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Waring-Goldbach Problem for Unlike Powers*

Zhenzhen FENG! Jing MA?

Abstract In this paper, the authors investigate exceptional sets in the Waring-Goldbach
problem for unlike powers. For example, estimates are obtained for sufficiently large in-
tegers below a parameter subject to the necessary local conditions that do not have a
representation as the sum of a square of prime, a cube of prime and a sixth power of prime
and a k-th power of prime. These results improve the recent result due to Briidern in the
order of magnitude. Furthermore, the method can be also applied to the similar estimates
for the exceptional sets for Waring-Goldbach problem for unlike powers.
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1 Introduction

Let N, k1, ks, ---, k. be natural numbers such that 2 < ky < kg < -.- < k.. The Waring-
Goldbach problem for unlike powers concerns the representation of N as the form

N =pi* +p5* + -+ ).

Not very much is known about results of this kind if kil + -+ k% < 2. However, these topics
have attracted mathematicians’ attentions.

Schwarz [14] considered the exceptional set of expressing a positive even number as the sum
of a square of prime, a cube of prime, a sixth power of prime and a k-th power of prime, i.e.,

n=pi+p3+p5+pk, (1.1)

where p1, pa, p3, ps are primes. Let Fy(k, N) be the number of positive even integers n up to
N which cannot be written in the form (1.1). Exactly, Schwarz [14] showed that F;(k, N) <
N(log N)~4 for any fixed A > 0. Recently, Briidern [4] improved this result and established
that E1(k,N) < N'"%7%° In this paper, we further improve the result of Briidern by giving
the following theorem.

Theorem 1.1 Let E1(k, N) be defined as above. We have

El (kv N) < Nl_el(k)+sv
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among which
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where

o= [ o), 24 <k <29

[G5- 2D (5] + )]+

Here [a] means the smallest integer no smaller than a and [a] means the biggest integer no
bigger than a.

Remark 1.1 We can compare the results of Theorem 1.1 with those of Briidern [4]. For
example, we obtain (6, N) < N'=sitc and Ey(7,N) < N'=si+c. Meanwhile, Briidern’s
results indicated that Fy (6, N) < N~z ¢ and Fy(7,N) < N'=m2+°. In addition, for large

1

SR -
value k, Theorem 1.1 gives that Fy(k, N) < N 3+*+0® 6, whereas Briidern’s result (see [4])
showed that Ey(k, N) < Ni-mzte,

In the same paper [14], Schwarz also considered the problem of representing a large even
integer n in the form

n=pi+ps+ps+pk, (1.3)

where p1, pa, p3, pa are primes. Let Es(k, N) denote the number of positive even integers n up
to N which cannot be written in the form (1.3). In fact, Schwarz [14] proved that Es(k, N) <
N(log N)~# for any fixed A > 0. Using the similar method to treat Theorem 1.1, we obtain
the following result.

Theorem 1.2 Let Fs(k, N) be defined as above. We have

Ey(k,N) < N1702(R)+e

here

1
— k=4
327 b)
1
— k=5
487 b)

02(k) = 1
— 6<k<8
64’ - =7
1
—® k>9
48z’ =7
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where

Kg +1- [%})2[%1—1}, 9< k<19,

G2+ w2

Remark 1.2 For example, we obtain that Fy(4, N) < N'~52+¢ and Ey(6, N) < N'~site,
Meanwhile, Briidern’s method in [4] indicated that E»(4,N) < N'=1m=7¢ and Ey(6,N) <

11—+
N1-ms+¢. In addition, for large value k, Theorem 1.2 gives that Ey(k, N) < N 3++0® 67
whereas Briidern’s method in [4] showed that Es(k, N) < N'=mzte,
Another related problem is to study for the diophantine equation
n = pi +ps +p3 + Pl (1.4)

where p1, pa, p3, p4 are primes. Let F5(k, N) be the number of even integers n < N that cannot
be represented in the form (1.4). In 1953, Prachar [11] proved that Es(4, N) < N(log N)~ 7 +<.
This has been improved by a number of authors (see [1-2, 12-13]). The latest result is

Es(4,N) < N'~1s+e

given by Zhao [16]. For general k > 5, Lu and Shan [10] proved that F3(k, N) < N(log N)~¢
1

for some ¢ > 0. Lately, it was improved to Es(k, N) < N5 by Liu [9]. The current

best result was given by Hoffman and Yu [5] which is

a7

E3(k,N) < N'~moa=te (1.5)

where s = [££1]. In this paper, we established the following result which improves (1.5).

Theorem 1.3 Let E3(k, N) be defined as above. We have

Es(k,N) < N1=0s(k)+e,

here
1
— k=5
247 )
0 =42 k-6
’ 81 ’
1
— k>T7
36z’ =
where
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Remark 1.3 Our results indeed improve the result of Hoffman and Yu [5]. For example,
we obtain that F3(5, N) < N'=21+< and Es(7, N) < N =7 1¢, Meanwhile, Hoffman and Yu’s
results indicated that Es(5, N) < N~ =0+ and E3(7, N) < N'~sm0 <, In addition, for large

1

value k, Es(k,N) < N'7#® ¢ Hoffman and Yu [5] showed that (k) grows exponentially,
whereas, Theorem 1.3 implicates that 6(k) = %2 + O(k) with polynomial growth.

Finally, we consider the problem of representing a large odd integer n in the form
n = p}+p3 +pi +pi + 1, (1.6)

where p1, p2, p3, p4 and ps are primes. Let Ey(k, N) denote the number of positive odd integers
n up to N which cannot be written in the form (1.6). In the following result, we will give an
up bound for Ey(k, N) for k > 4.

Theorem 1.4 Let Eq(k, N) be defined as above. We have

E4(k7 N) < N1_04(k)+67

here
1
—., k=4
247 b
k=L k=5
I (7R
1
—, k>6
9z’ =
where
[%k—m], k=67,

[ NG EDINEE

As usual, we abbreviate 2™ to e(a). The letter p, with or without indices, is prime number.
The letter € denotes a sufficiently small positive real number, and the value of € may change
from statement to statement. Let N be a real number sufficiently large in terms of € and k. We
use < and > to denote Vinogradov’s well-know notation, while implied constant may depend
on ¢ and k.

2 Preliminaries and Lemmas

We will prove Theorems 1.1-1.4 by using the circle method. Now the treatment for major
arcs of Hardy-Littlewood method are standard nowadays, for example Liu and Zhan [8]. We
need the following lemmas to control the minor arcs of circle method.

Lemma 2.1 Let

Sp(a) =Y (logp)e(ap®).

L <pk<N

Then for 1 < j <k, we have

T N
/ |SI%J (a)lda < NE@ —i)+e
0
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and L
c . j2
/ 15707 (0)|da < NFFe,
0

In fact, Lemma 2.1 is the classical result of Hua [6] and the recent work of Bourgain [3].

The next lemma is a generalization of Lemma 2.1.

Lemma 2.2 Let Si(a) be defined as Lemma 2.1. For 0 < § <1,
/ 1527 (a)|da < N —0Fe,

where

[(k6 + 1 — [ko])2R=1] [kd] < 3,
[7ké — 20], [k6] = 4, (2.1)

(ks - %[1«5])([1«5] IR

Tr =

Proof For § =1, this is Lemma 2.1. Next, we consider the case 0 < d < 1.
For [kd] < 3, clearly by (2.1) we have

9lkd] < 9y < olkal+1

Applying Holder’s inequality and Hua’s lemma, one has

1 1 0, 1 b
- (k5] [k8]+1
[ ist@laa <( [ 152" @lda)"( [ 152 (@)laa)
0 0 0

<<]\]2%—C+57

where
P SO P L b
b k M

Q[ké]—l ’ 2[k6]—1
Recall that z > (k& + 1 — [kd])2/*1=1so we have ¢ > §. Thus this lemma holds for [kd] < 3
For [kd] = 4, obviously by (2.1) we have

16 < 2z < 30.
Applying Holder’s inequality and Lemma 2.1, one has

15 _ =z z_8
/|s |da<</|S @)lda) ’/|s @lda)’

<N* 2ot

This combining with z > 7ké — 20 gives ZE2 > §. Thus this lemma holds for [k6] = 4.
For [kd] > 5, by (2.1) we have

[kd]([kd] + 1) < 22 < ([kd] + 1)([kd] + 2).

Applying Holder’s inequality and Lemma 2.1, one has

1 (k8] ([k6)+1) b (B[R +2) ’
| 152 @pe <( / s (@ha) ([ 15} (@)]do)
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< NF—ete,
where
T [k0]
PR S L) J O S () R )
(ko] + 1 27 (k6] + 1 5 2 :

Then we have ¢ > § because of # > (k6§ — %) ([k6] +1). This lemma holds for [kd] > 5. Hence,

this lemma holds for 0 < § < 1.

Lemma 2.3 For k > 3, we have
1 2z
/ 192() 527 (a)|dar < NE+e,
0

where

K§+1_[ﬂ)ﬂ%*y 3< k<9,

ko 11k k
T_Z|Z i > 10.
G2z (] )] w=0
Proof fol |53 () S27 (o) |dev is no more than N¢ times the number of solutions of the equation
=t =Yy Y5+ s~ Y~ — Yh

with N3 < t1,t9 < 2N3 and N* < Y1, Y2, -« Y2z < ONT. If t1 # ta, the contribution is
bounded by N % +¢. If t = to, the contribution is bounded by N2+¢ fol |S7%|dev. Thus

1 1
/0 152() S22 (a)|dar < N ¥+ +N%+6/O 1522 ()| da

What we need is L
/ 1522 ()| da <« NE—3+,
0

Hence this lemma holds by Lemma 2.2 with § = 1.

Lemma 2.4 For k > 4, we have
' 2 2 2 243
| 183@S3 @t (@)lda < N
0

where

Proof fol |S3()S? () S () |dex is no more than N¢ times the number of solutions for the
equation
B-ti=vi—tatal+a+ +a -z
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with Py < t1,to < 2Py, Py < Y1, Y2 < 2P, and P, < 21,20, ,29: < 2P, where % <

Pg,Pf,P,f < N. If t; # to, the contribution is bounded by P42+5P,€2w. If t1 = to,y1 # yo,
the contribution is bounded by PngZ”H'E. If t1 = t2,y1 = y2, the contribution is bounded by
PY*ePy [ |Sk(a)>*da. Thus

1 1
/ 152 () S3()S2* () |da < N°P2*° P2 | N°P,P; / 1S(0) 2 da.
0 0

What we need is L
/ |57% (a)|da < NF~3te,
0

Hence this lemma holds by Lemma 2.2 with § = i.

Lemma 2.5 For k > 3, we have
1 2z 2
| 183@)S3 @S (@)lda < NI,
0

where

v [7_’“_20], 24 < k < 29,

[G5-2D (5] + )]+

Proof The proof is similar as the proof of Lemma 2.4 with § = %.

Lemma 2.6 For k > 3, we have
1 4 2 2z 1
[ st (@lda < N,
0

where

[(% +1- [2—;})2[%1—1], 3<k<5,

14
xr = ’V?k—QO—I, k:6777

(G-35DF ) #=s
Proof We have
/ ' 154(2) 52 (@)l da < N? / 14 e)SE (@) da, (2.2)
0 0
where

fala) =" e(at?).

t~Ps
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By [15, Lemma 2.3], one has

Bl <p S Y 3 eaAn)),

|h1|<Ps3 |h2|<P3sx€T

where J = J(h) is a subinterval of [P, 2P3) and A(¢%; h) is the second-order forward difference
of the function ¢ — ¢> with steps hi, ho, that is,

A(tg; h) = 3h1h2(2t + hl + h2)

Thus, we deduce from (2.2) that
1
[ st@s@lda < P
0
where J(Ps) is the number of solutions of the diophantine equation
A(t*h) = 3hihy (2t +hy +ho) =pi +p5+ -+ —af 5 — - —d; (2:3)

subject to

N
P3§t§2p37 |h”L|<P3a Pk<p177pmaqlvaqr<2pk7 Z<P§7PI§§N (24)

The number of solutions of (2.3)-(2.4) with A(¢3;h) = 0 is bounded by P;** fol |57 (o) |dar.
The number of solutions of (2.3)-(2.4) with A(£3;h) # 0 is bounded by N % *<. Then

1 1
/ 193() Si* () [da < N”f/ 1522 (@) |dar + N3+ +e,
0 0

Thus we just need

1
/ |S7* (a)|da < NF~5Fe,
0

Hence it establishes this lemma by Lemma 2.2 with § = %

3 Proof of Theorem 1.1

The purpose of this section is to concentrate on proving Theorem 1.1. We establish Theorem
1.1 by means of the Hardy-Littlewood method. We will give the proof of Theorem 1.2 in Section
4 and will describe the straight forward modifications needed for Theorem 1.3 in Section 5. In
Section 6, we will give the outline of the proof of Theorem 1.4.

Let Si(a) be defined as in Lemma 2.1. We denote

r(n) = > (log p1)(log p2)(log ps)(log p4), (3.1)
pi+p3+pi+pi=n
X <pipdp§ <N

where p1, pa, p3, pa are primes. Let Q = N3%, and write M(Q) for the union of the intervals

{a€0,1]: |go — a] < QN_l}
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with 1 <a < ¢q,(a,q) =1and 1 < g < Q. We define M = M(Q), m = [0,1]\9M. Thus the

formula (3.1) becomes
r(n) = {/m+/m}sz(a)sg(a)sﬁ(a)sk(a)e(—na)da.
Whenever B C [0, 1] is measurable, we put
ros(n, N) = /% S5(a) S5(a) S (@) Sk (@)e(—na)da.
Then we have
r(n) = rig.y (n, N) = /O " 53()S5(a)S6(a) Sk (@)e(—na)da.

Next we will deal with the integral of major arcs and minor arcs, respectively. Applying the
now standard methods of enlarging major arcs (see [8]), we can get the following result.

Lemma 3.1 For all even integer n with N < n < 2N, one has rop(n, N) > N#—¢.

To estimate the integral of the minor arcs, we split the minor arcs in two part. Let 1 <Y <
N é, and denote 91 the union of the pairwise disjoint intervals

Nya(Y) = {oz €10,1]: |ga — a|] < %}

with 1 <a <gq,(a,q) =1and 1 <¢<Y. We write 1 = N(N%) and n = m\9.
Lemma 3.2 For a € n, we have
Sa(a) < N271675, Sy(a) < N57367°, §y(a) < Ni—o6e,

Proof For any given o € N, by Dirichlet’s approximation theorem, there exists a € Z and
g € N with
(a,9)=1, 1<g<N® and |ga—al <N T

Then by [7, Theorem 1], one has
N%—!—s

Sy(a) < N3~16Fe 4
(¢ + Nlgo — al)?

and
Ni—!—s

(¢+ Nlga —a|)z’

Su(a) < Ni—ste 4

and by [17, Lemma 2.3], one has
N%—!—s
(q+ Nlga—al)?

S3(a) < N3~mete 4

If @ € n, then

ool

¢>N%¥ or ¢<N&¥, N_%§|qo<—a|<N_f_52.

In any case, we have
¢+ lgo—a| > N3,
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then this lemma clearly holds.

Proof of Theorem 1.1 By Bessel’s inequality, we have

> | [ s@)ss()ssfa)Siare(-nalda] < [ 1S3@)55(@)SE(0)SE ) do.

N<n<2N

To prove Theorem 1.1, it suffices to show that
/ 152(0)52(0) 52(0) S2(1)[da < NHE=01 (0 (3.2)
m

where 61 (k) is defined in Theorem 1.1.
Obviously, we know that

/ 152(0)53(0)S2(a)S2(a) [da < / 152(0)52(0)52(0)S2(a)|da

M
+ [ 1933 (@)} 0)SE(@)lda
By the estimate on [4, p. 80], one has

/ 152 () S2()S2()S2 () |dar & NHE= 2 +e o N1+E-01(R)Fe (3.3)
2\

since 4= > 01(k) for all k > 6.
Next we estimate [ [S5()S3()SE(a)S7(a)|da.
For k = 6, by Lemmas 2.3 and 3.2, one has

[ 183@S3(@)si(@)]da

<swlsi@lt( [ 1s3@sila)’ ([ 1530833 @)aa)’
<« N'ts—site, (3.4)

For k =7, by Lemmas 2.3 and 3.2, we have
[ 153 @3 (@) (@) (@) jda

< sup|Ss(a |% /|S2 )S3(a |dozﬁ /|S2 )12 |do<)g

aen

/0 153(0)S3 ()53 ()] dar)”
< NWisite, (3.5)

For k > 8 and x in the form (1.2), by Lemmas 2.3 and 3.2, we have
[183@)S3 @S ()¢ (@)]da
n o E0 e\
< swp Sl ([ I85(@)5(0)lda) ™ ( [ 153 0)S3 @5 @) ldo)

aen
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4
-5

1
< ([ 153t @)ida)
< NWiE—sizte, (3.6)

By (3.4)—(3.6), we have
1833 (@St @)SE(@)lda < N1TE0 0, (.7
n
Thus, it establishes (3.2) by (3.3) and (3.7). Hence, Theorem 1.1 holds.

4 Proof of Theorem 1.2

Suppose that N is a large positive integer. Let S («) be defined as in Lemma 2.1. Let

r(n) = > (logpi)(logps)(log ps)(log pa),
Pi+pa+p3+pl=n
¥ <p?.p3.ps.pf <N

where p1, p2, p3, ps are primes and the major arcs 9, minor arcs m, 9T and n be defined as
in Section 3. Then the weighted number of representations of n in the form of (1.3) equals

1
r(n) = /0 S5(0)S2() Sk (a)e(—na)da = /m + /m .
Whenever B C [0, 1] is measurable, we put
ros (n, N) = /% () S2(a) S (0)e(—na)da
Then we have .
rln) = oy (n. ) = [ Sae)$3(@)Si(a)e(—na)de.

Next we will deal with the integral of major arcs and minor arcs, respectively. Applying the
now standard methods of enlarging major arcs (see [8]), we can get the following result.

Lemma 4.1 For all even integer n with N < n < 2N, one has ron(n, N) > N&~e,

Lemma 4.2 For o € M2K)\IM(K), N5t < K < N, one has

Proof The [7, Theorem 2] implies that, if 1 < ¢ < H, (a,q) = 1, |ga —a| < HN~! with
H < N*, then
N%+s
(¢+ Nlga —al)?’

Z e(ap®) < H? Nworte 4

1
p~NTE

(4.1)
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If o« € M2K)\M(K), N5t < K < N¥, then this lemma clearly follows by (4.1).
Proof of Theorem 1.2 By Bessel’s inequality, we have
2
> | [ s@)st@Si(ale(-nayda| < [ 183(@)Sk(@)SHa)da.
N<n<2N ‘™ m

Thus, to prove Theorem 1.2, it suffices to show that
[ 183 @St @St a)lda < N1HEO0, (12)
m

where 605(k) is defined in Theorem 1.2.
Obviously, we know that

/ 152(0)54(0)S2(0)|da < /m @SSt

+ [ 183(@)St (@St a)do.
n
First, we show that
/ 152() S () S2(0)|da < N1FE -8R te. (4.3)
o\M
It suffices to prove that

/ |53 () S (@) 57 (@) dar < NTFE=02 0+
M(2K)\M(K)

for N3 < K < N&. By [5, Lemmas 4.2 and 5.2 ], we have

/ S3(@)$1(@)SE(@)]da
M(2K)\M(K)

< swp [SHa)Si(o)] / 152(a)|da
Q€M (2K)\IM(K) M(2K)

,Z\fl—"_6 2 11 1 2 1 1 2
<<T(K Nzt 4 N'EK2)(NT'K(N*K + N7))
< NT+Ete g3 | Nmtite g2 | Nlthteg—1 4 nyl+i+e -2

<<N1+%—%+€ < N1+%_92(k)+€,

since 54_k > 05(k) for all k > 4.
Next we show that

/ 152(0)S4(0)S2(a)|dar < N1F+E=02(k)te. (4.4)

For k > 9 and x in the form in Theorem 1.2, by Lemmas 2.3-2.4 , one has

/ 152(0)5%(0)S2(a)|da

([ 1ss@st@ian)'” ([ iss@siisiiaa)” s isi?

aem
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< N'tE—aate,

We use Zhao [18, Lemma 3.1] to prove (4.4) for 4 < k < 8, since the methods are same, we only
give the proof for k = 5 for simplicity.
For k = 5, by [18, Lemma 3.1] with g(a) = S4(«) and h(«) = S5(«), one has

[1s3@st @82 (@)lda
<N / [S3(a) S8 (e)S3(@)lda) " / 153(0)S3(@)S3(@)]da)
NI [ 183 ) 5 (@) (@) da (45)

where
Jo < N—5+¢

by [18, Lemma 2.2].
By Holder’s inequality, Lemmas 2.3 and 2.5, one has

[ 153 @st(@)sta)lda

<( [1ss@stsi@ia) ' ( [ s3@si@ia) ' ([ is@stlas)’

<<N%+s(/n |S§(oz)Sff(o<)S52(oz)|doz)i. (4.6)
By Lemma 3.2,

[1si@st@s@lda <swpsaesi@P [ 153)si@)5@)da
<N+ / 152 () S () S2(a)|da. (47)
By (4.5)—(4.7), we have
/ 152(0) 5% (0) S2(a)|da <« N1 TE-d5te,

Thus, it establishes (4.2) by n(4.3)—(4.4).

5 Proof of Theorem 1.3

Suppose that N is a large positive integer. Let Si(«) be defined as Lemma 2.1. Denote

r(n) = > (log p1)(log p2)(log ps)(log pa)

pI+p3+p3+pk=n
k
& <p?p3.p3.pf<N

and let the major arcs 91, minor arcs m, 91 and n be defined as in Section 3. Then the weighted
number of representations of n in the form of (1.4) equals

r(n) = /O " 5(0)S3(a) S5 (0)Sk (@) —na)da = /m+ /m .
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Whenever 9B C [0, 1] is measurable, we put
res(n, N) = /B S (@) S3(a) S5 () Sk (a)e(—na)da.
Then we have
(o) = roy(n ) = [ " 55(0)S5(@)S5(@)Sk(0)e(—no)da

Next we will deal with the integral of major arcs and minor arcs, respectively. Applying the
now standard methods of enlarging major arcs (see [8]), we can get the following result.

Lemma 5.1 For all even integer n with N < n < 2N, one has ron(n, N) > Naotw—e,

Proof of Theorem 1.3 By Bessel’s inequality, we have

> | [ satsi(@ss(@)sila)e-nayda| < [ 153(@)}(a)S(@)SF(a)do.

N<n<2N /M

Thus, to prove Theorem 1.3, it suffices to show that
/ |93 (0) S5 ()52 (@) SF () |da < N1 FE-0s(k)Fe, (5.1)
m
where 05(k) is defined in Theorem 1.3. Obviously, one has

[ 183@SH@)s@SHa)lda < [ 15303 @52 (@)SE@)lda
m I\M

+ [ 183(@)S3(0)S2(@)SF ) do.
First, we show that
| I83@)S(@)SE (@)t a)lda < NHETE 00, (5.2)
M\M
It suffices to prove that

/ |93 ()53 (@)S3 () S} ()| da < N5 +E—0s(hrte
M(2K)\M(K)

with N5k < K < Ns. By [5, Lemmas 4.2 and 5.2], one has

/ 152(0)52 () 52(0) 52(01)dax
M(2K)\M(K)

Nl+te N3+e
K K
< NT+tE—s5te « N%+%—93(k)+5’

< (N K + N3P K~)(N'K(N*K 4+ N#%))

since = > 03(k) for all k > 5. This establishes (5.2).
Next, we show that

/ 152(0)52(0)52(0) 52 () [dar < N1+# =00 (5.3)
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For k =5, by [18, Lemma 3.1] with g(a) = S3(a) and h(a) = S5(a), one has
[183@S3 @i (@)lda
n1 1 ! i ! %
<vsai ([ Ist@si@si@)da)” ([ 1550)8h(0)SE @)lda)
1
4+ N3A-279) / |S3 (@) S3(a)S3 () |dex, (5.4)
0

where
J < N—8+e

by [18, Lemma 2.2]. By Holder’s inequality, Lemmas 2.3 and 2.5, one has

1
2

[ ist@ss@stian <( [ 1s3@sisiiaa)’ ( [ s35@)ia)
< NTte, (5.5)

Also,
1
[ 1583 @88 (@)lda < sup |3(@)S2(@) [ 13()3(@)S (@)lda
n aEn 0
1
<<N%+6/ 152()S2 () SE () |da. (5.6)
0
Thus, by (5.4)—(5.6), we obtain that
/ 152(0) S2() S (a)|da <« N1+ di+e,

It establishes (5.3) for k = 5.
For k = 6, applying Hélder’s inequality, Lemmas 2.3 and 2.5, one has

[ 183@SH @52 @S @)lda

<o s ( [ Is3@88@1aa) ' ([ 183@shielaa)’

aen
1
< ([ 18383 (@3 @)lda)
0
< NWE-srte,

It establishes (5.3) for k = 6.
For k > 7 and x in the form in Theorem 1.3, by Lemmas 2.3, 2.5 and 3.2, one has

/ 152(0)52(0) 82 (0)S2(a)|da

3
2z

<o s ( [ 83@s3@iaa) ([ 533 @53l

aen
1 1
< ([ 153 @i @5t (@)da)
< NitTE-mte,

It establishes (5.3) for k& > 7. Hence, (5.1) holds by (5.2)—(5.3), and it establishes Theorem 1.3.
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6 Proof of Theorem 1.4

Suppose that N is a large positive integer. Let Si(«) be defined as in Lemma 2.1. Let

r(n) = > (log p1)(log p2)(log ps)(log pa) (log ps)

pi+p3+pi+pi+pi=n
k
N <pb.p3.p3.p5 pE<N

and the major arcs M = M(Q), minor arcs m, N and n be defined as in Section 3 with @ = Nex,
Then the weighted number of representations of n in the form of (1.6) equals

r(n) = /O " 51(a) Sk (@)e(—na)da = /m+ /m .

Whenever 9B C [0, 1] is measurable, we put

ros(n, N) = /% S3(a)Sp(a)e(—na)da.

Then we have .
r(n) = rio.)(n, N) = / S3(a) Sy (@)e(—na)da.
0

Next we will deal with the integral of major arcs and minor arcs, respectively. Applying the
now standard methods of enlarging major arcs (see [8]), we can get the following result.

Lemma 6.1 For all odd integer n with N < n < 2N, one has ron(n, N) > N*T57¢,

Proof of Theorem 1.4 By Bessel’s inequality, we have

> | [ st@siaret-naya] < [ I85(@st(@)ldo.

N<n<2N /™M

Thus, to prove Theorem 1.4, it suffices to show that
/ 198(2) 57 (a)|der < N5TEOaR)Fe (6.1)
m
where 04(k) is defined in Theorem 1.4. Obviously, one has
[1s3@st@lda < [ isi@st@lda+ [ [Sia)si@)lda:
m M\ n
First, we show that
/ 195 () 52 (a)|da < NETE—0ak)te, (6.2)
oT\M
It suffices to prove that

/ 1S5 (@) SE(a)|da < N3tE—0Oa(k)te
M(2K)\M(K)

with N2r < K < Ns. By [5, Lemmas 4.2 and 5.2], one has

/ 158(0)S2(a)|da < NSTK4(N"'K(N*K + N¥))



Waring-Goldbach Problem for Unlike Powers 319

< NFtE—zRte
< N3t7—0a(k)+e

since 5= > 04(k) for all k > 4. This establishes (6.2).
Next, we show that

/|s§(a)s,3(a)|da < N3+E-tatk)te, (6.3)
For k = 4, by [18, Lemma 3.1] with g(a) = h(a) = S3(«), one has
/|83 )53 (0)|da <N 74 ( /|s 0)54(a)|da) /|53 152(a )|da)%
+N§<1-2’3>/|sg(a)s4(a)|da, (6.4)

where
J< N-3te

by [18, Lemma 2.2]. By Hélder’s inequality and Lemma 2.6, one has

/|s7 152 (a)|da < /|s8 )lda) /|s4 )55 ()ldar) *

< N&te, (6.5)
Also,
/|s12 )54 (a)|da < sup|Ss(a / S5 (a)lda)” / 154 (@)SE (@ |da)
aen
< NTte, (6.6)

Thus, by (6.4)—(6.6), we obtain that
/ 155(a) S2(a)|da < Ni+3-dite.
n

It establishes (6.3) for k = 4.
For k > 5 and x in the form in Theorem 1.4, by Hélder’s inequality, Lemmas 2.6 and 3.2,
one has

_1 1
J1s3@st(@lda <sup i)l ( / S3(e)lda) / 153(@)57" (@)]da)
K N3+HE-O )+
This establishes (6.3) for k£ > 5. Hence, (6.1) holds by (6.2)—(6.3). Thus it establishes Theorem

1.4.
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