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Abstract It is proved that there are many (positive Lebesgue measure) Kolmogorov-
Arnold-Moser (KAM for short) tori at infinity and thus all solutions are bounded for the

2n .
Duffing equations #+x2" " 4+ 3" p;(t)27 = 0 with p;(¢)’s being time-quasi-periodic smooth
j=0

functions.
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1 Introduction

In mechanics one frequently encounters the Duffing equations
&+ ar +bx® =p(t),

where p(t) = p(t + 27) is a periodic forcing function. If p = 0 and b > 0, it is well known that
all solutions are periodic, with a period depending on the amplitudes. However, even if the
exterior force p(t) # 0 is small, it is a complicated problem to decide the boundedness of all
solutions (that is, Lagrangian stability). Moser [1] proposed to investigate this problem using
Kolmogorov-Arnold-Moser theory (KAM for short) (see [2-4]).

The first result is due to Morris [5] who proved that all solutions of i + 22% = p(t) are
bounded, that is, there exists a constant C' (depending on the initial data) such that

lz(t)] + |z(t)] < C, teR.

The Morris’s result was generalised by Diekerhoff-Zehhder [6] to the equation of more general

form

2n
&4 2®m ! —I—ij(t)xj =0, (1.1)
3=0
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where p;(t) = p;(t+27) (j = 0,1, ,2n) are C”-smooth functions with v > 1+ 2 +log}. See
[7—11] for more backgrounds.

A natural question is what happens to (1.1) when the coefficients p;(t) are quasi-periodic in
time t. We say that a function f : R — R (or C) is quasi-periodic in time with frequency w € R,
if there exists a function F : T — R (or C) such that f(t) = F(wt), where T? = R?/(27Z)<.
We say that F' is the hull of f. (see [12] for the notations of quasi-periodic functions and their
hulls). In the following arguments, denote by P; the hulls of the coefficients p;(t) in (1.1).

In the present paper, we will prove the following theorem.

Theorem 1.1 Assume that the hulls P; of the coefficients p; (j = 1,2,---,2n) are real
analytic in T?, and assume that the frequency w € R of the coefficients P;’s obeys Diophantine
condition (DC.,),

[(k,w)| = v0/|K|"2, Yk € Z7\ 0,
where 0 < 9 < 1 is a constant. Then (1.1) has many (positive Lebesgue measure) (d + 1)-
dimensional KAM tori clustering at infinity in the (d + 2)-dimensional extended phase space*
T+ x RY, with frequency (w,1) € R4, Therefore, all solutions of (1.1) are bounded, that is,
|z()] + |2(t)] < C fort € R, where the constant C' depends on the initial values (x(0),z(0)).

Remark 1.1 When p;(t)’s are periodic in time ¢, in [6], by a series of symplectic coordinates

which are close to identity, the Hamiltonian H corresponding to (1.1) can be reduced to
H=1I"+h(I,t) + ho(1,0,t), a>0, (1.2)

where (I,0) are the action angle variables and the size of hs is small enough. Note that the
system defined by H is periodic in time ¢. It follows that the Poincar’e mapping obeys the
Moser’s twist theorem (see [4]). Thus the boundedness of all solutions follows. As for our case
where p;(t)’s are quasi-periodic in time ¢, the Poincaré mapping could not be defined directly.
In an early work [13], the existence of many KAM tori was obtained for & + 2"t + cx =
P(wit, - ,wqt), a special form of (1.1), but there were no results of the boundedness of all

solutions.

Remark 1.2 In the present paper, we decompose p;(t) into p;<(t) of lower Fourier fre-
quencies (refer to (3.3)) and p;> (t) of higher Fourier frequencies (refer to (3.4)). We can choose
sufficiently high Fourier frequencies such that p;- (¢) is small enough. In order to apply KAM
theorem, it suffices to eliminate all terms (3.3) involving p;<(t). Fortunately, while removing
(3.3), the divisors are large enough instead of being small in the homological equation (3.16).
This is key point in our proof. In addition, as in [6], we also derive a reduced Hamiltonian of
the same form as (1.2) (refer to (3.41)). In our case, hq1(I,t) = §(<M)(I, 0, p) with ¢ = wt, which
is quasi-periodic with frequency w € R? (d > 1) in time ¢. So th_e Pioncaré mapping could not
defined directly. We will find a symplectic coordinate change which is not close to identity to

removing the dependence on time t of hy(7,t) (see (4.7)).

1See Section 2 for the extended phase space.
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Remark 1.3 We also relax the analyticity of the coefficients p;(t)’s to C* with v > 1. We
do not pursue this end.

Proof outline In Section 2, using the periodic solution of the autonomous system, we
introduce the action and angle variables. Then we introduce an angle variable ¢ € T¢ and an
artificial action variable J € R? such that the considered Hamiltonian system is transformed
into an autonomous Hamiltonian H = w - J + Ho(I) + R(I, 6, ¢) with the extended phase space
T+ x R+ (see (2.10)-(2.11)). In Section 3, performing a series of symplectic transforms,
we change the perturbation R to a small one. When the system (1.1) is periodic in time ¢,
the perturbation is independent of ¢, and thus we do not encounter any small divisor problem.
In the present paper, the perturbation R is indeed dependent on ¢. Write R = R< + R>
where R< and R~ are the part of Fourier series of R in ¢ with lower frequencies and one with
higher frequencies, respectively. We observe that there is no small divisor problem arising when
eliminating the R< of lower frequencies, when Hy(I) is large. Using this crucial observation, we
change the perburbation R into a small R by a series symplectic transformations without
small divisor conditions (see (3.43)). In Section 4, we further change R™) into RM+1) such
that the changed Hamiltonian system obeys the conditions of the Kolmogorov Theorem (KAM
theorem), by which the proof is finished.

2 Action-Angle Variable

Replacing « by Az in (1.1) with a large constant A > 0, we get

2n
Adi AP LN g (1) 2 AT = 0. (2.1)
§=0
Let
y=A""% or i=A"y.
Then
2n o
g = A"t ij (t)x? AT—"—1
j=0
Thus
OH OH
2 )= 2.2
* oy’ Y Ox’ (22)
where
1 1 2 ps(t)
H— An(_ 2 2(n+1)) j J+1 gi—n—1 2.3
2V T3y " +J§j+1$ (23)

Consider an auxiliary Hamiltonian system

. OHy

O H, 1, 1
=5,

oz’ 2

22D (2.4)
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let (zo(t),y0(t)) be the solution to (2.4) with initial (x¢(t), yo(t)) = (1,0). Then this solution

is clearly periodic. Let Ty be its minimal positive period. By energy conservation, we have
(n+ Dydt) + 22" 2(t) =1, teR. (2.5)
We construct the symplectic transformation

x = 1%y (0Ty),
\I/O :
y = cP1Pyo(0Ty),

where o = n+2 PB=1l—a= Z—Ié, c= o} , and where (I,6) € Rt x T! is action-angle variables.
By (2.5), we have det 2% — 1. Thus the transformation is indeed symplectic. Clearly Wo(I, )

0 —
is analytic in (7,0) € RT x T

Under ¥y, equation (2.2) with Hamiltonian (2.3) is changed to

. OH . O0H
- [=_-— 2.
0= 57 50 (2.6)
where H = Hy(I) + R(I,0,t) with
~ ~ 2(n41 ~ 26
Ho(l) =d- A" - 128 — 4. A" . [552> - 2.
o) =d d =y .7)
and
R(I,0,t) Z cnilxo(eTo))jHAj—"—lf%. (2.8)

i=0
Clearly, R(I,0,t) = O(A™™ 1) for A — co. Restrict I to some compact interval, say, I € [1,2].
Let ¢ = wt. Then (2.8) can be rewritten as

2n

pilp
R(I1,0,p) = -
(1,0,¢) 251

~

j+1

(C”l+1x0(6‘T0))j+1Aj ne 1I"+2. (29)

Introduce an artificial action J € R?. Then we can lift the Hamiltonian system (2.6) to an

autonomous system

. OH . OH ; . OH
H—W, I__W7 Y =w, J——%, (210)
where
H(I,0,p)=w-J+ Ho(I)+ R(L,0, ). (2.11)

For (2.10), our phase space is (6, ¢, I,.J) € T4t x R4*TL. Since J is artificial, it can fixed.
The phase space can be taken as (0,¢,1) € T?! x R! which is called the extended phase
space for the quasi-periodic system (1.1). Clearly, (2.6) is a sub-system of (2.11). It suffices to
investigate the existence of KAM tori of (2.11). It is easy to see that H(I,0, ) is real analytic
in (I,0,¢) € [1,2] x T x T¢. Write T'*? =: T x T?. By the compactness [1,2] x T'T% we can
assume that H(I,0,¢) is real analytic in the complex domain [1,2] x ’]I‘ijd with some 5o > 0
For a function of complex variables, we call it real analytic if it is analytic, and it is real for

real arguments.
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3 To Change Large Perturbation into Small One
For an analytic function f: [1,2] x T, x T¢ — C, satisfying

sup |f(1,0,p)] < CA®, A — +oo,
[1,2]xTitd
for some constant C' which might depends on the dimensional number d,n and sg, we write
f = 0s(A%). In the following arguments, we will denote by C a universal constant which may
be different in different places and which may depend on d, n, sg, when we do not care about
its size. It follows from (2.9) that

R(I1,0,¢) = Os (A" ). (3.1)

Let K = colog A, Zx Z% = Z'+9 and T x T = T'*+4, where ¢y = co(d) is a constant depending
on only d. We will specify the constant ¢ >> 1 in Section 4 (see (4.21)). Write

where

R<(I.0.¢)= Y R(I k1)e*0+te), (3.3)

||+l <K

(k)ez+d
Ro(1,0,0) = Y R(Ik1)eltHe), (3.4)

k| +|1|> K

(k,l)ezttd

R 1 —i(kO+-
R(I,k,1) = BT o R(I,0, 0)e {*0+9)dgd . (3.5)
Then

H=w-J+ Hy(I) + R< + R-. (3.6)

Noting that R(,6, ) is analytic in I x T} ¢, and in view of (3.1), we have
\R(I,k,1)| < CA™ Yexp(—so(|k| + 1)), V(k,1) € Z'*+9. (3.7)
It follows

Ry = Oz (A™0"). (3.8)

Our aim is now to find a series of symplectic coordinate changes to eliminate R<. To this
end, let

F(L6,p)= Y F(,k)e"0He),

[k|+|l| <K
(k,)ez*+d
E#0
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where 13([, k,1) is to be specified later on. Let X% be the flow of the Hamiltonian system

=% 1= pmw =00

Then X1 = XL|;—; is a symplectic coordinate change, and
HW(1,6,¢0) = Ho Xp =w-J+ Ho(I) + R + Rs + {w- J + Ho(I), F}

+{R<, F} + S {{H, F}, F} o X},

where Poisson bracket is defined by
{X)V}=w-0,X —0;X-0,Y +0pX -01Y — 01X - 0pY.
Let
{w-J + Ho(I),F} + R< = R<(1,0,¢),

where

~

1 .
R(10.9) = gz [ Re(1.0.0)e7 0.

Then (3.10) reads

~ 1
HO(1,0,¢) =w - J + Ho(I) + R<(1,0,9) + R + {R<, F} + S {{H, F}, F} o X,

By (3.11), we can rewrite (3.12) as
—w - 0,F — Hy(I)@F = R<(I,0,¢) — R<.
Passing to Fourier coefficients, we have

R(I,k,1)
i((1,w) + kHY(I))

F(I,k,1) = (k1) € Z K #0, |k + || < K.

We are now in position to investigate the denominator in (3.16). Fix w € DC,,. Let

A"y
(1+ |l|)T}

for (k,1) € Z'*? and k € Z\{0}, where v is to be specified later on. Note,

@paw) = {L € [1,2] | [t} + Hy(Dk] <

2(n+1)nd _ _2_ 2(n+1)n__ =2
HI(I)= ————T1" 772 A" > CpA", Cy=———-2" 712,
0D =g 1 AT AT Go= Tt
Thus
d
| (w) + Hy(DR)| = CoA™, & #0.
It follows

1 1
* 7-d+1 *
Leb U @k,l(w) SC K™y, O = Fo Z W.
\k\-{;lﬁlO\SK kezd
l

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)
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Take
v = (C*Kd+l)—lK—40d _ C**(].OgA)_41d+l, O — (C*Cfld-i-l)—l' (320)
Thus
Leb | ) @y (w) < C(log ). (3.21)
||+l <K
1#0

Again by (3.18), we have that the set ©y; (with k # 0) consists of, at most, 2 connected
components. So the set [1,2]\  |J  ©,(w) consists of, at most, (4K)*™! many connected

[kl +I <K
components. Furthermore, there is a subinterval, I' C [1,2]\  |J  (©j such that
K+l <K
Leb(T) > C(log A)~°%4, (3.22)

Write I' = [[_,I';]. Then I'y —I'_ > C(log A)~°°). By the definition of ©);, we have for
VIeT,
yA"

I{l,w) +kH6(I)| > Wv

(k,1) € 214 k40, |k|+ || < K. (3.23)

It follows that

BULKDI (L4 i)

PR = oy mom <

A7AC exp(—so([k] + [11).

Moreover,

- _ _ s
sup |F(1,0,¢)] < Z Cy YA+ 1))~ 4 1exp(—;o(|k|—i-|l|))

XTIt K+ K
< CvKA_1
< (log A)¢A™1, (3.24)

By (2.10), we have
OYR(I1,0, ) = O, (A™Y), o] < C. (3.25)
By (3.16) and(3.23), we have
OFF(1,0,p) = O%o((logA)cA_l), la| < C. (3.26)
By Cauchy estimate, we have, furthermore,
0705 0L F(1,0,0) = Oza ((log A)°A™"),  a+Bi+ B <C. (3.27)

Note that the solution X% (1,6, ¢) depends analytically on the initial values (1(0),6(0),»(0)) =
(I,0,¢). Tt follows from contraction mapping principle that flow X% does exist for ¢ € [0,1], in
particular,

sup HXIlf“(Iﬂ 97 90) - (Iv 97 QO)H < C(IOg A)CA_17 (3'28)

1+d
Iy xTLE
3
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where Tt = [['_(log A)=¢, T, (log A)~C], T := [[_,T'y]. Thus X(T'; x ’JI‘1+d) c T x T
2
Without loss of generality, we still write I'y =T.
Again by (3.27)—(3.28), we have

R* = {R,F}(I1,0,¢) + %{{H, F},F}oXp(1,0,¢) = Oz ((log A)“A"2). (3.29)
Write

R* = Z ﬁ*([7 k, l)ei(k9+(l,</7>) + Z R*(I k, l) i(kO+(l,p)) = R(Sl) + RS)
[k|+|l| <K |k|+|l|>K
1£0 1£0

Letting R(l) R. + R> , we have

H® =w - J+ Ho(I) + R<(I,0,¢) + RS + RY. (3.30)
By (3.29), following the proof of (3.8), we have ES) = OsTo(A_CO”). By (3.8), we furthermore
have
1 —con
RY) = 0u (A700m), (3.31)
v (3.29),
RY = 00 ((log A)° A72), (3.32)

Recall H(I,0,p) is real analytic. In particular, H(I,0, ) is real for real argument (I,6, ¢). It
follows that R(I, —k, —1) = R(I, k,1), for I € TNR. By (3.16), we have F(I, —k, —1) = F(I, k,1),
for I e T NR. It follows that F'(I,6, ) is real analytic. Moreover, all of ﬁl (1,0,¢), R(<1) and
RY are real analytic in T' x ']I‘Hd. B

Now we search for a symplectic coordinate change to eliminate R(<1)

. We can repeat the
previous procedure to eliminate R(Sl). Comparing (3.6) with (3.30), we see that Ry (1,0,¢) is
a new term in Hamiltonian ). We must be careful about that the influence of ]TZS (1,0,¢)

in eliminating Rg). To check the effect of ﬁg (1,0, ¢), we introduce a new Hamiltonian of the

form
FO=FO@10,0)= Y FOIk1)F0H),
K|+l < K
(k)ez*+e
k0
Then
H® = HO o Xy = w- ] + Ho(I) + R<(1,0,¢) + RY (3.33)
+{w-J + Ho(I), F} + RY (3.34)
+{R<,F}ox )" (3.35)
1
+{RY + RV, Fyo x4 5w T+ Holl N +RYRY FO o xDY (3.36)
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where XI(N}L1 = Xl(;l)t |¢=1 is its time-1 map.
Let

{w-J + Ho(I), F} + RU(1,0,9) = RO(1,0, ). (3.37)
In view of (3.32), with the same procedure as the previous, we have
FN) = O ((log A)7A™2), (3.38)
furthermore,
(3.30) = Oz ((log A)°A™™*) = Oz ((log A)“ A" %), (3.39)

Observe (3.33)—(3.34) and (3.36), the effect of the new term ﬁg (1,0,¢) is {}A%S,F(l)}. Note
R< = Oz ((log A)C An=1). Tt follows from (3.38), then

{R<(1,0,¢0), FV} = O ((log A)7 A" %), (3.40)
Write
(3.35) + (3.36) = RY) + RY
and
5(2) _B 1
RS (—[70790) - RS(I,O,QO) +R§ (I,O,QO)
Then

H® =w-J+ Ho(I) + RY(1,0,¢) + R® + RY.

Repeat the previous procedure M > 1 many times, then

HOD = w - J + Ho(I) + RYV(1,0,0) + R(1,0, ), (3.41)

where
R = 0 ((log A)7A"), (3.42)
ROD = R + RUD = 0 o ((log A)©A™*0"). (343)

By the previews proof, we have that E(SM) (1,0,¢), R(SM) and R(>M) are real analytic in I' x T2 .

10M

4 KAM Theorem

In this section, we will search for a symplectic coordinate change to remove the dependence
on ¢ = wt in ﬁg (1,0,¢). To this end, let

F=F(,0,¢)= Y F(I,)e".
1e74\{0}

Let X% be the flow of the Hamiltonian system defined by F. Then

HMHY = gD o XL = - J + Ho(I) + R + RO
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+{w- J + Ho(I), F} + {RYV, F} + {R™) F}

1
- 5{{H(M),F},F}0X};. (4.1)

Let
{w-J+ Ho(I), F} + R = [RM), (4.2)

where

1 .
e [, R 000000

Rewriting (4.2) by advantage of Poisson bracket (3.11), we have

RS =

~w-9,F = [RM] - R, (4.3)

Passing to Fourier coefficients, we have

~

R(1,0,¢) ;54
F = E: D r) (e 4.4
_1<lvw> ¢ ( )
1€Z4\{0}
Since w € DC,,;, we have
_ C pgn—1
F= Ozg%(ﬂog/&) AT (4.5)

Note that the size of F' is not small, we should verify that the flow X% exists for ¢ € [0, 1].
Observing that F' does not depends on 6, we have that the system defined by F reads

GZW, IZ—%ZO, Y = w, J:——
Denote by (6(0), 1(0),¢(0),J(0)) = (6,1, ¢, J) the initial values. Then
t af
It)y=1, ¢t)=¢p+wt, 6() =0+ W(I’ 0, 4+ wr)dr. (4.6)
0

It implies that the solution can be given out explicitly. Furthermore, the solution does exist
for t € R, so X}, is well-defined. We claim

XHI x TH) €T ox THE. (4.7)
30M 20M

Recall E(SM), R(SM) and R(>M) are real analytic. It follows that F' is real analytic in ' x T %< .

30M
So, for (I1,0,¢) € T x ']I‘lf_od, we have

30M

SF(L,0,0)| = [SF(I,0,Rep + Sp)|
<( sw  [0F])(IS%)

1+d
Tar xT Jsrg
20M

< C(log A)° A"yl

Let
50

20M

S| < ( )[C(1ogA)CA"-1]-1 = N.
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Then [SF(I,0,¢)| < 5357 By (4.7), we have

Xp( x T4 T x TZ}E.

By (4.1)-(4.2),
HOMHY = - J + Ho(I) + [RIV)(1) + RO+,
where
RMFY = ROD 4 (RUD Fy 4 (ROD F} + %{{H(M), F},F}o XL

By the definition of Poisson bracket (see (3.11)),

{REV(L.9), F(19)} = 0.
By (3.43) and (4.5), we have

{RD, F} = Op pisa((log A)7 A=),

By (4.11),

{HM F} = {w- J+ Ho(I) + R + RM) F}
={w-J+ Ho(I),F} 4+ {R"™ F}
= {RM(1) = RM(1,9), F(I,0)} +{RM), F}
= {RM) F}.

Thus, by (3.43) and (4.5),

%{{H(M),F}aF} o X}; = %{{R(M),F},F} ° X}; — Ovaﬂ-}vﬂl((IOgA)CA_C°n+2").

Finally,
RUMHD = O pua((log A)© AT Come2m),
Note that ﬁ;M) = O((log A)® A"~1). We have

sup |07 [RU1]] < Cllog A)° A", o] < C.
Iel -

Recall N = ((log A)“ An~1)~1 ' = [[_, '] with

369

(4.9)

(4.10)

(4.11)

(4.12)

(4.13)

(4.14)

T, —T_>(CilogA)™, K =C,logA, ~=C*"(logA)~4194+1  [Hy(I) = dAI5FT.

And recall Diophantine condition (3.23),

~

(I, w) + kHy(I)| > NGRS

k| + I < K, k#0, (k1) €zt
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Let N3 = A7 By Newmann series, we have that VIy € ' with [Io — N1, Io + N;] € T, and
for I € B(IQ,Nl) = {I eC | |I — IQ| < Nl},

[(0.w) + RH(D)] 2 57—

ST ) k| +l| <K, kE#0, (k1) ez™ (4.15)

Moreover, all the estimates hold for I in the complex domain B(ly, Ny), in particular,

sup |97 [RUV]| < C(log A)C A", (4.16)
B(Iy,N1)
sup |RMHD| < C(log A)C A=Cont2n, (4.17)

B(Io,N1)xTx

Recall H(/J/ (I) = %I “aiz A > CooA", I € T', which obeys Kolmogorov’s non-degenerate
condition. It follows that from a standard measure estimate in KAM exists a subset Oy C T’
with Leb Oy > (LebI')(1 — CN{%) such that for VI € Oy,

NJO
(14 Je)4+=
where w € DC,, fixed and Oy depends on w. Let I = Io+p, p € B(N1) :=={p e C| |p| < N1}

and

(1, w) + kH)(Iy)| > Y(k,1) € ZH4N {0}, (4.18)

(2 +1) moN n—1
- (dmlo )A" +0(am )
~A", A= 4oo.

By Taylor formula,

_ 1
HOMD = Ho(Io) + [RED (1)) +w - T + pp+ 59 + hlp) + R(p. 0.9).

where
Q= 0} (Ho(I)) + [RE)D) |11,
h(p) = p° /01 /01 /01 xy03 (Ho(Ip + pryz) + [E(SM)](IO + pryz))dzdydz
and

R(p,0,¢) = RM(Io + p, 0, ¢).
Let e7! = A"(A — +00). Then, by (4.16)—(4.17),

pe~e Tt Qe (4.19)
sup  ||RMTY| < Ce™72,  sup |h(p)| <e 'pd. (4.20)
B(N1)xTx B(N1)
Recall
Ny = A1 =210 and ¢y > max{10,C}, (4.21)

where C' is taken over all the previous universal constant.
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Theorem 4.1 (KAM theorem) There exists a symplectic coordinate W :
1
v B(ENl) X TYh! = B(Ny) x T,
such that for (p,0,¢) € B(3N1) x T,
2

- 1~ -
H:= HM™ o U = Const +w - J + pup + §Qp2+h(p)+Roo(p,9,g0),

where
sup  [Reo(p,0,90)] <Clpl*,  sup |h(p)| < Clp|?

B(3 Ny T B(3N)
2

and |Q — Q| < Ce. In particular, T'* x {p = 0} is an invariant torus of the Hamiltonian
system defined by H.

Proof Note ¢ = wt and h(p), R(p,0,¢) do not depend on J. While doing KAM iteration,
there is no frequency drift from . Moreover, the frequency drifts from 6 can be counter-
balanced by Q ~ 71,

The remaining proof is standard. See [2, 14], for example. Let ® =composition of all the
previous symplectic coordinate changes. Then ®(T'*% x {p = 0}) is an invariant torus of (2.10)

with (2.11). Observe that (2.6) can be rewritten as

B0 , 50 , (4.22)

()b = w7 9’ =
which is a sub-system of (2.10). Thus, ®(T'*¢ x {p = 0}) is a KAM torus of dimension 1 + d
for (4.22) in the phase space T4 x R. One see that the KAM torus is of co-dimension 1. Note
O (T x {p = 0}) clusters at infinity when A — +oo. It follows that all solutions (1.1) are
bounded.
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