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Structural Stability of 3D Axisymmetric Steady Subsonic
Euler Flows in Finitely Long Nozzles with
Variable End Pressures*

Jun LI Yannan WANG?

Abstract As a continuation of [Li, J. and Wang, Y. N., Structural stability of steady
subsonic Euler flows in 2D finitely long nozzles with variable end pressure, J. Differential
Equations, 413, 2014, 70-109], in this paper, the authors study the structural stability of
three dimensional axisymmetric steady subsonic Euler flows in finitely long curved nozzles.
The reference flow is a general subsonic shear flow in a three dimensional regular cylin-
drical nozzle with general size of vorticity and without stagnation points. The problem is
described by the well-known steady compressible Euler system. With a class of admissi-
ble physical conditions and prescribed pressure at the entrance and the exit of the nozzle
respectively, they establish the structural stability of this kind of axisymmetric subsonic
shear flow with no-zero swirl velocity. Due to the hyperbolic-elliptic coupled form of the
Euler system in subsonic regions, the problem is reformulated via a twofold normalized pro-
cess, including straightening the lateral boundary of the nozzle under the natural Cartesian
coordinates and reformulating the problem under the cylindrical coordinates. Accordingly,
the Euler system is decoupled into an elliptic mode and three hyperbolic modes with some
artificial singular terms under the cylindrical coordinates. The elliptic mode is a mixed
type boundary value problem of first order elliptic system for the pressure and the radial
velocity angle. Meanwhile, the hyperbolic modes are transport type to control the total
energy, the specific entropy and the swirl velocity, respectively. The estimates as well as
well-posedness are executed in a Banach space with optimal regularity under the natural
Cartesian coordinates in place of the cylindrical coordinates. The authors develop a sys-
tematic framework to deal with the artificial singularity and the non-zero swirl velocity in
three dimensional axisymmetric case. Their strategy is helpful for other three dimensional
problems under axisymmetry.

Keywords Steady compressible Euler system, Subsonic shear flow, First order
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1 Introduction

As the continuation of [20], in this paper, we consider the unique existence and structural
stability of three dimensional axisymmetric steady compressible subsonic flows in finitely long

and slightly curved nozzles with a class of admissible physical boundary conditions. The flow
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is governed by the following three dimensional steady compressible Euler system

Oy (pur) + Oy (puz) + Ong (puz) = 0,

Oz, (purur) + Oz, (puruz) + Ouy (purus) + 0z, P =0,

Oz, (puruz) + Og, (puguz) + Oz, (pusus) + Oy P = 0, (1.1)
Oz, (puruz) + Oz, (puus) + Ouy (pusus) + 0z, P =0,

Oz, (pur1 E) + 0y, (pus E) 4+ 01, (pusE) = 0,

where u = (u1,u2,us), p and s are independent unknowns of x = (21, x9,x3), standing for
the velocity field, the density and the specific entropy of the flow, respectively. The pressure
P = P(p, s), the internal energy e = e(p, s) and the total energy

P
P
are smooth with respect to their arguments and 9,P > 0, d,e > 0 for p > 0. As usual, we
use the quantity ¢(p, s) = \/0,P to denote the local sound speed. It is well known that, in

regions where |u| < ¢(p, s), the flow is subsonic and the Euler system (1.1) is hyperbolic-elliptic

1
E-= §|u|2+e+ (1.2)

coupled.
In this paper, we just consider the flow as polytropic gas and the corresponding equations
of state are

P(p,s)
(v=1)p’

where v € (1,3) is the adiabatic exponent and A(s) is a positive smooth function of s.

P(p, 8) = A(s)pW, e(pa 8) = p >0, (13)

1.1 Structural stability issue in 3D axisymmetric case

For the aim of structural stability issue, the reference steady subsonic flow is considered as
shear flow with general size of vorticity, moving in a three dimensional regular cylindrical nozzle
Ny as

Ny = {(21,2") € R®: 2/ = (w9,23) € B1(0), 0 < zy < £}
for any fixed £ > 0 and B;(0) being the unit disk in R?. Here, we use
Yo = {(0,213/) 12’ € Bl(O)}, Y= {(é,ili/) 12’ € Bl(O)}, I'y= 8Nb\(20 U Zg) (14)

to denote the entrance, the exit and the lateral boundary of Ny, respectively.
We use up = (u1p, uop, usp), Sp and pp to denote the velocity, the specific entropy and the

density of the reference subsonic shear flow respectively, which satisfy

{Ulb =vy(|2']),  wop =uz =0,

(1.5)
Sy, pp are positive constants

with the subsonic restriction 0 < v, (|2']) < e(ps, sp) for 2’ € B1(0). Here, v, (|2’|) > 0 means

that the reference subsonic flow has no stagnation point.



Structural Stability of 3D Azisymmetric Steady Subsonic Euler Flows 483

Structural stability issue in 3D axisymmetric case Is the reference subsonic flow
(1.5) structurally stable under the perturbations on at least one of the following parts: (1) The
total energy, the specific entropy and the velocity angle at ¥, (2) the pressure at 3;, (3) the

lateral boundary I'y?

1.2 Mathematical formulation and main results

We consider the possible perturbed flows moving in the following three dimensional nozzle

N = {(z1,2") € R®: \/aF 4+ 23 < g(z1), 0 < 1 < {}. (1.6)

Here, the nozzle N is a small perturbation of Ny, i.e.,
9(0)=g(0) =1, |g—1l2a<e (1.7)

for some o € (0,1) and ¢ > 0 to be specific later. Hereafter, || - ||, stands for the usual C*
norm on the related domain. We still use X, ¥, in (1.4) and I' = ON\(Zo U X;) to denote the
entrance, the exit and the lateral boundary of the nozzle N, respectively.

On the lateral boundary I', the flow satisfies the usual slip boundary condition for com-

pressible flow
—g(x1)g (x1)ur(z) + z2uz(x) + 23u3(2) =0, 2 €T. (1.8)

At the entrance Yy, we pose a class of admissible physical boundary conditions for the

axisymmetric case

T2 U2 Tr3 ug
(e + i) 0 = vale)

(— %uz + %ug) (0,2") = vao(|2']), 2’ € B1(0) (1.9)
E(0,2) = Eo(|2']),  s(0,2") = so(|z']),

with the naturally continuous constraint v,.o(1) = ¢’(0) due to (1.7)—(1.8). Here, (1.9); is the
flow angle of the radial component of the velocity and (1.9)2 is the swirl component of the
velocity while u; is usual called as the axis component of the velocity.

At the exit Xy, the end pressure is prescribed as
P(t,2") = Py(|2']), 2’ € B1(0). (1.10)

Additionally, in order to avoid the elaborate framework of weight Holder spaces, we pose

the following conditions to simplify the proof process appropriately,
veo(1) = ¢g'(¢) = ¢"(¢) = P;(1) = 0. (1.11)

Under the presentations above, the structural stability issue in 3D axisymmetric case can
be formulated mathematically as the well-posedness of the problem (1.1) with (1.2)—(1.3) and
(1.8)—(1.10) in N, which can be roughly stated as the following result.
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Theorem 1.1  Under the assumption (1.11), when ||vsp||2,o is bounded, there exist two

positive constants €9 and ¢y depending on the state of the reference subsonic flow in (1.5), if
||(E07 807 UTO,'UQO) - (Eba Sba 07 O)Hl-,OC;EO + ||PE - Ple-,Of;El S € (112)

with Py, = P(py, sp) and 0 < € < gg, then the problem (1.1) with (1.2)—(1.3) and (1.8)—(1.11)

has a unique azisymmetric subsonic solution (u,p,s) € [CY*(N)]®, which satisfies
| (u, p, 3) om™! — (Ubaﬂbasb)||1,a;m < Cog, (1'13)
where the invertible transformation m : N — Ny is defined as

m(z) = (xl, %, %), x €N,

and its inverse is denoted as m~' : Ny — N.

Remark 1.1 The assumption (1.11) can be compared with the following two facts: (1) In
three dimensional axisymmetriy, one can consider the vanish of swirl velocity. The assumption
vgo(1) = 0 is the more general case than vgg(|2’|) = 0. (2) In the case of the straight nozzle
of N, ie., g(x1) = 1, the P/(1) = 0 is the necessary compatible condition for C**-Holder
regular solution. Thus, the assumption ¢'(¢) = ¢”(¢) = Pj(1) = 0 is also the more general
case. Actually, the assumption (1.11) can be removed if we consider Theorem 1.1 in the weight

Holder spaces as in [20].

Remark 1.2 Except (1.11) for the simplification, Theorem 1.1 (Theorem 2.1) does not
need any more compatible conditions on the boundary conditions. In this situation, we establish

the main result in C**(N) space, which is with the optimal regularity.

Remark 1.3 To realize the optimal regularity, we reformulate the main problem via
a twofold normalized process. The first process is to straight the lateral boundary of the
nozzle under the natural Cartesian coordinates and translate the problem to the domain Ny.
Continuously, the second process is to formulate the problem under the cylindrical coordinates.
In this way, the Euler system can be decoupled into a first order elliptic system for the pressure
P and the flow angle of the radial velocity, and three transport equations for the total energy,
the specific entropy and the swirl velocity. This decomposition has a good intrinsic structure
for the construction of the contractive iteration scheme for the nonlinear problem in a Banach

space with optimal regularity.

Remark 1.4 In our twofold normalized process, the cylindrical coordinates are an auxiliary
process to decompose the hyperbolic-elliptic coupled form of the Euler system in a good manner.
As a price, the artificial singularity % will appear in the new nonlinear problem. Therefore, we
use the natural Cartesian coordinates as working space instead of the cylindrical coordinates.
This is our main strategy, which will be also benefit for other three dimensional problems under

axisymmetry.
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1.3 Literatures, comments and organization

In the steady Euler system (1.1), M = C(IZ‘S) is usually called as Mach number. In regions
where M > 1, the flow is supersonic and the Euler system (1.1) is hyperbolic. In this situation,
when posed smooth enough “initial data” away from vaccum on the space-like surface, the
system (1.1) is at least locally well-posed. In regions where M < 1, the flow is subsonic and
the Euler system (1.1) is hyperbolic-elliptic coupled. In this case, the nature question is: What
kind of admissible boundary conditions can guarantee the well-posedness of boundary value
problems of the system (1.1)?

This question was answered in a great variety of settings, such as subsonic outflows, subsonic
flows in infinitely long nozzles, subsonic flow in finitely long nozzles, and so on. The subsonic
outflows were studied in [1, 9, 15-16, 25] for the potential flow equation when the flow is
irrotational, which show that the well-posedness of the subsonic outflow problem described by
the potential flow equation can be determined by the constant subsonic velocity at infinity.
With respect to case of subsonic Euler flow, one can see [3, 6] for the well-posedness results
when the flows past a wall or are in half plane with the give subsonic states at infinity. Another
interesting setting is subsonic flows in infinitely long nozzles. In [2], Bers conjectured that a
global irrotational subsonic flow uniquely exists in an infinite-long nozzle as long as the incoming
mass flus is less than a critical value. This conjecture was achieved in [8, 10, 12, 29-30] for two
dimensional case and [5, 13, 31-32] for three dimensional case. The detailed explanation for
this part can be found in [20] and the references therein.

For subsonic flow in bounded nozzle, as introduced in [7], it is expected the end pressure
condition. This is very different from the case in the infinitely long nozzle. In [11], Du-Weng-
Xin established the well-posedness of subsonic potential flow in two dimensional finitely long
flat nozzle with the given mass flux as well as the end pressure and the zero vertical velocity
at the inlet. In [21, 23] and the references therein, in the subsonic region, the two dimensional
Euler system is decoupled into the elliptic mode and the two hyperbolic modes. The elliptic
mode is a quasilinear first order elliptic system to control the flow angle and the pressure. The
hyperbolic modes are transport types to control the total energy and the entropy. Due to this
hyperbolic-elliptic coupled form, the admissible conditions for the subsonic Euler flow in finitely
long nozzle can be posed as the end pressure and the velocity angle, the total energy and the
entropy and the inlet. One can see [17, 20, 26] for dealing with this kind of admissible boundary
conditions.

In current paper, we devote to establishing the structural stability of the reference shear
flow in the three dimensional finitely long and slightly curved nozzle under the above mentioned
admissible boundary conditions and axisymmetry. One can see the related works [4, 14, 22, 24,
27-28] for three dimensional Euler flow in finitely long nozzles with and without axisymmetry.
In [22], Li and his coauthors considered three transonic Euler flows in finitely long nozzles

under axisymmetry in the natural Cartesian coordinates. The Euler system is decoupled into
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an elliptic mode and other hyperbolic modes under the spherical coordinates. Our current paper
extends this idea to deal with subsonic axisymmetric flow. One can see [14, 24] for treating
the transonic shock under the three dimensional symmetric case via the methods of Lagrange
transformation and/or stream function. In [4, 27], the authors used the div-curl decomposition
to decouple the Euler system and established the structural stability results of subsonic flow
in three dimensional finitely long nozzle with periodic cross section. Very recently, the result
in [4] with the mass flux condition was extended to three dimensional finitely long nozzle with
compact cross section by [28].

Motivated by [22], our strategy is to formulate the nonlinear problem via a twofold nor-
malized process, including straightening the lateral boundary of the nozzle under the natural
Cartesian coordinates y = (y1,%’) € R? and reformulating the problem under the cylindrical
coordinates (z,r,6). Accordingly, the Euler system is decoupled into an elliptic mode and three
hyperbolic modes with some artificial singular terms under the cylindrical coordinates. The el-
liptic mode is a mixed type boundary value problem of first order elliptic system for the pressure
and the radial velocity. Meanwhile, the hyperbolic modes are transport type to control the total
energy, the specific entropy and the swirl velocity. With the delicate analysis on the possible
artificial singularity and the characteristic of the transport operator, the iteration scheme is
executed under the natural Cartesian coordinates (y-coordiantes). Based on this strategy, our
main result is established with the optimal C*® regularity and without additional compatible
conditions.

The rest is organized as follows. In Section 2, we reformulate the main nonlinear problem via
a twofold normalized process, including straightening the lateral boundary of the nozzle under a
new natural Cartesian coordinates and reformulating the problem under the three dimensional
cylindrical coordinates. Section 3 prepares some preliminary conceptions and estimates, related
to the methods to deal with the artificial singularities, the methods of the specific characteristics
and the Campanato spaces and its relevance to the Holder spaces. In Section 4, we establish the
well-posedness for a kind of boundary value problems of a first order elliptic system, which is an
fundamental model in our analysis. Finally, in Section 5, we construct a contractive iteration

scheme for the nonlinear problem and establish the main stability result.

2 Reformulation Under 3D Axisymmetry

Our reformulation is executed in the following twofold normalized process: The first step is
to straighten the lateral boundary under the new Cartesian coordinate. Actually, the solvability
and the estimates for the nonlinear problem are obtained under this new coordinate. For the
consideration of three dimensional axisymmetry, the second step, as an auxiliary process, is to
reduce the problem under the cylindrical coordinate. In this way, we can construct an iteration

scheme naturally and effectively.
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2.1 Straighten the lateral boundary

The transformation m in (1.13) is to straighten the lateral boundary T' of N, i.e.,

m:N—= Ny, z—=y=mx):=y,y)= ($1,%,g$1)) (2.1)

It is not difficult to find that the transformation m is invertible since ||g — 1||2,o < € in (1.7) for

e > 0 suitably small. Then, under the transformation (2.1), the Euler system (1.1) is converted

equivalently into

[9(y1)01 — y29'(y1)02 — y3g' (y1)0s](pu1) + O2(pu2) + O3(pus) = 0,

[9(y1)01 — y29'"(y1)02 — Y39’ (y1)05] (purur + P) + 92 (puruz) + Os(puruz) = 0,

[9(y1)01 — y29'(y1)02 — y39' (y1)Is](puruz) + D2 (puzusz + P) + O3(pusus) =0, (2.2)
[9(¥1)01 — Y29 (y1)02 — y39'(y1)03]) (purus) + O2(pugus) + O3(pusuz + P) = 0,

[9(y1)01 — y29"(y1)02 — Y39 (y1) O3] (pur E) + D2(pu2 E) + O3(pusE) =0

with 9; = 9,, (i =1,2,3). Hereafter, we always use the notation f(y) := fom™!(y) for any
function f(z) defined in N.
Meanwhile, the condition (1.8) on the lateral boundary I' of N becomes

—g' (y1)ur(y) + yaua(y) + ysus(y) =0, y € Lo. (2.3)

The physical conditions (1.9)—(1.10) at the entrance Xy and the exit X, of N are changed
into
Y2 U2 | Y3 U3) / /
—— t 07 = Ur )
<|y’|u1 ] w1 (0,9 o(ly'])
(- et |Z_3|“3)<07y’> =voo(ly'l). ¥ € Bi(0), (24)
EQ,y) = Eo(ly']), s(0,9') = so(ly')

with v,.9(1) = ¢’(0) and
P(l,y") = Pu(ly']), ¥ € Bi(0). (2.5)

Based on the transformation (2.1), Theorem 1.1 can be restated equivalently as the following

result.

Theorem 2.1 Under the assumptions in Theorem 1.1 and (1.11), the problem (2.2) with

(2.3)—(2.5) has a unique azisymmetric solution, which satisfies

||(U,p, S) - (Ub, Pbs sb)”l,a;ﬁb < Co€. (26)

Here, we use the notation (uy, Ey)(y) = (up, Ep) 0o my*(y) with mg : Ny — Ny, x — y = z as

the identity mapping associated with the reference subsonic flow (1.5).
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2.2 Auxiliary transformation via the cylindrical coordinate

Since the system (2.2) is just the Euler system (1.1) in the new Cartesian coordinate y, it
is also the hyperbolic-elliptic coupled in subsonic region. In three dimensional axisymmetric
case, we use the cylindrical coordinate to decompose the corresponding hyperbolic modes and

elliptic modes. To this end, we define the cylindrical transformation
T:Npy,— [0, x[0,1] xT, y~—(2z,r0) (2.7)
with y1 = 2,42 = 7 cos b, y3 = rsinf. The inverse of T is denoted as T~ . Meanwhile, we set

(Vs U, v9)(2,7,0) = (ul, %UQ + @u& —y—3u2 + %ug) o T_l(z,r, 0),
T T T T

(2.8)
(E,s,p, P)(z,7,0) := (E,s,p,P) o T (z,1,0).
In general, the three dimensional axisymmetric assumption means that
(U2, U, 09) = (s, vp,09)(2,7), (E,s,p,P)=(E,s,p, P)(z,1). (2.9)

We introduce the set notation {axisymmetry} to denote the collection of all the vector functions
{(u1,us,us, P, E,s)(y)} satisfying (2.8)—(2.9).
Under the transformation (2.7) and the notations in (2.8)—(2.9), the system (2.2) can be

rewritten as

(9(2)0: = 9/ ()0, ) (pv2) + By (o) + 7 pur =0,

(9(2)0: — ' (2)70,) (- + P) + 0y (pozvy) + - pozvy =0,

(9(2)0= — ¢'(2)70:)(pv2vy) + 0r(pvrv, + P) + %p(v? —v3) =0, (2.10)

2
(9(2)0; — g/(Z)Taf’)(pUzUG) + Or(pvrve) + ;pUTUG =0,

1
(9(2)0, — ¢'(2)rd,) (pv. E) + 0. (pv, E) + ;p’UTE =0.
With the notation v = f}—:, the computations
(2.10)5 — v, x (2.10);, (2.10)y — v, x (2.10);, v, X (2.10), + v, X (2.10)5 4+ vg x (2.10),

yield

()0 — g BRI A
P (9(2)0. — ¢'(2)r0, +v0,) P . (v + vg) =0,
11 , 1 1
00+ (7 = 2p )00 — g (IrO)P — “pua,P— e =0, (5

1
((9(2)0: — ' (2)r0y) + v0; )vp + ;UUH =0,

((9(2)0: — ¢'(2)rd;,) +vd,)s = 0,
((9(2)0. — ¢'(2)rd,) + v0,)E = 0.
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Simultaneously, (2.3)—(2.5) have the forms

v(z,1) =g¢'(z), =ze€]l0,4], (2.12)
{ v(0,7) = veo(r), ve(0,7) = vao(r), re0.1] (2.13)
E0,r) = Eo(r), s(0,7) = so(r),
and
P(l,r) = Pi(r), rel0,1]. (2.14)

Remark 2.1 In (7, z, 0)-coordinate, the reference shear flow has the form

(vz,v,vg)‘ = (v(r),0,0),

reference flow

‘reference flow Eb(?"), (215)

Sy, Pb, Py are positive constants.

Remark 2.2 With the relations in (2.8), u can be expressed as
u = (u,us,u3) = (vz, %vr — y—BU(;, @UT + %’U@) oT. (2.16)
r r r r
Further properties about {axisymmetry} are arranged in Subsection 3.1.

Remark 2.3 The merit of the system (2.11) is that (2.11);—(2.11)2 is the first order elliptic
system for (v, P) and the other three equations are transport equations for vg, s and E. This
means that in three dimensional axisymmetrical case, the hyperbolic-elliptic form of the Euler
system (1.1) can be decoupled under the cylindrical coordinate. As a price, we should treat
with the artificial singularity caused by the additional % factor along the symmetrical axis. Due
to (2.16), our strategy is to analyse the system (2.11) under the y-coordinate and establish the

Ch* estimates for (v, vg) (i = 2,3) and other quantities.

2.3 Linearized form

The linearized form is built up due to the good form of the system (2.11) as pointed out
in Remark 2.3. Consequently, the main result will be established via the contraction mapping
principle in Section 5.

Based on the notations in (2.8) and (2.15), set w = (wy,- - ,wg) as
w=(vy — Vp,0— 0,09 — 0, P — Py, E — E},, s — Sp). (2.17)
It derives from (1.2)—(1.3) that
p— pp = Gwy + Gows, (2.18)
where ¥; = ¢4;(w) (i = 1,2) satisfies

% = (1A(s) / v+ 40— pbm—ldt)_l, -

1
Gy = —pZ/ A(sp+t(s— sp))dt - 4.
0
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In a similar way, we obtain from (1.2), (2.18) and the definition of v = = that

w1 = Y3wa + Gyws + Gswa + Gsws + Grwe,

where ¥; = ¢4;(w) (3 <i < 7) satisfies

2
= (1+ U;)J?i + vsp)
S v?)léf»/z T om0)]
%= 5 -na fZ?)(uz ¥ v.0) (1 N %%)’
% = (1+ v2)(2vz + )’
G T T

Under the notations in (2.17), we derive from (2.11) that
0wz + a1 (r)0rwy = Fi(w),

1
—0,we — ;UJQ + a2(r)6zw4 = ]:2(’(1}),

where
1 1 1
ay(r) = s (r)>0, az2(r)= pb—vzb(r) ~h (r)y>0
and
Fi(w) =— &41)4(% - %) + lw—f’
po o oz,

+ (1 = 9(2))0:ws + g’ (2)r0rw2
1 1
+ V—sz(g(z)az — ¢ (2)r0, + w20, )wy + ;wg,

1 1

Fo(w) 2#8Tw4w2 + (ag(r) — (— —

2 V—P)g(z))ﬁzuu

+ (% - %)g’(z)r@rwzl.

z

Meanwhile, we derive from (2.11)3—(2.11)4 and (2.17) that
1
((9(2)0:. — ¢'(2)r0)) + vO,)ws + Sows = 0
and

((g(z)az - g’(z)r(?r) + ’U(?T)QUG =0.

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

With respect to ws, for any (0,5) with 0 < 8 < 1, we define the rightward characteristics
r = r(z;8) decided by the operator L, = ¢(2)9. — ¢'(r)ro, + vd, in (2.11)5, which starts
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from (0,3). Then, for any (z,7) € [0,¢] x [0,1], one can define the corresponding leftward
characteristics r = r(z; 8(z,r)) going through (z,r) and ending at (0, 3(z,r)). In this way, we

can define formally

ws = Eo(ﬁ(z,r)) — Eb(’l”). (226)

The detailed analysis of ws will be carried out by the method of characteristics in Section 5.

3 Preliminary
Before dealing with the main problem, we arrange some basic preparations in this section.

3.1 Estimates for artificial singularity

In this subsection, we give the analysis to deal with the possible artificial singularity %

caused by the cylindrical transformation T in (2.7).

Lemma 3.1 When G(y) € C*(N,) with G(y1,0,0) = 0, then fori = 2,3,

<mmmw (3.1)

Proof First, we have

liiclo=!
ly’] 10,0

For any y = (y1,y’) € Ny and z = (21, 2") € N, with |2’| < |¢/|, one has

(3.2)

i Z
‘|y—,|G(y1, y') - MG(Zla ZI)‘

Yi — Zi

Y|

NW—%%W+%m
ly'112/](Jy'| +12'])

< [ 16 W)l = G, 21+ 1G G, ) + |z

S [Glally — 21" + 202"y = 2|?)
<3[Glally — 2|

Combining this with (3.2) yields (3.1), we complete the proof of Lemma 3.1.

Lemma 3.2 For any axisymmetry function W (yy, [y'|) € C%(Ny), define

_ _ 1 /T
W)= W) =5 [ sW)ds (33)
0
with v = |y|, then 0;(LW) € C*(Ny) (i,j = 2,3) satisfying
Yi=
i\ — < . .
e, < i oo
Proof Note that

B () = % [ sWlon,5) = Wion,0)ds + LW (y1,0). (3.5)
0
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Without loss of generation, we can assume that W (yy,0) = 0.

A direct computation yields

Yie=\ _ Yilj 51‘3‘ " 2y;y; 1 "

33'(7W) =2 Wy + T—Q/O sWi(y1, s)ds — === ; sW(y1,s)ds
=1 + 5@‘[2 + I3.

By using Lemma 3.1 twice, one has I; € C*(N,) with

[ 1]l0,0 < 9Wllo,a-
With respect to I, one has
[L2| < [Wljo.a-

In addition, for any y = (y1,y’) € Ny and z = (21, 2') € N, with 2’| < [y/], one has

L(y) — I2(2)

1 ly'| 1 |2’
= ﬁ/ sW(y1,s)ds — ﬁ/ sW(z1, s)ds
ly'12 Jo 122 Jo
1 ly'| 1 Ed
— W /|z/| sW(y1,s)ds + W/o s(W(y1,s) — W(z1,s))ds

1 1 12| - 1
*va‘vv)A Wiz, 8)ds

=: Iy + Izo + Io3

with
I < |y/|1+a o / W < 2 _ @ W
(L1 < i (9] = 12D W]a < 2ly = 2|*[Wa,
2] « a
2] < gl — 221 W)a < Jy = 21 W],

W +2) - = )| [P+
yPRP 2+a

|123| < [W]a < 2|y - Z|a[W]a'
Combining this with (3.8)—(3.9) shows

[12]l0,0 < 6][W 0,0

(3.8)

(3.10)

Since limO L for sW (y1,s)ds = W (y1,0) = 0, then with the proof of (3.10) and Lemma 3.1,
T—

one has

(13100 < 54(|W{|o,a-

(3.11)

Finally, (3.4) comes from (3.6)—(3.7) and (3.10)—(3.11). The proof of Lemma 3.2 is complet-

ed.
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Lemma 3.3 Three dimensional axisymmetric functions have the following properties:

(1) For any awisymmetric function = F(yy,|y’|) € C*(Ny), one has
0F =03F=0,F=0 onl|y|=0. (3.12)

(2) Under the axisymmetric and continuous assumptions of vy, vg in (2.8)—(2.9) and the

corresponding us and us, one has
ug =uz =v,=v9 =0 onl|y|=0. (3.13)
Proof Since the proof is just a routine, we omit the details here.

3.2 The analysis of the specific characteristics

To treat the transport-type problems (2.24)—(2.25), we establish the systematic analysis of

the specific characteristic defined by the first order operator

L, = g(2)d. — ¢ (2)rd, + v0,
= g(y1)0 — g'(y1)(y202 + y303) + IZ_?IU(% + é—ivﬁg
= g(y1) (01 + Q2(y)92 + Q3(y)s3) (3.14)

with the forms both in cylindrical coordinate and y-coordinate (the new Cartesian coordinate),

where v is a function defined in N, and

() = — yiv — g 1=
Qi) = oo () — v ), i=23

For any y € Ny, the characteristic
Y(t;y) = (Vi(tiy), Ya(t;y), Ya(t;y) == (Ya(t), Ya(t), Y3(2), t€[0,/]

of the operator L, starting from some (0, 8,) € ¥y and going through y can be formally defined

as

Yi(t) =1, te 0,0
Y5(t) = QY (t;y), tel0,]
Yi(t) = Qs(Y(t;y), te€[0,]
Y(y1) =y, Y(0)=(0,8).

Here, we use the notation Y (¢;y) to denote the characteristic defined by (3.15) with ¢ and y as

(3.15)

)
)
)

its variable and parameters respectively. The parameters y will be dropped where there is no
ambiguity.
It derives from (3.15) that

Yitt) =t, Yilt) —yi = / Qi(Y (ty))dt, t €[04, o

Y1
Yi — Buvi = | Qi (Y (t;y))dt.
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Thus, if Y(¢;y) in (3.15) is well defined, we can determine the functions §,(y) = (Bu2(y),
Bus(y)) from (3.16) as

Bui(y) = vi — / T Qv =23 (3.17)

Lemma 3.4 For any axisymmetric v(yi,|y’|) with |Z d v(y, [y']) € CL*(Ny) (i = 2,3) and
v(y1,0) = 0,v(y1,1) = ¢'(y1), the characteristic Y (t;y) and By(y) in (3.16)—(3.17) are well

defined and satisfies

Y(ty)NTy=0, |y|<1, telo,4, (3.18)
Y(ty) € I, [ =1
and
{ Mt Yle <O NYilty) = villia < CllQill1a, T €[0,4], (3.19)
1Bvi(¥) = will1.a < CllQill1,a-
In addition, if ||v|l1,0 < e for some e > 0 small, one has
1 1
Slvil < WYity)l < 2lyil, €04, Slyil < [Buily)l < 2lyil. (3.20)
Proof With (3.12) in Lemma 3.3 and Lemma 3.1, we have that
1Qitha < O (][50, , + o) (3:21)
and
Qi(y) =0, yeT. (3.22)

Thus, deriving from (3.15) and (3.21), we know that Y (¢) is locally well-posed in the interval
Iyx = [y1 — A\ y1 + A] N[0, 4] for some A > 0 small. It comes from (3.15)2—(3.15)3 and (3.21)
that

Y2 () + Y3(t)| < ly2] + lys| + [|Q2l 2= + |Qs] e
Y2 Y3
§2+O(H—v +H—v +llg Q,Q), telyn. 3.23
|y/| 1o |y/| 1o H || Yy ( )

In addition, due to (3.22) and the theory of locally unique existence, Y (t) € Ny satisfies

Y(t;y) Ty =0, |¢| <1, t eIy (3.24)
Y(ty) € Iy, 'l =1,

Based on (3.23)—(3.24), the problem (3.15) is uniquely solved on [0, ¢] and Y (¢) satisfies (3.18).

The regularity and estimates in (3.19) comes from the theorem of implicit function and
(3.16)—(3.17). The property (3.20) is obtained from (3.16)—(3.17), the expression of Q;(y) in
(3.14) and [Jwl|1,0 < & with v(y1,0) = 0. Finally, we complete the proof of Lemma 3.4.
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3.3 Short introduction of Morrey and Campanato spaces
The notations and results in this subsection are mainly quoted from [18].

Definition 3.1 (A-type domain) A domain Q C R? is called as an A-type domain if
there exists a generic constant C > 0 such that for all yo € Q,0 < 7 < diam(f2), we have
B (yo)| = 78 where B (yo) = By (yo) N .

Definition 3.2 (Morrey space) For any 1 < p < +0o0,A > 0 and A-type domain 2 C R?,
define the Morrey space LP*(Q) as

LPAQ) = {u € LY(Q) : [[ul or () < +00}
with
ull?, = sup T_A/ u|Pdy.
[ o o |ul

Definition 3.3 (Campanato space) For any 1 < p < 400, A > 0 and A-type domain
Q C R3, define the Campanato space LP(Q) as

EP’A(Q) = {u S LP(Q) : ||U||£p,/\(Q) < +OO}

with
1wl zra(@) = llullr) + [ulzer )
and
[ul?., = sup 7'_)\/ [u — uy, - |Pdy < +oo.
PO eairso B (vo) .

_ 1
Here, wyy,r = v S (yoy () dy.
Based on the Definitions 3.1-3.3, one has the following results.
Proposition 3.1 If \; < g, then LP?2(Q) C LPA1(Q).
Proof This can be shown from the definition of Campanato space, we omit the proof here.

Proposition 3.2 (see [18, Proposition 5.4]) For any 0 < X\ < 3, we have LP(Q) =
LPAQ).

1%

Proposition 3.3 (see [18, Proposition 5.5]) For any a € (0,1), we have LP3TPY(Q)

C*(Q). Moreover, [u]a,q is equivalent to [u]zp.s+pa(q).

Proposition 3.3 shows that, if we want to proof that u € C*(Q), we just need to prove

u € LP3TPY(Q). Moreover, with Propositions 3.1-3.3, for any u > 0, one has

O = L2320 C 230 o [ 2570, (3.25)
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Proposition 3.4 (see [18, Lemma 5.13]) Let ® be a non-decreasing function, A,a,b, Ry

are positive constants with a > b, satisfying
o(7) < AK%) +o|®(R) + BR®

for all0 < 7 < R < rg, then there exist constants og = oo(A4, a,b) and C = C(A,a,b) such that
if o < og, then

4 Model Problem

In this section, we study the following model problem

0.d + ay(r)0ye = f1, (z,7) € (0,¢) x (0,1),

—0,d — %d—i—ag(r)aze =fa, (z,7)€(0,¢) x(0,1),

d(0,r) =dy(r), r € [0,1], (4.1)

e(l,r) = ep(r), r € [0,1],
d(z,0) =0, d(z,1)=m(z), z€]0,4.

The well-posedness of the problem (4.1) can be presented as the following result.

Theorem 4.1 When f; o T € C*(Ny), a;oT € CH*(B1(0)) (i = 1,2) satisfy

a; >\, |la;o T||clva(B1(0)) <A

for some positive constants X < A, LdyoT,e;0 T € C*(B1(0)), m(z) € CH([0,€]) with the

natural admissible conditions

fi(z,0)=0, 0<z2<Y, (4.2a)
do(0) =0, do(1) = m(0), (4.2b)
do(0) = €5(0) =0, m/(¢) +ai(1)ep(1) = fr(£, 1), (4.2¢)

then the model problem (4.1) has a unique solution (d,€) such that (£:doT,eoT) € CH*(Ny),

satisfying
|ZaoT|| +[ZdoT| +lleoTlh
T 1« T 1,
< Co(If1 0 Tlo + 120 Tlowa + | Lo o T
| Bdoor| +lecoTlha+lmlia), (4.3)

For simplicity of notations, we drop “ o T” hereafter in this section where there is no

ambiguity.
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Remark 4.1 (Reduce to the case dg = e, = m = 0) In Theorem 4.1, without loss of

generality, we can assume ug = vy = m = 0. Otherwise, set

D =d—dy(r) — r?m(z) + r2m/(0),
o(r) (2) (0) (4.4)
E =e—er),
then the problem (4.1) is equivalent converted into
8zD + al(T)arE = Fla (Z,?") € (Ové) X (Oa 1)7
1
—0.D — ;D +a2(r)0.E =Fy, (z,7)€(0,¢)x(0,1),
D(0,r) =0, r € [0,1], (4.5)
E(t,r)=0, r € [0,1],
D(z,0)=0, D(z1)=0, z € [0,4],

where

Fiy = fi —r?m/(z) — a1(r)e,(r),

do(r) (4.6)

Fy = fo+dy(r) + + 3r(m(z) —m(0)).

”
Since €,(0) = 0, one has 9;e,(0) = %¢;(0) = 0 for i = 2,3 by Lemma 3.3. Thus, with

Lemma 3.1, one has
ey (r) = %azeg + yfageg € C*(Ny).

Combining this with

do (7‘)

r

di(r) + = 82(%(10) + 53(%%) € C*(Vy),

arrives at F; € C®(Ny) (i = 1,2) with Fy(2,0) = 0 and Fy(¢,1) = 0.
Based on Remark 4.1, we assume dyp = ¢, = m = 0 in the problem (4.1) with f1(z,0) =0

and f1(¢,1) = 0. In this way, the unique solvability of the problem (4.1) can be reduced to the

unique solvability of the following two problems

0,d1 + a1(r)0re1 = fi, (z,7) € (0,¢) x (0,1),

1
—0pdy — —dy + ax(r)0.e1 =0, (z,7) € (0,£) x (0,1),
r

dy(0,7) = 0, relo,1], (4.7)

e1(l,r) =0, r € [0,1],
dl(Z,O):O, dl(zal)zov S [Ové]
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and

8de + al(r)areQ = 07 (Z,?") € (Ové) X (Oa 1)7

1
—8rd2 - ;dQ + QQ(T)azeQ = an (Z,?") S (Ové) X (05 1)7

d3(0,7) =0, refo,1], (45)
ea(l,r) =0, r € [0,1],
d2(2,0) =0, da(z,1) =0, z € [0,/
with (d, 6) = (dl, 61) + (dg, 62).
4.1 Solvability of (di,e1)
It derives from (4.7)y that
1 T
dy = —/ as(s)sd.eq(z, s)ds. (4.9)
rJo
Substituting (4.9) into (4.7) implies
2 2 1 /
as(r)0ier + ai(r) (8T€1 + ;&61) + aj(r)orer
1
:arfl+_f17 (Z,T‘)G (Ové) X (071)7
(4.10)
ey =11 (z,7) €[0,4] x {0,1},
al
0.e1(0,7) = e (L,r) =0, r € [0,1].
With the help of the transformation (2.7), the problem (4.10) has the form as
3 i
01 (az(ly)rer) +Za allyoser) = 305 h), v e M
=2
o (4.11)
8n€1 - al(l)a S [O,[] X 831(0),
Oe1(0,y') = e (L,y') =0, y' € B1(0).
With e; = e11 + e12, the problem (4.11) can be split into the following two problems
3 ”i
Lei; = 0; 2L s € Ny,
11 ; ( |y/| fl) Y b
drenn(0,y") = dienn(l,y') =0, v € Bi(0),
4 (4.12)
/ /
n 3 = 3 = 17
Onenr(yr,y') o) |
1
— 611dy =0
Nl J,
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and
L€12 - 07 ) S Nba
d1e12(0,y") = 0, y' € B1(0),
) A )
612(£ Yy ) — _ell(éay )7 Yy S Bl(o)a
On 612(y1, ) =0, |y’| =1,

where the divergence operator L = 91 (az2(|y'])d1-) + Z 9i(a1(y'])0;-).
With respect to the problem (4.12), one has the followmg result.

Lemma 4.1 When fi(y1,|y'|) € C*(Ny) (i = 2,3) with f1(2,0) =0 and f1(¢,1) = 0, the

problem (4.12) has a unique H'-weak solution e1; such that

lewllz v,y < Cllfillo.a- (4.14)
Proof Set
en(y1,9), y1 € [0, 4],
e= < en(-y,¥y), y1 € [=£,0],
en(20—y1,y'), w1 €[(,2(]
and

fi(y1,y), y1 €[0,4],
f(ylayl) = fl(_ylay/)a Y1 € [—g,O],
fl(2£ - ylayl)a Y1 S [67 26]

Then the problem (4.12) can be equivalently converted into the following problem of €

3
1

2= o) vet

oe(—L,y') =01e(20,y") =0, 3y € By1(0),
/ Jf; (4.15)

n~ b - b /:17
Ine(y1,y') ey Y|
1
— edy =0
[Nyl

with f(z,0) = 0 for z € [—£,20], f(€,y/) = 0 for |y/| = 1 and N} = [—¢,2¢] x B;(0). Since
the boundary conditions of the problem (4.15) are Neumann type, thus, ¢ being the H'-weak
solution of (4.15) means for any test function ¢ € H'(N}),

. esieons + sevns + mawemnoniy = [ ({50 + i fmo)an. (119
N;

'] ']
By Lax-Milgram theorem (see [19, Theorem 5.8]) and the argument of uniqueness for the

axisymmetric case, the problem (4.15) has a unique axisymmetric weak solution € € H*(N}).
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Together with the Poincaré inequality and (4.15)4, one has

2l gy < OiH( =)
1=2

Y|

< C| fillo.a-

L2(N})
Thus, we obtain (4.14) and finish the proof of Lemma 4.1.

In addition, the regularity of e;; can be improved into C'**(Nj). To this end, we first

establish the following lemma to homogenize the boundary condition on |y’| = 1.

Lemma 4.2 Under the assumption in Lemma 4.1, there exists a bounded operator

T : C*(ONLE N {ly'| = 1}) = CH(N,),

such that for each ¢(y1, |y'|) with ¢ € C*(ONE N{|y'| =1}),

Bn(T@)h_g,%]x{m:u =¢, |Tela <Cleloa (4.17)

for some generic positive constant C.

Proof First, we choose a monotonically increasing cut-off function h(r) € C°°([0,1]),
0 < W(r) < 2 with

0, re [o,ﬂ

Thus h(|y'|) € C°°(B1(0)). In addition, we choose two non-negative cut-off functions xo(t) €
C§°(R) and xi(t) € C§°((—£,20)), such that [, xo(t)dt = 1 and

£ 3¢

- 57?}; xi(t) =0, te (—oo,—ﬁﬁ} U [z€,+oo).

< <1 =1, t
0<xi(t) <L xat) =1, 6[ 4 4

For each o(y1, |y']) with ¢ € C*(ON} N{|y’| = 1}), we define

Tely) = (h(y')) = 1) /R[w(-, D (l(yr = (1= 2(ly'1))t)xo(t)dt.

A direct computation shows that

¢ 3¢

Zlx =1} 1T¢lha < Cligloa.

Ty =¢ on [—5, 1

This yields (4.17) and the proof of Lemma 4.2 is finished.

Lemma 4.3  Under the assumptions in Lemma 4.1, e;; € CH%(Np) and

lentl1,a < Cllfillo,a- (4.18)



Structural Stability of 3D Azisymmetric Steady Subsonic Euler Flows 501

Proof We also start from the notation € in the problem (4.15). For any yo € N, let
B (y0) = B;(yo) N N}. To see that € € C1:*(Ny), from (4.14), the Definition 3.3 of Campanato

space and Proposition 3.3, we just need to prove that
Lo 198 (F0elPdy < CISIG 4 (419)
~ (Yo
for any 0 < 7 < % where

(VE)yo.r Dedy. (4.20)

—BE o)l (o)

From the interior estimates in [18, Theorem 5.14] and (4.14), (4.19) holds for yo € [0, ¢] x

/B+( ) [VE — (Ve)y,.r[Pdy < ClIfillF o7, (4.21)
* (Yo

where C' = C(\,A) and 9} (yo) N{|y| =1} = 0.

For yo € [0,4] x (B1(0) \ B%(O)) and B, (yo) N {|y'| = 1} # 0 with 0 < R < 3, the process
of proving (4.19) is divided into the following three steps.

Step 1 Homogeneous equation with constant coefficient in BE (yo)-

In this step, we namely consider the case that in (4.15), a1, as are positive constants and

f=0in Bf;(yo) for 0 <7< R< %.
We first prove the following Caccioppoli inequality

1
B (yo) (B=7) JB} o)

where C'= C'(\,A) and H can be any positive constant.
In fact, choose the test function ¢ = n?(€ — H) in (4.16) with n € H(Bgr(yo) N N}) being
a cut-off function as: 0 < n < 1in Bf(yo), n =1 in B} (1), and [Dn| < %= Then one has

/Nl n*(a2(01€)* + a1(92€)* + a1 (03¢)?)dy

b

= — / 27](5— H) (a281€8177 + a182€8277 + 835837])dy7
N,

1
b

which yields

A/‘ mDa%ygs/’ mDa%y+C@y/ Dyl?fe — Hdy.
B (vo) B (yo) it

BR(yO)

Thus, (4.22) is proved with e = % and the definition of .

Next, we prove the following two inequalities

713
e2dy < o Z / 2 2dy (4.23)
/Bi(yo) (R) B (yo)
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and
[ @l zc(R) [ e @nla (4.24)
Bt (yo) o B R B (yo) .

When % <7 <R, (4.23) holds clearly. When 0 < 7 < %, in the way similar to [19, Theorem
8.10, Theorem 8.13], one has ¢ € H?(B1, (yo)) with
4

el 55 oy < ClE L2000 (4.25)

Here, one should deal with the Neumann boundary condition d,¢€ =1 0 when B, (yo)\ N} #
() and can use the estimation skill of the tangential-normal derivatives to obtain (4.25).

Combining (4.25) with Sobolev imbedding Theorem and the scaling skill shows that

~ —3 1~ —3 1~
sup e] < CR 2|‘6|‘H2(B;(y0)) <CR 2HGHLz(B;( (4.26)
2

Bg(yo) Yo))®

Therefore, it derives from (4.26) that

3
/ ey < 07 sup [? < 0 L) / &2dy.
B (yo) B g (w0) R7 JB%(yo)

This shows (4.23).
Now, we prove (4.24).

29
with constant coefficients in B} (yo) with 9,0.¢ = 0 on |y/| = 1. Thus following the process

For 0 < 7 < & with (4.25), 0,¢ € Hl(B¥(y0)) also satisfies the homogeneous equation

of the interior estimates and the estimates near the lateral boundary of N} routinely as in the

proof of (4.23), we have

3
/ IVe2dy < c(%) / |Ve[2dy. (4.27)
BT (yo) BgTR(yO)

By use of the Poincaré inequality and the Caccioppoli inequality (4.22) for the left-hand side
and the right-hand side of (4.27), respectively, (4.24) is proved for 0 < 7 < £.
For % < 7 < R, one has

—
vl
N

5
/ €~ (@) nldy
B} (o)

/ €~ (@) nldy

B (vo)

5

) [ - @l (4.28)
B (yo)

Vv
S
N—

[$28

N = N =

-

where the last inequality holds since ®(¢) := [ B (o) |€ — (€)yo.¢|*dy is monotonically increasing
ta ,
with respect to £. So we obtain (4.24).
In the similay way to deal with (4.27)—(4.28), one also has

~ T\3 ~
/ |Veldy < C(E) / |Ve|*dy
Bt (yo) B} (o)
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and
T 5
Ve (Voo Py < C(F) [ 192 (Va),aPdy.
/Bi(yo) v (R) B} (yo) vo
Together with Lemma 4.1, one has
T\? \5
VeE — (Ve)y,.r2dy < C( = velldy < O — . < O3t .
/Bnyw' V= (R) /Bmo)' ey = (R) Ifillo.a < CT [ fillo.a;

since R is a fixed constant. Therefore, (4.19) is proved for this case.

Step 2 Inhomogeneous equation with constant coefficient in BE (yo)-

In this step, we consider that in (4.15), ay, as are positive constants and f;é 0 in B (yo)
for0 <7< R< %. By use of Lemma 4.2, without loss of generality, we assume f(z, y') =0 on

|y’| =1, otherwise, we use € — aﬂ’;) to replace € itself.

Let € be the solution to the following homogeneous problem

Le=0 in B (yo),
=e on OBr(yo) N N, (4.29)
= 0,6 =0 on Bgr(yo) NON}.

@)

&
)

Based on Lemme 4.1, by Lax-Milgram theorem, the problem (4.29) has a unique H' (B} (yo))

weak solution € satisfying

||€||H1(B;(yo)) < CHgHHl(BE(yO)) < Clfllo.a- (4.30)

Similar to Step 1, one has
~ ~ 2 T\5 ~ ~ 2
[ ve- e Pa<c(R) [ V- (Vo,atd (4.31)
B (yo) B (yo)

Let ¢ = ¢ — ¢, thus it derives from (4.31), (4.24) and the monotonicity of ®(§) defined after
(4.28) that

/ V2 — (V2)y .- 2dy

B (yo)

- / V8 — (VO)yo.r + Ve — (V) - 2dy
B (o)

<9 / Ve — (Ve),,.. 2dy +2 / Ve — (Vé)yo.r|2dy
B (o) B (yo)

T\? . . B B
<o(f) [, 1V iy C [ Ve (Fop,alay
r Yo r\Yo
5
<o(%) / IVZ — (V&)yo.nl2dy + c/ Vel2dy + c/ 1(V&)yo.r/2dy
R I wo) B (w0) B (w0)
5
<c(g) [ 1ve-(VaePayrc [ vetdy, (432)
R B (vo) B} (yo)

where the last inequality comes from Hdélder inequality.
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Now we estimate fB+(y0) |Vé|?dy. From the definition of &, ¢ is the unique weak solution of
R

the following problem

CB(

3
=S ai(prh) B,
i=2
on 8BR(y0) N Nl)17
0 on B (yo) N BNbl,

(4.33)

||O

€

Q‘)@(

namely, for any test function ¢ € H} (B} (v0)),

P2 F O+

i
o B Fiose)dy.  (4.34)

Y|

In (4.34), choose ¢ = ¢é, together with Holder inequality and the ellipticity of the system,

/ (a201€01¢ + a102€02¢ + a103¢05¢)dy = / (
B (yo) B (o)

one has
[ veay o[ IRy < Ol B (4.35)
B (o) B} (yo)
Here, the last estimate yields from the facts B, (yo) N {|y'| = 1} # 0 and f1 =0.
Substituting (4.35) into (4.32) leads to
[ 1ve= (Ve
B (yo)
< 0(1)5/ V& — (V&) n2dy + || f1 |12 — RFH22. (4.36)
=R S " cre

Applying Proposition 3.4 to (4.36), we obtain

Lo 198 (ool
Yo

1
SO(—/ |V€1 (Vé’l) R| dy+||f1||2a ) 34_20‘7
R3+2a Bg(yo) Yo, (Nb
thus
L 198 (T80 Pdy < OV gy + 121 )2

Together with (4.30) and (4.21), (4.19) is proved for this case.

Step 3 General case in B} (yo).

By use of Lemma 4.2, without loss of generality, we also assume f(z, y')=0on |y =1,
otherwise, we use e — %(f;) to replace e itself.

Fix yo € Ny, rewrite the first equation in (4.15) as

Le = 01 (ax(|yh)18) + Da(ax (Jy5])028) + O3 (ax (|yg|)9s€) = Za Fi, (4.37)

where F; = (F1,F? F$) with
Fi = (a2(|yol) — a2(]y']))0ie,

; - i . 4.38
Pl = (@) — ()07 + e f. i =25 (4.38)
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Forany 0 < 7 < R < , with a little bit of conceptual confusion, we still define € as the

solution to the following homogeneous problem

Le=0 in Bf:(y),
€=¢  ondBgr(y) NN, (4.39)
One =0 on Bgr(yo) NON}

~

and ¢ =¢—e.
Similarly, based on Lemma 4.1, by Lax-Milgram theorem, there exists a unique H* (B, (yo))
solution € to the problem (4.39), which satisfies

HgllHl(B;(yo)) < C”g”Hl(Bg(yo)) < Cllf1llo,a- (4.40)

First, from (3.25), we have f € L%3# with 0 < u < 3. Then we claim V& € L23~# for any
0 < pu < 3 with

IVellL23-nnv,) < CUIVEl L2 vy + [ fillesv,)- (4.41)
Together with Lemma 4.1, we obtain
”ngL?v?’*“(Nb) < OHfl (4.42)

Now, we prove (4.41).
In fact, from (4.27), one has

713
Veltdy < o = / Ve2dy.
/Bﬂyo) (R) B} (y0)

This yields

/ Ve2dy < 2/ Vel2dy + 2/ Ve[2dy
B (yo) Bt (yo) Bt (yo)

3
<c(L) / |V€|2dy+2/ Ve [2dy. (4.43)
R B+( +

= (yo) B (yo)

From Lemma 4.1, (4.37) and (4.39), ¢ = ¢ — € is the unique H' (B} (yo)) weak solution of

3
ézz in B (y0),

on 8BR(yO) N Nbla
0 on BR(y()) N 8Nb1

(4.44)

[

Q) ™¢
I
e

n

The energy estimate of the problem (4.44) with the test function é yields

/ Vel dy<0/ I, [2dy
B (yo) = (y0))

<c / |f1Pdy + Cw?(R) / Vedy, (4.45)
B}, (y0)) B (o)
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2
where w?(R) = sup 3 lai(lygl) — ai(Jy'[)]*.
yEB}f(yo)Z:l
Note that a; € C1%(N,), then for any ¢ > 0, there exists a positive constant Ry, such that

for any 0 < 7 < R < Rp, we have w?(R) < (. In this situation, substituting (4.45) into (4.43)

yields
~ T\3
Lo werasc[(f) +d [ werwro [ inay
B (yo) B (vo) & (Y0))
T\3 - _
<c[(3) +0]/+ IVe2dy + Ol f1 2., R (4.46)
BR(yO)
Choose ®(7) = [+, |D“]2dy,A C, B=C|f|? oy @ = 3, b= 3+ 20 in Proposition

3.4, then there exists a pos1t1ve constant Ry € (0, Rp), such that for any 0 < 7 < R < Ro,
(4.41) has been proved from (4.46).
With the same argument in Step 2 used to obtain (4.32) and (4.35), we get

_ T\? .
[ ve- e lazo() [ Ve (Vo,atdC / Veltdy (447)
B (yo) B (yo) = (yo)

and

/+ |Vel2dy < CZ/ [F1 — (F1)yo.rl*dy. (4.48)
BR(yO)

From the definition of Fy in (4.38), one has

/ |F1 — (F1)yo.r|°dy
B} (o)

3
ra s ~ ~ 2 ~
<[ AT DPay+ S falh @l < [ P, @)
B (yo) B (vo)

i=1

where G = ag, 42 = d3 = a;. Note that a; € C1*(Ny), we have

sup  [ai(lyol) — @i(|y'DI? < [ailg o B> (4.50)
yEBF (vo)

Since f; € C*(Ny) and f1(y1,v") = 0, substituting (4.48)—(4.50) into (4.47) yields

ly'|=1
Ly 198 (90 Py
Yo

()]

L CLARR 4 Clai? R / | De[2dy
B;(yo)

Ve — (V&)yo,rl*dy
yo)

T\ " a—
<C(3) [ 198 (VoaPdy + Cllilam B2 0<u<2a,  (@51)
R B (vo)
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where the last inequality comes from (4.42). Together with Proposition 3.4, one has
[ Ve (V0rPdy < 7
B (yo) ’

which means Vé € C*~ % (Ny) for any 0 < pu < 2a with

IVella—g:n, < Cllf1]

a;Np-

This yields (4.41) with the help of (3.25). Thus V¢ is bounded and
[ veray <l . (4.52)
B (vo)
Substituting (4.52) into the first inequality of (4.51) arrives at

~ T\° . o
Lo 198 DRy <O(R)" [ 198 (Vo aldy+ Ol B2, (45
~ (Yo R

Yo)

Using Proposition 3.4 again, we can infer that Ve € C%(N,) with the estimate (4.19).
Finally, we finish the proof of Lemma 4.3.

With respect to the problem (4.13), we have the following result.

Lemma 4.4 Under the assumptions in Lemma 4.1, the problem (4.13) has a unique solution
€12 € Ol’a(Fb) with

lerzll1,a < Cllfill1,a- (4.54)

Proof By Lemma 4.1 and Lemma 4.3, the problem (4.12) has a unique solution e €
C1*(Ny) with Oner1(€, )|y j=1 = 0. This yields d,e12(£,9)]j,rj=1 = 0, which matches the
lateral boundary condition of ej2 at the points y = (¢,%),/|=1. Therefore, Lemma 4.4 can be
derived from in [19, Theorems 6.30-6.31] with the local extension skill.

Lemma 4.5 Under the assumption of Theorem 4.1, the problem (4.7) has a unique solution
(dl, 61) with

+ llex o Tll1,a < Cllfillo,as

1,

H%dl e} T‘
r

[
1, r

where C' = C(\,A).

Proof This lemma can be directly derived from Lemmas 4.3-4.4, Lemma 3.2 and the

expression of d.d;y in (4.7);.

4.2 Solvability of (d2, ez2)

Set

1

0.9 =ez, O = o

dy, 1(0,0) = 0. (4.55)
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Substituting (4.55) into (4.8) shows

ag (1) + ay (1) (83111 + %&1/)) +ay(r)o- = fa, (z,7) € (0,£) x (0,1),

1/)(0,7")20, re [O, 1], (456)
a0, r) =0, r € [0,1],
Orip(z,0) = 0,¢(2,1) = 0, z€10,4).

With the inverse of the transformation (2.7), the problem (4.56) can be written as

LU) = f27 y e Ny,
Onp =0, y e [0,[] x 0By (0)7 (457)

$(0,y") = 01(t,y") =0, ' € B1(0).
We have the following well-posedness result of the problem (4.57).

Lemma 4.6 Under the assumptions of Theorem 4.1, the problem (4.57) has a unique solu-
tion ¥ € C%(Ny) with

I

2.0 < Cllf2ll0.0 (4.58)

where C' = C(\,A).

Proof Set
~ 1/’(3/1; y/)J Y1 € [O,[],
V(y,y') = ) (4.59)
V(20 —y1,y), w1 €24
and
~ f2(y1,9), y1 €0,4],
folyr,y') = / (4.60)
f2(2€_y17y)7 Y1 € [évzé]a
then the problem (4.57) is equivalently converted into the following problem of U as
LY = fo, y € NZ,
Apih = 0, y € [0,20] x B4 (0), (4.61)

1/’(079/) = 1/)(2€? y/) = Oa y/ € Bl(o)

with NZ = [0,2¢] x B1(0) and the divergence type operator L defined in (4.12).
By Lax-Milgram theorem, when f, € C®(Ny), the problem (4.61) has a unique axisymmetric
solution 1) € H'(N?). According to [19, Chapter 6, Chapter 8], one has

¢ e C*2([0,2() x By(0)) N CO(NR). (4.62)

It remains to show that zz admits the regularity estimate (4.58).
Step 1 Estimate of ¢ in [0,2(] x Bs (0).
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Set
ply) = 3 (11 (20~ 1) + (33 + 3))
where F = || fa]j0.o and k = 2¢. Without loss of generality, we assume F' % 0.
Then a direct computation yields
Ly +¢) <0 in N2,
(£ +¢) >0 only|=1, (4.63)
+)+¢>0 on y; = 0, 2C.
By use of the comparison principle, it derives from (4.63) that
[z < Cllf2llo,ar (4.64)

where C' = C'(\, A).
Then it follows from the Schauder interior and boundary estimates in [19, Theorem 6.2,
Corollary 6.7] that

0.0) < Cl fallo,a- (4.65)

”@/’”cza([ogqu) < C(H¢||L°° + Hf2|

Step 2 Estimate of 1 near {r = 1}.
To estimate 1 in [0,2¢] x {y’ : [y'| € [3,1]}, we consider the following problem under the

(z,7) coordinate

a2(r) 02 + a (r) 02 + (‘”7@ P 0)od=Fr (57) € (0,20 % (3.1),
(0,7) = (20, 7) = 0, re0,1],
1;(2, %) = {/;(yl,y’) with |y/| = %, 2 €10,2¢,
dyab(z,1) =0, ze 0,4
Set
a;(r), re [—,1},
a;(r) = 1=1,2,
ai(2—r), re [1,—],
{l;(z,r), re [—,1},
)=
v(z,2—1r), re {1,—}
and

(J?é - (aly) + a’l(r))ari) (z,7), re [%, 1],
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then
e e 13
@z (r)02y + a1 (r) 0% = f, (z,7) € (0,20) x (2 5),
B(0,7) = B(26,7) =0, re o, g}
o(x 1 b 1 = L (4.66)
¢( 2) Uy, y')  with |y|—2, 2 €10,24],
- 1
§ = 1 / e —
¢( 2) Y(y1,y')  with [y 5 7€ 0,24,
8rp(z,1) = z € [0,4].
Similar to (4.65) in Step 1, with the definitions of 1, f, and (4.64), (4.66), one has

[¥llc2.a 0,20 % (2 <1y1<13)

< WHC“([&%Jx{%glyﬂg%})
< C([PllL= + IF2ll0,0)

3
+> 103 o.0 ).
=2

Combining this with (4.64)—(4.65) and (4.59)—(4.60) yields (4.58) and the proof of Lemma 4.6

is completed.

<c(fl

Lemma 4.7 Under the assumption of Theorem 4.1, the problem (4.8) has a unique solution
(dQ, 62) with

|Zaor| +|2 < Clfallo.as (4.67)
r 1, r
where C' = C(\,A).
Proof From (4.55) and Lemma 4.6, one has
ea 0T = 0y,1 € CH*(Ny) (4.68)
and
By o T = —az(r) 20,9 = —aa(|y' ), ¥ € C1(Ny), i=2.3. (4.69)

Finally, (4.67) comes from (4.68)—(4.69) and (4.58). We complete the proof of Lemma 4.7.

Proof of Theorem 4.1 Theorem 4.1 can be established directly from Lemma 4.5 and

Lemma 4.7.

5 Proof of the Main Theorem

Based on the linearized form for the nonlinear problem constructed in Section 2, Theorem
2.1 as well as the main Theorem 1.1 will be proved via the Banach fixed point theorem. To this
end, in the next Subsection 5.1, we construct an iteration scheme determined by the linearized

form.
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5.1 Iteration scheme

Based on (2.20)—(2.21) and (2.24)—(2.26), we can construct the iteration scheme.
With the notations

U = (u1,us,us, P, E, s)(y) € {axisymmetry},

Up = (vzb(|yll)707OvvaEb(|yll)7sb)

with Py = A(sp)p;] where py, s, are positive constants, one can define w = w(z,r) by (2.8)—(2.9)

and (2.17). Thus, we introduce a Banach space Zs as

3
s :{w(z,r) € CH(Ny)® : [[w]l1,a := [[(w1, wa, w5, we)|[1,a + Z H |Zz,|wg‘ . <9,
i,j=2 “
wa(2,0) = w3(z,0) = 0,w(z,1) = ¢'(2),w3(¢, 1) = Opwy(¢,1) = O} (5.1)
with the positive constant § to be specific later.
Based on the reduction in Subsection 2.3, we can formally define a mapping
T: =25 —>25, Wr—w= T(E) (5.2)

in the following way.
Due to (2.21) with (2.12)—(2.14), wo and w4 are defined by the following problem

0, wa + a1(r)0ywy = F1 (W), (z,7) € (0,0) x (0,1),
—0pwy — %wg + as(r)0,wy = Fo(w), (z,7) € (0,£) x (0,1),
wa(0,7) = veo(r), r e (0,1), (5-3)

wa(2,0) =0, wa(z,1)=4g'(2), z €10,4],
wa(l,r) = Py(r) — Py,

Once wy and wy are obtained, we can define v = wsy + 0.

According to (2.24), ws is determined as

(9(2)0, — ¢’ (2)r0, + 00, )ws + %U’Ujg =0, (z,7)€(0,0)x(0,1),

(5.4)
w3(0,7) = vgo(r), re[0,1].
Similarly, according to (2.25), wg is defined as
{ (9(2)0. — ¢'(2)r0r + v )ws =0, (z,7) € (0,¢) x (0,1), (55)
wg(0,7) = so(r) — Sy, r € [0,1].

As for the definition of ws, in the way of deriving (2.26), for any (z,r) € [0,£] x [0, 1], we
define the leftward characteristics r = r(z; 8(r, z)) with respect to the operator L, = g(2)9, —
9’ (r)rd, 4+ v0,, going through (z,r) and ending at (0, 5(r, z)). Thus, we define

ws = Eo(B(r,2)) — Ey(r). (5.6)
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Finally, with the identity 2.20, w; is defined as
wy] = %(E)wg + 9 (W)ws + Y5 (W)ws + Ys(W)ws + Y7 (W) ws. (5.7)

Consequently, if the problems (5.3)—(5.7) are well solved, then the mapping w = T(w) can
be formally defined. Therefore, the proof of the main Theorem 2.1 is reduced to show that the
mapping T is well-defined and has a unique fixed point in =5 for suitable positive §.

5.2 Apriori estimates

For the aims of boundness and contraction of the mapping T, at first, we establish some
necessary apriori estimates of F;(w) (i = 1,2) defined in (2.23). For the convenience, hereafter,
we introduce a generic positive constant C' as: For any functions F' = F(w,dw) and G = G(w)

smooth with respect to their arguments with any w € =5, we define
1F(w, 0w)lo,a + |G(w)][1,a < C. (5.8)

For the aim of the boundness of the mapping T, we have the following result.

Lemma 5.1 For F;j(w)(i = 1,2) defined in (2.23) with w € Z5, one has

2
D IFiw)l
i=1

Proof From (2.18) and (2.20), one has

0.0 <C(6+¢)d. (5.9)

lp = pollr.a < Clllwallra + llwsllr.a) < C6,

6
_ _ (5.10)
[willta T Y llwill1a < C6.

=2
Due to the axisymmetry, it derives from Lemma 3.3 that 0;w4(z,0) =0 (¢ = 2,3). Combin-
ing this with w € =5 yields
1
Fi(w) = m[”fh(ﬂb —p) + p(vzp 4+ v2) (V2 — v2)] (%32104 + %3311/4)
+ (1 = 9(2))0:ws + ¢'(2) (y202w2 + y303w2)

1
+ — w2 (9(2)0.ws — g'(2)(y202ws + y303w4) + w2 (y7282w4 + y7383w4)

P
w2 " w3 "
+ T [3 8Tw2(z,t)dt + ’UET‘ /0 3T1U3(Z, t)dt, (5.11)
_ 1 Y2 Y3 1 1
Fo(w) = 7—Pw2(782w4 + 733104) + (ag(r) — (p_vg — W—P)g(z))azwzl

1 1y,
+ (p—vz — 'y_P)g (2)(y202ws + y303w4)
with

Fi(w)(z,0) =0, Fi(w)(£,1) = 0. (5.12)
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Since wa(z,0) = ws(z,0) = d;wa(z,0) = 0 (¢ = 2,3), by use of Lemma 3.1, it derives from
(5.10)~(5.11) that
[F1(@)lo,a + [[F2(@)ll0,q
< U(HP — pollo,a + [[v: = vzbllo,a + 11 = gll2,a + [[w]l1,6)([[Ow2]l0,a + [[Owallo,a)
< C(d +€)é.
This shows (5.9) and the proof of Lemma 5.1 is completed.

Next, we establish the estimates for the aim of the contraction of the mapping T. To this

end, for any w € Z5, we denote the new norm (-), as

2
() = s, w5, wo)o + sl + D ([ Ewal], |+ oy
i=2 o

O’a). (5.13)

For any w' € Z5 (i = 1,2), with the notations in (2.17)~(2.18), one can define p' and P"
accordingly. Then the necessary estimates for the contraction of the mapping T can be stated

as the following result.

Lemma 5.2 With the notations above, we have
[ Fi(w') = Fi(w?)]o,0 < O +e){w' —w?)y, i=1,2. (5.14)

Proof From (2.18), one has

2
lor = p2llo <Y I%i(w") = %i(w?) lo.a(lwillo,a + llwgllo.e)
i=1
2
+ > 1% lo.allwi —willo.a + llws — wgllo.e)
i=1

< €<w1 — w2>a.

Combining this with (5.11) arrives

<C(0 4+ e){w' —w?)q. (5.15)
In a similar way, we can directly compute that
(| Fa(w') — ]:2(’11}2)”0@ <C(6 +e)(wh —w?),. (5.16)

Finally, (5.14) comes from (5.15)—(5.16). And we finish the proof of Lemma 5.2.
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5.3 Well-posedness of the mapping T

With the notations in (5.2), for any W € Z5, we solve w = T(W) in the following four steps.
Step 1 Solvability of ws and wy.
From (5.12), (1.9) and Lemma 3.3, one has

Fi(w)(z,0) =0, Fi(w)(1)=0,
v0(0) =0, wv0(1) =g'(0). (5.17)

Meanwhile, it derives from (1.11) that
¢"(0) + a1 (PI(1) = 0 = F(W)(6,1) = 0. (5.18)

Combining (5.17)—(5.18) with Theorem 4.1 and (5.9) shows that the problem (5.3) has a unique

solution (we,w,) with

+ |lws o T|[1,0

1,

y—2w2 o T’
r

e
1, T

<U(i||}'i(w)oT| 0,a+i} L)
i=1 =2

< C(8*+o). (5.19)

Lo +I(Pr=P)oTlha+llg]

r

Step 2 Solvability of ws and wg.
For v = wy + 0, we define the operator L, and (3,;(y) (¢ = 2,3) by (3.14) and (3.17). Thus,

ws in (5.6) can be expressed as
ws = Eo(|Bu2(y), Bus(y))]) — Es(r).
Combining this with v = wy + 0 and (1.12), (3.21), (3.19), (5.19) yields

ws]l1,a < Cle+ Q1] 1,a) < C(6% +e). (5.20)

La +[1Q2]

In the similar way, the problem (5.5) has a unique solution wg satisfying

we = 80(|(Bv2(y), Buz(y))]) — sb (5.21)
and
|well1.0 < C(5% +¢). (5.22)

Step 3 Solvability of ws.
With the notations of L, and £,;(y) (i = 2,3) in the above Step 2 and the characteristic in

Lemma 3.4, the problem (5.4) has a unique solution ws as

walon,ly') = v Gra() aexp { ~ [ SEBES ) (s23)
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515
with Ry, (ty) = [(Ya(t;y), Ya(t; ).
Here, for i = 2,3 and j = 1,2, 3, a direct computation shows
Yi 0ij N R
o —(1—-9¢ + 4 w
() = (|y| (=) s 81 s
j j j ; Lot Re(ty))
+ == (J(y) + J3(y) + J3(y) + J{(y)) exp —/ — o dt 5.24

with
T) = 0| (5e2(0) B )

|’
Jg(y) _ _531U00(|(ﬁ1)2(y)7Bv?)(y))'),l‘)q((yyll’)R—((yy]:y)))

o~ st [ 0,
Ji(y):WO('(ﬁ”Q(y)’ﬁ”?’(y))')/oyl 2(52)1113((??)) ( )( l)(t Wat,

Now, we only estimate [4;J(y)]

I ,, since other cases are easier. Due to vgo(0) = 0, we

denote

T6) = w1 Bz s ) [ s Tat)oy e

1 Y1 .
B / Brv00(|(Bu2 (1), Bus () IE) - [(Buz (), Bus ()] - / mm;”@"“t;”ﬁ
L= Jiz(y) ’ sz(y) ’ Jf2(y)

(5.25)
with
Tilti9) = g ot Ruli0) = 20— v
For any y, z € Nj with |¢/| < |y/|, one has
H(y) - ()
-/ vt (Buale), Bus)IE) — Brao(1(Bu(2), Bua (NI - Th) - Ty(o)
+I5(2) - (B ®): Bus )] — [(Bua(2), Bus(2)D) - Tal)
T2 - TB2) - (Tly) — Th(2)
s = Jis(y, 2) + Ji5(y, 2) + Ti3(y, 2). (5.26)

With respect to Ji5(y, 2), by use of (3.19)—(3.20) and v(y1,0) = 0, one has

[ T13(y, 2)| < Clorvgolal (Bua (y), Bus(y)) — (Bua(2), Bus ()| s 10;Yi(#)llo.all0rvl0,a

, (5.27)



516 J. Li and Y. N. Wang

where the last inequality is due to (5.19) and (1.12). With respect to Ji;(y, 2), as for (5.27),
by use of 9,vgp(0) = 0, one has

|J25 (4, 2)| < Cl0rvg0]al(Bu2(2), Bua ()| (Buz(y), Bus )|~y — 2% (y)]
> UH&WGOHO,&||8TU||O,a|y — 2|
<O +e)ly — 2| (5.28)

With respect to J3;(y, 2), in a similar way, one has

| T35(y, 2))
< C’||8 UGOHO a| ﬁvZ ﬁvB( ))|1+Ot

/ R“v 1Y) t’ / Rla )}|y_zla

+C'H3r1190|\0a|(ﬁu2( ), Bus ()1 T

(
z1 pl+a = "
N0l [ A B 3 1) Vi) - (ot ), Va2

<C(8%* +e)ly — 2| (5.29)

In addition,

Yi  Z j
‘(|y’| |z’|)J4(z)‘
< Cly —2|*ly'I"*|10
<08 +e)ly — 2| (5.30)

Substituting (5.27)—(5.29) into (5.26) arrives at
[J1]a < C(6% 4 ¢).
Combining this with, (5.23)—(5.25), (5.31) and a routine verification yields

iy
|l

Step 4 Solvability of w;.
Since w; (i =2,---,6) is obtained, by (5.7), we define w; as

<O(6%+¢), i=23. (5.31)

= G3(W)wa + Y4 (W)ws + 95 (W)ws + Ys(W)ws + 97 (W) we

Z(| % Yty 4+ A )| jlwg)

Iyl ly'|
+ G5 (W)wa + G (W) ws + G (W) we (5.32)

Combining this with @ € =, (5.19)—(5.20), (5.22) and (5.31) shows

Jeilli.a < TE? +2). (5.33)
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Finally, we define w = T(w) by Steps 1-4. It derives from (5.19)—(5.20), (5.22), (5.31) and
(5.33) that

[W]]1,a < C(6% +¢). (5.34)

We choose § = 2Ce for 0 < € < g with some £y > 0 such that 0 < § < % Combining this with
(5.34) shows

[[w]]i,a < 0. (5.35)

This yields that w = T(w) € Zs for § = 2Ce and 0 < € < &g, namely, T maps Z; into itself
when 6 = 2Ck.

5.4 Contraction of the mapping T

For any given two states w' € Z5 (i = 1,2), we define w' = T(w') by Subsection 5.3. We
will frequently use the norm (-),, defined in (5.13) in this section without further declaration.
It derives from (5.3) that

0.}~ w) + ay (1), (w} — wd) = Fr(@') ~ Fr (W)

0, (10} — ) — - (w} —ud) + ax(r)o (w} — uf) = Fo(i') — Fo(i),

(w3 — w3)(0,7) =0, re(0,1),
(1w}~ uB)(,0) =0, (wh —wd)(,1) =0, e,
(w} ~ wR)(E:r) = 0.

Then similar to Step 1 in Subsection 5.3, with Lemma 5.2, one has

|Zwh —wd)o| +liwi—w})oTlha

<C(|(F@") = Fi(@?) o Tllo,a + [|(Fo(@') = F2(w?)) 0 Tlo,a)
Ce(w' —w?) . (5.36)

IN

With v® = wh + 0 for i = 2,3, we can define the operator L, with the coefficient Q;(y), the
characteristic Y*(¢;y) and S3,i,(y) (j = 2,3) by (3.14) and (3.16)—(3.17), respectively. By use
of (5.6), one has

ws —wy = Eo(|(Bur2(y), Bura®))]) — Eo(l(Buza(y), Buza(y))])- (5.37)
It comes from (3.16), (1.7) and the definition of =5 that

Y5 (ty) — Y2t 90,0 + |Y5 (5 y) — YY) |0,
<R3V = Q3(Y) oo + 1Q3(Y") — Q3(Y)||0,0)
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+e(Yz (ty) = Y3 (G y)llo.a + Y3 (B:y) — Y3 9) lo.0)-
Combining this with (5.36), (1.12) and (3.16) yields
Y5 (69) = Y3 (9o + Y5 () = Y3 (G )]0, < Ce(@ — W), (5.38)
and then

0,

< CIBor2(y) = Buz W)llo,a + 1Bu13(y) — Buz3(®)llo,a)

<O(1Q:(Y") = Q3(Y*) o, + 1Q3(Y") — Q3(Y?)]l0,0)

(@' — %) q. (5.39)

lws — w3

IN
QO

In the same way, one has
[wg — wd]|o,0 < Ce(@' — T2, (5.40)

With respect to wi — w3, tracking the similar estimates in Step 3 in Subsection 5.3 and
(5.38), one has

Hyf(wé - w%)‘ ont Hyf(wé - w%)‘ ) SCe(@ — T (5.41)
By use of (5.32), we also have
[wi = willoa < Ce(@ —0°)a. (5.42)
Combining (5.36) and (5.39)—(5.42) yields
(!~ w?)o < Cel@ ~ 0o < (@ ~ )

with 0 < € < g for some g9 > 0. From this, we obtain that T is a contraction mapping from

=s to itself.

5.5 Proofs of Theorem 2.1 and Theorem 1.1
Proof of Theorem 2.1 For any U° = (uf,u),ud, P’ E° s°) € {axisymmetry} with
w® being the combination of U® — U, € 5 by (2.8)—(2.9), we define a series {U"}5°, with

U™ = (uf,uy,uf, P", E", s") as well as w" as
w" =T 1), n>1. (5.43)

From Subsections 5.3-5.4, we have w™ € Z5 (n > 1) for some certain § = O(e) small
determined in (5.35) and

(W't —w" %), (5.44)
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shown by Subsection 5.4 with the norm (-) defined in (5.13).

By (5.43)—(5.44), there exists a unique w € =5 and the corresponding U defined by (2.8)-
(2.9), solving the problem (2.2) with (2.3)—(2.5) and satisfying the estimates (2.6). Therefore,
we finally complete the proof of Theorem 2.1.

Proof of Theorem 1.1 Since the transformation m defined in (1.13) is reversible due to
llg —1|l2,o < e in (1.7), thus, Theorem 1.1 comes from Theorem 2.1 immediately and the proof
is finished.
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