13]) A point zg € C is said to be an exposed point of C' if there exists
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a functional z* € X* such that z*(z) > x*(y) whenever y € C'\ {z}.

Definition 1.5 (see [13]) A point 2y € C is said to be a weakly exposed point of C if there
exists a functional x* € X* such that x, — x whenever {x,}°2, C C and x*(x,) — oc(z*),
where oc(x*) = sup{z*(z) : x € C}.

Lemma 1.1 (see [13]) Suppose that C is a bounded closed convex subset of X and x € C.
Then o is Gateauz differentiable at point ©* and dgoc(x*) = x if and only if the point x is a

weakly exposed point of C' and exposed by x*.

Definition 1.6 (see [8]) Suppose that f is a continuous convex function on X. The sub-
differential of f, denoted by Of, is the set-valued mapping given by Of(x) = {z* € X* :
(@, y —x) < f(y) = f(x) for each y € X}.

It is well known that f is Gateaux differentiable at x if and only the set df(z) is a singleton.

Moreover, if the function f is a real-valued function, its epigraph is defined by
epi f ={(z,7r) € X x R: f(z) < r}.

It is well known that if f is convex on X, then f is lower semi-continuous on X if and only if
epi f is a closed subset of X x R and if f is convex on X*, then f is w*-lower semi-continuous
on X* if and only if epi f is a w*-closed subset of X* x R. Moreover, a convex function f is

said to be coercive if lim f(z) = 4oc.
l|lzll =00

Lemma 1.2 (see [12]) Suppose that {f,}52 1 is an increasing sequence of functions on X
converging uniformly to f and g, = fn + 2sup{f(z) — fno(x) : @ € X}. Then there exists
a subsequence {gn, 32, of {gn}tory such that {gn,}7>, is a decreasing sequence converging

uniformly to f.

2 Uniform Monotone Approximation of Convex Function in Banach
Spaces

Theorem 2.1 Let the dual X* of X be a weakly locally uniformly convex space and the
convez function f be continuous and coercive on X. Then there exist two sequences of w*-lower
semicontinuous conver functions on X**, namaly {fn}2, and {gn}>2 1, such that
1) fu(z) < for1(2) < f(2) < gnt1(z) < gn(x) whenever x € X;

2) the two functions f,, and g, are Gateauz differentiable on X;
3) epi fr, = epi fr, N (X X R)d* and epi g, = epi g, N (X x R)uj*;
4) fn — [ and g, — f uniformly on X.

~—~ o~~~

In order to prove the theorem, we give some lemmas.

Lemma 2.1 Suppose that X is a Banach space such that its dual X* is weakly locally
uniformly conver and C C X containing the origin. For r > 0, define sets D = C + B(0,r),

D*={z" e X" : (z",2) <1,z € D=C+ B(0,r)}
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and
D** = {1'** c X** <$**,1’*> S 171,* c D*},

respectively. If xi* € D** and xf € D* with (x§*, x8) = 1, then xf is a weakly exposed point of

D* and is exposed by xg*.

Proof Since 0 € int D, we get that D* is a bounded set. Let x{* € D**, zf € D*,
{zr}e, € D* and af*(x)) — af*(xf) = 1 as n — oo. Since D* is a bounded set, we obtain
that {z}}>2, is a bounded sequence. Since the set B(X***) is a weak® compact subset of
X***_ there exists a subnet {27, « € A} of {x}22; such that x?, N xy™ € X*** and the net
{z},a € A} contains an infinite number of terms in {x}}°% ;. Since x§*(z}) — x§*(zf) = 1, by
{zf,a e A} C{x}52, and x}, AN xyt e X we get that o™ (2§*) = 1. We will complete
the proof by the following two steps.

kokk

Step 1 We will prove that z§** = x§. In fact, suppose that x{** # z§. Since the set

a——

" (C) 4+ B(0,r) s a w*-closed subset of X**, by the formula co(C' + B(0,7)) = co(C) +
B(0,7), we get that

* *
* w

D** =" (C + B(0,7)) = co(C) + B(0,r) =t (C)+B(0,r) c X**. (2.1)

Moreover, since z3* € D**, by (2.1), there exists a point y3* € 6 (C) such that

* *
—_— W —a—

ey +B0,r) cov (C)+B0,r) =D"cX*. (2.2)

Hence we get that [|z§* — y3*|| < r. Therefore, by (2.2) and a§** (x3*) = 1, we get that

kK

2y (xf") = sup{xy™ () 2™ € D™}

———

= sup{xy™ (™) : 2™ € y3* + B(0,r) }

Hokok w

=25 (yo") + sup{zy™ (™) : 2™ € B(0,r) }.

Therefore, by the above equations, we get that

—  w*

(2™, 20" —yo") = sup{(xp"™", 2™) : 2™ € B(0,7) } = rllag™]]. (2.3)

Moreover, since x§; € D* and x§*(z) = 1, as in the previous proof, we get that

—  w*

(0" —yo" wg) = sup{(e™, ap) - 2™ € B(0,r)  } = rlagll. (2.4)

Since ||z§**| > 0 and ||z§]| > 0, by (2.3)—(2.4), there exists a real number k € (0, +o0) such
that [[kx{™ || = ||zg||. Hence we get that

ok ok

(kg™ 20" —yo") = rllkag™ | = rllwgll = (25" — yo™, 20)- (2.5)
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Since z§** # x{, there exists a weak™ nelghbourhood V of origin in X*** such that (5™ +V)N
(x§ + V) = (. Therefore, by the formula z7, LN x5 € X*, we may assume without loss of

generality that {27, € A} C «§* + V. This implies that
{zt,ae A} (z5+ V) = 0. (2.6)
Moreover, since x7, BN g™ e X and x§** (z§*) = 1, we have the following formulas

lim o (e3) = o7 (@5) =1 and I (of = yi"a0) = (@505 — i) (27)

Since 7 v, xy € X, by (2.5)—(2.7), we obtain that

***|

lim (20" —yo", k) = rllkzg™ || = rllegl| = (26" —vo™s 75)- (2.8)

acA
Since y3* +mw* C D** and {z},a € A} C D*, by (2.7), we get that
sup{a™*(a}) : 2™ € y5* + B(O,T) } <1 =i (z57).
Therefore, by (2.7) and the above inequalities, we get that

0= ilefg[xo (x5) — 26" (x5")]

< limsup[zj*(2}) — sup{x™(z}) : ™ € y;* + B(0,r) }]
acEA

= limsup[(z§" — y5*, o) — sup{a™* () 1 2™ € B0, 1) }]
acA

= limsup[{z5" —y5", z5) — 7|25 |l]-
acEA

Therefore, by ||z5* — y3*|| < r and the above inequalities, we have (z§*—yd*, kal ) —kr||zk | — 0.
Therefore, by (2.8) and k> 0, we get that ||kzi| — |lz§l|. Moreover, by formula (2.8) and

lxg* — y5*|] < r, we obtain that
hm[ ezl |l + rllzgll] > hmsupr”k:z: + 5]l
> hmsup[HkiZ?a + 2l - g™ = wo™ [l
acA
> limsup(zy* — v, kal, + ()
acA
QIEH&< Yo' k) + (26" — yo” s wg)
= 2r[|p]]-
Therefore, by the above inequalities and ||kz?% | — ||z§]|, we have the following equations
Vi [y + gl = g+ Jimy ey = 2 T | = 2]

Since {z},,a € A} C {z},}72,, by the above equations, there exists a subsequence {7}, }72, of

{z}}22, such that

{5,020 C {attaea and  lim [lkaf, + ol = lim 2ka; | = 2]
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Since the space X* is weakly locally uniformly convex, we obtain that kxy,, - T( as 1 — 00.
Hence we obtain that kxz; (x§*) — xf(x5*) = 1 as i — oo. Therefore, by a7}, (25*) — z§(z§*) =
1, we obtain that z}, s o} as i — oo. Hence we can assume without loss of generality that

kK

x; € xj + V for every i € N, which contradicts (2.6). Hence we obtain that x** = x{.
Step 2 We next will prove that = —» x4 as n — oo. In fact, suppose that there exists a
subsequence {x}, }72, of {z} }72, a weak neighbourhood V' of origin in X* such that {z}, }72, N

(x5 + V) = 0. Since xg*(z},) — xg"(z5) = 1, there exists a net {zj}gea C {2}, }72; such

ok ok

that x L ot € X***. Therefore, from the previous proof, we get that z}** = x, which
contradicts {a};, }7°; N (zj + V) = 0. Hence 7, — af; as n — oo. This implies that 2 is a

weakly exposed point of D* and is exposed by x§*, which finishes the proof.
Lemma 2.2 Suppose that f is a continuous convex function on X and
fo@™) =inf{r e R: (&, r) cepif’ }, o™ € X*.
Then f(x) = fo(x) whenever x € X.

Proof Pick a point 2o € X. Then we obtain that f(x¢) > fo(zo). Suppose that f(zg) >
fo(zg). Then there exists a real number r € (0, +00) such that f(xg) —r > fo(zo). Therefore,
by the definition of fy, there exists a net {(zq,7a),« € A} in epi f such that

(TasTa) — (x0, f(z0) —7) € X X R. (2.9)

Since (zo, f(xo)—1) ¢ epi f, by the separation Theorem, there exist a functional (z,t) € X*x R

and a real number s > 0 such that

(x5, 1), (xo, f(z0) = 7)) — 5 > sup{((zg, =1), (2,5)) : (x,5) € epi [},
which contradicts (2.9). Hence we have f(x¢) = fo(xo), which finishes the proof.
We next will prove Theorem 2.1.

Proof Let the convex function f be coercive and continuous on X. Then we may assume
without loss of generality that f(0) = —1. Since the space X* is weakly locally uniformly
convex, we define the norm |[(z*,r)|| = /||z*||> + 72 on X* x R. Then we get that X* x R is

a weakly locally uniformly convex space. Define the w*-lower semicontinuous convex function
fo(@™) =inf{r e R: (z**,r) cepif }, z**eX*,

Then, by Lemma 2.2, we get that f(z) = fo(z) whenever x € X. For convenience, remember
fo as f. We will complete the proof by the following two steps.

Step 1 We will construct the function f,, such that f,, satisfies the conclusions (1) and (4).
Since the convex function f is w*-lower semicontinuous on X** we get that f|x is continuous
on X. Then we get that 0f|x(z) # () for every z € X. Since f(0) = —1, we get that

Bi={veX: sw |o'|<2+ sw ||} A0
z*€df|x (w) z*€0f|x(0)
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for all natural number ¢ € N. Moreover, by the definition of E;, we define the set
Ci={(x,r) e X xR:xz € E;,r> f(x)} foreveryic N.

Since f(0) = —1, by the definition of E;, we get that (0,0) € C; for each i € N. Moreover, it

is easy to see that X = |J E;. Define the set
i=1

1
i = Ci+ B((0,0), ; )
n[4i +  sup ||z*||} [Qi +  sup |lz*|| + 2}
z*€df|x(0) z*€df|x(0)

for all n € N and ¢ € N. Hence, for all n € N and i € N, we define the function
hpi(x) =inf{r € R: (™,r) € H;,}, =z € F;.

We assert that the following inequality

1
f(x) = hpi(z) < -, T € F; (2.10)
a4 sup ]
z*€0f|x(0)

holds. Indeed, suppose that there exists a point xy € F; such that

£(0) — hs(0) > !

-
n[4i + sup Hz*H]
z*Eaf‘X(O)

Therefore, by the definition of h, ; and the above inequality, there exists a point (z, d,, i (z0)) €
H; ,, such that
1

f(x0) — dn,i(x0) > (2.11)

4 swp )
z*€0f|x(0)
Therefore, by the definition of H;,, and (zo,dy,i(x0)) € H; n, there exists a point (ug, f(ug)) €

C; such that
(uo, f(uo)) = (zo,dn,i(20))
eB((o, 0), E ) (2.12)

n{4i—|— sup ||z*|\] [2i+ sup |lz* —|—2}
z*Eaf‘X(O) Z*Gaflx(o)

Pick a functional zf € 0f|x(x¢). Then, for any y € X, we get that (xf,y —x0) < f(y) — f(x0).
Hence, for every (y,t) € epi f, we get that (x{,y — x0) <t — f(x0). This implies that z{(zo) —
f(zo) > x{(y) — t. Hence we have

(25, =1), (0, f(x0))) = sup{{(5, —1), (y,1)) : (y,t) € epi f}. (2.13)
Therefore, by (uo, f(uo)) € epi f and (2.11), we get that

(25, —1), (uo, f(u0))) < (x5, =1), (w0, f(20))) < (25, —1), (x0, dn,i(0)))-
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Hence there exists a real number A € [0, 1] such that
(25, 1), Auo, f(uo)) + (1 = A)(@o, dn.i(0))) = (x5, —1), (zo, f(x0)))-
This implies that A(uo, f(uo)) + (1 — A) (w0, dn.i(z0)) € H(wo, f(x0)), where
H(zo, f(x0)) = {(z,7) : (x5, —1), (z,7)) = (25, 1), (o, [ (0))) }-

Therefore, by A(ug, f(uo)) + (1 — A) (o, dn,i(z0)) € H(zg, f(x0)) and (2.12), we have

dist((wo, dn,i(z0)), H (20, f(70)))
<[ A(uo, f(uo)) + (1 = A) (2o, dn,i(20)) — (@0, dn,i(x0))]|
= Al|(uo, f(uo)) — (xo,dm(fo))ﬂ

<

nlai+  sup ||z*||H sup 2]+ 2]
2*€df|x(0) z*€0f|x

IN
[t

. (2.14)
afiis s ] 2 s )+
z*€df|x(0) 2*€9f|x(0)

Moreover, we define the hyperplane
H(0,0) = {(z,7) € X x R: ((x§,—1),(x,r)) =0}
of X x R. Since x¢ € E;, by (2.11) and the definition of E;, we have the following inequalities

dist((zo, dn (o)), H(z0, f(20)))
= dist((xo — 20, dn(x0) — f(w0)), H(x0, f(20)) — (w0, f(20)))
= dist((0, dy, (x0) — f(x0)), H(0,0))

)

Zo
- ﬁ[ﬂiﬂo) — dy(w0)]
Vv IITo
> E ( ! z)
Vgl +1 n{4i+ sup HZ*H]
z*Eaf\X(O)

< 1 ( 1
lzgll +1 n[4i + sup HZ*H]
z*€0f|x(0)

1

= 7
n[4i +  sup ||z*||} {21' + sup |z +1
z*Gaf‘X(O) Z*E@f‘x(o)

3

which contradicts (2.14). Hence we obtain that (2.10) is true. This implies that f(z)—hy, (x) <
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% whenever x € E;. Hence, for every natural number n € N, we define the function

hni(x), x € Ey,
hmg(x), S Eg\El,

has(@), @ B\ ( 0 Ey),

i=1

on X. Since X = |J E;, by (2.10) and the definition of h; ,,, we get that 0 < f(x) — hy(z) <

S

1=
whenever x € X. We define the w*-lower semicontinuous convex function
falz®™) =inf{r € R: (z**,r) € @™ (epihn)}, =™ e X**.

Then, by the definition of h,,, we get that f(z**) — f,(x**) > 0 whenever z** € X**. Since the
convex function f is w*-lower semicontinuous on X**, by the inequality h,(z) > f(z) — 2 and
the definition of f,,, we obtain that

* 2
epi f,, =co® (epihn) C epi(f— E) CX*" xR

for all n € N. Hence we get that 0 < f(z**) — fn(2**) < 2 whenever 2** € X**. Therefore,
by Lemma 2.2, we obtain that f,, — f uniformly on X and f,(x) < fh41(z) < f(z) whenever
re XandneN.

Step 2 We will prove that the w*-lower semicontinuous convex function f, are Gateaux
differentiable at every point of X. Pick a natural number n € N and pick a point (xq, f(70)) €

epi f,. Define the closed convex set

Cr={(z",s) € X* X R:{(z*,s),(x,t)) <1,(x,t) €epifnlx} (2.15)

n

Pick a functional y§ € Ofn|x(z0). Then we get that yg(zo) — fu(xo) > —fn(0) > 1. Therefore,
by the above formula, we get that

<($87t)v (1705 fn($0))> = Sup{<($8,t), ($,T)> : ($,7") € epi fn|X} =1, (216)

where

y—é an = —;
Yo (z0) — fn(xo) d i (20) — fulwo)’ (2.17)

Moreover, by yg(zo) — fn(z0) > —fn(0) > 1, we obtain that t < 0. Let 6, = f(xo) — fn(xo).
Then, by the definition of f,,, we obtain that §,, > 0. Moreover, by the definition of f,, we get
that (xo, fn(x0)) € €% (epihy,) C X x R. This implies that

*
Ty =

(0, fn(w0)) € @“ (epihy) = T(epihy,) C X x R.
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Therefore, by (w0, fn(z0)) € To(epih,) C X x R, there exist two sequences {(z (7, j),70(7, ))}32;
C epihy, and {A(4,5)}52; C [0, 1] such that

k; kj

> A 5) - (20,4), 706, 4))] € colepihn), > A 4) =1,
i=1 =1
k; k;

f(ZMw') ~z<i71‘>) > f(xo) — 1—16571, > A g) - roliy §)] < fulmo) + %&1

i=1 i=1
and

k;
lim <<x3,t>,§;A<z’,j> (=2(0,4), 7000, ) ) = (@5, 1), (@0, Fa(w0))) = 1.
Moreover, by the definition of h,,, there exists a real number s(i,5) > 0 such that ro(i, 7)) >
f(2(2,7)) — s(i,7) = hn(2(i,7)). Therefore, by (2.16) and ¢ < 0, we get the following formulas

k; k;

Z[A(m < (2(i, §), f(2(3,5)) — (i, §))] € co(epihn), ZA(m) =1,
kj

S A+ (F(2(0.5) = 506 )] < Faoo) + 155

i=1
and

k;
tim ((25,8), 3 AGd) - (2(6,9), F(2(6,9)) = (0:)) ) = (@, 8), (@0, falwo)) = 1.

] — 00
J i=1

Therefore, from the previous proof and the convexity of f, we have the following inequalities

k;
Fulawo) + 5500 > S M) - (F(:(0.)) = (6. 9)]

> F(3oNGD) 2 )) = SN ) - 506 )]
=1 i=1
kj
> fa0) ~ 350~ S AGG) (6 )]
=1

Therefore, by the above inequalities and §,, = f(x¢) — fn(20), we have the following inequalities

k;
S OINGLg) - 50,50 > [F(@0) — falo)] — =00 = 6. (2.18)
8 8

i=1
Moreover, by (2.10), it is easy to see that 7;, — 0 and p;,, — 0 as i — oo, where

1
Nin = Inf{f(z) — hy(z) 1z € E;} < = = Pin-
n[4i + sup |z¥]
z*€df|x(0)
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Hence there exist p,, € (0,1) and ip € N such that p,p1., < % and p; ., < % whenever 7 > 1.
kj
Since 1.0 < Pin, Pitin < Pin and Z A2, 7) = 1, by max{pnp1n, pin} < ‘;—g and (2.18), there

exists a natural number k; € N Witflzllﬂ < k; such that
ki
D> NG G) > >0 and  s(i,§) > mign >0, wherei € {1,2,-+ K}, (2.19)
i=1
Since the convex function f is coercive on X, from the proof of [12, Theorem 2.1], we obtain
that zuelg(f(x) = m > —oo. Therefore, by the previous proof and (2.19), it is easy to see that
there exists a point (z;, f(z;) — s;) in X x R such that

(25, f(25) = 55) € {(2(1,), f(2(1,5)) = 5(1,5)), - (2(kj, 5), f(2(Rj, 5)) — 5(kj, )} C eplhn,

$; > Migm >0,  f(z5) —s8; < %(2|fn(:z:0)| + 8+ |2m]) (2.20)
and
T ((25,8), (=25 f(2) = 83)) = (25, 1), (20, fa(@0))) = 1. (2.21)

Therefore, by (2.10) and (2.20), we obtain that {s;}72; and {f(2;)}72, are two bounded se-
quences. Hence we can assume without loss of generality that {s;}72; and {f(z;)};2; are

two Cauchy sequences. Since | Hlim f(z) = +oo, we obtain that the sequence {z;}32, C
z||—+o0

X is a bounded sequence. Since B(X**) is w*-compact, by (2.21), there exists a subnet
{(2a F(2a) = 5a)aea of {(z4: F(25) — 5,)}32, such that

(Zas [(2a) — Sa) o, (25%,m0) €Eepifn, C X X R (2.22)
and

(25, 1) (20, fu(0))) = lim {(25,1), (2a, f(2a) = 5a)) = 1. (2.23)

Since f(z;j) —sj = hn(2;) and s; > 1;y.n > 0, by (2.19)—(2.21) and the definition of h,,, we may
assume that there exists a natural number ko € N such that {(2;, f(z;) — 5;)}521 C Hign-
Therefore, by (2.22)—(2.23), we get that

(2%, 7m0) € @Y (Hpym) and  ((25%,70), (x5,1)) = 1. (2.24)

Moreover, by the definitions of Hy, , and f,, we have Hy, ,, C epi fn|x. Therefore, by (2.16)

and (2.24), we have the following inequalities

1={(z",70), (5,1))
> sup{((0, 1), (2,7)) = (2,7) € epi fu|x}
> sup{((zg, 1), (2,7)) : (2,7) € Hion}
= sup{((z5,t), (=", 7)) = (=", r) € @0 (Hiyn)}
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= (20", 70), (25, 1)) = 1.
Since (0,0) € int(Hg,,n), we define the weak™ bounded closed convex set
Hp o =A@ 1) € X* x R:((z",1),(2,1)) < 1,(x,1) € Hyypn}-

Therefore, by formulas Hg,n C epifu|x and (x5,t) € C;, we obtain that (z5,t) € Hj ..
Moreover, we define the weak™ closed convex set

Hig =L, 1) € X™ x R: (2", 1), («7,1)) <1, (", 1) € Hy, )
Then we get that H}* = 6" (Hpy.m). Therefore, by (2.24), we obtain that (z5*,70) € Hpx
Therefore, by Lemma 2.1 and ((23*,70), (x5,t)) = 1, we obtain that (zf,t) is a weakly exposed
point of Hj . and is exposed by (z5%,70). Since Hg,, C epifn|x, we obtain that C; C
Hy, .

oc: (25%,m0) as i — oo, then, by oc: (25%,70) = ((25%,70), (25,1)), we get that

Moreover, if there exists a sequence {(z},t;)}52, C C such that ((z5*,70), (7, t:)) —

ll_lglo«zg*v 7o), (xrvti» =0ocy (23*77'0) = <(ZS*7T0)7 (ﬁat» =0om (20", 70)-

Since the point (z7,t) is a weakly exposed point of H;; , and exposed by (25", 70), by {(z],%:)}72,
Cc C, C Hy, ,, we get that (x7,;) 2 (z5,t) as i — oo. Therefore, by (24*,70) € C* and
(x5,t) € CF

n’

we get that (z{,t) is a weakly exposed point of C} and is exposed by (z3*,70),

where
Cr* = {(x™,s) € X** x R: {(z**,1), (z*,5)) < 1,(z*,5) € O}
We define the weak™ bounded closed set
Crr ={(z"",s) € X™ x R: ((z",s), (z™",1)) < 1,(x™",t) € C*}.
Then, by the definitions of f,, and C**, we obtain that " (epih,) = C*. Hence we get that

Fa(z™) =inf{t € R: (™, 1) € O}, 2™ € X**.

We claim that 0f,(x0) = {yj}. In fact, suppose that there exists a point y§** € X*** such that
y§** € Ofn(x0) and y§™* — y§ # 0. Then, from the previous proof, we get that

(26,1, (z0, fu(20))) = sup{{(z5"™", 1), (z,7)) : (z,7) € epi fulx} =1, (2.25)
where
xy"t = Yo" and [ = — L )
0 Yo (w0) — fn(20) Yo" (v0) — fn(x0)

Therefore, by yi** —y§ # 0, we get that (x5, t) # (x5**,1). Moreover, by (2.25) and @ (epih,,) =
Cr*, we get that

(25", 1), (o, (o)) = sup {{(zg"™", 1), (2", 7)) = (27, 7) € O} = 1.
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Hence we get that (z§™*,1) € C;**. Then, by formulas C_;;w* = C** and (z5*,1) # (x5, 1),

there exists a weak™ neighbourhood V' of origin in X™*** such that

(™, D)+ V)N ((x5, ) + V) = 0. (2.26)

*

Moreover, by formulas C = C*** and (z3**,1) € C***, there exists a sequence {(z*,#;)}2°,
C C7 such that

Tim (257, 7o), (27, 1:)) = (20" 70), (20, )) and  {(z7,t:)}52, € (™", 1) + V.

71— 00

Since the point (z§,t) is a weakly exposed point of C}f and exposed by (z4*,70), we can assume
that {(zF, ;)52 C (x§,t)+V. Then ((z5**, 1)+ V)N ((z§, t)+V) # 0, which contradicts (2.26).
Hence the function f,, is Gateaux differentiable at point xy. This implies that the function f,
is Gateaux differentiable on X. Moreover, we have proved that (1) f,, — f uniformly on X;
(2) fu(z) < fotr1(x) < f(x) whenever z € X and n € N. Define

gn(277) = fu(2™7) + 2sup{f(z™) = fu(a™) 1 2™ € X}

for each n € N. Since the function f,, is Gateaux differentiable on X, by Lemma 1.2, we obtain
that (1) g, is Gateaux differentiable on X; (2) g,(x) > gnt1(x) > f(2); (3) gn — g uniformly
on X. Moreover, by the definition of f, and g,, it is easy to see that

* *

epifn=epifa (X x R)  and epign =epign N (X x R)

Hence we get that Theorem 2.1 is true, which finishes the proof.

Let f be continuous on X and fj be a function defined by Lemma 2.1. Then, from the proof

of Theorem 2.1, we get the following theorem.

Theorem 2.2 Let the dual space X* be a weakly locally uniformly convex space and the
convex function f be continuous and coercive on X. Then there exist two sequences {fn}52 4
and {gn}52 1 of w*-lower semicontinuous convex functions on X** such that
1) fa(@®) < for1(x™) < fo(@™) < gy (%) < gn(x**) whenever x** € X**;

2) the two functions f, and gn are Gateauz differentiable on X
3) epi fr, = epi frn N (X % R) and epig, = epig, N (X X R) ;
4) fn — [ and g, — f uniformly on X**.

(
(
(
(

3 Uniform Monotone Approximation of Non-convex Function in
Banach Spaces

Theorem 3.1 Let the dual space X™* be weakly locally uniformly convex and the convex func-
tion f be continuous on X. Then there exist two sequences {f,}°2, and {g,}52, of continuous

functions on X** such that
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(1) (@) < fas1(2) < f(2) < gnsa () < galx) whenever @ € X;
(2) the two functions f, and g, are Gateaux differentiable on X;

(3) fn— [ and g, — f uniformly on X.

Proof Pick a point zy € S(X). Then, by the Hahn-Banach Theorem, there exists a
functional zj € S(X*) such that a§(xo) = 1. Let {z}}22, C B(X*) and =} (z0) — z5(x0) =1

as n — oo. Then we have (7 + =5, z0) — 2 as n — oo. Therefore, by z¢ € S(X), we get that
2= lim [Jgl| + ] > liminf o, + )] > lim (a5 + 5, 20) = 2.

Since the space X* is weakly locally uniformly convex, we obtain that z* —2+ x5 as n — 0.
This implies that z{ is a weakly exposed point of B(X*) and exposed by xo. Therefore, by
Lemma 1.1, we obtain that zq is a Gateaux differentiable point of the norm on X**. Hence we
get that the norm of X** is Gateaux differentiable on X\{0}. Pick a point z € X\{0} and let

x* = dg||z||. Then, for every y** € X**, we have the following equations

ety 2 =2l | = [z .
Jimy ; =t [F L 47+ o)
t sk ||
o] 1y S = ]
t—0 t

= Qllzlldellzll, y™) = Cllefz*,y™).

Moreover, if ||z|| = 0, then for every y** € X**, we get that

fimy ; = tim [0 ] = Tl ™12 = (0,57,

Hence we obtain that square of norm of X ** is Gateaux differentiable on X. Since the convex
function f is continuous on X, by [8, Proposition 1.6], there exist two real numbers § € (0,1)
and 1 € (0,400) such that |f(x)| < n whenever ||z|| < ¢. Since the function f is convex, we

have the following inequalities

gy leldgy Il =5

ox
< () = (e + e 0) S @+

for each x € X\ B(X). Therefore, by the above inequalities, we get that

]|

sy 2 122 0y ey = I 0 iy 4 510)

for each € X\ B(X). Define the function h(z) = f(x) + ||z|?>. Then we get that

lim A(x)> lim [xZ—Hi” 0)—mn)+ £(0)| = +oo.
im h@) = m [l = S70) =) + £(0)
Therefore, by Theorem 2.1, there exists a w*-lower semicontinuous convex function h, on X**
such that (1) hy(xz) < hypq1(z) < h(z) whenever x € X; (2) the function h, is Géateaux

differentiable on X; (3) h,, — h uniformly on X. Define f,(z**) = h,(z**) — ||2**||? for every
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n € N. Then the function f, is a continuous function on X and f,(z) < fhoi1(z) < f(2)
whenever z € X. Moreover, since h,, — h uniformly on X, by f,(z**) = h, (z**) — ||2**||?, we
obtain that f, — f uniformly on X. Pick a point z € X. Since the square of norm of X** is

Gateaux differentiable on X, we get that

A C i B N g Bt P i

t—0 t t—0 t t
i B @) —ha(@) ety — ]
t—0 t t—0 t

— (dohn(x) — dg 2]]%, y™*)

for every y** € X**. Hence we obtain that the function f, is Gateaux differentiable on X.
Moreover, by Theorem 2.1, there exists a sequence of w*-lower semicontinuous convex functions
{un}22 such that (1) h(z) < upt1(z) < up(x) whenever z € X; (2) the function u,, is Gateaux
differentiable on X; (3) u, — h uniformly on X. Let g,(z**) = un,(2**) — ||2**||2. Then we
obtain that (1) f(z) < gn+1(z) < gn(x) whenever z € X; (2) g, is Gateaux differentiable on
X; (3) gn — f uniformly on X, which finishes the proof.

Let f be continuous on X and fy be a function defined by Lemma 2.1. Then, from the

proofs of Theorems 2.1 and 3.1, we get the following theorem.

Theorem 3.2 Let the dual space X* be a weakly locally uniformly convex space and the
convex function f be continuous on X. Then there exist two sequences { [}, and {gn}5%,
of continuous functions on X** such that

(1) fo(@™) < frr1(@*) < fo(2**) < gnt1(x™) < gn (™) whenever z** € X**;

(2) the two functions f, and g, are Gateauzr differentiable on X;

(3) fn— f and g, — f uniformly on X**.
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