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Exact Controllability for a Refined Stochastic
Plate Equation®

Qi LU Yu WANG?

Abstract The classical stochastic plate equation suffers from a lack of exact controllability,
even with controls that are effective in both the drift and diffusion terms and on the
boundary. To address this issue, a one-dimensional refined stochastic plate equation was
previously proposed and established as exactly controllable in [Yu, Y. and Zhang, J. -F.,
Carleman estimates of refined stochastic beam equations and applications, SIAM J. Control
Optim., 60, 2022, 2947-2970]. In this paper, the authors establish the exact controllability
of the multidimensional refined stochastic plate equation with two interior controls and
two boundary controls by a new global Carleman estimate. Furthermore, they show that
at least one boundary control and the action of two interior controls are necessary for exact
controllability.
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Carleman estimate
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1 Introduction

Let T > 0 and (Q, F,F,P) with F = {F,}+>0 be a complete filtered probability space on
which a one-dimensional standard Brownian motion {W(t)}+>¢ is defined and F is the natural
filtration generated by W (-), augmented by all the P null sets in F. Write F for the progressive
o-field with respect to F. Let H be a Banach space. Denote by L%, (Q; H) the space of all
Fi-measurable random variables ¢ such that E|¢|% < oo; by LZ(0,T; H) the space consisting of
all H-valued F-adapted processes X (-) such that E(|X(-) 2L2(0_’T;H)) < o0; by Lg°(0,T; H) the
space consisting of all H-valued F-adapted bounded processes; and by Cr([0,T]; L2(; H)) the
space consisting of all H-valued F-adapted processes X (-) such that X(-) : [0,7] — L% (Q; H)
is continuous. All these spaces are Banach spaces with the canonical norms (see [25, Section
2.6]).

Let G C R™ (n € N) be a bounded domain with a C* boundary I'. Set Q@ = (0,7) x G and
¥ = (0,7) x I'. Denote by v(z) = (v*(z),---,v"(x)) the unit outward normal vector of I" at
point z.
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Consider the following refined stochastic plate equation

dy = ydt + (asy + f)dW (¢) in Q,
dy + A2%ydt = (a1y + az - Vy + asg)dt + (aqy + g)dW(t) in Q,
(1.1)
Y= h17 @ = hQ on E,
v
(¥(0),%(0)) = (yo, Yo) in G.

Here, (yo,%0) € H71(G) x (H3(G) N H3(G))* (where (H3(G) N H3(G))* is the dual space of
H3(G) N HE(G) with respect to the pivot space L?(G)), the coefficients

a1,az,a4 € L2 (0, T; WH(Q)), ag € L(0, T; W22 (G;R™)), a5 € L (0, T; W3(G))
and the controls

(f.g,h1,ho) € LE(0, T; H™H(G)) x Lg(0,T; (H*(G) N H3(G))*) x L#(0, T3 LA(T))
x L2(0,T; H1(I)).

Remark 1.1 The influence of the control g on the drift term is reflected by the term asg.
Specifically, if a control ¢ is introduced in the diffusion term, the term asg will appear as a side
effect. This leads to technical difficulties in the study of the exact controllability of (1.1). It is
worth noting that based on the same reasoning, an additional term of ag f could be included in
the drift term of the first equation of (1.1). However, we do not know how to handle this term

now.

The control system (1.1) is a nonhomegeneous boundary value problem. Its solution is
understood in the sense of transposition. For the readers’ convenience, we recall it briefly
below. A systematic introduction to that can be found in [25, Section 7.2].

First, we introduce the following reference equation

dz = zZdt + (Z — as2)dW (t) in Q,,
dz + A%zdt = [(a1 — divas — aqas)z —az - Vz — a32 + ag Z]dt + EdW(t) in Q,,

0z (1.2)
=5, 0 on X,
(2(7),2(7)) = (27,27) in G,

where 7 € (0,T], Q,2(0,7) x G, £, 2(0,7) x T and (27,27) € L% (Q; H¥(G) N HZ(G)) x
L% (€% Hg(G)). By the classical well-posedness result for backward stochastic evolution equa-
tions (see [25, Section 4.2]), we know that (1.2) admits a unique weak solution

(2.2, Z) € L(2C([0,7]; (H*(G) N H3(@)))) x L& (0,7 (H*(G) N H(@)))
x Lg(; C((0,7); Hy (G))) x Lg(0, 73 Hy (G)).

Furthermore, for 0 < s,¢ < 7, it holds that

[(2(t),2(t)) |L2Ft (Q:H3(G)NHZ(G))x L, (H(G))
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< CO(I(2(9), 2(5) |2 (012 (@)nH2(G) x L2 (21 (G))
+(Z, Z)| 12 (0,7: 13 (@)nHZ(G)) x L2 (0,7 H(G)))- (1.3)
Here and in what follows, we denote by C' a generic positive constant depending on G, T, T

and a;, 1 =1,---,5, whose value may vary from line to line.
Next, we give the following hidden regularity for solutions to (1.2).

Proposition 1.1 Let (27,27) € L% (O H*(G) N H§(G)) x L%k (% Hy(G)). Then the solu-
tion (2, 2,2, Z) of (1.2) satisfies |VAz||r € L2(0,7; L3(T")). Furthermore,
IVAz|L20,7502r)) < Cl(T27) s (@im3(@nHZ(G)x L2, (HHA(G))-

Proof of Proposition 1.1 is put in Section 2.
Now we are in a position to give the definition of the transposition solution to (1.1).

Definition 1.1 A pair of stochastic processes (y,7) € Cr([0,T]; L?(Q; H=1(G)))x Cr([0,T7;
L3(Q; (H3(G)NHE(G))*)) is a transposition solution to (1.1) if for any 7 € (0,T] and (27,27) €
L% (9 H3(G) N HE(G))x LE (9 Hg(G)), we have

E@(7), 27) (3 (@ynnz (@)=, 53 (@)nm2(6) — (U0, 2(0)) (13 (0)nHZ (G))* H3 (G)nH2(G)

—EW(),2") m-1(0),m110) + (Y0, 2(0)) r-1(6), 11 (@)

T

= —E/O (fs Z>H—1(G>,H§(G)df+E/0 (9, 2) (w3 (@ynmz (@) 13 (@)nHZ(G)dt

T A T
+IE/ /3 zhldth—E/ (hay AZ) -1y a1 (rydt.
o Jr Ov 0 7

Here, (z,2,%,7) solves (1.2).

Combining Proposition 1.1 and the well-posedness for stochastic evolution equation with an
unbounded control operator in the sense of transposition solution (see [25, Theorem 7.12]), we

immediately get the following well-posedness result for (1.1).

Proposition 1.2 For each (yo,90) € HY(G) x (H3(G)NHE(G))*, the system (1.1) admits

a unique transposition solution (y,y). Moreover,
(v, @\)|CF([0,T];L2(Q;H’1(G)))XCF([O,T];L2(Q§(H3(G)QH§(G))*))
< C(lyolu-1(6) + Yol (ms@ynmz(a) + [ flrzo.mm-1(@)) + 191220,75003 (@)nm2(G))*)
+ |hlrz0, 702 (1)) + h2lL2(0,0m-1(1)))-
Now we give the definition of the exact controllability for (1.1).

Definition 1.2 The system (1.1) is called exactly controllable at time T if for any (yo,Yo) €
H™HG) x (H*(G) N H§(G))* and (y1,51) € L%, (0 H™HG)) x L% (2 (H*(G) N HF(G))"),
there exist controls

(f.9,h1, he) € LE(0, T3 HY(G)) x LE(0, T (H*(G) N H3(G))*) x Lg(0,T5 L*(T))
x L§(0,T5; H(I))

such that the solution (y,7y) to (1.1) satisfies that (y(T,-),y(T,")) = (y1,91), P-a.s.
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Remark 1.2 In the definition of exact controllability for (1.1), we set the state space
to be Ly (5 HY(G)) x L% (Q; (H*(G) N H§(G))*). However, it would be more natural
to choose the state space as L% (€ L*(G)) x L% (€ H?(G)). Furthermore, the controls
g€ L2(0,T; (H3(G) N H3(G))*) and hy € LE(0,T; H-1(T")) are highly irregular. It is expected
that more regular controls will be needed to achieve the desired goal, although the method to do
so is currently unknown. Notably, even for the deterministic plate equation, the existing results,
such as [15] only prove the exact controllability in the space H~1(G) x (H3(G)NH3(G))* with
controls in the Dirichlet and Neumann boundary conditions.

The main result of this paper is the following theorem.
Theorem 1.1 The system (1.1) is ezactly controllable at any time T > 0.

Remark 1.3 Similar to the derivation process in [18, 24, 29], the refined stochastic plate
equation (1.1) can be obtained from the classical stochastic plate equation

dys + A?ydt = (a1y + az - Vy + f)dt + (aay + g)dW(t) in Q,
y = ha, % _ ha on ¥, (1.4)
ov

(¥(0),4(0)) = (v0, 1) in G.

Here, (yo,y1) are the initial data, and f, g, h1, ho are controls.

The system (1.4) is widely used in structural engineering for modeling beams, bridges and
other structures, as demonstrated in various studies such as [2-4, 12]. For instance, (1.4) can
be utilized to describe fluttering or large-amplitude vibration of an elastic panel induced by
aerodynamic forces that are perturbed by random fluctuations, as explored in [3]. However, as
proven in [29, Theorem 4.1] and [24, Theorem 2.1], the system (1.4) cannot be exactly control-
lable for any T" > 0. Therefore, motivated by the negative controllability result and following a
similar derivation process as in [24], we investigate a refined stochastic plate equation, namely
(1.1).

We put four controls in the system (1.1). Similar to [24, Theorem 2.3], one can find that
boundary controls hy and hs in (1.1) cannot be dropped simultaneously, and internal controls
f and g must be acted on the whole domain G. More precisely, we have the following result.

Theorem 1.2 The system (1.1) is not exactly controllable at any time T > 0 provided that
one of the following three conditions is satisfied:

(1) a3 € Cr([0,T]; L>(2)), G\Go # 0 and supp f C Go;

(2) as € Cp([0, T}; L=(R)), G\Go # 0 and suppg C Goj;

(3) hy = ha = 0.

Remark 1.4 It is worth investigating whether one of the boundary controls can be removed
for the system (1.1), as has been done for the deterministic plate equation in [15, 19]. However,

we currently do not have a method for achieving this for the stochastic case.

Remark 1.5 By letting G = (0,1), we can deduce from Theorem 3.2 that the system
(1.1) is exactly controllable with controls in any nonempty subset of the boundary I'. In
fact, thanks to Remark 1.7, for any (yo,Jo) and (y1, 1) satisfying Definition 1.2, one can find
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(f,g,h1,he) € LE(0,T; H-Y(Q)) x L(0,T; (H*(G) N HZ(G))*) x (L2(0,T))? such that the
solution (y,y) to (1.1), where the boundary conditions are

y(,O) = hq, yz(vo) = ha, y('v 1) =0, yz('v 1) =0 on (OvT)

satisfies that (y(T,-),9(T,-)) = (y1,91), P-a.s.. In the multidimensional case, it is worth
to studying whether (1.1) is still exactly controllable under the assumption that (hq,hs) €
L2(0,T; L*(Ty)) x L&(0,T; L*(Ty)), where I'y is a nonempty subset of I.

By a standard duality argument, Theorem 1.1 is equivalent to the following observability
estimate (see [25, Theorem 7.17]).

Theorem 1.3 There exists a constant C > 0 such that for every (z7,27) € L% (Q; H*(G)N
HE(G)) x L%, (9 Hi(G)), it holds that

[EX )|L2 (G H3(G)NHE(G) x L, (%HE(G))
< CE/E(WAZF +[Az[?)dCdt + CUZ, Z) 120,15 (@yn 12 () x 1207 HL (@)

where (z,7,%,Z) is the solution to (1.2) with =T, 2(T) = 27 and 2(T) = 7.

Remark 1.6 In order to estimate |[VAz| on the boundary of the dual system (1.2), we may
need better regularity than H3(G) x L?(G) for the initial data, as suggested by the sharp trace
estimate established for the deterministic plate equation in [17]. Therefore, we choose the final
data of (1.2) in L% (Q; H*(G) N H§(G)) x L%, (Q; Hy(G)).

Remark 1.7 Let G = (0,1). By choosing zo > 1 in (3.4), from the proof of Theorem 3.2,
we can deduce that

E [ NGl + SN + Mol + X oal? + 50 o P
+ S§A8§6|v|2)dxdt
< CE /Q B2(5 N0 F2 + SINEN Fiaf? + 522 Fraal? + 13 + 5003
+ 5N 910 + 5PN G100 l® + [G10mal? + $7A%E%|go|*)dadt
+CE /OT 02 (M |V (0)]% 4 83 X33 04, (0)]?)dt.
In fact, on X, we have

Vi-v = —2s\nevw?,, — 103 \3E3n2vw?
> OsM(w] (1) — Wiy (0) + Cs°AE% (w], (1) — w3, (0))
and
Vo v 2> O(e) (w4 (1) + w34, (0)) + s20(e“) (w3, (1) + w2, (0)).

rrx

The remainder of the proof follows a similar approach to that of Theorem 1.3. Hence, we arrive

the following observability inequality

T 2T\2
I(z",% )|L2FT(Q;Hs(c)mHg(G))xL;T(Q;Hg(G))
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T
2 2 7|2
< OE/O (|2222(0)]" + |222(0)[7)dt 4 C|(Z, Z)|L§(0,T;H3(G)HH§(G))xL%(O,T;Hg(G))'
Remark 1.8 One can also consider the exact controllability of a refined stochastic plate
equation when the boundary controls are as follows:
y=nhy and Ay=hs onX.

By the standard duality argument and the technique of transforming the controllability of the
forward stochastic equation into the controllability of a backward equation (see [25, Section
7.5]), we need to prove the observability estimate for the following equation

dz = zdt — a52dW () in Q,
dZ + A?zdt = [(a1 — divag)z — az - Vz — agasz]dt  in Q, 15)
z2=Az=0 on Y,
(2(0),2(0)) = (20, %0) in G.

Following the idea in [30], we can rewrite (1.5) as two coupled stochastic Schrodinger equations,
and the desired observability estimate can be obtained from the Carleman estimate for the
latter. In fact, letting v = iz + Az, we have

idz + Azdt = udt — iaszdW (t)
and
—idu 4+ Audt = [(a; — divasg)z — as - Vz — agasz|dt + iA(a52)dW (¢).

Clearly, it holds that z = u = 0 on ¥. Thanks to [21, Theorem 1.2], for any (zo,20) € {n €
H3(G)|An € HYG)} x HY(G), and under the assumption that az = 0, we can obtain the
following inequality
T
~ 0Az |2 |0z
|(A20,20) 713 )< 13 () SCE/O /F(‘ o |+ o

where (z,Z%) is the solution to (1.5). It should be noted that the above observability estimate

4 ‘g—f 2)dth,

has been proven for the deterministic plate equation in [16].

A plenty of works on exact controllability for deterministic plate equations exist in the
literature, including works such as [1, 5, 9-11, 15, 18, 20, 27, 30] and the references therein.
However, to the best of our knowledge, the work in [29] is the only published study that
investigates the exact controllability of stochastic beam equations. In their study, the authors
demonstrate that the equation given in (1.1) is exactly controllable when G is an interval. In this
article, we employ a stochastic Carleman estimate to prove Theorem 1.3. This type of estimate
is one of the most useful tools in studying the controllability of stochastic partial differential
equations, as evident from previous works such as [6, 8, 21-23, 25, 28] and references therein.
However, we note that [29] is the only published study to use this method for investigating the
exact controllability of stochastic beam equations.

The rest of this paper is organized as follows. In Section 2, we provide some preliminaries.
Section 3 is devoted to establishing a Carleman estimate for the adjoint equation (1.2). By
means of that Carleman estimate, we prove Theorem 1.3 in Section 4. At last, Section 5 is
addressed to the proof of Theorem 1.2.
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2 Some Preliminary Results

This section provides some preliminary results. In the rest of this paper, the notation

Yu; = Ya, (T) = ag—ff) will be used for simplicity, where xz; is the i-th coordinate of a generic

point = (x1,---,x,) in R”. In a similar manner, we use notations z,,, vs;, etc. for the
partial derivatives of z and v with respect to x;.
We first prove the hidden regularity for solutions to (1.2).

Proof of Proposition 1.1 For any pé(pl, <o p) € C3(R™MHL R, by 1td’s formula and
(1.2), we have

Xn:(Qp VAzAzy, — p/|VAz?),,dt
j=1
= —divp|VAz[2dt + 2p - VAz[(a1 — divas — agas)z — az - Vz + asZ — az Z]dt
+2p- VAzZAW (t) + 2VAzDp - VAzdt — 2d(p - VAZZ) + 2p, - VAZZdt
+2p- VA(Z — a52)Zdt + 2p - VA(Z — a52)ZdW (1) + 2 div(ZpV32)dt
—2div(2VZDp)dt + 2Ap - VZzdt + 2VZDp - Vzdt — div(p|VZ]?)dt + div p|VZ[2dt.  (2.1)

Since I' € C3, there exists a vector field ¢ € C?(R™; R™) such that ( = v on T (see [13, Lemma
2.1]). Setting p = ¢, integrating (2.1) in @Q,, and taking expectation on {2, we have

IE/ET (2“9{?;‘2 - |VAz|2)d1“dt

= ]E/ > (20 VAzAz,, — p[VA2|*)p/dldt
b))

T j:1

= —2E/Gp -VAZ™Z"dx + 2E/Gp -VAZz(0)z(0)dx
+ IE/Q {—div p|VAz|? + 2p- VAz[(a1 — divay — agas)z — as - Vz + asZ — asZ)
+ ZVATsz -VAz+2p - VAzZ+2p-VA(Z — a5z)2 +2Ap-Vzz
+2VZDp - VZ + div p|VZ|? }dadt.

This implies

0Az
2 ov

2 2 2
< CllzL2 oo, :m3@nmz@y) T FL2@icormi @) 12102 0,mm5@)nmz(6))

2

2
L2(073L2(T) VA0

12
+ |Z|L%<0,T;L2<G)))

S C| (ZT, 27—)|i§__7 (Q;H3 (G)ﬁHg(G)) ><L2]_-T (Q;Hé (G)) . (22)

Denote by V, the tangential gradient on I'. We have

+ |V,Az|?,

8Az‘2

|VAZ|2 - ‘ ov
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which, together with (2.2), implies that

0Az
ov

2

2 T 2T)\|2
L2(0,m12(T)) < IVel2|L2(0,m 02y T Ol 2 )|L§__T (H3(G)NHE(G)) xLE_(HL(G))"

Now we are going to prove
Vo l2lL20.may < ClETEEa s @ynmienx iz, @i @) (2.3)

As the proof of [14, Theorem 2.2], we introduce the following operator

B = bi(x) = a first-order differential operator (time independent)

1 Bxi

with coefficients b; € C*(G) and such that 4 is tangential to T, i.e., (2.4)

Zbi(x)ui =0 onT.
i=1

n

.

The operator Z can be thought of as the pre-image, under the diffeomorphism via partitions
of unity from G onto half-space {(z,y) € R" | z > 0,y € R"~!} of the tangential derivative on
the boundary x = 0.

Define

p2 Bz € Cp([0,7]; LA HA(GR))), P2 B2 € Co([0,7]; LA L2(G))).

From (1.2), we have

dp = pdt + g1dW (t) in Qr,
dp + A%pdt = fodt + godW ()  in Q-,
Op 0 (2.5)
p =0, 5—[57%]2 on X,
(p(7),p(7)) = (B=7, B77) in G,
where
G =B(Z —asz), g2=RBZ
and
fo = Bl(a1 —divas — agas)z —az - Vz — a32 +ayZ] + [A?, Bz,
and |-, -] denotes the commutator of two operators.
From (2.4), we get that
1A%, B)z| L2(0,r1-1(6)) < Cl(z", 2712 (0:(H3(G)NHZ(G)) X L2 (H(G)) (2.6)

and that

IE/ |V0Az|2dI‘dt:IE/ |%Az|2dI‘dt:IE/ |Ap|2dth+IE/ 8, Alz|2dTdt.  (2.7)
2

. =, =, =,

By (2.4) again, we find that

b 0

.
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T 27T)\|2
< Cl(27, % )|L2FT (B H3(G)NHZ(G))x L2 (HE(G))® (2.8)
Combining (2.7) and (2.8), to show (2.3), we only need to prove
2 T 2
]E/ET [Apl*dldt < CI(z7,Z7)[Ls (o ms(aynmz(@))x L2 (@:HL (@) (2.9)
For any pé(pl, <o p) € C2(R™LR™), by It6’s formula and (2.5), we have
Z (0" Daer, Doy ),

ik, =1

ik, =1

+ 205, PeiaParwr — (20 PoizrarPe)as + (205, ParwiPa)or = 20,2, Pria P,

- Qp;cipiﬂkpiﬂk + (2plpmlmkmkpmi)rl - (2plzlpmlfkpmi)mk =+ Qp;clmkpmﬂkpzi

+ 20 Payay Pasar JAE — 2p - Vp(fodt + godW (t)) + d(2p - Vpp) — 2p; - Vppdt

+ div pp?dt — 2p - dVpdp — div(pp®)dt — 2p - Vg1 pdW (t). (2.10)

Setting p = (, integrating (2.10) in @, and taking expectation on 2, we have
E / |Ap|?dTdt
= E/ Z piyipmkmkpmlzldth
B k=1
:m/pVﬂﬁM—m/pVN%@M
G G
+ IE/ (div pp? — 2p - Vpfa — 2p¢ - Vpp — 2p - Vg1go)daxdt
Qr k=1
= 20, PawiPares T 2050, PaiwPa; + 205, Dawy Py, )dadt
- 2E/ Z (p;ipflmkpmlyk - pilpl%;l?kpilyk
Y ikl=1
(2.11)

+ pipzlzkrkpziyl - pilprlrkpriyk)drdtv

which, together with (2.4)—(2.6), implies (2.9). Then we complete the proof.
Next, we give a pointwise weighted identity, which will play an important role in the proof

of Theorem 3.1.
We have the following fundamental identity.

Theorem 2.1 Let v be an H*(G)-valued Ité process and v be an H?(G)-valued Ité process

such that
dv = (V+ f1)dt + g1dW (t)
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for some f1 € L2(0,T; H3(G)) and g1 € L2(0,T; HY(G) N HZ(G)). Let n € C*(R x R™). Set
0 =¢e', 0 =35 &=eM w=0vand ® = 00+ lyw. Then, for any t € [0,T] and a.e.
(z,w) € G x Q,

20I5(dv + Avdt) — 2div(Vy + Va)dt

= 212dt + 2Ly 15 + 2(My + Ms)dt + 2 Z AT w0 Wy dE 42 Z A wg,w,, dt
i,5,k,l=1 i,j=1

+ 2Agwdt + 204 + 2d(LD) — Y (| ddAw),, (2.12)
=1
Here

= A?wdt + Ty Awdt + Z Uy, dt + Z Whw,, dt + Z Ulw,,dt + Vewdt + dd (2.13)

1,j=1
with B
Uy = 252N2E2| V%, 0y = 452}\252%#7@7
Ul = 1282X\382|Vn 2 n,, + 4s2X2E2 A, ,
4 SN AL =1 .n (2.14)
UE = 8N,y Ve = sAE! VY
j=1
Zqﬂ Aw,, + PoAw + Z O wee, + Y Phws, + Prw (2.15)
=1 7,j=1 1=1
with

Pl = —4sAEn,,, By = —25N\ZE|Vn|? — 2sAEAT — ),
DY = 4NNy 0, — 4NN M., Dh = —4sPN3E3| VP,
V= 45NN, — ASNXEN ey, DY S XV ., =1, .n,  (2.16)
= —6s3\1E3| V|t — 1253X\363 (V2 V)
—283N\383|Vn|2An — 53)\%£3|V77|4,

Is = =85A Y Ma, Wa e, dt — AVAL - Vudt + 4(VE - VAOwdE + 2| V2 wdt

ij=1
— A?fwdt + |ALPwdt 4 85> NP3 (V2nVnVn)wdt + 83/\%§3|V7]|4wdt + AMwdt
— étﬂfldt — €tﬂgldW(t) + (ﬁ? - étt)wdt — 2€t’[ljdt, (217)

Vl:[‘/llv‘/fa"'v‘/ln]v ‘/2:[‘/21"/227“.7‘/271]’

= 1 & 1
J _ § : § : l § : J J
Vl - { (I)lwfwﬁkﬂﬁlwmirirj - 5 (I)lwmkmkflwﬂﬁﬂﬂl + quQ(I)lwfﬂiwﬂﬁkfk
i,k =1 =1
ij xl k k
\113 (I)lwfiﬂﬁkwfkml + (I)4w1i$imjw1k - (I)4wzirjwzirk

ik gl
+ U R Wy Wy oy —

NE

1
2

~1Ms I

1

+3 (I) Wz, (\IJQ(I)Z&] -

—

. 1 , iy
Co®di — 5 We®i0i + wg@ﬁ;)w%wu},
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n n n
J z : ijlrm § : ijklr ijkl
‘/2 - 91 Wy sz W pam + 92 Wa s, Wz, + 63 Wy ), Way
i,l,r,m=1 ik, l,r=1 ik, =1

+ Z @”kwmlwzk —|—Z®5wm e, W+ Z @l Wy, zkw+Z®7 wmlw—l—@gw2 —l—@g,

i,k=1 i,k=1
My = 8s\*¢|VAw - V|? + 32S3A4g3|v2wvnvn|2 + 4853A3§3v2n(v2wvn)(v%vn)

+ 16532363 (V2w VnVn) Z oz, Wam, — 165 X1E3 V2 V2wVn[?
ij=1

+ 65N E3 VM| VEw|? + 453 X33(V2nVnVn) |V2w|? 4 253 X\3€3 | V|2 An|V2w|?
+ 253/\453|V77|4|Aw|2 — 483)\353(V277V17V77)|Aw|2 — 253)\3§3|V17|2A17|Aw|2
+4055\9€%| V| | Vw - Vi|? 4 6455 \5¢° (V2 VnVn)|Vw - V|2
— 16552565V [8|Vw|? + 85 AT |Vn|Bw? 4+ A|VAw|? — s3A2E3| V|4 Awl?
+ 485/\%§5|V7]|4|Vw . VT]|2 + 285/\%§5|V7]|6|Vw|2 — 87)\%£7|V77|8w2,
(-3 Z DY, + @3 )[VOP + 3 (~ 0L, + OF ), @,

=1

ij=1

Mo

1 ey
§|: Z 1171]wj (1)217;17;51 (1)31 z; + (I) 5 ) — 205 w2

= D (W) wa wa, e, — 452N V0V [? — 252002 V| Aw ?
ik,j=1
+ s\ V|t Vw)?,

Aljkl (I)BwLwJ 3wbwl Z (§¢217‘$T5ij 51€l (I)Bijy 5 (1)31717 5l] Z (I)BwTwm lkdlj) ’

ij S j 1 ik 1 ij
AQJ Z [ (I)flmimkrk + 5(1){}@@]':0;6 = 2®50,0; + (\112@% Jaian — 5(\112(1)33)961@961@
k=1
— 1 kL ik —~ 1k L i
- Z 5(\112(1)3 6ij)$sz + (\IJB (I)?)wkwj - Z 5(@3 @25ij)$sz - 5(@3 (I)Z)wkwk
=1 =1
i l 3 7 7
+ Z(\Ij k(I)J wsz Z 5 \IJ jq)kl Isz - §(qj§lq)3j)wsz + §(qj4¢{)$k$k
=1 =1
S 1 . .
7 i k 7 i
+ (\Il (1)2) 5(\112(1)2617‘)11@ - (\114(1% )mk + 5(\112(1);)9% + (\IJ5(I)2)IJ'
1 i qJk z]
5 (V@20 )0, — (U503, + S (WhOY),, |,
- 1, 1, 1.
AB = Z {Z (1)595 T T + Z \112(1)5 T;x; Z 5 \IJ (1)5 Ty 5(\114(1)5)951‘ - 5(\115(1)5)11’
i % \IJG(I)l m P TT 5(\P6(I)2)m x; :|
Jj=1

n

Z <I>1twm ejz; + (= Popdi; — 3t)wz o, Jwdt — Z <I>4twmlwdt — &5 wwdt

1,j=1 =1
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+ > (B, 0+ R iy, — o@6:5)[(0.f1) 0,0, A+ (091) 0, AW ()] — DED(0 frdE+0g1 AW (t))
i,j=1

- Z q)éjﬂ}\[(efl)wﬂjdt + (egl)wqwjdw(t)] - Z ¢Z{l}[(9fl)wbdt + (egl)wde(t)]

i,j=1 i=1

= (Pl dwa e, + Pobijdws, s, + F dwy,; + 40ijdw,,)dd + Psdwdd

ij=1
and
O™ = B901;6,m + D551 — BV + cb”amj,
’ 1
ijklr m jm
927 = _§¢21j6ik6lr - 5k] + (I)Bwk il + Z (I)3mm5kj il — Z (I)Bmmé l(skr - 6r]7

m=1
OFM = — &Y S1j — Ps5dipdyy + Wadoy; — Wod 5y + WaBodyy, — Uadady; + WiFDY
- \Ilgﬂcp“ + WL ®hs,; + wLoks,;,

ij ] 1 i
oy" = I ‘I’imqu + 205,01k — oo, ik — (V2®5°)a, + —(‘Ifzq’gk)wj

0 i
(\IJQ(I% )zzazk - lz;(qj?’ ‘I)Q)zl(skj + = lz; \IJ ‘I)Q rlélk + - 5 (\I/ k(I)Q)

i \Ijlk@jl wl
1 =1

U Dody, + WL — 5\1/31@5’“ + Widody; — 5\1/;@25ik + Wiphl — gwg@g’c,

_|_

= :
N =

N
Il
-

3 E 2 1 7 7
(\If J(I) Z qu) k 5(\114(1)]1“)35]. + W Po6s;

Mﬁ
[\Dl)—‘
N)I)—l

~

N =

05 = @5,
GEjk = —®5y, 05 + Ui 6,5,

OF = Vsan, 0ij + Wa®s0s; + UH 05 — (We®))a, + UeDodij + VB,

k=1
ol - 1 zn:% - 1(\112@5) o li(\w(bg,) + 1\111@5 + 1\111@5
8 2 — LiTiTj 2 Tj 2 P z; 2 4 2 5

(\116‘1)”)17 + — \IJGCI)

N)I»—A
INgE

1 & : 1
+ 5 Z(\Ijﬁq)jl)wﬂb - 5(\116(1)2)wj

i=1 i

1

2 1IiI]‘

n
, , . 1. 1, g
b P~ o~ i~ o~ i ~2 j ~2 0j o~ o~ ij AQ
0) = E (@Miwmjw + QW Wy, — 5P w* — 5@111111, — ¢ ww,, + <I>317 )

1 o 1
5(1)2ij2 - 5@1“]2

— Q0w +

Remark 2.1 Since we do not put any further assumptions on v and v, the identity (2.12)
seems to be very complicated. For solutions to (1.2) or (1.5), many terms, such as V; and V5,
will merge or vanish by means of the boundary conditions. Furthermore, compared with energy
terms, such as 8sA2¢|VAw - V|2, 253013 Vn|HAw|?, 40s5X°5|Vn[4|Vw - V|2, AVAw|?,
many terms in (2.12) is of no great importance. We only need to estimate their orders with
respect to s and A. Hence, an effective way to simplify (2.12) is that we do not write these
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terms explicitly and just claim that the order of s and A for them are lower than the terms with
a “good sign”. However, we do not do this since we want to provide the full details for readers,

and particularly for beginners.

Although the form of the identity (2.12) is very complex, its proof follows from some basic
computations. To avoid defocusing the main theorem of this paper, we put the proof of Theorem

2.1 in the appendix.

3 Carleman Estimate for the Adjoint Equation

This section is devoted to establishing a Carleman estimate for a backward stochastic plate
equation. To this end, we first introduce the weight function 7.
For any 6 > 0,7 >0 and 0 < &1 < %, we choose zg € R"\G such that

Ro2 min |z — zo|* > 24, (3.1)
e
and choose sufficiently large [ satisfying
R 2 max |z — zo|> < BeIT? — 6. (3.2)
rge

We also choose sufficiently small ey with 0 < g9 < &1 such that
Ry — Be2T? > 6. (3.3)

Let
TN 2

n(t,2) = o — ol = Bt — 5 ) . (3.4)

From (3.1)—(3.4), it is easy to see that 7 satisfies the following conditions.
Condition 3.1

(1) In(t, z)|c2g) < Ch. _

(2) |[Vn(t,z)| > Cy >0, V (t,z) € Q.

(3) For all (t,x) in Jy 2 (0, % —aT)U (% +&1T,T)| x G, it holds that n(t,z) < —0.
4)

(4) For all (t,x) in Ja = (L —eoT, T +20T) x G, it holds that n(t,z) > 6.

Recall that @ = ef, £ = s¢ and ¢ = e™. With 7 given by (3.4), the functions ¢ and 6 are
also defined.

We also need the following known result.

Lemma 3.1 (see [7, Theorem 2.1]) Let ¢ € H3(G). Then there exists a constant C > 0
independent of s and A\, and parameter A > 1 and 5 > 1 such that, for all A > X and s > 3,

54/\6/ 107 (sN?E%q)* + |Vq|*)dadt < c/ AAE30%| Aq|? dadt.
Q Q

We have the following Carleman estimate.

Theorem 3.1 There exist constants C > 0 and A\g > 0 such that for all X > Xy, one can
find so = so(A) > 0 so that for any s > so,

(v,9) € Lg(Q; C([0, T); HY(G) N HF(G))) x Li(Q: C((0, T]; HF (G)))
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and
fi, f2,92 € LE(0, T3 HY(G)), g1 € L0, T; HY(G) N H(Q))

satisfying

dv = (U + f1)dt + g1dW (¢) in Q,

ov

V= = 0 on X

and
v(0,)=v(T,)=0(0,)=9T,)=0 inG, P-as, (3.6)

it holds that
E/ 02 (sAE|VD|? + s*A2E3)0)% + A VA + $2A1€2 V202 + A48 Av)?
+ 34QA654|VU|2 + sO\B¢8|w|?)dadt
< CE [ (SN + SNEVAPR + SNETAP + 1 + 5060
+ 84/\2£4|Vgl|2 + 82N V2012 + [VAgL)? + 2 A2€2|go|?)dadt
+ OE[E92(3A§|VAU|Q + s3A3¢3| Av|?)dIdt. (3.7)

Proof In what follows, for a positive integer r, we denote by O(\") a function of order A"
for large \. Similarly, we use the notation O(e“?).

In order to shorten the formulae, we define
A, éIE/Q(s5O(eC’\) 4+ $SEBOT)w[2dadt,
AQéE/Q(ng(eC’\) + S0 [Vl dadt,
A AE /Q (s0(e7Y) + $2E20(N))| V2w P,
A4é1E/QO(1)|VAw|2dxdt, (3.8)
B, AR /E (s20(c7N) + s7€30(\2))| V2w 2T dt,
A, 2E /Q (20(eY) + $*E30(\3))|@[2dadt,
ﬁzéE/Q(O(A) + 5€0(1))| V@ |2dzdt

and

AéA1+A2+A3+A4+A\1+A\2.

Integrating (2.12) on @, taking mathematical expectation in both sides, and noting (3.6),
we obtain

2K / 0I(dv + A?vdt)dz — 2 / div(Vy + Va)dadt
Q Q
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= 92K / I3dzdt + 2E / I,13dz + 2E / (M + My)dadt
Q Q Q

+ 2 Z IE/ Aijklwrizjwzkmdzdt—l—Z Z E/ Agjwmiwmjdxdt
Q Q

i,7,k,l=1 i,j=1

+2E / Azw?dzdt + 2E / Ayda. (3.9)
Q Q

By Condition 3.1, (2.14), (2.16) and (3.8), we have

> E / A wy, Wy, dzdt > —CE / sAe|V2w|2dadt > — As, (3.10)
igki=1 7@ Q
> IE/ A wy,w,, dadt > —CIE/ (s°A863 + s200¢2)|Vw|2dadt > — Ay, (3.11)
i,j=1 Q Q
]E/ Asw2dadt > —OIE/ SABEB(1 4 s6 + 262)[w[2dadt > — Ay (3.12)
Q Q

and
E/ Asdz > —OIE/[|VAw|2+sO(eC)‘)|V2w|2+330(eC)‘)|Vw|2+s5O(eC)‘)|w|2
’ + 520((:CA)|@|2 + $3N3E3|D|? + (s€ + N)| V|| dadt
- CE/ 02 (N f7 + sNENV 1 ? + 2NV 1?4+ s°A°¢0 g7
4 S4)\4§i|vg1|2 4 82)\2§2|V291|2 4 |VAg1|2 4 82/\2§2|g2|2)d$dt
> —ClE/ 02 (sONE° f7 + SNV 1P + 2N V2 f1° 4+ s°0¢ g
+ s4A4§*|vg1|2 + 82X22| V231 |2 + [VAg1|? 4 s2\2€2%|go|?)dadt — A, (3.13)
It follows from (3.9)—(3.13) that

) / 0I(dv + A?vdt)dz — 2 / div(Vy + Va)dadt
Q Q

> 2R / IZdzdt + 21 / LyI3dz + 2 / (My + Ms)dxdt
Q Q Q

—OE/ 92(56)\6§6f12+S4)\4§4|Vf1|2+S2A2€2|v2f1|2+86A6€69%+S4)\4§4|Vgl|2
Q
+ 82N V2012 4+ |[VAg 2 + s A2E%[go|*)dadt — A. (3.14)

We will estimate the terms in (3.14) one by one. The procedure is divided into three steps.
Step 1 In this step, we consider the divergence terms.
Thanks to the boundary conditions satisfied by v, it is easy to check that

w=0, Vw=0, V?w=60V?» onX. (3.15)

We also have

WU = ’wwimj = u}iji = y / I/i, (316)



430 Q. Li and Y. Wang

which implies

n n a
|Aw|2 = E Wy . W = —awzl Vi—wwj VI
“ T TR L v ov
1,7=1 1,j=1
n n
_ 8w$i j aw% i Z w2
v ov <~ *its
1,7=1 7,j=1
n
Ow; \ 2
= |V2w|? = E ( Z) on .
; ov
i=1
Thanks to (3.15), we obtain
n 1 n
2 : l j E J
‘/1 V= (I)lwzkzkzlwrizimjyj - 5 (I)lwzkrkmlwzizizlyj
1,5,k,1=1 1,5,k,1=1
1 n n
J j ik F ! j
+ 5 E qj?q)lwwﬂqzwwkwkyj + E \IJB q)lwwiwkwwzwjyj
i,j,k=1 1,5,k,1=1
1 n
l] l j k j
5 g q)lwmquwmkml - E (I)4ww¢ijwﬂkyj
i,j,k=1

vy
n
E 171k on X.

By Condition 3.1 and (2.16)7 we have

NJI)—l

n n
1 o
l j 2
E DV Wy o0 Wayz i,V — 3 E O Wy 0y Wi, > —CSAE| VAW on X.

i,k l=1 Q4 l=1

From (2.14) and (2.16), we get

1 & P 0
3 Z ‘IJQ(I){ijziriwzkzk:_433)‘3§3|VT7|26_Z|AU’|2 on Y.

Combining (2.14), (2.16) and (3.16)—(3.17), we find

n

n
ik &l j 313¢3 j
§ \I}é q)lwwmkwwzwjyj = —16 E s°A 5 nwinwknwzijmwkwmzwj
i,7,k, =1 i,7,k, =1

- ow, 877
_ 3 3¢3 ]
= _16. Ekl 1 A 80N Ny V7 wwqwk v Ov
i,5,k,

S 32 ey ()

i,g,k,l=1
= 3 3¢3 8 2
—-16 Y /\5( )|Aw| on s
i,g,k,l=1
and

R
§ : J p!l § J §
- 5 \113 (I)lwfiﬂﬁkwfkml (I)4w1 z; Wriz, V + 5 (1)4 zizeV
,4:k,1=1 1,5,k=1 i,J,k=1

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)
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- on\3 an
— 3\3¢3 (Y1 2 34y3¢3 297 2
8”-,%[ 15 A€ ( u) |[Aw|® 4+ 25°A°E%| V)| V|Aw| on Y. (3.22)

Hence, combining Condition 3.1 and (3.18)—(3.22), we obtain

= on\3 on
> A 2 _ 333 ¢3 A 2 ) 333¢3 2 A 2
Vi-v > —CsA|VAw| 8”;1_15 A°¢ (_81/) |Aw]| $PAE | V| _81/| w
> —CsA|VAw|* — Cs*A3¢3|Aw[*  on X,
This implies that

E/ div Vidadt > —OIE/ 33/\3£3|Aw|2dfdt—CE/ SAE|V Aw[2dTdt. (3.23)
Q = b)
Thanks to Condition 3.1, (2.16), (3.8) and (3.15), we have

E/ div Vodadt = ]E/ Vo - vdl'dt
Q D)

n n
—E / S 0wt S O w0, + 6))1IdTdL
>
Jj=1

i,k,l,r,m=1 i,k,l,r=1

>E /E [SCON)|V AW + s0(cT)|V2w|?|dTdt
> —CE/ES)\§|VAw|2dth+BQ. (3.24)
Combining (3.14) and (3.23)(3.24), we obtain
2R /Q 0I(dv + A?vdt)dz + OF /E sPA3E3 | Aw AdTdt
+ CIE/ 02 (A€ [T + SNV 12 + SN VP 1P + sOA0gT + 5N Vg [
+ 82/\2§%|V291|Q +|VAG[? + 52A%€®|g2|*)ddt
+ OJE/E SAE|VAw2dTdt + A + By

> 2E/ IZdzdt + ZE/ LIzdx + 2E/ (My + My)dxdt. (3.25)
Q Q Q

Step 2 In this step, we study 2IE/ (M + Ms)dadt via integration by parts.
Q
From Condition 3.1, (3.8) and (3.15), we get

—E / 165°A\¢3| V2| V2wV 2dedt
Q

n
:—IE/ 165?’/\453 Z niinwknwlwwk%wwﬂjdxdt
Q iyg ke, l=1
n .
= E/ 853)‘4 Z [_253779257;779%77111”9%11'1/‘]11 + (53779257;779%77961)ﬂﬁjwmkwil]yjdrdt
¥ iyg k=1
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n

+E/QSSB)‘4 Z [253779257;77%7711“}%1]-1]-7”11 _(ggniinwknwz)ijjwwkwwz]dxdt

ijk,l=1

> —4IE/ sA2E| VAWV Adadt — 16E/ SN2 V|t | Vw V| 2dedt — As.
Q Q

(3.26)

Thanks to (3.4) and Condition 3.1, we know that there esists Ay > 0 such that for all A > Ay,

it holds that

64 / SN (VA V)| Vw - V|?dzdt
Q

= 128E/ P N5 | V|2 | Vw - V|2 dadt
Q

Y

—IE/(QS5/\6£5|V77|4|VUJ - Vn|*dadt.
Combining Condition 3.1, (3.4), (3.8) and (3.15), we get
E /Q U5 A3E3 (V2 Vn V) + 253X (V2 An] ([V2w]? — |Aw|?)dzdt
= %E /Q A[4s3 N33 (V2nVnVn) 4 253233 |V An) [ Vw|> dxdt

+ IE/ V[4s3\3¢3(V2nVnVn) + 252 \3¢3|Vn|? An] - VwAwdzdt
Q

vV

—E/ 52520(A3)|V2w|2dxdt—E/(530(60’\)+s4§4O(A5))|Vw|2dxdt
Q Q

v

—Ay — As,

and

32E/ 83/\353(V2wV7]V77) Z N sa; W, o, drdt
Q

1,j=1

n
32 Z E/ 83/\3£3nzk1lr]mmzjwzﬂjwmkmldxdt
igkl=1 Y@

n
=32 Z E/ SN E N 2N My (Wi, Wi, 1 —ww,iwwjmlyk)dl"dt
igkil=1 7%

—32 Z E/ S A3 (E N i Ny ), Wap, We o, Al
igkil=1 “@

+ 32 Z E/ 53/\3(537%”177:%77%‘)wkwwiwwﬂzdxdt
igkil=1 “@
+ 32E / PNV (VEwVn) (VEwVn)dedt
Q
> 32E / N33V (V2wVn)(VEwVn)dedt — Ay — As
Q

= 64E/ 3N V2wV ?dadt — Ay — As.
Q

(3.27)

(3.28)

(3.29)
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From (3.8) and (3.15), we see
E / [(85°X€? — " A2E%) | V* | Aw]” — 2(85°N¢® — $°ATE%) |V |°s* A€ |V
Q
+ (8sA1E3 — AT %) | WP s A e w)?] dadt
_ ]E/ (8P M43 — PATEN)|Vnl* (Aw + 22| VinlPw)?
Q
—2(85° X% — $3A2€3)| V|05 A2 (|Vw|? + wAw)]dzdt
> IE/ (853N — SPAZE3) |V (Aw + s2A%E2| Vi w)?dadt — A;. (3.30)
Q
Noting that (a + b+ ¢)? < 3(a® + b + ¢?) for a,b,c € R, we find
IE/ SSAE30% | V|t Av|*dadt
Q
= IE/ SN V| (Aw — 2sAEVVw + s2X2E2 | Vnw — sA2E| V2w — sAE|Anjw)?dadt
Q
< 3IE/ SANAE3 V|t (Aw + s2\2E2| V| ?w)? dadt
Q
+ 121E/ sP A0 | V|| Vw - V2 dzdt + A;. (3.31)
Q
Combining (3.26)—(3.31), we know there exists Ay > A\ such that for all A > Ay, it holds that
E/ Mydzdt + A > IE/ )\|VAw|2dxdt+E/ $NE30% V|| AvAdzdt. (3.32)
Q Q Q
It follows from Condition 3.1, (2.14), (2.16), (3.4) and (3.8), that
E / Mdadt + A> E / (1650 VD] + s°A €8Vl @2 )dadt, (3.33)
Q Q
Thanks to (3.25) and (3.32)—(3.33), for A > Ay, we have
2R / 0I,(d5 + A%vdt)dz + CE / SA3ER| Aw[2dTd
Q by
+ CE/ SAE|VAw|?dTdt + A + By
>
+ CE/ 02 (N0 f7 + SINENV 1 ? + 2 A2 V2 1?4 s°A°¢0 g}
Q
+ NV P 4+ 5228 VP01 |* + VA + 7N ga| ) dadt
> 2F / IZdxdt + 2E / I I3dx
Q Q
+ IE/ (A VAW + $PA1E302| Av|? + sAE VD) + s° A2 302 dadt. (3.34)
Q

Step 3 In this step, we get the estimate of v.
From (3.5), we have

2K / 01 (dv 4+ A?vdt)dz <R / IZdzdt + E / 62 f2dadt. (3.35)
Q Q Q
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Thanks to Condition 3.1, (2.17) and (3.8), we find
2K / I I3dz > —E / I3dzdt — A— CE / $2A2€20% fidadt. (3.36)
Q Q Q
Noting that
IVAw[* < CO*(|[VAV]? + s2X\2E2|V20?)  on %,

by (3.15) and (3.17), there exists A3 > 0 such that for all A > As, there is s; = s1(\) > 0, such

that for all s > s1, we have
BQ+E/ 53)\3§3|Aw|2dfdt+E/ SAE|V Aw|?dDdt
b)) 3
< CE/ SAEO? (|VAv|* 4 s2X\2€2| Av|?)dTdt. (3.37)
b))
Thanks to (3.34)—(3.37), for A > A3 and s > s1, we get
CE/ SAEO* (|VA|* + s* 222 | Av)?)dTdt + A
3
+ O]E/ 02 (sAOEC [T + SNV 12 + SPNEIV i + f5 + "2 g7
Q
+ NV + PN V| + [VAG|? + s° A€ go*)dadt
>E / (VAW + SN2 Avf2 + AV + s°AF 302 dardlt. (3.38)
Q
By Lemma 3.1, for A > max{As, A} and s > max{s1, 3}, we obtain
E/ (s5X8€50%|v|? + sTA0¢0?|Vo|?)dadt < O]E/ $3AE302 | Av)? ddt,
Q Q
which, together with (3.38), implies
CE/ SAEOP (VAU + 527262 Av[2)dTdt + A
3
+ O]E/ 02 (s°AOEC [T + S NEV 12 + SPNEIVP i + f5 + "N g7
Q
+ 5NV + SNV + [VAG|? + 5° A6 go*)dadt
> IE/ A VAw]? + s3A1302 | Av|? + sT]A0¢10% | Vo] + s5\3¢00%|v)?
Q
+ SXE|VD[? + $2A2 30?)dadt. (3.39)
Let ¥ = sA%¢e*¢v. Then, we have
E / $2NE20? | V202 dadt
Q
=E/ SNE2Q? V2 (s N2 10710 P dadt
Q

< CE / SENE2 (572N VD2 + ATV 4 523 0] dadt
Q



Ezact Controllability for a Refined Stochastic Plate Equation 435
< Clol72(0,7,m2(cy) + CE /Q $2\2€2| Vo) ?dadt + CR /Q s D)2 dadt
< Clof72(0/m;m2(cy) + CE /Q $2A2E2 (5T A0e10%0? + 21202 | Vo ) dadt
+CE/ sOABE5H? |v|2dadt
Q
< 0|5|§§(0,T;H2(G» +CE /Q (s5X8€50% | + sTA0¢0?|Vu|?)dadt. (3.40)
It follows from v = 0 on X that

~12
|”|L§<0,T;H2<G>>

< CIAT 20,7;12(c)

< CE/ (sOABE80% |2 + s*AOE0? |Vl + s2A1¢%0%| Av|?)dadt. (3.41)
Q

Combining (3.40) and (3.41), we obtain
E / $2NE20%| V202 dadt
Q

< CE/ (558502 (|2 + sTA0€102 | V| + s2\1¢%0%| Av|?)dadt. (3.42)

Q

From (3.39) and (3.42), there exists Ay > max{As, A} such that for all A\ > Ay, there is an
s2 = s2(A\) > max{s1, s}, such that for all s > s2, we have that

O]E/ SAEO?([V AV|® + $2X2€2 | Av[2)dTdt + A
b))
+ CE/ 02 (N [T + "NV 1|2 + SNEIVP 1P + f5 4+ $°A° g7
Q
+ 5NV + 2NV + VA + 5° A€ go ) dadt
> E/ A VAw|? + s A1E30%| Av]? + s2 A1 €20%| V20| + s2A\0610%|Vu|? 4 sON8£002|v)?
Q
+ sAE|VD? + 222302 dadt. (3.43)
Recalling v = 0~ 'w and © = 6~ (@ — fyw), we get
IE/ 62 (AV AW + sAE|VIP + A3 €63 (3] dadt
Q
= IE/ O>(AIVAO ™ w)[? + sAE V[0~ (@ — Luw)]|? + 2A2€3072|@ — Lyw|?)dzdt
Q
< CE/ A(VAW[? + 52 A2 V2w|? + s A Vw|? 4+ 50N 0 |w[2) + A7 €3 (|@0] > + s A2 | w]?)
Q
+ AV 4 s* A2 D] + s2 A2 Vw|? + s\ w)?)]dedt

<CE / (AVAW? + AV + PAEE3@[2)dedt + A, (3.44)
Q
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Thanks to (3.8) and Condition 3.1, there exists As > 0 such that for all A > A5, there is an
s3 = s3(A) > 0, such that for all s > s3, we have

1 7
A< E]E/ 62 (sAEIVTI2 + AT E3 (]2 4+ 2ME2|V 20 + S5 NAER A2
Q
+ 5"\ V|2 + sSAB¢C|w|?)dadt. (3.45)
Let us choose A\g > max{A4, As}. Combining (3.43)—(3.45), for all A\ > Ag, one can find
S0 = so(A) > max{se, s3} so that for any s > s, inequality (3.7) holds.
4 Proof of the Observability Estimate

Proof of Theorem 1.3 Let y € C§°([0,T7]) satisty

. (T T
x =1in (5 — T, 3 +61T).
Put v = xz and ¥ = xZ + Xz for (z,2) satisfying (1.2), then (v,v) fulfills v(0,-) = v(T,-) =
v(0,-) =9(T,-) =0 in G, and solves

dv=0dt + x(Z — as2)dW(t) in Q,

Ao + A2vdt = fodt + GodW ()  in Q, (4.1)
0
v = a—z =0 on X,
where
fo=x[(a1 = divas — agas)z — aaVz — a3Z + asZ| + 2x+Z + X112
and

= X2—|— xt(Z — asz).

By Theorem 3.1, for A > A\g and s > sg, we have
]E/QGQXQ(/\WA,ZF + 82N V222 + SN Az|? + 51N V2|2 + sOX8¢0 2 ddt
< IE/Q€2(5/\£|V§|2 + PAFE + A VAW + 22 [V20[2 4+ s34  Av?
+ '\ V|2 + SN w|?)dadt
< CE/Q€2X2(56A65622+s4/\4§4|Vz|2+52)\2§2|V2z|2+|VA2|2—|— |2|% + |V 2|?)dzdt
+CE : 0°(|21° + 2 + $°N€2°)dwdt + C(5, V(Z, 2)\3 20,0150y 12015226

+OIE/ 02 (sAE|VAZ|? 4 s3\3¢3| Az |?)dTdt.
3

This, together with Condition 3.1, implies that there exists Xl > )Xo such that for all A > Xl,
there is $1 = 51(\) > s¢, so that for any s > 57, it holds

E/ 0 (SAE|VD|? + sPAZE3 0% + A[VA[? + $2A1E2| V202 + P A4E3 | Au)?
Q
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+ s*AEH V|2 + SNES |u|?)dadt

<CE [ 0* (|21 + 22 + s*A2¢%2?)dadt + CE/ 02 (sAE|VAZ)? + s A3 | Az?)dTdt
J1 b

+ (s, )\)|(Z, Z) 2L§(07T;H3(G))xL§(07T;H1(G))' (4.2)

Thanks to Condition 3.1, we obtain
eZ“’”—C*“’“SE/ (IVAz? + V22> + V22 + 22 + | V212 + |2 dadt
Jo
< e%e”]E/ (SAE[VDI2 + sPAEE (T2 + AV A0 + s2A1€2 V202 + s2A1€3| Av|?
J2
+ A0 V)2 + SN0 |u|?)dadt
< IE/ 2 (sAE| VI + SATE[G[2 + A\ VAD[2 + s2AA€2[V20]2 + 5 A4¢%| Av)?
Q
+ s\ Vol + sOAEE8|w|?)dadt. (4.3)
From (1.3) and Condition 3.1, we see
(=T, /Z\T)|L§ET(Q;H?’(G)NHS(G))XL%ET(Q;Hé(G))
f;cm/"qva42+¢v?d2+|v42+z2+|va2+¢a%dwﬁ
J2
+C(s, (2, Z)| 7207115z (@) x L2031 (G (44)
and

E [ 6%(|2]* + 2% + s*\2¢%2?%)dadt
J1

SeZse”\‘s-i-C)\-i-ZlnsE/ (|?|2+22)dxdt
J1

2se M 4CA+21Ins( T 2T
<Ce (27,2 )|L2FT(Q;H3(G)HH§(G))><L2FT(Q;H(%(G))

+ C(s,M)|(Z, Z)|i§(O,T;H3(G)mH§(G))xL?(O,T;H&(G))' (4.5)
Combining (4.2)—(4.5), choosing A > Xl and s > 57 such

1
Cexp(2se™ — 25¢* + C\ +81ns) < >

we get the desired observability estimate.

5 Proof of Theorem 1.2

The proof of Theorem 1.2 is similar to that for [24, Theorem 2.3]. We provide it here for
the convenience of the readers. To begin with, we recall the following result.

Lemma 5.1 (see [26, Lemma 2.1]) There exists a random variable ¢ € L% (Q) such that it
is impossible to find <1, € L2(0,T) x Cr([0,T]; L*(Q)) and e € R satisfying

T

T
(=a+ / a(®)dt+ [ w@E)dw(1).
0 0
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Proof of Theorem 1.2 We employ a contradiction argument and divide the proof into
three cases.

Case 1 a3 € Cp([0,T]; L=(Q)), G\Go # 0 and supp f C Go.

Let p € C§°(G\Go) satistying |p|r2(q) = 1. Suppose that (1.1) was exactly controllable.
By Definition 1.2, for (yo, 7o) = (0,0), there exist controls (f, g, h1, he) with supp f C Gq a.e.
(t,w) € (0,T) x Q such that the solution to (1.1) fulfills (y(T"),y(T)) = (p¢,0), where  is given
in Lemma 5.1. Hence,

T T
o= [t [ (e pawe). (5.1)

Multiplying (5.1) by p and integrating it in G, we arrive that

T T
CZ/O <§7p>(H3(G)OH§(G))*,H3(G)ﬂH§(G)dt—|—/O (asy, p) -1 (cy,m2 (@) AW (1),

which contradicts Lemma 5.1.

Case 2 a4 € Cr([0,T]; L>=(Q2)), G\Go # 0 and supp g C Go.

Choose p asin Case 1. Assume that (1.1) was exactly controllable. Then, for (yo, 7o) = (0,0),
there exist controls (f, g, h1, he) with suppg C Go a.e. (t,w) € (0,71") x 2 such that the solution

o (1.1) fulfills (y ( ),9(T)) = (0,¢).
Clearly, (¢, qb) (py py) satisfies
d = ¢dt + (asd + pf)AW (L) inQ,
do + A2¢dt = fodt + agpdW () in Q,

(b—% 0 on 3,

(¢(0),$(0)) = (0,0) in G,

where fo = [A2, ply + a1 + pay - V. Furthermore, we have (¢(T), ¢(T)) = (0, p¢). Hence, we
have

T

T
(= —/0 (%6, p) -5(cy.m3c) + (o >H—4(G),Hg(g))dt+/ (a3, p) i1 (@), m2 (o) dW (2),

which contradicts Lemma 5.1.

Case 3 h; = hy =0.

Assume that (1.1) was exactly controllable. Then, from the equivalence between the exact
controllability of (1.1) and the observability estimate of (1.2), we get that for any (27,27) €
L% (4 H3(G) N HF(G)) x L% (9 Hj(G)), the solution (z, Z, 2, Z) to (1.2) ( with 7 = T and
(2(T),2(T)) = (27, 2T)) satisfies

(7,27 1 L (UH3(G)NH(G)x L3, (%HE(G))
E 0 ‘FT L0

< C(Z| 20,153 ()nm2(G)) + | Z L2 (0,131 (G)))- (5.2)
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For any nonzero (®g,®) € (H*(G) N HE(G)) x HL(G), let (®,®) solve the equation

d® = ddt — a5 SAW (1) inQ,

dd + A2®dt = [(a1 — divas — aga5)® —ag - VO|dt  in Q,
0P

P = E =0 on 27

(@(0), ®(0)) = (Do, D1) in G.

Clearly, (®,0,®,0) solves (1.2) with the final datum (27,27) = (®(T"), ®(T)), a contradiction
to (5.2).

Appendix A Proof of the Weighted Identity
Proof of Theorem 2.1 It is clear that
dw = d(0v) = 0dv + ¢,0vdt = wdt + 0 f1dt + 0g1dW (¢)
and

0do = Ad[0~ (@ — Lyw)] = dw — £y dw — Lywdt — Cywdt + (Fawdt
=dw — 2£tﬂ}\dt + (Z? — étt)wdt — étﬁfldt — EtthdW(t) (Al)

We also have

OA%v = A?w — 4sA\EVY - VAw — 4s\2E(V2wVnVn) — 4sAE 2": Neiz; Weiz;
i,j=1
+ 282 N2E2 V2 Aw — 25 A2 V|2 Aw — 2sAEANAw + 45 N2 €2 (V2w VnVn)
—4VAL - Vw + 1252 X3E%| V> VnVw + 852 A2 (V2nVnVw)
—43N3E3 |\ Vn|PVnVw + 452 X223 AnVnVw + 4(VL - VADw + 2|V2)*w — A lw
— 653M1E3| V| tw — 4s3\3E3 (VA VnVn)w + s A1 V| tw
— 283 \3¢3| V|2 Anw + | AL w. (A.2)

From (A.1)—(A.2) and (2.13)—(2.17), we have

2015 (dv + A%vdt) = 2I(I, 4 LAt + I3).

7 5
We will compute I1I; under the form > > I;;, where I;; is the product of the i-th term

i=1j=1
of I with the j-th term of I,. Note that I;; are the same as [23, Appendix A] fori=1,---,6
and j =1,---,5, except for I13.

We have

n
E kl
I13 = ¢3 wmqywiijjwwkwldt
ijkl=1
n

kl kj kl kl
= ((1)3 Weiz;a; Wepe, — (1)3 Weizz Wz, + (1)3 Weizz Weyz; — (1)3%. Wez; Wryay



440 Q. Li and Y. Wang

kj kl kl
+ (I)le Wz, Wiz, + (I)&Elwwﬂjwwﬂk - q)BIZ TiTE (I)Sxi wijzwwiwk)w dt
J

n
E fI>3 W20, Waya o At + E <I>3171]wm 2 Wayz, At — E (I’lem]wz 2 Wa iy, At
i g,k,l 1 i g,k,l 1 ij,k,l*l

E <I>3z T 2 Way ;A + E <I>3m o; W, s Wayz; At —|— - E <I>3mm o zjdt
,5,k,1=1 1,5,k =1 1,5,k =1

We have

n

I71 = E (I)lwwbw]w]
5,J=1

n

o N 1._. R N 1.
Z (— Pl wdwy,z, + P}, Wiy, — 5 leﬂjuﬂ + O Wy, W, — §<I>j1wi)w_dt
J

ij=1

n

n
+ Y AP w00, ® Z Oy, @ &2dt — + Z O, @2 dt — > By, i, Wy, dt

i,jfl 4,j=1 4,j=1 3,j=1

- Z DL w0y, 0, WAt + Z Lo @+ BT, ) [(0F1) 0,0, At + (091) 2,0, AW (2)]

4,j=1 i,j=1
— Z | dwy, o, A0,
ij=1
I72 = Z (I)melmldﬁ}
1=1
n 1 n
= (- @i, + 5@2%@2) dt + Zd (®2ws,0,D) — Y Bogwy, o, Dl
j=1 i=1 i=1
1 n
— 5D Porn @Al + Z% dt — Z%dwz 2
=1 =1 =1
- Z (I)Z'&)\[(efl)mqqut + (agl)wﬂidw(t)L
i=1

n
=3 o -
I73 = @3 wzimj dw

i,j=1
n 1 .. iy o
= ( O i, + 5@;;1@2) dt + Z (@ w0, @) — > B0, Bl
i,j=1 i,j=1 3,j=1
1 « .
) > @y, @Pdt— Z Y dwy,,, dd + Z Y Wy, Wy, dt
i7]: i,j=1 i,j=1

- Z QY B(01) 2,2, dt + (091) 0,0, AW (1),
3,j=1

n
I74: E (I)szbd@
i=1
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I7

n

1 . n _ o 1< .
— J 2 4 ~ i ~ i ~2
= Zl ( - §<I>4w )wjdt + Zld( Wy, W) — ;@thwmwdt + 5 ;@%w dt
= i— i— i—

= ®hdw,, di — Y 4@[(0f1)2,dt + (Bg1), AW (1)),
1=1 1=1
5 = Pswdd = d(Pswd) — P5wndt — P50 dt — Ssdwdw — S5 (0 f1dt 4 Og AW (¢)).

By summing all the I;;, we get (2.12).
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