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A Representation Formula of the Viscosity Solution of the
Contact Hamilton-Jacobi Equation and Its Applications™

Panrui NI Lin WANG? Jun YAN3

Abstract Assume that M is a closed, connected and smooth Riemannian manifold. The
authors consider the evolutionary Hamilton-Jacobi equation

{atu(@ t) + H(z,u(z,t), dpu(z,t)) =0, (x,t) € M x (0,+00),
u(x, 0) = @(1’)7

where ¢ € C'(M) and the stationary one
H(z, u(x), Bru(z)) = 0,

where H(x,u,p) is continuous, convex and coercive in p, uniformly Lipschitz in u. By
introducing a solution semigroup, the authors provide a representation formula of the vis-
cosity solution of the evolutionary equation. As its applications, they obtain a necessary
and sufficient condition for the existence of the viscosity solutions of the stationary equa-
tions. Moreover, they prove a new comparison theorem depending on the neighborhood of
the projected Aubry set essentially, which is different from the one for the Hamilton-Jacobi
equation independent of w.
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1 Introduction and Main Results

The study of the theory of viscosity solutions of the following two forms of Hamilton-Jacobi

equations
Opu(z,t) + H(x,u(z,t), dpu(z,t)) =0 (1.1)

and
H(z,u(z),0pu(z)) =0 (1.2)

has a long history. There are many celebrated results on the existence, uniqueness, stability
and large time behavior problems for the viscosity solutions (see [1, 9-11] for instance).
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For the case with the Hamiltonian independent of u, its characteristic equation is the Hamil-
ton equation. For the case with the Hamiltonian depending on w, the characteristic equation
is called the contact Hamilton equation. In [23], the authors introduced an implicit variational
principle for the contact Hamilton equation. Based on that, a representation formula was pro-
vided for the viscosity solution of the evolutionary equation, and the existence of the solutions
for the ergodic problem was also proved in [24]. In [25], the Aubry-Mather theory was developed
for contact Hamiltonian systems with strictly increasing dependence on w. In [26], the authors
further studied the strictly decreasing case, and discussed large time behavior of the viscosity
solution of the evolutionary case.

All of the results in [24-26] are based on the implicit variational principle established in [23].
In order to get the C'-regularity of the minimizers, it was assumed that the contact Hamiltonian
H is of class C?, strictly convex and superlinear. This paper is devoted to reducing those
assumptions to continuous, convex and coercive, which are standard from the PDE aspect. It
is clear that the contact Hamiltonian equation can not be defined under these assumptions.
Moreover, the compactness estimate of the set of certain minimizers does not hold true. That
estimate (see [24, Lemma 2.1]) plays a crucial role in the previous work [24-26]. For the classical
Hamilton-Jacobi (HJ for short) equation with time-independence, the related problems were
considered in [12,14]. Different from them, one has to face certain new difficulties due to the
appearance of the Lavrentiev phenomenon caused by time-dependence.

By combining dynamical and PDE approaches, we provide a representation formula of the
viscosity solution of the evolutionary equation, which can be referred to as an implicit Lax-
Oleinik semigroup. As its applications, we obtain a necessary and sufficient condition for the
existence of the viscosity solutions of the stationary equations. It is well known that the
comparison theorem plays a central role in the viscosity solution theory. We prove a new
comparison result depending on a neighborhood of the projected Aubry set essentially. An
example is constructed to show that the requirement of the neighborhood is necessary for a
special class of Hamilton-Jacobi equations that do not satisfy the “proper” condition introduced
in [10]. Comparably, the viscosity solution is determined completely by the projected Aubry
set itself for the “proper” cases (see [27, Theorem 1.6]).

Throughout this paper, we assume M is a closed (compact without boundary), connected
and smooth Riemannian manifold and H : T*M x R — R satisfies

(C) H(z,u,p) is continuous;

(CON) H(z,u,p) is convex in p for any (z,u) € M x R;

(CER) H(z,u,p) is coercive in p, i.e., lim ( inf H(x,O,p)) = +o0;

llpl| =400 " zeM

(LIP) H(x,u,p) is Lipschitz in u, uniformly with respect to (z,p), i.e., there exists A > 0
such that |H(x,u,p) — H(z,v,p)| < Mu —v| for all (x,p) € T*M and all u,v € R.
Correspondingly, one has the Lagrangian associated to H:

L(x,u,;ic) ‘= Sup {<£L’,p> —H(x,u,p)}.
peET; M

A list of notations is provided at the end of this section.

Remark 1.1 Due to the absence of superlinearity of H, the Lagrangian L may take the



A Representation Formula of the Viscosity Solution of the Contact Hamilton-Jacobi Equation 451
value 4+00. Define
dom(L) :={(z,z,u) € TM xR | L(x,u,&) < +o0}.

Then L satisfies the following properties (see [12, Proposition 2.7] for instance):

(LSC) L(x,u, ) is lower semicontinuous, and continuous on the interior of dom(L);

(CON) L(z,u,) is convex in & for any (z,u) € M X R;

(LIP) L(x,u,) is Lipschitz in u, uniformly with respect to (z, %), i.e., there exists A > 0
such that |L(z,u,2) — L(z,v, )| < Mu —v| for all (z,%,u) € dom(L).

Remark 1.2

(1) For convenience, we denote (z,p) € T*M, u € R by (x,u,p) € T*M x R.

(2) The assumption (CER) is equivalent to the following statement: For each R > 0, there
exists K > 0 such that for any |u| < R and ||p|| > K, we have H(z,u,p) > R. In fact, by
(CER) for each R > 0, there exists K > 0 such that for ||p|| > K, H(x,0,p) > (1 + A)R. By
(LIP) for any |u| < R,

H(z,u,p) > H(x,0,p) — Mu| > R.
The converse direction is obvious.

(3) dom(L) is independent of u. More precisely, given (z, &) € TM, if L(z,ug, %) < +oc for
a given ug € R, then for any u € R,

L(z,u, &) < sup {(&,p) — H(w,uo,p)} + Alu — uol
peET M

= L(x,ug, &) + Au — ug| < +o0.
Thus, there holds
dom(L) = {(z,2) € TM | L(x,0,%) < +00)} x R.
1.1 An implicit Lax-Oleinik semigroup
Consider the viscosity solution of the Cauchy problem
Ou(x,t) + H(x,u(z,t), O,u(z, t)) =0, (x,t) € M x (0,+00).
u(z,0) = p(x), =€ M.
We have the following result.

Theorem 1.1 Assume H : T*M x R — R satisfies (C)(CON)(CER)(LIP). The following
implicit backward Lax-Oleinik semigroup T,” : C(M) — C(M), via

T () = _int {(:(0)) + / L(y(7), T (7)), 4 (7)dr | (T-)

is well-defined. The infimum is taken among absolutely continuous curves v : [0,t] — M with
~(t) = x. Moreover,

(i) if ¢ is continuous, then u(x,t) := Ty @(x) represents the unique continuous viscosity
solution of (CPy);
(ii) if ¢ is Lipschitz continuous, then u(x,t) := T, @(x) is also locally Lipschitz continuous

on M x [0, +00).
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The main difficulties to prove Theorem 1.1 are stated as follows.

e Compared to the contact HJ equation under the Tonelli conditions, the contact Hamilton
flow can not be defined. Consequently, we do not have the compactness of the minimizing orbit
set, which plays a crucial role in the previous work on contact HJ equations (see [24, Lemma
2.1]).

e Compared to the classical HJ equation in less regular cases (see [12,14]), the backward
Lax-Oleinik semigroup is implicit defined, which causes t-dependence of the Lagrangian. Due to
the Lavrentiev phenomenon, it is not direct to prove the Lipschitz continuity of the minimizers
of T, p(x) (see [2] for various counterexamples).

Remark 1.3 Similar to Theorem 1.1, the forward Lax-Oleinik semigroup can be defined as

t
1o = s {o00) [ L6601 o), 3m)ar). (T+)

~¥(0)==z
Use the same argument as [25, Proposition 2.8], one has T} ¢ := —T, (—¢), where T, denotes

the backward Lax-Oleinik semigroup associated to L(x, —u, —%).
By Theorem 1.1, if the fixed points of T} exist, then they are viscosity solutions of
H(z,u(x),dyu(x)) = 0. (En)

Recently, an alternative variational formulation was provided in [6-7, 21] in light of G.
Herglotz’s work [15], which is related to nonholonomic constraints. By using the Herglotz
variational principle, various kinds of representation formulae for the viscosity solutions of (1.1)
were also obtained in [16]. For simplicity, we will omit the word “viscosity” if it is not necessary
to be mentioned.

1.2 An existence result for the solutions of (Ex)

Remark 1.4 Let H : T*M x R — R satisfy (C)(CER)(LIP). According to the Perron
method (see [18]), if (Ex) has a Lipschitz subsolution f and a Lipschitz supersolution g such
that f < g. Then the equation (Ex) admits a Lipschitz viscosity solution.

In light of [18], we introduce another necessary and sufficient condition for (Ey) to admit
solutions.

Theorem 1.2 Let H : T*M x R — R satisfy (C)(CON)(CER)(LIP). The following state-
ments are equivalent:

(1) (En) admits Lipschitz solutions;

(2) there exist two continuous functions ¢ and v such that T, o > Cy and T, ¢ < Cy, where
C1,Cy are constant independent of t and x;

(3) there exist two continuous functions ¢ and 1, and ty, to > 0 such that T, ¢ > ¢ and

T, <.

If (Ep) admits a solution denoted by u, one can take u as the initial function. The statements
(2)—(3) hold true obviously. Thus, we only need to show the opposite direction, which will be
proved in Section 3. The main novelty of Theorem 1.2 is that the lower bound of 7} ¢ is not
required to be less than the upper bound of T, .
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1.3 The Aubry set

We denote by S_ and S, the set of all backward weak KAM solutions and the set of all
forward weak KAM solutions of (Ey), respectively. See Appendix D for their definitions and
relations with viscosity solutions. In the discussion below, we need to introduce the following
assumption

(S) The contact HJ equation (Ey) admits a solution.

Definition 1.1 Let u— € S_, uy € S4. We define the projected Aubry set with respect to
u_ by
._ ) _ +
Z, ={zeM: u_(x)= t_li+moo Ty u_(x)}.

Similarly, we define the projected Aubry set with respect to uy by

Ty, ={re€M: up(xr)= lim T, uq(x)}.

t——+oo

In particular, if uy(x) = . 1151_0 THu_(x) and u_(x) = . 1151_0 T, us(z), then
—400 — 1o

T, =1

U *

In this special case above, we denote the sets I, and L., by L, _ .y, following the notation
introduced by Fathi [13].

Theorem 1.3 Assume H : T*M x R — R satisfies (C)(CON)(CER)(LIP) and (S). Then

(1) for each u— € S_, the limit function U(x) := t_l)igloo Tfu_ () exists and it is a forward
weak KAM solution of (En);

(2) for each uy € Sy, the limit function V(x) := lim T, uy(x) exists and it is a backward

t——+4o00
weak KAM solution of (En);
(3) both T, and L, are nonempty.

1.4 A comparison result for the solutions of (Eg)

In this part, we are concerned with further properties of the viscosity solution for a special
class of Hamilton-Jacobi equations that do not satisfy the proper condition

H(x,r,p) < H(xz,s,p) whenever r < s.

We assume H : T*M x R — R satisfies (C), (CON), (CER), (LIP) and

(STD) H(z,u,p) is strictly decreasing in w.

Under the assumptions above, the solution of H(x,u,d,u) = 0 is not unique (see e.g.,
Example (E1) below). The following result provides a comparison among different solutions.

Theorem 1.4 Let vy, v € S_.
(1) If vy < vo, then 0 # T, C Ty, ;
(2) if there is a neighborhood O of I,,, such that vi|o < va|o, then vi < vo everywhere;

(3) if o, = Iy, and vi|lo = v2|o, then vi = ve everywhere.



454 P. R. Ni, L. Wang and J. Yan

In order to explain the necessity of the neighbourhood O, we consider the following example
1
—u(x) + §|u'(x)|2 +V(z)=0, ze€S~(-1,1], (E1)

where S denotes a flat circle with the fundamental domain (—1,1], and V (z) is the restriction
of % on S. Then

1
is Lipschitz continuous. Assume A > 2, a direct calculation shows that there are two viscosity
solutions given by

A+ VA2 —4 A—VA2—4

up(x) = 5 V(z), wus(z)= 5 V(z).

It can be shown that Z,,, = Z,,, = {0}, although u; # us on S. A detailed analysis of example
(E1) is given by Section 6 below.

The rest of this paper is organized as follows. In Section 2, we prove Theorem 1.1. To achieve
that, we need some technical lemmas whose proofs are given in Appendix B and C. Theorems
1.2-1.4 are proved in Sections 3-5 successively. In addition, we give some basic results on the
existence and regularity of the minimizers of one dimensional variational problems in Appendix
A, and we also provide some basic properties of weak KAM solution and viscosity solution in
Appendix D for the reader’s convenience.

We list notations in the present paper:

(1) diam(M) denotes the diameter of M;

(2) d(z,y) denotes the distance between = and y induced by the Riemannian metric g on
M:;

(3) || - || denotes the norms induced by ¢g on both tangent and cotangent spaces of M;

(4) B(v,r) stands for the open norm ball on T, M centered at v € T, M with radius r, and
B(v,r) stands for its closure;

(5) C(M) stands for the space of continuous functions on M;

(6) Lip(M) stands for the space of Lipschitz continuous functions on M;

(7) || - || stands for the supremum norm of the vector-valued function on its domain.

2 An Implicit Lax-Oleinik Semigroup

In this part, we are devoted to proving Theorem 1.1. It is needed to show

(x) if the initial condition ¢ is Lipschitz continuous, then u(z,t) := Ty ¢(z) is the Lipschitz
solution of (CPpy);

(xx) if ¢ is continuous, then u(x,t) := T, ¢(x) is the continuous solution of (CPy).

2.1 On Item (*): The Lipschitz initial condition

For the reader’s convenience, we give a sketch of proof of Item (x) as follows.

(1) Lemma 2.1 is proved in Appendix B. Some background knowledge is given in Section
Al

(2) Under the following Condition 1: wj defined in (2.1) is continuous on M x [0,7T] for
each k € N.



A Representation Formula of the Viscosity Solution of the Contact Hamilton-Jacobi Equation 455

we prove Lemma 2.2(i) based on Lemma 2.1.

(3) Under the following Condition 2: wuy, is locally Lipschitz on M x (0,7 for each k € N,
and it is the solution of (2.2) below.

we prove Lemma 2.2(ii) by Lemma 2.2(i).

(4) After a superlinear modification, we have Lemma 2.3 whose proof is provided in Ap-
pendix C. The proof needs some ingredients given in Subsection A.2.

(5) Condition 2 in Lemma 2.2(ii) can be verified by Lemma 2.3 under the superlinear
condition. By Lemma 2.2(ii), Item (*) holds under the superlinear condition.

(6) Under the coercive condition, we prove Lemma 2.4 based on Item (*) under the super-
linear condition.

(7) Under the coercive condition, Condition 2 in Lemma 2.2(ii) can be verified by Lemma
2.4. By Lemma 2.2(ii), Item (x) holds under the coercive condition.

The following is a detailed proof of Item (x).

Lemma 2.1 Fizx T > 0. Given ¢ € C(M), v € C(M x [0,T],R) and t € [0,T], the
Sfunctional

reaches its infimum in the class of curves
Xo(w) = {y e WHH([0,4], M) : ~(t) = a}.

Lemma 2.2 Fiz T >0 and p € C(M). For k € Ny and t € (0,T], consider the following
iteration procedure

ug(z,t) == inf 39(v(0)) + [ L(y(7), ur-1(y(7),7),7(7))d7 ¢, (2.1)
y(t)== 0

where ug(xz,t) := p(x).

(i) If ug is continuous on M x [0,T] for each k € N4, then {ug(z,t)}ren converges uniformly
to u(x,t) := T, p(x) for all (x,t) € M x [0,T], where the semigroup T, : C(M) — C(M) is
formulated as (T-).

(i) Let ¢ € Lip(M). If uy is locally Lipschitz on M x (0,T] for each k € N, and it is the
solution of

{@u(x, t) + H(x,up—1(z,t), Opu(z,t)) =0, 22)

U(ZZ?, O) = @(x)v
then uy, is Lipschitz on M x [0,T], and its Lipschitz constant depends only on sup ||uk||s and
keN
|102¢]lco- Moreover, the limit function u(x,t) := Ty ¢ is Lipschitz.

Proof Item (i) By Lemma 2.1, the minimizers of each wuy, exist. First, let vy : [0,¢] — M
be a minimizer of uy(z,t), then

ug (2, t) —ua(2,t) S/O [L(m(s), ur(1(s), 8); 71(5)) = L(11(8), (71 (5)), F1(5))]ds

< AJur = ¢t
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Exchanging the positions of us and w1, we obtain
g (2, t) — ui(z, £)] < Aur — @[t

Let 2 : [0,¢] — M be a minimizer of us(z,t), then
’LL3(CL',t) - UQ(ZE,t) < ~/O [L(72(5)7 u2(72(8)7 8)7;72(5)) - L(’YZ(S)v u1(72(5)7 5)7;72(8))](:18

t t
< [ Juara(6).5) = wr(2(6),9)lds <A [ Njur = s
0 0

(A1)
2

lur = ¢lloo-

Exchanging the positions of us and us, we obtain

(At)?
[uz(2,) —ur (2, 8)] < = lus = lloo-
Continuing the above procedure, we obtain
(AT)!

[ujp1 = 5]l < 7 llur = lloo

for each j € N. Thus,

k—1 k—1 (AT)! -
luk = @lloe <D Mujsn —ugllos < 7 [ur = ¢lloc < e flur — ¢lloo, Yk € Ny
=0 =
For k1 > ko, we have
(AT (AT
||u/€1 - uszOO < k! ”ukl—kz - 90”00 < ko eAT”'Ul — SD”OO

k
Since % converges to zero as k — oo, the right hand side can be arbitrarily small when

ks is large enough. Therefore, the sequence {uy(z,t)}ren is a Cauchy sequence in the Banach
space (C(M x [0,77),] - [|loo)- Then {ux(z,t)}ren converges uniformly to a continuous function
u(x,t). Define A, : C(M x [0,T]) = C(M x [0,T]) via

Aclud(w.t)=_int {o2(0)+ [ Lo, ur(0).7) A}

y(t)=z

Then the limit function u(x,t) satisfies
[Aplu] = ulloo < [Ap[u] = uklloo + lur — ulloo < AT||u = ur—1llco + llur — ullco-

Setting k — 400, we conclude that u(z,t) is the unique fixed point of A,. Namely, u(z,t) :=
T, . The semigroup property of 7T,~ can be verified by a similar argument as [20, Proposition
3.3].

Item (ii) By Item (i), {ug(z,t)}ren converges uniformly, then

sup |Jug(z, )] o < +00.
keN
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Define
Ky = max {[H (e, wp)] - @ € M, ful < sup (e, 0o, o] < [020(a)]
€

and
Ky = min{H(x,u,p) :(x,p) €TM, |u] < supHuk(x,t)Hoo}.
kEN

We choose a larger constant K if necessary so that K; > |Ks|. We will prove by induction
10sur (-, 1) ||oo < max{Kie*} (2.3)

for each k € Ny.
First, let us consider the case k = 1. Define

Ko :=max{[H(z,u,p)| : © €M, [u] <[[o(@)]loo, [Pl < 102(x)[loo}-

For any h > 0, we define

z) — K t, t S ha
w(a ) = {7 o (2.4)
ug(x,t —h) — Koh, t> h.
First, the Lipschitz function (z,t) — ¢(x) — Kot satisfies
Opu+ H(z, p(x),0,u) <0 (2.5)

almost everywhere. According to Proposition D.2, w(z,t) is a subsolution of (2.5) for ¢ < h.
Also, w(x,t) satisfies (2.5) for ¢ > h. Thus, w(z,t) is a continuous subsolution of (2.5) with
w(z,0) = p(x). By the comparison result (see [1, Theorem 5.1]), since (x,t) — () — Kot is
Lipschitz in x, we have

w(z, h) = p(x) — Koh < ui(x, h).

Note that uq(x,t) is Lipschitz on M x [h,T], we have
ui(x,t) — Koh =w(z,t + h) <wui(z,t+h), Vt>0, h>0.
Let h — 07. We have dyuq(z,t) > —Ko > —K;. We also have
Opur(x,t) = —H(x, p(x), Ozur(x, 1)) < |Ka.

Thus, (2.3) holds for k = 1.
Now assume (2.3) holds for k — 1. For any h > 0, we define

_( t) QD({E) - KleAht7 t S ha
w(x,t) =
ug(z,t —h) — Kihe*, > h.

First, the Lipschitz function (x,t) — ¢(x) — Kie Mt satisfies

Oru+ H(z,up—1(x,t),0,u) <0
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almost everywhere. According to Proposition D.2, w(x,t) is a subsolution of (2.2) for ¢ < h.
For t > h, we have

0w (x,t) + H(z,up—1(2,t), 0,w(x,t))
= Oyug(x,t — h) — K1h e 4+ H(x, up_1(x,t), dpur(z,t — h))
< Qpug(z,t —h) =X sup || Owuk—1(-, 9)|lcoh + H(x,up—1(x,t), dpur(x,t — h))
]

sE€[t—h,t
< Qpug(x,t —h) + H(x,up—1(x,t — h), Opur(z,t —h)) = 0.
By the comparison result, since (z,t) — o(z) — Kje*'t is Lipschitz in x, we have
W(x, h) = o(x) — Kihe < ug(z, h).
Note that ug(x,t) is Lipschitz on M X [h,T], we have
ug(z,t) — K1he ) =@z, t + h) < ug(z,t +h), Vt>0, h>0.
Let h — 07. We have dyuy(z,t) > —KieM. We also have
Opug(x,t) = —H(z,up—1(z,t), Opug(z,t)) < |Kal.
We conclude that (2.3) holds for k. Plugging them into (2.2), one obtain
H(z,0, 0pup(z,t)) < max{Kie " | K|} + Mup_1(x, 1) oo

Thus ||0,uk(x,t)]eo is bounded on M x [0,T] by (CER). It means uy(z,t) is Lipschitz on M x
[0,T], and the Lipschitz constant only depends on sup ||ug (2, t)]|c and [0, ()||c. Moreover,
keN

{ug(x, t) }ren is equi-Lipschitz with respect to k. It follows that the limit function u(z,t) :=
T, ¢ is Lipschitz.

According to Lemma 2.2 (ii), the key point for the proof of Item (x) is to show for each
k € N, ug(z,t) defined by (2.1) is locally Lipschitz, and solves (2.2) in the viscosity sense. We
divide the remaining proof into two steps. In Step 1, we prove Item (x) for the Hamiltonian
H(x,u,p) depending on p superlinearly. In Step 2, the superlinearity is relaxed to (CER).

2.1.1 Step 1: Proof under the superlinear condition

In this part, we assume the Hamiltonian H : T*M x R — R satisfies (C)(CON)(LIP) and
the following:
(SL) For every (z,u) € M x R, H(z,u,p) is superlinear in p, i.e., there exists a function
© : [0+ o0) — R satisfying
©
lim ()

r—4oo T

=+oo and H(z,u,p) > O(||p||) for every (x,p,u) € T*M x R.

The corresponding Lagrangian satisfies (CON)(LIP) and
(C) L(x,u,d) is continuous;
(SL) for every (z,u) € M x R, L(z,u, %) is superlinear in &, i.e., there exists a function
© : [0+ o0) — R satisfying
. O(r) ) ) .
lim —* =400 and L(z,u,2) > O(||z]) for every (z,4,u) € TM xR.

r—+4oo T

At the beginning, we need some technical results.
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Lemma 2.3 Given T > 0 and ¢ € C(M), if v(z,t) is a Lipschitz function on M x [0,T],
then
(1) for any (z,t) € M x [0,T], the minimizers of

wat) = it {o(0)+ [ L)), 4 (27)

y(t)==
are Lipschitz. For anyr >0, if d(x,2") <7 and [t —t'| < &, where t > r > 0, then the Lipschitz
constants of the minimizers of u(a’,t") only depend on (z,t) and r.
(2) The value function u(xz,t) defined in (2.7) is locally Lipschitz on M x (0,T].

(3) wu(x,t) is also the viscosity solution of
Opu(z,t) + H(z,v(x,t), 0pu(z,t)) =0,
{U(% 0) = p(x)
on M x [0,T].

Based on Lemma 2.3, we verify Item (x) under the assumption (SL). In fact, let ug := ¢ €
Lip(M) in the iteration procedure given by (2.1). By Lemma 2.2 (i), uy(z, t) converges uniformly
to u(z,t) := Ty ¢(x) on M x [0,7]. By Lemma 2.3 (2)—(3), u1(x,t) satisfies the assumptions
in Lemma 2.2 (ii), by which w; is Lipschitz on M x [0,T]. Repeating the argument, one can
obtain that wuy is the Lipschitz solution of (2.2). By Lemma 2.2 (ii), the Lipschitz constant
of ug(z,t) is uniform with respect to k on M x [0,T]. Since Hy(t,x,p) := H(z,ur(x,t),p)
converges uniformly on compact subsets of R x T*M, and uy(x,t) converges uniformly on
M x [0,T], then the backward semigroup u(z,t) := Ty ¢(x), as the limit of ug(x,t), is the
Lipschitz solution of (CPy) by the stability of viscosity solutions.

2.1.2 Step 2: Relaxed to the coercive condition

In this part, we assume the Hamiltonian H : T*M xR — R satisfies (C)(CON)(CER)(LIP).
By Lemma 2.1, one has the existence of the minimizers. In order to obtain the Lispchitz

regularity of uy in (2.1). We make a modification:
Hy(w,u,p) == H(z,u,p) + max{|]p|* — n*,0}, neN.

It is clear that H,, is superlinear in p. The sequence H,, is decreasing, and converges uniformly
to H on compact subsets of T*M x R. The sequence of the corresponding Lagrangians { L, } nen
is increasing, and converges to L pointwisely. Denote by uy, x(x,t) the solution of (2.2) with H
replaced by H,,.

Lemma 2.4 Let H satisfy (C)(CON)(CER)(LIP). Let L be the Lagrangian associated to
H. Given ¢ € Lip(M), for each k € N, the function uy(x,t) defined by (2.1) is the Lipschitz
solution of (2.2).

Proof Given n € N, let

wnp(@) = _inf {p(y(0) + / La(y(7), tn -1 (1(7), 7). 4(r))dr } (2.9)

y(t)=z

with u, o := ¢ € Lip(M). We first prove the following assertion for each k£ € N by induction.



460 P. R. Ni, L. Wang and J. Yan

Alk]: Fix k € N. The sequence {uy x(x,t)}nen is uniformly bounded and equi-Lipschitz
with respect to n, and converges uniformly to ug(x,t) on M x [0,T]. Moreover, the limit
function wuy(z,t) is Lipschitz.

We first prove that the assertion A[1] holds. By definition of H,,, for n > ||0,¢(2)|ccs

K¢ o= max{|Hn(z,u,p)| : © € M, [u] < [o(@)llco, [Pl < 02p(2) o0 }
is always equal to

Ko = max{[H (z,u,p)| : x €M, |u|] <|¢(@)]o, llpll < [|020()loc}-
Note that wuy_1(x,t) is the solution of

Opu+ Hy(x, (), 0pu) = 0. (2.10)
Similar to the proof of (2.3) with k£ = 1, we have
Oyun1(z,t) > —K{'.
Combining (2.10) and the definition of H,,, we have
H(x,0,0un,1(z,1)) < Hn (2,0, 0pun1(2,1)) < Ko+ Alle()]loc, V1 2 [[020(2)|oo-
Therefore, {un,1(z,t)}nen is equi-Lipschitz. Note that
Un,1(2,0) = ¢(z).

It follows that {wy, 1(z,t)}nen is uniformly bounded, so it has a converging subsequence. Ac-
cording to Lemma A.3, u, 1(z,t) converges to uy(z,t) pointwisely. It follows that

liril Un1(2,t) = uy(x,t) uniformly on M x [0,T],
n—-+0o0

which implies that u;(x,t) is Lipschitz.
Now assume that the assertion A[k—1] holds. Then wug_1(x,t) is Lipschitz and lj_; :=
Sup ||un,k—1(,t)|l0o is finite. We will prove A[k] from A[k—1]. First, plugging the continuous

?Er?ction ug—1(z,t) into (2.1) and by Lemma 2.1, the minimizers of u(z,t) exist in the class of
absolutely continuous curves. By definition of H,, for n > ||0.¢()|s,
K, :=max{|H,(z,u,p)|: z € M, |u] <lp_1, |Ipl| < ||0x0(T)]|cc}
is always equal to
K = max{|H(z,u,p)| : €M, [u] <lp—1, |pll < [|0zp()[oc}
Note that uy,  is the solution of
O+ Hp (2, un g—1(2,t),0pu) = 0. (2.11)

Similar to the proof of (2.3), we have

8tun,k($a t) Z _Kn - )\Hatun,k—lnooT-
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Combining (2.11) and the definition of H,,, we have

H(x,0,0pun k(x,t) < Hy(z,0,0pun k(x, 1))
< K + M[Opun g1l + Mi—1, Yn > [|0:0(2)||co-

Therefore, {un, i(x,t)}nen is equi-Lipschitz. Note that
Un (2, 0) = p(z).

It follows that {u, x(x,t)}nen is uniformly bounded, so it has a converging subsequence. We
have to show that all converging subsequences have the same limit function ug. In fact, accord-
ing to Lemma A.3, the value function

Tae ) =it {o0O)+ [ (o) uar (7). 7). ()ar )

converges to uy(z,t) pointwisely. Taking a minimizer v of u, ,(x,t), we have
t
Tk (2,8) = (2 8) 0000 + [ L) wima (), 7), 3 (r)dr
0

t
oG O)+ [ L (T)stnacs (00, ), 4(r))dr
0
AMJug—1(,t) = Unk—1(x,1)[|ocT"
Exchanging the role of u, (z,t) and u, x(z,t), we have |[Uy (2, t) — upp(x,t)]|oc — O as
n — oo. It follows that

1ir_‘1_1 Un k(2,t) = up(x,t) uniformly on M x [0, T,
n—r-+0o0

which implies that ug(z,t) is Lipschitz. Note that the Lipschitz constant may depend on k.
Thus, the assertion A[k] holds.

Since H,, converges uniformly to H on compact subsets of 7*M xR, and u,, x(z, t) converges
uniformly to ug(z,t) on M x [0,T], by the stability of the viscosity solutions, we conclude that
ug(z,t) is the Lipschitz solution of (2.2).

By Lemma 2.2 (i), ug(z, t) converges uniformly to u(x,t) on M x [0, T]. Moreover, the value
sup [[ug (2, t) ([0
keN

is finite. Since ¢ € Lip(M), then ||0,¢|| is also finite. By Lemma 2.2(ii), {ug(z,t) }ren is equi-
Lipschitz. Therefore the limit function u(x,t) := T, ¢(x) is the Lipschitz solution of (CPp).
So far, Theorem 1.1 has been proved when ¢ is Lipschitz.

2.2 On Item (*x): The continuous initial conditions

At the beginning, we need to show T) ¢ is well-defined for each ¢ € C(M). By Lemma
2.2, it suffices to prove that given 7' > 0 and ¢ € C(M), u defined in (2.1) is continuous on
M x [0,T].

In fact, for any ¢ € C(M), there exists a sequence of Lipschitz functions {¢, }men con-
verging uniformly to ¢. We have already proved in Lemma 2.4 that for the initial function ¢,,,
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the solution of (2.2), denoted by u}*(z,t), is Lipschitz. We then proceed by induction in the
following. By definition, ug* converges uniformly to ug. Assume u}" ; converges uniformly to
ug—1, then ug_; is continuous. By Lemma 2.1(i), ug(x,t) admits a minimizer v. By definition,
we have

up' (z,t) — u(z,t) < om(1(0)) = (7(0)) + Alluf™ 1 (z, 1) — ur—1(2,1) ]| T

Exchanging the roles of u}*(x, t) and uy(x,t), we obtain || u}’ —uk|lcc — 0 as m — oco. Therefore,
uy, defined in (2.1) is continuous on M x [0, 7.

By Lemma 2.2(i), ux(x,t) converges uniformly to u(x,t) := T}, ¢(x). It follows that u(x,t)
is continuous. It remains to verify that u(z,t) is the solution of (CPy).

We have proved in Item (*) that for ¢ € Lip(M), T, ¢(z) is the Lipschitz solution of (CPy).
We assert for any ¢ and v € C(M),

1T ¢ = T7 Wlloo < el = ¢l (2.12)

If the assertion is true, then for ¢t € [0,T], T} ¢ converges uniformly to T, ¢ as m — oo.
According to the stability of viscosity solutions, we conclude that 7} ¢ is the solution of (CPy)
under the initial condition u(x,0) = ¢(z). The uniqueness of the solution of (CPy) is guaranteed
by the comparison theorem (see [19, Theorem 2.1]). The assertion (2.12) above will be verified
in Proposition 3.1 below.

3 An Existence Result for the Solutions of (Eg)

In order to prove Theorem 1.2, we collect two basic properties of the backward and forward
Lax-Oleinik semigroups in the following.

Proposition 3.1

(1) For any ¢ and ¢ € C(M), if o(x) < (x) for all x € M, then T, ¢(x) < Ty (x) and
T o(x) < T;Pap(x) for all (z,t) € M x (0, +00).

(2) For any ¢ and ¢ € C(M), then | Ty ¢ =T, ¢]loo < Mo =0 and [T} ¢ = T3 9]l <
e M@ — 1loo for all t > 0.

Proof We first prove Item (1). Assume that there exists (z,t) € M x [0,400) such that
T, o(x) > T, ¢(x). Let v:[0,t] = M be a minimizer of T, ¢(x) with v(¢) = z. Define

F(s) = Tsp(y(s)) = Tg e(v(s), s €l0,1].

Then F is a continuous function defined on [0,¢] and F(0) > 0. By assumption we have
F(t) <0. Then there is s¢ € [0,¢) such that F(so) = 0 and F(s) > 0 for all s € [0, s¢). Since 7y
is a minimizer of T} w2(x), we have

T (3 (50)) = T b((s) + / " L), T (7)), A () dr

and s
T, e(v(s0)) < T p(v(s)) +/ L(y(r), T7 (v(7)), ¥(7))dT,
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which implies F(sg) > F(s) — A [° F(r)dr. Here F(sg) =0, thus

Fls) < A / " Plryar.

By the Gronwall’s inequality, we conclude F(s) = 0 for all s € [0,5s), which contradicts
F(0) > 0.

Next, we prove Item (2). For a given z € M and ¢t > 0, if T, ¢(z) = Ty (), then the proof
is completed. Without loss of generality, we consider T} ¢(z) > T, ¥ (x). Let v : [0,¢] — M be
a minimizer of 7} ¥(z), define

F(s) =Ty p(v(s)) = Ty ¢(v(s), Vs el0,t].

By assumption we have F(t) > 0. If there is o € [0,¢) such that F(0) = 0 and F(s) > 0 for all
s € (o,t], by definition we have

S

Ty o(v(s) < Ty @(y(o)) +/ L(y(7), T p(y(7)),7(7))dr

o

and s

Ts(v(s)) = Ty ¢(v(0)) +/ L(y(7), T ((7)), ¥(7))dr,

o

which implies
S

F(s) < F(o) + /\/ F(r)dr,

where F(0) = 0. By the Gronwall’s inequality we conclude F(s) = 0 for all s € [o,t], which
contradicts F(t) > 0.

Therefore, for all o € [0,t], we have F(o) > 0. Here 0 < F(0) < ||¢ — %||co. By definition
we have

T 60(0) < T e00) + [ LT o), ()
and o

T 00(0) = 10000 + [ LG, T 00 () ()dr
which implies

F(J)SF(O)—F)\/UF(T)dT.
0

By the Gronwall’s inequality we get F(c) < || — 1||0e™?, which implies T, ¢(x) — T, ¢ (z) <
lo—1||s0e™ by taking o = t. Exchanging the role of ¢ and 1), we finally obtain that ||T} () —

Ty (@)oo <l — 1b”ooe)\t'
By definition, one can show the corresponding properties of 7.

Generally speaking, the local boundedness of L(z,u, %) does not hold if H(z,u,p) satisfies
the assumption (CER) rather than superlinearity. Fortunately, similar to [17, Lemma 2.3], one
can prove the local boundedness of L(x,u, %) restricting on certain regions.

Lemma 3.1 Let H(x,0,p) satisfy (C)(CON)(CER), there exist constants § >0 and C > 0
such that the Lagrangian L(z,0,%) associated to H(xz,0,p) satisfies

L(2,0,€) <C, V(z,€) € M x B(0,9).
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In the following part of this paper, we define

_ diam(M)

; (3.1)

Lemma 3.2 Let ¢ € C(M).

(1) Given any xo € M, if T, ¢(x) does not have an upper bound as t — +o0, then for any
c € R, there exists t. > 0 such that T;_p(x) > () + ¢ for all x € M.

(2) Given any xo € M, if T, p(x0) does not have a lower bound as t — +oo, then for any
c € R, there exists t. > 0 such that T;_p(x) < o(x) + ¢ for all x € M.

Proof We only prove Item (1). Ttem (2) is similar to be verified. Assume that there exists
¢o € R such that for any ¢ > 0, we have a point x; € M satisfying T, ¢(z;) < @(z1) + co. Let
a : [0,u] = M be a geodesic connecting z; and x with constant speed, where the constant u
was defined in (3.1), then [|&|| < 6. If T, () > @(x:) + co, since Ty @(x:) < @(24) + co,
there exists o € [0, i) such that T, j¢(a(0)) = @(2¢) 4+ co and T, jo(a(s)) > @(x¢) + co for all
s € (o, p]. By definition we have

S

irse(a(s)) < Ttlgw(a(a))+/ L(a(r), T (7)), é(7))dr

o
S

= p(ze) +co + / L(a(r), Ty, pla(r), a(r)dr,

[ed
which implies

S

irsp(als)) = (p(ze) + co) S/ L(a(7), Tiz (7)), é(7))dr

o
S

< [ La)ptan) +eoa@hir 42 [ Tip(alm) - (o) + s

o
S

< Lop+ A / (Trp(a(r)) — (plar) + co))dr,

o

where
Lo := C+ X + colloo

and C is given in Lemma 3.1. By the Gronwall’s inequality, we have
Tiysp(a(s)) = (p(ar) + o) < Lope**™7) < LopeM, Vs € (o, ],

Take s = p. We have T ,¢(z) < p(x¢) + co + Lope™. It means that T ,¢(z) has an upper
bound independent of ¢, which contradicts the assumption.

Lemma 3.3 If there exist two continuous functions @1 and ws on M such that
Tt_wl Z 017 Tt_(pQ S 027

then there is a constant function @ such that |T, | < Cs for all (z,t) € M x [0,+00), where
C;, 1=1,2,3, are constants independent of x and t.

Proof Define A; := ||¢1]|eo and Az := —||p2||oc, then As < A7 and

T, Ai(x) > Ty o1(x), Ty Ax(x) < T, po(x) forall z € M.
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If T, A1 (x) has an upper bound independent of ¢, then @ = A; is enough. If T,” A;(x) does not
have an upper bound independent of ¢, we define

A*:=inf{A: 3t > 0 such that T, A(x) > A, Vo € M}.

By using Lemma 3.2(1) with ¢ = 0, we have A* < A; < +oo. The remaining discussion is
divided into two cases.

Case 1 A* > —oc.

In this case, we aim to prove that ¥ = A* is enough.

We first show that T, A*(x) has an upper bound independent of ¢. Assume T, A*(x)
does not have an upper bound. By Lemma 3.2(1), for ¢ = 1, there is ¢; > 0 such that
Ty A*(x) > A* + 1 for all z € M. By Proposition 3.1(2), for any € > 0, we have

T (A" —e)(z) > T, A*(z) —eMe > A" +1—eMre.

For every 0 < ¢ < (e —1)~!, we have T, (A* —¢)(z) > A* —e. It means that we have found
a smaller constant A* — ¢ such that if t 4«_. := t1, then

T

tax_c

(A" —e)(z) > A" — ¢,

which contradicts the definition of A*.

We then prove that 7,” A* has a lower bound independent of ¢t. Assume T, A*(z) does
not have a lower bound. By using Lemma 3.2(2) with ¢ = —1, there is ¢t; > 0 such that
Ty, A*(r) < A* — 1 for all x € M. Since T, A*(x) has an upper bound independent of ¢, then
A* < A;. By Proposition 3.1(2) and A* < Ay, there is a constant 6y > 0 such that A* +§ < A,
and

Tt:(A*+5)(x)<A*—%+5<A*+(5 (3.2)

for all § € [0,40). By the definition of A*, there is A € [A*, A* + &) and t5 := t > 0 such that

T, A(z) > A. (3.3)
By (3.2), we have
_ —_ 1 _
T A(r) < A — 5 A. (3.4)

Define B* := A — 1. According to the continuity of T, ¢(z) at t = 0, there exists g > 0 such

that for 0 < o < gg, we have

T B*(x) <A — i (3.5)

o

For t; and t3 > 0, there exist n; and ny € N, and € € [0,e9) such that nit; + & = nate. By
Proposition 3.1(1) and (3.2), we have

Tn1t1

A(z) < T, A(z) < B*. (3.6)
Take o = ¢ in (3.5). By Proposition 3.1(1) and (3.6), we get

T-oT, , A(x) <T, B*(z) < A——. (3.7)

] =
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By (3.3), one has T, , A(x) > A. Thus

nata

which is a contradiction.

Case 2 A" = —o0.

In this case, we aim to prove that for any A < A, the function T} A(z) is uniformly
bounded. Namely, ® = A is enough. Since T; A(z) < T; As(z), then T, A(z) has an upper
bound. The proof of the existence of the lower bound of T, A(z) is similar to Case 1. In fact,

we only need to replace A*, A; by A and As, respectively.

Remark 3.1 Let ¢ € C(M). According to [19, Theorem 6.1], if T, ¢(x) has a bound
independent of ¢, then the lower half limit

@(x) := lim inf {Tt_gp(y) d(x,y) <, t> %}

r—0+

is a Lipschitz solution of (Eg). According to Proposition D.3, the function ¢ is a backward
weak KAM solution of (Eg). Similarly, if 7, ¢(x) has a bound independent of ¢, define

1
SN + . L
o) : = T1_1>m0+sup {Tt oly): dlz,y) <r, t> r}

. m— 1
T1_1>%1+sup{ =T, (—p)(y) : d(z,y) <r, t> ;}

R 1
=~ lm inf {T} (~p)(y) : dla.y) <7, t> .

Then —@ is a Lipschitz solution of H(z,—u,—0,u) = 0. Equivalently, ¢ is a forward weak
KAM solution of (Eg).

Proof of Theorem 1.2 By assumption, there is ¢ € C'(M) and t; > 0 such that T ¢ > ¢.
For any ¢t > 0, one can find n € N and r € [0,¢;) such that ¢ = nt; + r. By Proposition 3.1
(1), we have T, ¢ > T " . Namely, T, ¢ has a lower bound independent of ¢. On the other
hand, there is ¢ € C(M) and t > 0 such that T} +) <. It is similar to obtain that T, ¢ has
an upper bound independent of ¢t. By Lemma 3.3, there exists a constant function @ such that

T, @ is uniformly bounded. By Remark 3.1, (Ex) admits Lipschitz viscosity solutions.

4 The Aubry Set

Let u_ € S_. At the beginning, we prove that the limit function x — . 1151_0 THu_(z) is
— 100

well defined. Corollaries 4.1 and 4.3 guarantee the boundedness of T;7u_. Moreover, Item (1)
of Theorem 1.3 is verified by Proposition 4.2, and Ttem (3) is shown by Proposition 4.3. Ttem
(2) of Theorem 1.3 is similar to Ttem (1).

Proposition 4.1 Let o € C(M) and u— € S_. If  satisfies the following condition :
(®) ¢ < u_ and there exists a point o such that p(zo) = u_(z0), then T, p(z) has a bound
independent of t and .

We divide the proof into three parts, that is, Lemmas 4.1-4.3.
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Lemma 4.1 Suppose ¢ satisfies the condition (®), then T; ¢(x) < u_(z) for all t > 0.

Proof Assume there exists (z,t) € M x (0,4+0c) such that T, p(z) > u_(z). Let v :
[0,t] — M be a minimizer of T, p(x) with v(0) = z. Define

F(s) = T," ;p(v(s)) —u-(y(s)), s€[0,1].

Then F(s) is continuous and F'(t) = ¢(v(t)) —u_(v(t)) < 0. By assumption we have F(0) > 0.
Then there is 79 € (0, ¢] such that F(r9) = 0 and F(r) > 0 for all s € [0, 7). For each 7 € [0, 19],
we have

70

T ro(v(7)) =Tt+_TO<P(V(To))—/ L(y(s), Ti~ o (7(s)), ¥(s))ds.

T

Since u_ =T, u_ for all t > 0, we have

u_ (1)) < u_(7(r)) + / " Ly(s),u_(1(5)), 4 (5))ds.

Thus F(7) < F(0) + A [[° F(s)ds, where F(r) = 0. Define F(s) = G(r0 — s). We get
G(ro—71) < )\/ G(o)do.
0

By the Gronwall’s inequality, we conclude F(7) = G(19 — 7) = 0 for all 7 € [0, 7], which
contradicts F(0) > 0.

Corollary 4.1 Letu_ € S_. Then T;fu_ < u_ for eacht > 0.

Combining Corollary 4.1 with Proposition 3.1(1), one can obtain that T;fu_ = T3 o

S

T, ju_ < THu_ for all t > s, then we have the following corollary.
Corollary 4.2 T, u_ is decreasing in t.

Lemma 4.2 Suppose ¢ satisfies the condition (®). Let v : (—00,0] = M be a (u—, L,0)-
calibrated curve with y_(0) = xo, then T, o(v—(—t)) = u_(y—(—t)) for each t > 0.

Proof For each t > 0, we define v;(s) := y_(s — t) for s € [0,¢]. By Lemma 4.1, for each
s € [0,t], we have u_(7:(s)) > Ti" ,po(7:(s)). Define

F(s) = u_((s)) = Ti" (e (s)),

then F(s) > 0 and F(t) = 0. If F(0) > 0, then there is so € (0,¢] such that F(sg) = 0 and
F(s) >0 for all s € [0,s0). By definition, for s; € [0, sg), we have

U (n(50)) — - (u(51)) = / " L (s)u((5)). 3u(s))dls

s1
and

T o(n(s1) > T o o(n(s0)) — / " L (3). T so(e(5)). 3n(s))ds,

S1

which implies
s0
Fls1) < F(so) + /\/ F(s)ds.
s1
By the Gronwall’s inequality, we conclude F'(s) = 0 for all s € [0, so], which contracts F(0) > 0.
Therefore F(0) = 0. Namely, T, ¢(7:(0)) = u_(7:(0)). Recall y;(s) := v_(s — t). We have
T (- (1)) = u—(y-(-1)).
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Lemma 4.3 Suppose ¢ satisfies the condition (®), then T, p(z) has a lower bound inde-
pendent of t and .

Proof Let vy_ : (—00,0] = M be a (u_, L,0)-calibrated curve with v_(0) = zo. Let t > pu
and « : [0,u] — M be a geodesic connecting = and vy_(—¢ + ) with constant speed, then
&l < 6. If T;Fo(x) > u_(y_(—t + p)), then the proof is completed. It remains to consider
T, ¢(x) < u—(y- (=t + p)). Since

T (- (=t + p) = u_(y—(=t + p)),
then there is o € (0, u] such that
T pp(a(0) =u—(y=(=t+p), T, p(a(s)) <u_(y-(~t+p)) forallse[0,0).

By definition we have
TF pla(s)) = T, yp(a(o)) — /U L(a(7), T," s p(a(7)), (7))dr

ot ) - [ L) T elalr), d(r)dr
which implies
w4+ ) = T p(a(s) < [ Llaln). T plaln),alr)dr
< [ Lau -t a4 A [ (o4 ) - T ptar)ir
< Lot A [ (-t ) = T etalr)

where
Lo :=C 4 Mu—|| oo,

and C is given by Lemma 3.1. Let G(0 — 5) = u_(vy_(—t + p)) — T," ;p((s)), then

G(o—s) < Lop+ /\/OU_S G(r)dr.
By the Gronwall’s inequality, we have
U (- (~t 4+ 1)) = T p(a(s) = Glo — 8) < Lope™™™) < Lope™, Vs € [0,0).
Thus T, o(x) > u_(y_(—t+p))— Lope™ . We finally get a lower bound of T} ¢(x) independent
of t and ¢.

Corollary 4.3 T;"u_ has a lower bound independent of t.

Proposition 4.2 T, u_ converges to a forward weak KAM solution u of (Ex) uniformly
ast — +00.

Proof We first recall that T, ¢ := —T, (—p), where T, denotes the backward Lax-
Oleinik semigroup associated to L(z,—u,—i). Since T;fu_ is decreasing in ¢, the function
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u(z,t) := T, (—u_) is increasing in ¢t. Thus, dyu(z,t) > 0 holds in the viscosity sense. Since
u(z,t) is the viscosity solution of dyu + H(x, —u,—0,u) = 0, we have H(z, —u, —0,u) < 0.
Since T, u_ has a bound independent of ¢, u(z,t) has a bound independent of . We conclude
that ||0.7, u_||o = [|0zu(z,1)||s has a bound independent of ¢t by (CER). Corollaries 4.2-4.3
imply that the pointwise limit uy(x) = t—lir-‘zloo T;fu_ () exists. Since ||0,T; u_||s has a bound

independent of ¢, the limit function u, is continuous. By the Dini theorem, the family 7} u_
converges uniformly to uy. It remains to prove that u, is a fixed point of T;". For each t > 0,

by Proposition 3.1(2), we have
1T i — T floo < T — il
Letting s — +o00, we get T; uy = uy.

Proposition 4.3 The set Z,,_ is nonempty. More precisely, let y— : (—00,0] = M be a
(u—, L,0)-calibrated curve. Define

a(y=):={x € M : There exists a sequence t, — —oc such that d(vy_(ty),z) — 0}.

Then a(y—) is nonempty, and it is contained in L, .

Proof Let v_ : (—00,0] =+ M be a (u_, L, 0)-calibrated curve. By Lemma 4.2, for each
t > 0 we have

Tiru (=) = u_(v_(1)).
Since M is compact, the set a(vy_) is nonempty. Let 2* € a(y_) and ¢, — 400 such that
d(y—(=tpn),z*) — 0. The following inequality holds

Ty u—(v-(—tn)) — up (&")] <IT u (7= (=tn)) — us (v (=tn))]
+ lus (7= (=tn)) — ug(2")].

The function uy is Lipschitz (see Proposition D.1). Thus, as ¢, — +o0,
luy (= (=tn)) — ug(z")] = 0.
Since T, u_ converges to u uniformly, then
T3 (- (—tn)) — 14 (v (—ta))] — 0.
Therefore, the limit of 7, u_(y—(—t,)) is u4(z*). On the other hand, we have
Ty (v-(=tn)) = u—(y-(~tn)),

which tends to u_(x*) by the continuity of u_. We conclude that v (z*) = u_(2*). It means
aly-)CT,_.

5 A Comparison Result for the Solutions of (Eg)

According to [8, Theorem 3.2], the viscosity solution of

H(z,—u(x), —0,u(x)) =0
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is unique. By Proposition D.3, the forward weak KAM solution u4 of (Ex) is also unique. Define

u- = 1131 T, uy, then the conjugate pair (u_,u4) is unique. According to Proposition 4.2,
— 400

T;fv_ converges to the unique forward weak KAM solution uy uniformly as ¢ — +oo and
up <wv_ forall v_ € S_.

Proof of Theorem 1.4 We first prove the result (1). By Proposition 4.3, the set Z,_ is
nonempty for each v_ € S_. For xz € Z,,, we have

up(z) <vi(z) < va(e) = ug (@),

then v1(z) = v2(z) = uy(x), that is, z € Z,, .

We then prove the result (2). For each x € M, let 72 : (—00,0] = M be a (ve,L,0)-
calibrated curve with v2(0) = . By Proposition 4.3, there is a ¢y > 0 large enough, such that
v2(—to) € O, where O denotes a neighborhood of Z,,. Define

F(s) = vi(72(s)) —v2(12(s)), s € [~to,0].

If vy (x) > va(x), then F(0) = vy (z) — va(z) > 0 and F(—tg) = v1(y2(—to)) — va(y2(—t0)) < 0.
Then there is o € [—tg,0) such that F(o) =0 and F(s) > 0 for all s € (0,0]. By definition we

have R

vwmm—mmw»s/wammmv»wmmT

o

and s

v2(72(8)) — v2(72(0)) 2/ L(y2(7), v2(72(7)), J2(7))dT,

o

which implies
S

F(s) < F(o) + /\/ F(r)dr.

By the Gronwall inequality we conclude F(s) = 0 for all s € [0, 0], which contradicts F'(0) > 0.
We conclude v; < vy on M.
The result (3) follows directly from (2). The proof is now complete.

6 On the Example (E1)

Let u4 be the unique forward weak KAM solution of (E1). We have already known that
uy < v_ for each viscosity solution v_ of (E1). It is sufficient to show u4(z) < us(x) for all
z € (—1,1]\{0}. By the symmetry of uz, we only need to consider x € (0, 1].

By [5, Theorem 5.3.6] and Proposition D.3, each u, is a semiconvex function with linear
modulus. Note that uy(z) < ug(z). Moreover, ui can not be equal to us at x = 1. In fact,
if ug = uy at x = 1, combining with the semiconcavity of ug, then wus is differentiable at this
point. Let us recall

us(e) = 2 v,

and V is not differentiable at « = 1. This is a contradiction.
We then assume that there exists xo € (0,1) such that uy(xg) = ua(xg). Since ug(z) is
differentiable for each z € [0,1), then uy satisfies

() + 5l (@) + V() =0
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in the classical sense for « € [0,1). Note that |uy(z)| > 0 for z € (0,1), we have Aua(z) > V(z)
for all z € (0,1). For z > V(x), we set

fz,2) := 2/2(z — V(2)),
then the function (z,z) — f(x,z2) is of class C! on
{(z,2) e R?* | z € (0,1), z > V(z)}.
Given ¢ € (0,x), denote
1 1 3 1
Q. = {(x,z) ER?|zelel), 2 € bm(x) + 5V (@), Shuz(x) - §V(x)] }

It follows that
‘ _ A - A
VIE V@) wE) -VE)

By the classical theory of ordinary differential equations, for zg € (0,1), Auz(2) is the unique

‘% < +0oo

solution of d
d—z = f(x,2), z(xo) = Aua(zg) on Q.. (6.1)
x

We assert that vy is differentiable on (0, 1). If the assertion is true, then uy satisfies (E1) in
the classical sense. Since u4 < ug and uy(xg) = ua(xp), Auy is the unique solution of (6.1) on
Q.. That is, uy = ug on (g,1). Moreover, u; = us on S by continuity and the arbitrariness of .
This contradicts the semiconvexity of uy. Therefore, we have u () < ua(x) for all z € (0, 1].

It remains to show that u, is differentiable on (0,1). Assume there exists yo € (0,1) such
that uy is not differentiable at yo. By [27, Lemma 2.2], [5, Theorem 3.3.6] and Proposition D.3,

we have
D*uy(z) ={p € D" uy(z) | H(z,uq(x),p) =0}, D uy(x) = coD*uy(z),

where D* stands for the set of all reachable gradients and “co” denotes the convex hull. It
follows from (E1) that

D*uy (yo) = {1},

where [ is a positive constant. By the semiconvexity of uy, there exists y1 € (0,y0) such that
u+(y1) > uy(yo). Moreover, there is zy € (0,yp) achieving a local maximum of uy. By using
the semiconvexity of w4 again, it is differentiable at zo, then v/, (29) = 0. By (E1), we have

—Auy(20) + V(20) = 0.

Since u/, (z) exists for almost all x, there is z1 € (zo0,y0) such that u/ (z1) exists. By the
Newton-Leibniz formula, one can require |u/, (21)] > 0 and uy (20) > uy(21) > 0. By definition,
we have V(z1) > V(zg). Therefore

1
—Auy(21) + §|u’+(z1)|2 + V(z1) > —Auy(20) + V(20) = 0,

which contradicts that u satisfies (E1) at 2z; in the classical sense.
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A One Dimensional Variational Problems

The following results are useful in the proof of the existence and regularity of the minimizers
in (T-), which all come from [4] and [22]. The results in [4,22] were stated for the case in the
Euclidean space R™. It is not difficult to generalize them for the case in the Riemannian
manifold M.

A.1 T'-Convergence

Lemma A.1 Let J be a bounded interval. Assume that F(t,xz, ) is lower semicontinuous,
convez in & and has a lower bound. Then the integral functional

Fly) = /J F(s,(s),4(s))ds

is sequentially weakly lower semicontinuous in Wht(J, M).

Proposition A.1 Let M be a compact connected smooth manifold. Denote by I = (a,b) C
R a bounded interval, and let F(t,z, &) be a Lagrangian defined on I x TM. Assume F satisfies
(i) F(t,x, &) is measurable in t for all (x,%), and continuous in (x,z) for almost every t;
(il) F(t,z, &) is convex in i;
(i) F(t,z, &) is superlinear in &.
Then for any given boundary condition xo and x1 € M, there exists a minimizer of fl F(t,x,z)dt
in {x(t) € WbHi([a,b], M) : x(a) = xo, x(b) = 11}.

Definition A.1 Let X be a topological space. Given a sequence F,, : X — [—o00, +00], then
we define

(r—tmint Fo) ) = sup tmind inf (1),

(I‘ — lim sup Fn) (x) = sup limsup inf F,(y).
n—+o0 UeN (z) n—+oo yeU

Here the neighbourhoods N (x) can be replaced by the topological basis. When the superior limit

equals to the inferior limit, we can define the I'-limit.

Definition A.2 Let X be a topological space. For every function F : X — [—o00,400], the

lower semicontinuous envelope sc™ F of F is defined for every x € X by

(s F)(x) = sup G(a),
Geg(F)

where G(F) is the set of all lower semicontinuous functions G on X such that G(y) < F(y) for
every y € X.

Lemma A.2 If F, is an increasing sequence, then

I'= lim F,= lim sc F, =supsc F,.
n—-+4oo n—-4o00o neN
Remark A.1 If F,, is an increasing sequence of lower semicontinuous functions which con-
verges pointwisely to a function F', then F' is lower semicontinuous and F;, has a I'-convergence
to ' by Lemma A.2.
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Lemma A.3 If the sequence F,, has a I'-convergence in X to F, and there is a compact set
K C X such that

L) = )

then F' takes its minimum i X, and

min F(z) = lim inf F,(x).
z€X n—+ooreX

A.2 Regularity of minimizers in t-dependent cases

The following results focus on the regularity of minimizers. Consider the following one
dimensional variational problem

b
1(7) :=/ F(t,~(t), ¥(t)dt + ¥(y(a),v(b)), (P)

where ~ is taken in the class of absolutely continuous curves. ¥ takes its value in R U {400}
and stands for the constraints on the two ends of the curves ~.

In the following, we focus on a certain minimizer of the above integral functional, which is
denoted by v. € Wh1([a, b], M). Due to the Lavrentiev phenomenon, the minimizer may not be
Lipschitz. One can refer [2] for various counterexamples. Thanks to [3], the Lipschitz regularity
of the minimizers still holds for F' := L(x,v(x,t),2), where v(z,t) is a Lipschitz function (see
Lemma 2.3(1)). Let us recall the related results in [3] as follows.

() F takes its value in R, there exist a constant € > 0 and a Lebesgue-Borel-measurable
map k : [a,b] x (0, +00) — R such that k(t,1) € L'[a,b], and, for a.e. t € [a,b], all ¢ > 0,

|F(t27’7*(t)70—’7*(t)) - F(t177*(t)707*(75))| < ]{,‘(t,U)|t2 - t1|7
where t1,t3 € [t —e,t+£] N [a, b].

Lemma A.4 Let~, be a minimizer of (P). If F' satisfies ({), then there exists an absolutely
continuous function p € Wh([a,b], R) such that for a.e. t € [a,b], we have

Y ()

F(t7(0), 252 Jo = Ft2(0) 4() 2 p(O)(—1), W0 >0, (W)
and |p'(t)| < k(t,1) for a.e. t € [a,b].

Lemma A.5 Let v, be a minimizer of (P). Assume F is a Borel measurable function. If
F satisfies (&) and

(1) superlinearity: There exists a function © : [0,+00) — R satisfying

lim %
r—+oo T

(2) Local boundedness: There exist p > 0 and M > 0 such that for a.e. t € [a,b], F(t,v(t),&)
<M for all £ € T, )y M with |[£]| = p.
Then the minimizer v, is Lipschitz. Moreover, if ||[7«(t)|| > p, we take v = M*—,Et)ﬂ > 1 in (W),

then
(0 5 ORI
PO on) 2 s 1P

Therefore ||7.(t)|| < max{p, R} where R := inf{s : pg(s) > M+ ||p|loo}-

S

=400 and F(t,7.(t),§) = O([El])  for all § € Ty, (M.
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B Proof of Lemma 2.1

When H (z, u, p) is superlinear in p, it is well-known that the functional L' admits minimizers
in X;(z). It remains to prove the existence of minimizers of ! when H (z,u,p) is coercive in
p. Define

LL(7) = ((0)) + / Ln(1(5), v(x(s), 5), 5 (s))ds,

where L,, is defined as in Subsection 2.1.2. Then each L! admits minimizers in X;(z). To prove

the existence of the minimizers of L*(v), we define

:= inf inf L i > 0.
m(r) wlélM(Hw}I”lZT 1(1:,0,33)), Vr >0

It is clear that the function m(r) is superlinear and

m(||#]]) < Ln(2,0,2) < Lnp(2,u,2) + Alul
< L(z,u, &) + Mu|, VneN, V(z,u,i) € TM x R.

For any sequence 7, in X;(x) with limL(y,) < 400, we have sup f(f m(||¥n|])ds < 400, so
n n

v, admits a weakly sequentially converging subsequence. By Lemma A.1, the functionals
L! and Lf are sequentially weakly lower semicontinuous on X;(z). Since X;(z) is a metric
space, the functionals L! and L! are also lower semicontinuous. Note that {Lf},en is an
increasing sequence and converges pointwisely to L' on X;(z). Both L! and L () are lower
semicontinuous. We conclude that I' — nll)rJrrlOO L! =L on X;(x) by Lemma A.2.

If the minimizers v, of !, are contained in a compact subset of X;(z), then by Lemma A.3,
one can obtain that IL! admits a minimum point on X;(z). It remains to show that there exists
a compact set in X;(x) such that all minimizers -, are contained in this set. Consider the set

Ko@) = {7 € Xy(a) : / m(31)ds < 6]l + Kt + 20K},

where K := sup L(z,0,0) and K := ||v(z,t)]|e. The set Ki(z) is weakly sequentially compact
reM
in W11([0,t], M). According to [4, Theorem 2.13], K;(x) is compact in X;(x). For the constant

curve v, = x, we have

t
/ m([3])ds <L, (v2) + AKt < Lf(72) + AKt < [|¢]|oc + Kt + 2)\KL.
0

Therefore -y, is contained in K;(x). Similarly, for minimizers -, we have

t
/ m(|[4n])ds < LE (yn) + AKt < LE (7,) + MKt
0
<L (72) + AKE <[]0 + Kt + 2K

Thus, all v, are contained in K;(x).
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C Proof of Lemma 2.3

Proof We first prove Item (1). According to (LIP) and the Lipschitz continuity of v(z,t)
on M x [0,T], for each 7 € [0,¢], the map s — L(v(7),v(y(7),s),7(7)) satisfies the condition
(&), where k = A|0yv(x,t)||0o- By Lemma A.5, for every (z,t) € M x [0,77], the minimizers of
u(x,t) are Lipschitz. However, the Lipschitz constant depends on the end point (x,t). We aim
to show that for (2/,¢") sufficiently close to (x,t), the Lipschitz constant of the minimizers of
u(2’,t") is independent of (2’ t).

For any r > 0, if d(z,2") < r and [t — t'| < §, where t > r > 0, we denote by 7(s;z,t) and
~(s;2’,t') the minimizers of u(xz,t) and u(z’,t"), respectively. Then we have

u(x’, ') =p(y(0;27, 1)) +/0 L(y(s;a' '), v(y(s;2 1), 8),¥(s;2',t'))ds
S@(’Y(O;xvt))+/() _TL(V(S;x,t),v(v(S;x,t),S),W(S;z,t))ds

t/
+ [ Llas)vlats), 9. d(s)ds,
t—r
where « : [t — r,t'] = M is a geodesic connecting (¢t — r;x,t) and 2’ with constant speed.
Noticing that

. 1 ) Lt

t—r
we obtain that

t/
/ Liy(s:a/ ), o(y(si ', '), 8), A (s: 2/, £))ds
0

has a bound depending only on (z,t) and r. By (SL), there exists a constant M (x,t,7) > 0
such that

t/
| Gt ds < aa ),
0

where t' > t—% > 0. It means ||[¥(s; 2’,t')|| are equi-integrable. Therefore, for (', ") sufficiently
close to (x,t), there exists a constant R(z,t,r) > 0 and so € [0,¢'] such that ||¥(so;2’, )| <
R(z,t,r). By Lemma A.4, there exists an absolutely continuous function p(¢; a’,t’) satisfying
|p'(t; 2", ¢")] < N|Oww (2, t)||o such that

N Y Y
L(ys:a 1), vt 1), ), LET DN g

— L(y(s; 2’ t"),v(v(s; 2/, 1), 8), 4 (s; 2/, ') > p(s; 2/, ¢')(0 — 1), VO > 0.

One can take § = 2 and t = s to obtain the upper bound of p(sp), and take 6 = % and t = sq
to obtain the lower bound of p(sp). Note that p/(t) is bounded. We finally obtain the bound
of |p(t)|l~, which is independent of (2',t'). Since L(x,u, &) satisfies (SL), according to Lemma

A.5 and taking p = 1, we have

= lIp(s; 2, )] oo

V(s 1) ) > O3 (s: 2%, )

L(V(S;x’,t’),v(v(s;x’,t’), $), — .
[ (s; 2", )] 1 (s; 2, )|
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Therefore, for (z/,t¢') sufficiently close to (z,t), the minimizers ~y(s;2’,t') have a Lipschitz
constant independent of (', t').

In order to prove Item (2), we first show that u(x,t) is locally Lipschitz in z. For any § > 0,
fix (zo,t) € M x [6,T] and z, 2’ € B(zo,3). We denote by dy = d(z,2’) < § the Riemannian
distance between x and z’. Then

t

w(x',t) — u(w,t) S/ L(a(s),v(a(s), s),a(s))ds

t—do

—/t_d L(y(s;z,t), v(v(s; 2, t), 8),F(s; 2, t))ds,

where (s;x,t) is a minimizer of u(x,t) and « : [t — do,t] = M is a geodesic connecting
~v(t — do;x,t) and 2/ with constant speed. By Lemma 2.3(1), if « € B(xo, g), the bound of
I/ (s;2,t)|| depends only on zp and §. Noticing that

d(’)/(t B dO; {E,t),il'/) < d(’}/(t B do;l’,t), {E)

) <
)] < S .

+1

and

t
d(y(t — doi 2, 1), @) < / (s, )| ds,
t—do

the bound of ||&(s)|| depends only on 2y and §. Exchanging the role of (z,t) and (2/,t), one
obtains that
[u(z,t) —u(2',t)| < Jid(z,2'),

where J; depends only on z and 6. Since M is compact, we conclude that for ¢ € (0,7, the
value function u(-,t) is Lipschitz on M.

We are now going to show the locally Lipschitz continuity of u(x,t) in t. Given to > 37‘5 and
t,t' e [to - g, to + %}, without any loss of generality, we assume ¢’ > ¢t. Then

u(x, t') —u(z,t) <u(y(t;x,t'),t) — u(z, t)
+ [ Lot ot s ). 5t s,

where the bound of ||¥(s;z,t')|| depends only on o and §. We have shown that for ¢ > 4, the
following holds

t/
w(y(t;z, '), t) —u(z,t) < Jid(y(t;x,t'),z) < Jl/ 7(s;z,t")||ds < Jo(t' —t).
¢

Thus, u(x,t’) —u(x,t) < J3(t' —t), where J3 depends only on ¢y and §. The condition ¢’ < t is
similar. We conclude the locally Lipschitz continuity of u(x,-) on (0,T].

At last, we prove Item (3). We first prove that u(x,t) is continuous at t = 0. For each
p € C(M), there is a sequence ¢,, € Lip(M) converging to ¢ uniformly. We take ¢ and ¢,
as the initial functions in (2.7), and denote by u(z,t) and wu,,(x,t) the corresponding value
functions, respectively. Since v(z,t) is fixed, by the non-expansiveness of the Lax-Oleinik
semigroup, we have ||u(z,t) — um (z,)|loc < || — ©mlloo- Thus, without loss of generality, we
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assume the initial function to be Lipschitz in the following discussion. Take a constant curve
at) = x. Let v : [0,t] = M be a minimizer of u(x,t). It is obvious that

u(z, 1) = p((0)) + / L(y(s),0(1(s), ), 4(s))ds < () + / L(z, v(z, ), 0)ds,

so limsup u(z,t) < p(z). By (SL), there exists a constant C' > 0 such that
t—0+t

| L6@06m) 5 00dr = [ opllin)ldr + ct
0 0
2 [0zl 0d(7(0), 7(2)) + Ct,

which implies that

/0 L(y(r),0(1(7),7),4(7))d7 + (1(0)) > o(z) + Ct.

Therefore litg(i)gfu(x, t) > ¢(z). Combining with Lemma 2.3(2), u(x,t) is continuous on M X
[0,T].

By a standard argument, one can show that the value function wu(z,t) is a solution of (2.8).
We omit the details.

D Weak KAM Solutions and Viscosity Solutions

Following Fathi [13], one can extend the definitions of backward and forward weak KAM
solutions of (1.2) by using absolutely continuous calibrated curves instead of C'! curves.

Definition D.1 A function u_ € C(M) is called a backward weak KAM solution of (1.2)
if the following hold.
(1) For each absolutely continuous curve 7y : [t',t] — M, we have

t
u_((t)) —u-(v(t') < / L(y(s),u—(v(s)),¥(s))ds.
t/
The above condition reads that u_ is dominated by L and denoted by u_ < L.
(2) For each © € M, there exists an absolutely continuous curve y—_ : (—o0,0] — M with

~v-(0) = x such that

0
u(e) = u-(-(0) = [ LO-(9)u-(- ()i (9)ds. Ve <.
t
The curves satisfying the above equality are called (u—, L, 0)-calibrated curves.

A forward weak KAM solution of (1.2) can be defined in a similar manner. We omit the
details.

Proposition D.1 Ifu < L, then u is a Lipschitz function on M.

Proof For each z,y € M, let o : [0, @] — M be a geodesic of length d(x,y) with
constant speed ||¢|| = ¢ and connecting = and y. Then

La(s), u(a(s)),a(9) < T+ Mule, s € [0, 2122].
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Then by u < L we have

d(x,y)
ue) = u@) < [T Llo(s).u(o(s). 6()ds < 5O+ Alul)d.y).

Exchanging the role of x and y, we get the Lipschitz continuity of wu.
By [13, Corollary 8.3.4], we have the following proposition.

Proposition D.2 Suppose H(t,x,p) is a continuous function, and it is coercive and convex
in p, then u(x,t) is a subsolution of dyu + H(t,xz,0,u) = 0 if u(x,t) is locally Lipschitz and
Oru+ H(t,x,0,u) < 0 holds almost everywhere.

Proposition D.3 The following statements are equivalent:
(1) u_ is a viscosity solution of (Ex);

(2) u_ is a fized point of T, ;

(3) u_ is a backward weak KAM solution.

Similarly, the following statements are also equivalent:

(i) —u4 is a viscosity solution of H(x,—u,—0,u) = 0;

(ii) uy is a fized point of T;';

(iii) uy is a forward weak KAM solution.

Proof By Theorem 1.1, (2) implies (1). We show that (1) implies (2). Since u_ is a
viscosity solution of (Ey), the function u(z,t) := u_(z) is the viscosity solution of (CPy) with
the initial condition u(x,0) = u_(z). By the comparison theorem, we have u(z,t) = T, u_(z),
which implies u— =T, u_.

Now we show that (3) implies (2). According to the definition of the backward weak KAM
solution, for u_ € S_ we have

y(t)=z

w()= it {uo)+ [ L) (). A ()

where the infimum is taken in the class of absolutely continuous curves. We show u_(z) <
T, u_(x). The opposite direction is similar. Assume

u_(z) > T, u_(x).
Let v : [0,t] = M with v(¢t) = « be a minimizer of T, u_(xz). Define

F(r) = u_(y(7)) = Tru—(7(7)).

Since F(t) > 0 and F'(0) = 0, there is sg € [0,t) such that F(sp) = 0 and F(s) > 0 for s € (s, t].
By definition we have

Tru-(0()) = Tou-(o(s0) + [ (0T u (7)) ()

S0

and

u—(7(s)) < u-(7(s0)) + /S L(y(7), u—(y(7)),¥(7))dr,

S0
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which implies
F(s) < /\/ F(r)dr.
So

By the Gronwall’s inequality, we conclude F(s) = 0 for all s € [sg, t], which contradicts F'(t) > 0.
It remains to show (2) implies (3). For each absolutely continuous curve ~ : [t',t] — M, we

have
u_(y(t) —u-(y(t') = T, u—(y(t)) — Ty u—(y(t"))

< [ 0T u- ) A)s = [ L)1) 35,

, o
which implies u— < L. We now show the existence of the (u_, L, 0)-calibrated curve. We define
a sequence of absolutely continuous curves as follows : Let 79(0) = = and ~, : [0,1] — M
be a minimizer of T u—(v,—1(0)) with v,(1) = v,-1(0). We define y_ : (—00,0] — M by
Y- (=t) := Y41 ([t] + 1 —t) for all £ > 0, which is also absolutely continuous. Here, [t] stands
for the greatest integer not greater than ¢. Then we have

u—(7=(=[t])) = u—(y=(=1)) = Ty u—(vg4+1(1)) = Tjpppq —gu— g1 ([t + 1 = 1))

1
— [ 6w T G (9): A (5)ds
[t]+1—t

—[t]
— [ LO- (o6 (s,

—t
Similarly, one can prove that for all n = 0,1, -,

—n

u-(y-(=n)) —u-(y-(-n—-1)) = /_ B L(v-(s), u—(7-(s)),7-(s))ds.
We conclude that y_ : (—o00,0] = M is a (u—, L,0)-calibrated curve.

The proof is now complete.
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