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Abstract The authors study the regularity of the p-Gauss curvature flow with flat sides.
In their previous paper [Huang, G. G., Wang, X.-J. and Zhou, Y., Long time regularity of
the p-Gauss curvature flow with flat side, https://arxiv.org/abs/2403.12292], they obtained
the regularity of the interface, namely the boundary of the flat part. In this paper, they
study the regularity of the convex hypersurface near the interface.
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1 Introduction

Let M0 be a closed convex hypersurface in Rn+1, parametrized by X0(ω), ω ∈ Sn. In this

paper we study the Gauss curvature flow with power p > 0,

∂X

∂t
(ω, t) = −Kp(ω, t)γ(ω, t),

X(ω, 0) = X0(ω), (1.1)

where K is the Gauss curvature of Mt = X(ω, t), γ is the outer unit normal of Mt at X(ω, t).

The Gauss curvature flow has been extensively studied if the initial hypersurface M0 is

strictly convex (see [1, 3–4, 6, 9]). Here we are concerned with the regularity in the case when

the initial hypersurface M0 contains a flat side, a question first studied by Hamilton [12]. In

this case, the solution will become strictly convex instantly when t > 0 if p ≤ 1
n (see [2, 6]), but

the flat side will persist for a while before Mt becomes strictly convex if p > 1
n (see [5, 12]).

In the latter case, the local C∞ regularity of the strictly convex part of Mt was proved in
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[6, 19], and the C1,α regularity across the interface Γt were obtained in [11], where Γt denotes

the boundary of the flat side Ft ⊂ Mt.

When p = 1, the regularity of Γt was obtained in [8] for small time t > 0, and the long time

regularity of Γt in the case n = 2 was obtained in [10], under certain non-degenerate conditions

on the initial hypersurface M0. The results in [10] were extended to p ∈
(
1
2 , 1

]
in [16] when

n = 2. For general n ≥ 2 and p > 1
n , the long time regularity of Γt was recently obtained by

the authors (see [14]). We proved that the interface Γt is smooth until it disappears.

In this paper, we study the regularity of the strictly convex part of Mt near the interface Γt.

The regularity of Mt near Γt does not follow directly from the regularity theory of parabolic

equations, as the flow (1.1) is strongly degenerate near Γt, even though the regularity of Γt has

been obtained (see [14]). For simplicity we assume that M0 has only one flat part. Choosing

the coordinates properly, we may assume that Mt ⊂ {yn+1 ≥ 0} and the flat side lies on the

plane {yn+1 = 0}. Then, locally Mt can be represented as the graph of a nonnegative function

v,

yn+1 = v(y1, · · · , yn, t)

over a bounded domain Ωt, such that Γt is strictly contained in Ωt, |Dv| → ∞ near ∂Ωt, and

v satisfies the equation

vt(y, t) =
(detD2v(y, t))p

(1 + |Dv|2) (n+2)p−1
2

, y ∈ Ωt, t > 0. (1.2)

By the C1,α regularity (see [11]), we have |Dv(y, t)| → 0 as y → Γt.

For the short time smoothness of the interface Γt, it is necessary to assume certain non-

degeneracy conditions on the initial hypersurface M0 (see [7–8, 10]). Denote

g =
(σp + 1

σp
v
) σp

σp+1

, σp = n− 1

p
. (1.3)

The following non-degeneracy conditions were introduced in [7–8, 10].

(I1) The level set {v(y, 0) = ε} is uniformly convex for ε ≥ 0 small, i.e., its principal

curvatures have positive upper and lower bounds.

(I2) There exists a constant λ0 ∈ (0, 1) such that

λ0 ≤ |Dg(y, 0)| ≤ λ−1
0 on Γ0.

Note that condition (I2) implies that

v(y, 0) ≈ dist(y,Γ0)
σp+1

σp .

We also assume the following (I3).

(I3) M0 is locally uniformly convex and smooth away from the flat region, and

g(y, 0) ∈ C2+α
µ ({v > 0}),
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where C2+α
µ will be introduce in (1.9) below.

We have the following regularity for the function g near the interface Γt.

Theorem 1.1 Assume conditions (I1)–(I3). Then if p > 1
n , we have g(·, t) ∈ C2+β

µ ({v > 0})
on 0 < t < T ∗ for some β ∈ (0, 1). Moreover,

(1) if 2
σp

∈ Z+, g is C∞-smooth up to Γt for 0 < t < T ∗;

(2) if 2
σp

/∈ Z+, g ∈ C
[ 2
σp

],2+β0

µ ({g > 0}) for 0 < t < T ∗, where β0 = min
{
1, 4

σp
− 2

[
2
σp

]}
.

We remark that the regularity for g in Theorem 1.1 is optimal, due to the term g(y, t)
2

σp ≈
dist(y,Γt)

2
σp in the equation (3.3). As usual we use [a] to denote the greatest integer less than

a.

From Theorem 1.1, it follows the regularity of the height function v.

Corollary 1.1 Assume conditions (I1)–(I3) and assume p > 1
n .

(1) If 1
σp

∈ Z+, v is C∞-smooth up to Γt for 0 < t < T ∗;

(2) if 1
σp

/∈ Z+, v ∈ C
1+

[
1

σp

]
, 1
σp

−
[

1
σp

]
({v > 0}) for 0 < t < T ∗.

Moreover, we have the following intermediate estimate:

sup
t∈[σ,T ]

sup
y,ỹ∈{0<v(·,t)<1}

dy,ỹ(t)
1+ 1

σp
|Dk0+2

y v(y, t)−Dk0+2
y v(ỹ, t)|

|y − ỹ|
2
σp

−k0
≤ C (1.4)

for all 0 < σ < T < T ∗, where dy,ỹ(t) := min{dist(y,Γt), dist(ỹ,Γt)}, k0 is the greatest integer

strictly less than 2
σp

and C is a positive constant depending only on M0, n, p, σ, T .

For intermediate estimate to uniformly elliptic and parabolic equations, we refer the readers

to [17, Chapter IV].

To prove Theorem 1.1, we introduce the Hodograph transformation h, given in (3.4), which

satisfies the evolution equation

ht =
(det H̃)p

(h2
n+1 + y

2
σp

n+1(1 + h2
1 + · · ·+ h2

n−1))
(n+2)p−1

2

in {yn+1 > 0}, (1.5)

where the matrix H̃ is given in (3.8). Note that equation (1.5) is a degenerate fully nonlinear

parabolic equation without the concavity condition, and the coefficient y
2
σp

n+1 is only Hölder

continuous when p > 1
n−2 . Hence the regularity theories, such as [15, 17], do not apply. Here

we make use of some estimates in [13].

The paper is organized as follows. In Section 2, we recall the short time regularity and some

basic estimates. We then derive the equations for g, h and prove the regularity (Theorem 1.1)

in Section 3.

Notation 1.1 Given two positive quantities a and b, we denote a . b if there is a constant

C > 0, depending only on M0, n, p, T , such that a ≤ Cb, where T ∈ (0, T ∗) is any given

constant. We also denote a ≈ b if a . b and b . a.
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Let k ≥ 0 be an integer and α ∈ (0, 1]. Let Ω be a domain in R
n. As usual, we define the

norm ‖ · ‖Ck,α(Ω) by

‖U‖Ck,α(Ω) = sup
|γ|≤k

|DγU(x)| + sup
|γ|=k
x,y∈Ω

|DγU(x)−DγU(y)|
|x− y|α . (1.6)

In the parabolic case, we denote

‖U‖
C

k+α,
k+α

2
x,t (Q)

= sup
|γ|+2s≤k

(x,t)∈Q

|Dγ
xD

s
tU(x, t)|+ sup

|γ|+2s=k

(x,t),(y,t′ )∈Q

|Dγ
xD

s
tU(x, t)−Dγ

xD
s
tU(y, t′)|

(|x− y|2 + |t− t′|)α
2

, (1.7)

where Q is a domain in Rn ×R1. If α ∈ (0, 1), we will write ‖ · ‖
C

k+α,
k+α

2
x,t (Q)

as ‖ · ‖Ck+α(Q) for

brevity.

To study the regularity of g, we introduce Hölder spaces with respect to the metric µ in

Rn−1 × R+ × R as in [8, 10],

µ[(x, t), (y, s)] = |x′ − y′|+ |√xn −√
yn|+

√
|t− s|.

Let Q be a domain in Rn,+ × R, where Rn,+ := Rn−1 × R+ = {x ∈ Rn | xn > 0}. We denote

‖U‖C0,α
µ (Q) = sup

p∈Q
|U(p)|+ sup

p1,p2∈Q

|U(p1)− U(p2)|
µ[p1, p2]α

, (1.8)

‖U‖C2+α
µ (Q) = ‖xnUnn‖C0,α

µ (Q) +
n−1∑

i=1

‖√xnUni‖C0,α
µ (Q) +

n−1∑

i,j=1

‖Uij‖C0,α
µ (Q)

+

n∑

i=1

‖Ui‖C0,α
µ (Q) + ‖Ut‖C0,α

µ (Q) + ‖U‖C0,α
µ (Q) (1.9)

and

‖U‖Cm,2+α
µ (Q) =

∑

|γ|+2s≤m

‖Dγ
xD

s
tU‖C2+α

µ (Q). (1.10)

2 Some Estimates

First we recall the short time existence and regularity in [8], where Daskalopoulos and

Hamilton proved the following result.

Proposition 2.1 (see [8, Theorem 9.1]) Assume conditions (I1)–(I3). Then, there exists

a time T0 > 0 such that (1.1) admits a solution Mt for 0 < t ≤ T0, and at any given time

t ∈ (0, T0], Mt satisfies the conditions (I1)–(I3).
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Remark 2.1 Proposition 2.1 is proved in [8] for n = 2. The proof also holds for high

dimension case n ≥ 3. Moreover, for 0 < t ≤ T0, the proof also implies the following condition

(see [8, Theorem 9.2]):

(I4) gijτigj ∈ L∞({v > 0}), where τ = (τ1, · · · , τn) is any tangent vector field of the level

set of g, i.e., τ · ∇g = 0.

Therefore, choosing a sufficiently small t0 > 0 as the initial time, we may assume that (I4)

holds at t = 0.

To prove Theorem 1.1, we then tap into some estimates obtained in previous work [14].

Let u(·, t) be the Legendre transformation of v(·, t), i.e.,

u(x, t) = sup{y · x− v(y, t) | y ∈ Ωt}, x ∈ Dyv(Ωt) = R
n. (2.1)

Then u(x, t) satisfies the equation

detD2u =
1

(−ut)
1
p (1 + |x|2)

(n+2)p−1
2p

+ ctδ0, (2.2)

where ct is the volume of the flat part. Hence ct > 0 for t ∈ [0, T ∗). Without loss of generality,

we assume that the origin is an interior point of the convex set {v(·, t) = 0} for all t ∈ [0, T ∗).

Then for any given T ∈ (0, T ∗), there is a positive constant ρ0 such that

Bρ0(0) ⊂⊂ {y ∈ R
n | v(y, t) = 0}, ∀t ∈ [0, T ]. (2.3)

Lemma 2.1 (see [14]) Assume conditions (I1)–(I4). Then

−ut(x, t) ≈ |x|,

urr(x, t) ≈ |x|n−1− 1
p , (2.4)

uξξ(x, t) ≈ |x|−1

for any x ∈ B1(0)\{0}, t ∈ [0, T ] and any unit vector ξ ⊥ −→ox, where urr(x, t) :=
1

|x|2xixjuij(x, t).

Denote r = |x|. Let

ζ(θ, s, t) =
u(θ, r, t)

r
, s = r

σp
2 , (2.5)

where (θ, r) is the spherical coordinates for x. Then ζ satisfies the parabolic Monge-Ampère

type equation (see [14]):

−ζt det




ζss +
2+σp

σp

ζs
s ζsθ1 · · · ζsθn−1

ζsθ1 ζθ1θ1 + ζ +
σp

2 sζs · · · ζθ1θn−1

· · · · · · · · · · · ·
ζsθn−1 ζθ1θn−1 · · · ζθn−1θn−1 + ζ +

σp

2 sζs




p

= F (s), (2.6)

in {s > 0}, where F (s) = 4pσ−2p
p

(
1 + s

4
σp

)− (n+2)p−1
2 .
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Lemma 2.2 (see [14, Theorem 6.3]) Assume the conditions (I1)–(I4). We have

‖ζ‖C2+α0(Sn−1×[0,1]×[σ,T ]) ≤ C, ∀ 0 < σ < T < T ∗, (2.7)

where the constants α0 ∈ (0, 1) and C > 0 depend only on M0, n, p, σ, T .

Next we quote the Cα and C2,α estimates for degenerate linear parabolic equations which

are needed later. Given a point p0 = (x0, t0) = (x′
0, x0,n, t0) ∈ Rn,+ × R , denote

Q∗
ρ(p0) = {(x, t) | xn > 0, |x′ − x′

0| < ρ, |xn − x0,n| < ρ2, t0 − ρ2 < t ≤ t0}, (2.8)

which is a cylinder in Rn,+ × R. When p0 = (0, 0), we simply write Q∗
ρ = Q∗

ρ(p0).

Consider the following linear degenerate operator

L+U := −Ut + annxn∂nnU +

n−1∑

i=1

2ain
√
xn∂inU +

n−1∑

i,j=1

aij∂ijU +

n∑

i=1

bi∂iU (2.9)

with variable coefficients aij , bi defined in the cylinder Q∗
ρ.

Lemma 2.3 Assume that the coefficients aij , bi are measurable and satisfy

aijξiξj ≥ λ|ξ|2, ∀ξ ∈ R
n,

|aij |, |bi| ≤ λ−1

and

2bn
ann

≥ ν

for some constants λ, ν ∈ (0, 1). Let U ∈ C2(Qρ) be the solution to L+U = f . Then there

exists α ∈ (0, 1) such that for any ρ′ ∈ (0, ρ), it holds

‖U‖Cα
µ (Q∗

ρ′
) ≤ C

(
sup
Q∗

ρ

|U |+
(∫

Q∗
ρ

|f |n+1x
ν
2−1
n dxdt

) 1
n+1

)
, (2.10)

where the positive constant C depends only on n, ρ, ρ′, λ and ν.

For the proof of Lemma 2.3, we refer the readers to [9, Theorem 3.1] or [18, Theorem 3.3].

Lemma 2.4 (Schauder estimate) (see [8]) Assume that the coefficients aij , bi ∈ Cα
µ (Q

∗
ρ)

for some α ∈ (0, 1) and satisfy

aijξiξj ≥ λ|ξ|2, ∀ξ ∈ R
n,

‖aij‖Cα
µ (Q∗

ρ)
, ‖bi‖Cα

µ (Q∗
ρ)

≤ λ−1

and

bn ≥ λ at {xn = 0}
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for some constant λ ∈ (0, 1). Let U ∈ C2+α
µ (Q∗

ρ) be the solution to L+U = f . Then for any

given ρ′ ∈ (0, ρ), it holds

‖U‖C2+α
µ (Q∗

ρ′
) ≤ C(‖U‖L∞(Q∗

ρ)
+ ‖f‖Cα

µ (Q∗
ρ)
), (2.11)

where the positive constant C depends only on n, α, ρ, ρ′ and λ.

3 The Regularity for the Graph

In this section, we will first derive the evolution equations of g and h. Then, we utilize the

a priori estimates of u and ζ to obtain the C2+β
µ regularity of g and h, which allows us to prove

Theorem 1.1 and Corollary 1.1.

3.1 Derivation of equations

Recall that the function v satisfies equation (1.2) and g is defined in (1.3). A direct compu-

tation yields that, for 1 ≤ i, j ≤ n,

vi = g
1

σp gi, vt = g
1

σp gt (3.1)

and

vij = g
1
σp gij +

1

σp
g

1
σp

−1
gigj . (3.2)

Then, g satisfies

gt =

(
g det

(
D2g +

1

σp
g−1Dg ⊗Dg

))p

(1 + g
2
σp |Dg|2) (n+2)p−1

2

, (3.3)

where Dg ⊗Dg is a matrix with (i, j)-entries gigj.

Then, we perform the following Hodograph transformation mentioned in Section 1. Let

p0 = (y0, t0) be a point on the interface Γt0 with 0 < t0 < T ∗. By a rotation of the coordinates,

we may assume that en = (0, · · · , 0, 1) is the unit outer normal of the flat part {v(y, t̄0) = 0}
at p0, so that at the point, we have

gi(p0) = 0, i = 1, · · · , n− 1, gn(p0) > 0.

The above condition can be guaranteed by the initial conditions on g(y, 0) and later by the

a priori estimates on |Dg| (see (3.12) below). Hence, we can solve the equation yn+1 =

g(y1, · · · , yn, t) with respect to yn around the point p0 and yield a map

yn = −h(y1, · · · , yn−1, yn+1, t), (3.4)

defined for all (y1, · · · , yn−1, yn+1, t) sufficiently close to q0 = (y0,1, · · · , y0,n−1, 0, t0). Then,

direct computations give that

Dg = − 1

hn+1
(h1, · · · , hn−1, 1), gt = − ht

hn+1
(3.5)
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and for 1 ≤ i, j ≤ n− 1,

gij = − 1

hn+1

(
hij − hi,n+1

hj

hn+1
− hj,n+1

hi

hn+1
+ hn+1,n+1

hihj

h2
n+1

)
,

gin =
1

h2
n+1

(
hi,n+1 − hn+1,n+1

hi

hn+1

)

and

gnn = − 1

h3
n+1

hn+1,n+1.

According to (3.3), h satisfies

ht =
(yn+1 detH)p

(h2
n+1 + y

2
σp

n+1(1 + h2
1 + · · ·+ h2

n−1))
(n+2)p−1

2

, (3.6)

where H is an n× n matrix with entries

Hij = hij − hi,n+1
hj

hn+1
− hj,n+1

hi

hn+1
+ hn+1,n+1

hihj

h2
n+1

−
σ−1
p hihj

yn+1hn+1
,

Hi,n+1 = hi,n+1 − hn+1,n+1
hi

hn+1
+

σ−1
p hi

yn+1

and

Hn+1,n+1 = hn+1,n+1 −
σ−1
p hn+1

yn+1
.

By the elementary properties of determinants, equation (3.6) can be transformed into

ht =
(det H̃)p

(h2
n+1 + y

2
σp

n+1(1 + |Dy′h|2)) (n+2)p−1
2

, (3.7)

where

H̃ =




h11 · · · h1,n−1
√
yn+1h1,n+1

· · · · · · · · · · · ·
h1,n−1 · · · hn−1,n−1

√
yn+1hn−1,n+1√

yn+1h1,n+1 · · · √
yn+1hn−1,n+1 yn+1hn+1,n+1 − σ−1

p hn+1


 . (3.8)

One can calculate that the linearized operator of (3.7),

L : = − 1

ht
∂t +

n−1∑

i,j=1

pH̃ij∂yiyj
+ 2

n−1∑

i=1

pH̃i,n+1√yn+1∂yiyn+1 + pyn+1H̃
n+1,n+1∂yn+1yn+1

+ b̂∂yn+1 −
n−1∑

i=1

[(n+ 2)p− 1]y
2
σp

n+1

h2
n+1 + y

2
σp

n+1(1 + |Dy′h|2)
hi∂yi

, (3.9)

where H̃ij , H̃i,n+1, H̃n+1,n+1, i, j = 1, · · · , n − 1 are the elements of the inverse matrix of H̃

and

b̂(y′, yn+1, t) := −
( [(n+ 2)p− 1]hn+1

h2
n+1 + y

2
σp

n+1(1 + |Dy′h|2)
+

p

σp
H̃n+1,n+1

)
. (3.10)
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3.2 Regularity for g and h

Lemma 3.1 Assume the conditions (I1)–(I4). Then for some β ∈ (0, 1), it holds that

max
t∈[σ,T ]

‖g(·, t)‖C2+β
µ ({0<g(·,t)<1}) ≤ C(M0, n, p, σ, T ) (3.11)

for all 0 < σ < T < T ∗.

Proof Step 1 First order derivative estimates.

By (2.1) and (2.4), we have

v = x ·Du− u = rur − u

=

∫ r

0

(ρuρ − u)ρdρ =

∫ r

0

ρuρρdρ ≈ rσp+1.

Hence g ≈ rσp . It follows from (3.1) and Lemma 2.1 that

gt ≈ 1, |Dg| ≈ 1, (3.12)

uniformly near the interface Γt for t ∈ (0, T ]. Note that estimate (3.12) allows us to perform

the local coordinate transform (3.4).

Fix a point p0 = (y0, t0) on the interface Γt0
, where t0 ∈ (0, T ]. By a rotation of the

coordinates, we may assume that the unit outer normal of the flat part {v(y, t0) = 0} at p0 is

en = (0, · · · , 0, 1), i.e., Dg(p0)
|Dg(p0)|

= en. By [10, Lemmas 4.7–4.8], there exist positive constants

η > 0 and γ0 > 0, depending only on the initial data and ρ0, such that

en · Dg(p)

|Dg(p)| ≥ γ0, ∀p = (y, t) with g(p) > 0 and |p− p0| < η, t ∈ (0, t0]. (3.13)

From (3.5) and (3.12)–(3.13), one knows, for a small constant η > 0,

ht ≈ 1, −hn+1 ≈
√
1 + |Dy′h|2 ≈ 1, ∀ (y′, yn+1, t) ∈ Q∗

η(q0), (3.14)

where the cylinder Q∗
η is defined in (2.8).

Step 2 Second order derivative estimates.

Now, we fix a point (y0, t0) ∈ {(y, t) | g(y, t) > 0, |(y, t)− (y0, t0)| < η, t0 − η2 < t ≤ t0} for

small constant η > 0. Let ξ(1), · · · , ξ(n−1), ξ(n) = Dg
|Dg| be n vectors at the point (y0, t0) with

ξ(i) = gnei−gien
|gnei−gien|

, i = 1, · · · , n− 1. Note that ξ(i)⊥ξ(n) for i = 1, · · · , n − 1. From (3.13), one

gets

det(ξ(1), · · · , ξ(n−1), ξ(n)) ≥
( gn
|Dg|

)n−2

≈ 1. (3.15)

At point (y0, t0), consider the following matrix

G =




gξ(1)ξ(1) · · · gξ(1)ξ(n−1)

√
ggξ(1)ξ(n)

gξ(2)ξ(1) · · · gξ(2)ξ(n−1)

√
ggξ(2)ξ(n)

· · · · · · · · · · · ·
√
ggξ(n)ξ(1) · · · √

ggξ(n)ξ(n−1) ggξ(n)ξ(n) + 1
σp
|Dg|2


 . (3.16)
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Then, (3.15) gives that

detG = g det
(
D2g +

1

σp
g−1Dg ⊗Dg

)
(det(ξ(1), · · · , ξ(n−1), ξ(n)))2

≈ g det
(
D2g +

1

σp
g−1Dg ⊗Dg

)
. (3.17)

The first aim in this part is to show that

G ≈ In×n, (3.18)

where In×n is the identity matrix. For this, let ν be the unit eigenvector which corresponds to

the smallest eigenvalue of D2u. Recall that x0 = Dyv(y0, t0). Then r = |x0| can be arbitrary

small if we take η > 0 small.

Claim: |ξ(n) · ν − 1| . rσp , |ξ(i) · ν| . r
σp
2 , i = 1, · · · , n− 1.

By estimate (2.4) and

ξ(n) =
Dg(y0, t0)

|Dg(y0, t0)|
=

Dv(y0, t0)

|Dv(y0, t0)|
=

x0

|x0|
=

x0

r
,

we have uξ(n)ξ(n) = urr ≈ rσp−1 at the point (x0, t0) (see [14]). Suppose the first part of the

Claim fails, i.e., |ξ(n) · ν − 1| >> rσp . Denote

ξ(n) = τ1ν + τ2ξ for some unit vector ξ ⊥ ν,

where τ1 = ξ(n) · ν and τ2 = ξ(n) · ξ̄. Then, it holds

||τ1| − 1| ≫ rσp , τ2 ≫ r
σp
2 ,

which yields

rσp−1 ≈ uξ(n)ξ(n) = τ21uνν + 2τ1τ2uνξ + τ22uξξ

≥ (τ2
√
uξξ − |τ1|

√
uνν)

2

≫ rσp−1.

This contradiction proves the first part of the Claim.

It then follows that

|ξ(n) − ν|2 = 2|ξ(n) · ν − 1| . rσp .

Hence

|ξ(i) · ν| = |ξ(i) · (ξ(n) − ν)| . r
σp
2 , i = 1, · · · , n− 1,

which proves the second part of the Claim.
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By the above Claim and Lemma 2.1, for ξ ⊥ ν, we get

gξ(i)ξ(i) =
(1 + σp

σp
v
)− 1

1+σp
vξ(i)ξ(i) ≈ r−1uξ(i)ξ(i)

= r−1(uξξ(ξ · ξ(i))2 + 2uξν(ξ · ξ(i))(ν · ξ(i)) + uνν(ν · ξ(i))2)

. r−1(r + r1−
σp
2 · r

σp
2 + r1−σprσp ) . 1

for i = 1, · · · , n− 1, and

ggξ(n)ξ(n) +
1

σp
|Dg|2 = g

(1 + σp

σp
v
)− 1

1+σp
vξ(n)ξ(n)

≈ rσp−1uξ(n)ξ(n)

. rσp−1r1−σp ≈ 1.

Then from equation (3.3) and estimates (3.12), (3.17), one knows G ≈ In×n.

We next claim that the matrix H̃ , defined in (3.8), satisfies

H̃ ≈ In×n in Q∗
η(q0), (3.19)

where q0 = (y′0, 0, t0). Indeed, by the definition of h, one has

ξ(i) =
ei − hien√

1 + h2
i

, i = 1, · · · , n− 1,

ξ(n) =
(Dy′h, 1)√
1 + |Dy′h|2

at the point (y′0, g(y0, t0), t0). Then a direct computation implies

gξ(i)ξ(j) = − hij

hn+1

√
(1 + h2

i )(1 + h2
j)
, 1 ≤ i, j ≤ n− 1,

gξ(i)ξ(n) =
1√

(1 + h2
i )(1 + |Dy′h|2)

(
− hkhik

hn+1
+

1 + |Dy′h|2
h2
n+1

hi,n+1

)
, 1 ≤ i ≤ n− 1, (3.20)

gξ(n)ξ(n) = − hkhlhkl

hn+1(1 + |Dy′h|2) +
2hlhl,n+1

h2
n+1

− (1 + |Dy′h|2)hn+1,n+1

h3
n+1

.

Here the subscripts k, l obey the Einstein summation convention from 1 to n− 1. From (3.14),

(3.18) and (3.20), it follows that

n−1∑

i,j=1

(|hij |+ |√yn+1hi,n+1|) + |yn+1hn+1,n+1| . 1, (3.21)

which gives (3.19) by (3.7) and the arbitrariness of (y0, t0).

Step 3 C2+β
µ -estimate.

Now we refine the estimates of ggξ(n)ξ(n) and
√
ggξ(i)ξ(n) according to the regularity of ζ. By

Lemma 2.2, ζ(θ, s, t) ∈ C2+α0(Sn−1 × [0, 1] × (0, T ]). At the point (x0, t0) = (Dyv(y0, t0), t0),
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where (y0, t0) is a fixed point in {(y, t) | g(y, t) > 0, |(y, t)− (y0, t0)| < η, t0 − η2 < t ≤ t0} for

small constant η > 0, one knows that

uξ(n)ξ(n) = rσp−1(a0 +O(r
α0σp

2 )),

|uξ̄(i)ξ(n) | . rσp−1, i = 1, · · · , n− 1,
(3.22)

where ξ̄(n) := ξ(n), {ξ̄(i)}ni=1 is an orthonormal basis of Rn and

a0 := lim
ρ→0+

uρρ

(ρx0

|x0|
, t0

)

ρσp−1
.

Then, by Lemma 2.1 and (3.22), we get

uξ(n)ξ(n)

=
U ξ(n)ξ(n)

detD2u
=

U ξ(n)ξ(n)

uξ(n)ξ(n)U ξ(n)ξ(n) +O(uξ̄(i)ξ(n)uξ̄(j)ξ(n)r−(n−2))

=
1

uξ(n)ξ(n)

[
1 +O

(uξ̄(i)ξ(n)uξ̄(j)ξ(n)r−(n−2)

uξ(n)ξ(n)U ξ(n)ξ(n)

)]−1

=
1

uξ(n)ξ(n)

[
1 +O

( r2σp−n

uξ(n)ξ(n)uξ(n)ξ(n) detD2u

)]−1

. (3.23)

Here we denote by U ξ̄(i) ξ̄(j) the elements of the adjoint matrix of {uξ̄(i) ξ̄(j)}ni,j=1.

Since

detD2u ≈ (−ut)
− 1

p ≈ r−
1
p ,

uξ(n)ξ(n) ≥ 1

uξ(n)ξ(n)
,

(3.23) implies

uξ(n)ξ(n)

=
1

uξ(n)ξ(n)

(1 +O(rσp )). (3.24)

As a result, by (3.1)–(3.2), (3.22) and (3.24), we have

ggξ(n)ξ(n) = g
(1 + σp

σp
v
)− 1

1+σp
vξ(n)ξ(n) − 1

σp
g2ξ(n)

=
1

σp

(1 + σp

σp
v
)− 2

1+σp
((σp + 1)(rur − u)uξ(n)ξ(n) − r2)

=
r2

σp

(1 + σp

σp
v
)− 2

1+σp
(
(σp + 1)

(rur − u)

r2uξ(n)ξ(n)

(1 +O(rσp ))− 1
)

=
r2

σp

(1 + σp

σp
v
)− 2

1+σp
( (σp + 1)

∫ r

0

ρuρρdρ

rσp+1(a0 +O(r
α0σp

2 ))
(1 +O(rσp ))− 1

)

≈
( (σp + 1)

∫ r

0

ρuρρdρ

a0rσp+1
(1 +O(r

α0σp

2 ))− 1
)
. r

α0σp

2 (3.25)
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and for j = 1, · · · , n− 1,

|√ggξ̄(j)ξ(n) | = √
g
(1 + σp

σp
v
)− 1

1+σp |vξ̄(j)ξ(n) | . r
σp
2 −1|uξ̄(j)ξ(n) |

. r
σp
2 −1 |U ξ̄(j)ξ(n) |

detD2u
.

n−1∑

i=1

r
σp
2 −1 |uξ̄(i)ξ(n) |r−(n−2)

r−1/p

. r
σp
2 . (3.26)

According to estimates (3.14) and (3.19), by scaling, we can apply interior estimates for

uniformly parabolic equations (see [17]) to get

|ht,n+1(y
′, yn+1, t)| . y−1

n+1, ∀(y′, yn+1, t) ∈ Q∗
η(q0), q0 = (ȳ′0, 0, t0). (3.27)

By the relationship between D2h and D2g in (3.20), the refined estimates (3.25) and (3.26)

give that

yn+1hn+1,n+1 . y
α0
2

n+1, |hi,n+1| . 1, i = 1, · · · , n− 1 in Q∗
η(q0). (3.28)

We claim that (3.27) and (3.28) imply hn+1 ∈ Cβ
µ (Q

∗
η(q0)) for some β ∈

(
0, α0

8

)
. In fact, for

all (y′, yn+1, t), (ỹ
′, ỹn+1, t̃) ∈ Q∗

η(q0), one has

|hn+1(y
′, yn+1, t)− hn+1(y

′, ỹn+1, t)| ≤
∣∣∣
∫ yn+1

ỹn+1

hn+1,n+1(y
′, λ, t)dλ

∣∣∣

. |ỹn+1 − yn+1|
α0
2 . |

√
ỹn+1 −

√
yn+1|

α0
2

and

|hn+1(y
′, yn+1, t)− hn+1(ỹ

′, yn+1, t)| . |ỹ′ − y′|.

Also for |t− t̃| ≤ y2n+1,

|hn+1(y
′, yn+1, t)− hn+1(y

′, yn+1, t̃)| . |t− t̃|y−1
n+1 ≤ |t− t̃| 12 ,

for |t− t̃| ≥ y2n+1,

|hn+1(y
′, yn+1, t)− hn+1(y

′, yn+1, t̃)|

≤ |hn+1(y
′, |t− t̃| 14 , t)− hn+1(y

′, yn+1, t)|

+ |hn+1(y
′, |t− t̃| 14 , t)− hn+1(y

′, |t− t̃| 14 , t̃)|

+ |hn+1(y
′, |t− t̃| 14 , t̃)− hn+1(y

′, yn+1, t̃)|

. ||t− t̃| 14 − yn+1|
α0
2 + |t− t̃| 34

. |t− t̃|
α0
8 .

The above estimates conclude that hn+1 ∈ Cβ
µ (Q

∗
η(q0)).
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Moreover, the estimate (3.28) also gives that

b̂(y′, 0, t) = −
( [(n+ 2)p− 1]hn+1

h2
n+1 + y

2
σp

n+1(1 + |Dy′h|2)
+

p

σp
H̃n+1,n+1

)∣∣∣
yn+1=0

= − (n+ 1)p− 1

hn+1
& 1,

which yields that the coefficient of ∂yn+1 ,

b̂(y′, yn+1, t) & 1, ∀(y′, yn+1, t) ∈ Q∗
η(q0). (3.29)

By (3.14), (3.19) and (3.28), there holds

b̂/(pH̃n+1,n+1) & 1 in Q∗
η(q0).

Hence, by Lemma 2.3, we obtain h1, · · · , hn−1, ht ∈ Cβ
µ (Q

∗
η
2
(q0)) for some β ∈ (0, 1).

Consequently, by the proof in [14, Lemma 4.4] or the argument in [10, Section 6], we obtain

h ∈ C2+β
µ (Q∗

η
2
(q0)). Therefore the coefficients of the operator L belong to Cβ

µ (Q
∗
η
2
(q0)), for a

small positive constant η depending only on M0, n, p, T . By (3.12),

g(y, t) ≈ dist(y, ∂Γt) (3.30)

near the interface Γt for t ∈ (0, T ]. Hence g is C2+β
µ -smooth up to the interface Γt0

, and the

desired a priori estimate (3.11) follows.

Proof of Theorem 1.1 We still consider equation (3.7) in Q∗
η(q0) with q0 = (y′0, 0, t0),

where y0 = (y′0, y0,n) ∈ Γt0 , t0 ∈ (0, T ∗). Differentiating the equation with respect to t gives

L(ht) = 0,

where L is the linearized operator in (3.9). Since the coefficients of the operator L all belong

to Cβ
µ (Q

∗
η
2
(q0)) and b̂ & 1 in Q∗

η
2
(q0), by Lemma 2.4, one gets ht ∈ C2+β

µ (Q∗
η
2
(q0)). Similarly,

differentiating equation (3.7) in yi, i = 1, · · · , n − 1, we have hyi
∈ C2+β

µ (Q∗
η
2
(q0)). It follows

by the Schauder estimate that Dk
t,y′h ∈ C2+β

µ (Q∗
η
2
(q0)) for each k ∈ N+, after differentiating

equation (3.7) with respect to t, yi up to k times.

As for the regularity of h in yn+1, we need to take care of the term y
2

σp

n+1 in equation (3.7),

which is not smooth if 2
σp

is not an integer.

Case 1 2
σp

∈ N+. Then y
2

σp

n+1 is smooth. In this case, one can differentiate equation (3.7)

in yn+1 to obtain higher regularity as above.

Case 2a 2
σp

6∈ Z+ and 2
σp

< 1. Let

z1 = y1, · · · , zn−1 = yn−1, zn = 2
√
yn+1,

then h(z, t), hzi(z, t), ht(z, t) ∈ C2+β(Qη(q0)), i = 1, · · · , n− 1. Here Qη(q0), q0 = (y′0, 0, t0), is

the cylinder given by

Qη(q0) = {(z, t) ∈ R
n,+ × R | zn > 0, |z − (y′0, 0)| < η, t0 − η2 < t ≤ t0}. (3.31)
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Hence, one can rewrite equation (3.7) in coordinates (z, t) as

hznzn − σp + 2

σp

hzn

zn
= f̃

(
z

4
σp
n , ht, Dz′h,

hzn

zn
, Dz′Dzh

)
, (3.32)

where f̃ is C1+β smooth in its all arguments. Moreover, by (3.29),

− ∂f̃

∂
(hzn

zn

) − σp + 2

σp
& 1 in Qη(q0).

To prove the regularity of hznzn in zn, we take a fixed point (z0, t0) = (z′0, 0, t0) ∈ Qη(q0), and

denote

̺(zn) = (̺1(zn), ̺2(zn)) =
(
z

4
σp
n ,

hzn

zn

∣∣∣
(z′

0,zn,t0)

)
with (z′0, zn, t0) ∈ Qη(q0)

and

f(̺(zn)) = f(̺1(zn), ̺2(zn)) = f̃
(
z

4
σp
n , ht, Dz′h,

hzn

zn
, Dz′Dzh

)∣∣∣
(z′

0,zn,t0)
.

We also define two constants:

κ0 =
hzn

zn

∣∣∣
(z0,t0)

, b0 = − ∂f

∂̺2

∣∣∣
̺=(0,κ0)

− σp + 2

σp
> 0,

which are well-defined as h(z, t) ∈ C2+β(Qη(q0)). Then, equation (3.32) can be regarded as an

ODE of the variable zn and rewritten as

hznzn

∣∣∣
(z′

0,zn,t0)
+ b0

hzn

zn

∣∣∣
(z′

0,zn,t0)
= f(̺(zn))− f̺2

(0, κ0)̺2(zn) =: f̌(̺(zn)), (3.33)

which yields that

hzn

∣∣∣
(z′

0,zn,t0)
= z−b0

n

∫ zn

0

ρb0 f̌(̺(ρ))dρ

and

hzn

zn

∣∣∣
(z′

0,λ,t0)
= λ−b0−1

∫ λ

0

ρb0 f̌(̺(ρ))dρ =

∫ 1

0

ρb0 f̌(̺(λρ))dρ.

Note that ∂̺2f̌(̺(0)) = 0. Then, for (z′0, λ, t0), (z
′
0, λ̃, t0) ∈ Qη(q0), we get

∣∣∣hzn

zn

∣∣∣
(z′

0,λ,t0)
− hzn

zn

∣∣∣
(z′

0,λ̃,t0)

∣∣∣ ≤
∫ 1

0

ρb0 |f̌(̺(λρ)) − f̌(̺(λ̃ρ))|dρ

≤
∫ 1

0

|f̌(̺1(λρ), ̺2(λρ)) − f̌(̺1(λ̃ρ), ̺2(λρ))|dρ

+

∫ 1

0

ρb0 |f̌(̺1(λ̃ρ), ̺2(λρ))− f̌(̺1(λ̃ρ), ̺2(λ̃ρ))|dρ

≤ ‖Df̃‖L∞ · |λ
4
σp − λ̃

4
σp |+ oη(1)‖f̃‖C1,β · sup

ρ∈[0,1]

∣∣∣hzn

zn

∣∣∣
(z′

0,λρ,t0)
− hzn

zn

∣∣∣
(z′

0,λ̃ρ,t0)

∣∣∣, (3.34)
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where oη(1) ≤ O(η
β min{1, 4

σp
}
) → 0 as η → 0. Therefore, for η > 0 small, one gets

∣∣∣hzn

zn

∣∣∣
(z′

0,λ,t0)
− hzn

zn

∣∣∣
(z′

0,λ̃,t0)

∣∣∣ . |λ− λ̃|min{1, 4
σp

}
. (3.35)

This implies
hzn

zn
is C

0,min{1, 4
σp

}
-smooth with respect to zn, so is hznzn from (3.32). Recall that

yn+1 = 1
4z

2
n, we obtain h(y′, yn+1, t) ∈ C

2+min{1, 4
σp

}

µ (Q∗
η
4
(q0)).

Case 2b 2
σp

6∈ Z+ and 2
σp

> 1. Differentiating equation (3.7) in yn+1 up to k0 =
[

2
σp

]

times, one gets

V := Dk0
yn+1

h(y′, yn+1, t) ∈ C2+β
µ (Q∗

η
2
(q0))

by Lemma 2.4. Similarly, Vt, Vyi
∈ C2+β

µ (Q∗
η
2
(q0)), i = 1, · · · , n− 1.

Let

z1 = y1, · · · , zn−1 = yn−1, zn = 2
√
yn+1,

then V, Vzi , Vt ∈ C2+β(Qη(q0)) as a function in (z, t) for i = 1, · · · , n−1. Consider the equation

for V in coordinates (z, t) as

Vznzn − σp + 2

σp

Vzn

zn
= f̂

(
z

4
σp

−2k0

n , Vt, Dz′V,
Vzn

zn
, Dz′DzV

)
, (3.36)

where f̂ is a C1+β smooth function of all its arguments. Hence, one obtains V (y′, yn+1, t) ∈
C

2+min{1, 4
σp

−2k0}

µ (Q∗
η
4
(q0)) by the same argument as in Case 2a.

From the arbitrariness of q0, we obtain Theorem 1.1.

Proof of Corollary 1.1 Fix a point p0 = (y0, t0) on the interface Γt0
, t0 ∈ (0, T ]. By

a rotation of the coordinates, we may assume that the unit outer normal of the flat part

{v(y, t0) = 0} at p0 is en = (0, · · · , 0, 1).
If 1

σp
∈ Z+, by Theorem 1.1, g is C∞-smooth up to the interface Γt for 0 < t < T ∗. Hence

v =
σp

σp+1g
1+ 1

σp is also C∞ smooth.

Next we consider the case 1
σp

/∈ Z+.

If 1
σp

∈
(
0, 12

]
, then 2

σp
∈ (0, 1] and k0 = 0, where k0 is the greatest integer strictly less

than 2
σp
. By Theorem 1.1, we have g ∈ C2+β0

µ ({v > 0}), where β0 := min
{
1, 4

σp
− 2k0

}
. Hence

g ∈ C0,1({v > 0}) and Dyg ∈ C
0, 1

σp ({v > 0}) as 1
σp

≤ 1
2β0. Hence,

Dyv = g
1
σp Dyg ∈ C

0, 1
σp ({v > 0}), (3.37)

which yields v ∈ C
1, 1

σp ({v > 0}).
If 1

σp
∈
(
1
2 , 1

)
, then 2

σp
∈ (1, 2) and k0 = 1. By Theorem 1.1, g ∈ C1,2+β0

µ ({v > 0}), and so

g,Dyg ∈ C0,1({v > 0}). Hence, (3.37) gives v ∈ C
1, 1

σp ({v > 0}).
If 1

σp
> 1. Denote l0 :=

[
1
σp

]
, then 2

σp
> 2l0 ≥ 2. In this case, by Theorem 1.1, g is at least

of class C2l0,2+ε
µ ({v > 0}) for some small ε > 0. Hence g,Dyg,D

2
yg, · · · , Dl0+1

y g ∈ C0,1({v > 0})
as l0 + 1 ≤ 2l0. Differentiating Dyv = g

1
σp Dyg l0 times in space variables y, we get Dl0+1

y v ∈
C

0, 1
σp

−l0({v > 0}). It follows that v ∈ C
1+l0,

1
σp

−l0({v > 0}).
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As for the estimate (1.4), we fix t0 ∈ [σ, T ] and take (y, t0), (ỹ, t0) ∈ {0 < v(·, t0) < 1} with

dy,ỹ(t0) := min{dist(y,Γt0), dist(ỹ,Γt0)} = dist(ỹ,Γt0).

If 2
σp

≤ 1, then k0 = 0. By Theorem 1.1 and (3.2), it holds

g
1− 1

σp vij = ggij +
1

σp
gigj ∈ C

0, 2
σp

µ ({v > 0}), 1 ≤ i, j ≤ n. (3.38)

In the case |y − ỹ| ≥ dist(ỹ,Γt̄0), (3.30) and (3.38) give that

dy,ỹ(t0)
1+ 1

σp
|vij(y, t0)− vij(ỹ, t0)|

|y − ỹ|
2

σp

≤ Cdist(ỹ,Γt0)
1− 1

σp |vij(y, t0)− vij(ỹ, t0)| ≤ C. (3.39)

In the case |y − ỹ| ≤ dist(ỹ,Γt̄0), by (3.12), (3.30) and (3.38), we have

dy,ỹ(t0)
1+ 1

σp
|vij(y, t0)− vij(ỹ, t0)|

|y − ỹ|
2
σp

≤ Cdy,ỹ(t0)
2
σp

|g(y, t0)1−
1
σp vij(y, t0)− g(y, t0)

1− 1
σp vij(ỹ, t0)|

|y − ỹ|
2
σp

≤ Cdy,ỹ(t0)
2
σp

|g(y, t0)1−
1
σp vij(y, t0)− g(ỹ, t0)

1− 1
σp vij(ỹ, t0)|

µ[(y, t0), (ỹ, t0)]
2
σp · |√yn +

√
ỹn|

2
σp

+ Cdy,ỹ(t0)
2
σp

vij(ỹ, t0)|g(y, t0)1−
1
σp − g(ỹ, t0)

1− 1
σp |

|y − ỹ|
2
σp

≤ C + Cdy,ỹ(t0)
2
σp vij(ỹ, t0) · (gng−

1
σp )

∣∣
(λy+(1−λ)ỹ,t0)

· |y − ỹ|1−
2
σp (λ ∈ [0, 1])

≤ C + Cdist(ỹ,Γt0)
1− 1

σp vij(ỹ, t0) ≤ C. (3.40)

Hence, (1.4) holds when 2
σp

≤ 1.

If 2
σp

> 1, then k0 ≥ 1. By differentiating equation Dyv = g
1
σp Dyg with respect to y k0 + 1

times and by Theorem 1.1, we have

g
k0+1− 1

σp Dk0+2
y v ∈ C

0, 2
σp

−k0

µ ({v > 0}).

Therefore, by similar computations as in (3.39)–(3.40), it follows that

dy,ỹ(t0)
1+ 1

σp
|Dk0+2

y v(y, t0)−Dk0+2
y v(ỹ, t0)|

|y − ỹ|
2
σp

−k0
≤ C.

As a result, (1.4) follows.
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