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Ergodic Stochastic Maximum Principle with Markov
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Abstract This paper is concerned with the ergodic stochastic optimal control problem
with Markov Regime-Switching in a dissipative system. The proposed approach primari-
ly relies on duality techniques. The control system is described by controlled dissipative
stochastic differential equations and modulated by a continuous-time, finite-state Markov
chain. The cost functional is ergodic, which is the expected long-run mean average type.
The control domain is assumed to be convex, and the convex variation technique is used.
Both necessary condition version and sufficient condition version of the stochastic maxi-
mum principle are established for optimal control. An example is discussed to illustrate
the significance of our results.
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1 Introduction

The stochastic optimal control problem is an important problem in stochastic control theory.
The stochastic maximum principle (SMP for short) and the dynamic programming principle are
two of the most important tools to solve the stochastic optimal control problem. The SMP was
firstly introduced by Kushner [13] and extended by Bismut [5] and Peng [18] to more general
cases. Bismut [5] introduced the linear backward stochastic differential equations (BSDEs for
short) as the adjoint equations, which play an important role in control theory. Pardoux and
Peng obtained the existence and uniqueness of the solution for nonlinear BSDEs in [17], which
has been widely used in stochastic control and mathematical finance. Peng obtained the general
SMP for the stochastic control system in [18] by applying the second-order adjoint equations,
which overcame the difficulty that appears when the control enters both the drift and diffusion
coefficients and the control domain is non-convex.

In the past few decades, Markov regime-switching models have been extensively researched
and received significant attention in finance and stochastic optimal controls. A regime-switching
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model can be formulated as a stochastic differential equation (SDE for short), where the co-
efficients are modulated by a continuous-time, finite-state Markov chain. Each state of this
Markov chain represents a different regime of the system (or a level of an economic indicator),
depending on the market mode. The model switches among a finite number of these states.
Compared to traditional systems based on diffusion processes, Markov regime-switching models
make more sense from the empirical point of view. With the development of stochastic analysis
and stochastic control theory, much work has been done on stochastic control problems for
the regime-switching system. The regime-switching model in economic and finance fields was
first introduced by Hamilton in [11] which described a time series model and then intensive-
ly investigated in the past two decades in mathematical finance. Zhou and Yin [25] studied
a continuous-time mean-variance model modulated by a Markov chain, which represents the
regime-switching. Donnelly [8] proved a sufficient SMP within a regime-switching diffusion mod-
el. In our paper, to deal with the regime-switching part, we follow the method in [8]. Yang et al.
[22] and Yang et al. [23] also studied the state-dependent switching control. Tao and Wu [20]
derived both the necessary and sufficient maximum principle for the forward-backward regime-
switching model by using the results about BSDEs with Markov chains. Moreover, Wang and
Wu [21] obtained the maximum principle for forward-backward regime-switching systems with
impulse controls. Zhang et al. [24] developed a global form SMP for a Markov regime-switching
mean-field model which is driven by Brownian motions and Poisson jumps. Bellalah et al. [2]
bridged the gap by providing for the first time in the literature a model that accounts explicitly
and simultaneously for inflation, information costs, and short sales in the portfolio performance
with regime-switching. Recently, Abdallah et al. [3] conducted a study on a stochastic optimal
control problem concerning an infinite horizon Markov regime-switching jump-diffusion model,
focusing on the investigation of optimal portfolio and consumption strategies within a switching
diffusion market.

Furthermore, the concept of the ergodic control system is widely utilized to describe models
over long time periods or with an infinite horizon in physics and mathematical finance. Optimal
stochastic control problems over such periods, aimed at minimizing the ergodic cost functional,
often reflect the controller’s ambition to enhance performance on a long-term and average basis.
These challenges are known as ergodic stochastic optimal control problems. Over the past few
decades, considerable research has focused on these problems for ergodic systems, addressing
both finite and infinite dimensional cases. Ghosh et al. [10] explored the ergodic control
problem of switching diffusions, which is prevalent in various applications like fault-tolerant
control systems and flexible manufacturing systems. Arisawa et al. [1] and Bensoussan et al. [4]
studied the ergodic stochastic optimal control problems and the corresponding Hamilton-Jacobi-
Bellman (HJB for short) equations in the finite dimensional case using analytic techniques. In
the context of infinite dimensions, Fuhrman et al. [9] investigated the existence, uniqueness
and regularity of solutions for ergodic BSDEs in Banach space, applying these findings to the
optimal ergodic control of a Banach valued stochastic state equation. More recently, Orrieri
et al. [14] introduced a version of the SMP tailored to ergodic control problems in finite-
dimensional controlled dissipative systems. These seminal works have laid a robust foundation
for addressing ergodic stochastic optimal control issues.

However, to our best knowledge so far, the SMP for Markov regime-switching models of
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ergodic type cost for controlled dissipative systems has not yet been established. This gap in
the existing literature motivates our research. In this paper, we develop an ergodic maximum
principle for an ergodic stochastic optimal control problem with Markov regime-switching.

Our study focuses on a stochastic control system characterized by an Ito-type SDE as the
state equation under dissipative assumptions and over infinite horizon, where the state process is
governed by a continuous-time finite state Markov regime-switching model. The cost functional,
being of ergodic type, reflects the long-term average behavior of the system, distinguishing
it from the general infinite horizon performance criterion (cf. [3]). Our approach primarily
relies on duality techniques and we employ convex perturbation techniques, as the ergodic cost
functional is expected to remain unchanged after applying the finite time perturbation; the
underlying reasons for it will be explained in a subsequent section of this study.

It is worth mentioning that for the ergodic control problem under the Markov regime-
switching model, there is an additional jump martingale appearing in the first order adjoint
equation. Moreover, the first order adjoint equation is a BSDE over an infinite horizon without
a terminal term. To overcome these obstacles, we employ the truncated adjoint equations
method outlined in [14]. We construct a family of truncated adjoint equations, which are
terminal-value BSDEs with jump martingale term on the finite time horizon [0, T|. By using
Ito’s formula with jump martingale from [8], we establish the existence and uniqueness of
solutions to these truncated adjoint equations and derive the duality relation, which in turn
allows us to obtain and prove the existence and uniqueness of solutions to the original adjoint
equation. Finally, leveraging the duality technique, we establish the necessary conditions and
the sufficient conditions for the SMP in our model.

The main contributions of this paper can be summarized as follows: We obtain the existence
and uniqueness of solutions of a class of BSDEs associated with jump martingale over an infi-
nite horizon without a terminal term in dissipative systems; we establish the ergodic maximum
principle for Markov regime-switching models and provide a clear proof of the necessary con-
ditions and the sufficient conditions for the SMP in our model, demonstrating its applicability
through a solvable example.

The rest of the paper is organized as follows. We devote Section 2 to presenting the notations
and the basic assumptions. We give the preliminaries of ergodic optimal control problem in
Markov regime-switching model under the dissipative conditions. In Section 3, we use the
convex perturbation of the optimal control, introduce the adjoint equation and give the duality
relation which is important to our main theorems. The main results are given in Sections 4-5.
We establish two versions of necessary SMPs and one version of sufficient SMP in our model.
Finally, in Section 6, we present a solvable example as an application of the maximum principle.

2 Preliminary

In this section, we formulate the stochastic control problem in a regime-switching diffusion
model and introduce some assumptions. Firstly, we introduce some notations which would be
used in the following. We denote | - | the Euclidean norm in R™, || - |2 the Hilbert-Schmidt
norm in R™*"™ (...} the inner product in some Hilbert space, and class C? the set of all twice
continuously differentiable function.

Let (Q,.%,{Z:}+>0,P) be a given complete filtered probability space. On this probability
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space, there is a standard Brownian motion B = {B, };>( taking value in R” and a continuous-
time stationary Markov chain o = {ay}>0 taking value in finite state space I = {e1, - ,en}.
We assume that B and « are independent and the completed filtration {.%;},>¢ is generated
jointly by B and a, i.e.,

Fi = o(as, Bs, s €[0,t]) VA (P), te]0,00),

where .4 (P) denotes the collection of all P-null subsets.

The generator of a is an N x N matrix Q = {qij}ﬁ’j:l and the initial value of « is 4.
For each pair of distinct states (i,7), we define counting process [Q;;] @ @ x [0,00) — N by
[Qijl(w,t) == >0 1ia(s—)=i)(W)1ja,—j)(w), for all ¢ in [0, 00), where 1 is the indicator function,

0<s<t

compensator process (Q;;) : € x [0,00) — [0,00) by (Qij)(w,t) = gij fot 1ia(s—)=q (w)ds,
for all ¢ in [0,00), and compensated process Q;;(w,t) : Q x [0,00) — [0,00) by Qij(w,t) =
[Qij](w,t) — (Qij)(w, 1), for all ¢ in [0,00). As detailed in [19], the compensated process is a
purely discontinuous square-integrable martingale with initial value zero.

In this paper, we consider the optimal control problem in predictable structure. We de-
note the predictable o-algebra on Q x [0, 00) associated with the filtration {#;}>0 by P*. A
stochastic process X is predictable, written as X € P*, if it is P*-measurable.

We will use the following notations for any real number 1 < p, ¢ < oo, T" > 0, continuity
interval T on R™, such as [0, 7] or [0, +0cc), and ¢ in T:

L*(Q, Z;R"™) : = {R"-valued, .#;-measurable random variables ¢ s.t. E|¢|? < oo},

LP(QYx T;R"™) : = {]R"—valued, (F)-progressively measurable processes X s.t.

IE/T|Xt|pdt)% <oo},

LYT; LP(;R™)) : = {R"—valued, (Z)-progressively measurable processes X s.t.

/(E|Xt|p)%dt <o},
T
Lo°(T; LP(;R™)) : = {R"—valued, (Z)-progressively measurable processes X s.t.

sup(E|Xt|p)% < oo}7
teT

L. (QxT;R") : = {R"—valued predictable processes X s.t.

(/|Xt|pdt) <oo}

L%.(Q,T) : = {R -valued, predictable processes I' = {(FE;))%ZD e (I‘E}”)%Zl},

where IV =0 (P® dt)-a.s. in Qx T, Vi € I,

M0 ep vijerizi SV E JARCHOREYS

1=11,j5=1

We now turn to the mathematical formulation of the problem. For any initial condition
xg € R", ig € I, we consider stochastic control system where the state of the system is governed
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by an R™-valued controlled Markovian regime-switching SDE:

dXt = b(Xt,ut,at)dt—l—U(Xt,ut,at)dBt, t 2 0,
(2.1)
Xo=wm, ap=r1o
along with the cost functional (expected long-run average types):
1 T
T(u()) = timsup B[ [ £ .. (2.2)
T—o0 T 0

where B; is d-dimensional Brownian motion, and b : R* xR x I — R, g : R® x Rl x [ — R"*¢
and f: R™ x R! x I — R are three given continuous functions. The specific assumptions on the
coefficients will be given later.

We fix that m € N, p > (4dm +2) Vv 4 and k > p—gl for the rest of the paper which are

three constants involved in the admissible controls and assumptions. We denote U as a given
nonempty closed convex subset of R¢, and the set of all admissible controls is denoted by

Uwd == {u :Q x RT — U; where u € P* and sup E|w,|? < oo}.
>0

Now, we give the main assumptions of this paper.

(A1) (Drift term) The mapping b: R™ x U x I — R"™ is a given continuous function such
that for any e € I, b(z,u,e) is B(R™) @ %(U)-measurable and class C? with respect to x and
u. Moreover, there exists a constant C; > 0 such that, forallz € R, ue U, e € I:

bz, u, )] < CL(1+ |2 + Jul);
|bo (2, u, €)| < Cr(1+ |2|*™); (2.3)
[bu (2, u,e)| < Cy.

(A2) (Diffusion term) The mapping o : R® x U x I — R"*? ig a given continuous function
such that for any e € I, o(z,u,e) is B(R™) @ Z(U) measurable and class C? with respect to =
and u. Moreover, there exists a constant Cy > 0 such that, for all z € R, u € U, e € I:

lo(@,u,e)ll2 < Ca(1 + |2[™ + [ul);
oz (2, u, e)ll2 < Co(1 + |2[™); (2.4)
lou(z,u,e)]l2 < Ca.

(A3) (Joint dissipativity) There exists a constant Cj, < 0 such that, for all z,y € R", u €
U,ecl:

(b (. u, )y, y) + kllow (@, u, e)yll3 < Cklyl?, (2.5)
which implies
<b($,u, 8) - b(yvua 8), xr — y> + k||a(x,u, 8) - U(yvua 8)”% < Ck|il? - y|2 (26)

(A4) (Cost) The mapping f : R™ x U x I — R is a given continuous function such that for
any e € I, f(z,u,e) is Z(R™) @ #(U) measurable, bounded from below by a constant fy and
differentiable in z and u. Moreover, there exists a constant C' > 0 such that

[fe (@, u, )| + [fu(@,u, €)] < C(1+ [a] + [ul). (2.7)
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We claim that under (A1)—(A3), for any given initial condition and admissible control, there
exists a unique strong solution of (2.1) and the following estimate holds:

E|X,[P < e PPt|ao|P + 0(1 + sup E|ut|p) (2.8)
>0

for some positive constants f and C' which only depend on the constants m, p and k appearing
in assumptions. A proof of this claim will be given in the following Theorem 2.1. It is easy
to check, the cost functional (2.2) is well-defined for any given admissible control. The main
purpose of this paper is to study the stochastic optimal control problem, which is stated as
follows.

Problem 2.1 Find an admissible control @(-) over U, such that

J@)= it () (2.9)

The admissible control u(+) found above is called optimal control, and the aim of this work
is to give some necessary and sufficient conditions for optimality of the controlled system.
We conclude this section by giving the solvability and estimate of (2.1).

Theorem 2.1 Let assumptions (A1)—(A3) hold. Then, for any given initial condition
(x0,10) and admissible control u(-) € Uaq, (2.1) admits a unique progressively measurable solu-
tion X. Moreover, the estimate (2.8) holds for some positive constants C = C(p) and (5.

Proof The proof of existence and uniqueness of a strong solution to (2.1) follows a piecewise
method similar to that in [7]. Now we prove the estimate (2.8). Denote X; := ef!X;, for any
positive constant 5. We apply Itd’s formula to e%*X;. Then X; solves:

{ d)?t = B)Z}dt + eBtb(e_'@t)Zt, Ut, O[t)dt + eBtU(e_ﬂtX}, Ut , Oét)dBt, t 2 0, (2 10)

XQ = X0.

We denote by (z,u,e) := ePtb(e™Pla,u,e), 5;(z, u, e) := Pla(e Pla,u,e), and by g := by (0, u, €),
o10 := 0¢(0,u,e) for short. Due to (A3), for all e € I, it follows that

(be(z,u,e) — by, u,€), @ — y) + k|5 (,u,e) — Gy, u, e)[|3 < Crlz — y[? (2.11)

and

[br0] < CePH (1 + Jul),

- (2.12)
[15e0ll2 < CePH (1 + |ul).

Denote p = 2¢, and apply Ito’s formula to | X;|?9, we obtain
E| X |*? = |20]?? + E{/ V. ®(Xs, 8)psd By —|—/ V. ®(Xs, 8)1psds
0 0

El tT (X Tq 2.13
+ 5‘/0 ’f’[ ww( 578)¢s¢5] S, ( . )
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where ¢; = &, ¥y = BX; + by,

o
V. (X, t) = (3:5*)1':1 = 2q| X 20D x,
82(1) j=1,---,n
oo (X, 1) = ( ) —4q(g — DX X 0 X +2¢|X 2((1—1)17

where I is an n-dimension identity matrix. Hence
~ o ~ o~ 1
BIR[ = fool*0 + 26E [ X PO (o) + 55 18) ds
0
t _ t . )
+ 2¢BE / X, 2ds + 2q(q — 1)E / IR 20D (5,50 (37l M ds
0 0
s -~ 1
< |xo[? + 2 / X0 ((K,b) + (4= 5 ) 1513 ds
0
t o~
+2¢BE / | X, [7ds
0
b -~ 1
= foo* + 28 [ |RPOD ((£eB oo + (0= 5) 1] )ds
0
t _ o t _
+2qE/ |Xs|2<q—1><Xs,bs,0>ds+2qﬁE/ | X, [%9ds. (2.14)
0 0
By Young’s inequality (z + y)? < (14 6)2? + (1+ 5)y?, for any 6 > 0, we can obtain that
t
- - S - 1 o
BIE < faoft+ 208 [ P00 (R~ ) + (4 5) (14 05 — Fuol)ds
0

+ 208 [ TP (R0 + (- ) (14 3)150l8) s

t
+2q5]E/ | Xs|?%ds. (2.15)
0

Specially, for those 6 > 0 such that (q— %) (140) < k. Thanks to (2.11) and Young’s inequality,
it follows that

~ ) L
E| X¢|*? < |zo|*? + Qq(Ck +B8+ 5)]E/ | X,|?9ds
0

+ 28 [ TP (ool + (0- 3) (14 2)IsolB)as. (216)

By (2.12) and Young’s inequality |=|*|y|? < k|z|(@+F) 4 aLj_ﬁ [M] K ly|(@+8) for all o, B,k >

0 we infer that

~ § L
BIS < [oo +20(Cu+ 5+ 5+ 26)E [ 1K, Pads
0

t
+CE/ 62985 (1 4 |, |29)dss, (2.17)
0

where the constant C' depends only on ¢, 4, # and x. Choosing 5, 6 and k small enough and
recalling that C < 0, such that C, 4+ 3 + g + 2k = 0, then we have the following estimate:

E|X, [P < e PPtalP + 0(1 + supE|ut|p>. (2.18)
t>0
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We thus complete the proof.

Remark 2.1 The constant C' is time-independent; in other words, it is uniform over time.
When 6 > 0, the inequality (q — %) (1 +0) < k holds, and this implies that & must be greater
than 221

2

3 Variational and Adjoint Equations

In this section, we will introduce the variational equation and adjoint equation of the con-
trolled system. Firstly, we elucidate the reasons why perturbations in local time of optimal
control cannot be employed to investigate ergodic optimal control problems. Let £ > 0 be given
and for any local time interval E = [t, t3] with to —¢; = ¢ and for any admissible control u(-),
we define the following:

(3.1)

. u(t), teE,
w {a(t), t € [0,00)\E.

It is clear that u®(-) € Uyq and we denote the corresponding state process by X¢(-). Then, we
obtain the following inequality:

I = H ()] < limsup ZE[ |17 (K0 ) = £ 0] 1

T—o0

: (I -
+11rnsup —]E|:/ |f(Xt,Ht,ozt) —f(Xf,ﬂt,Oét”dt}

T—o00 to
1 L
—0-+timsup B[ [ f(Rem,a) — fOGma0lde], (32
T— o0 to

where the first term equals zero due to the boundedness of f. Applying It6’s formula to
| X — X£|? over the interval [t2,t] and assuming the dissipativity condition (A3), we can deduce
that E[|X; — X7|?] decreases exponentially over time. Combining this with (A4), we further
deduce that

T

lJ@()) — J(us(-))] < Climsup lE[/ e Pt = 0 (3.3)
T—o00 T to

for some B > (0. This indicates that, in ergodic optimal control problems, methods involving

finite-time perturbations of the optimal control, such as needle perturbation technique, are not

viable. Therefore, we adopt an alternative approach utilizing convex perturbations. However,

for this purpose, it is necessary for the control domain U to be a convex set.

For £ € (0,1], and any admissible control u(-), we denote u*(-) := (1 — e)u(-) + cu(-) =
u(-) + ev(:), where v(-) := u(-) — @(-). Then, u*(-) is an admissible control and we denote
the corresponding state process by X¢(+), and we use X (-) to denote the corresponding state
process under the optimal control process @(-). Our first goal is to give some estimates of our
system which will be used in the subsequent proof.

Lemma 3.1 Let assumptions (A1)—(A3) hold. Then there exists a constant C which only
depends on the constants m, p and k appearing in assumptions such that

sup E| X7 — X¢|P < Ce? sup E|vy|P. (3.4)
>0 >0
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Proof The proof goes through by the same method adopted in Theorem 2.1.
Now, we introduce the variational equation of our model and then provide an estimate of
its solution,
dY; = b, (X, Ty, o) Yedt + 0, (X ¢, Ty, o) Yed By
+ b (X4, Ty, g )vpdt + 0y (X ¢, Uy, g )ved By, >0, (3.5)

where (X}, 7;) is an optimal pair for the system (2.1).

Lemma 3.2 Let assumptions (A1)—(A3) hold. Then the variational equation (3.5) admits
a unique adapted solution Y = {Y;},>0, and there exists a constant C' which only depends on
the constants m, p and k appearing in assumptions such that

E|Y:|P < C sup Elvg|P. (3.6)
s€[0,t]
In particular,
supE|Y;|? < C sup E|v,|? < oo. (3.7)
>0 s€[0,t]

Proof The proof goes through by the same method adopted in Theorem 2.1.
Denote Y; := ePtY;, for any positive constant 3. We apply Ité’s formula to e?tY;. Then Y,

solves:
df/t = [55715 + by (X¢, T, at)i;;t + eBtbu(Ytaﬂta ay)vg|dt
+ o2 (X ¢, Uy, Oét)i}t +ePto, (X4, Uy, oy )vg]d By, >0, (3.8)
Yo = 0.
We denote gt(y,v,e) = by (X, s, e)y + b, (Xt T, e)v, 0¢(y,v,e) = 0.(Xy, s, e)y+

ePto, (X¢, Ty, e)v, and Et)o :=0(0,v,€), 710 := 74(0,v, e) for short. Then
di}t - [ﬁi‘}t +Et(i}tvvtve)]dt+f&t(i‘}tavtae)dBt7 t Z O (39)
Due to (A1)—(A3), for all e € I, it follows that

|’gt70| = |eﬂtbu(7taﬂtae)v| < Cle'@tlvlv

! (3.10)
[5t0ll2 = [e7 0w (X ¢, T, €)v] < Cae”[v|

and

<,gt(y17/u7e) _,gt(y27vae)ay1 - y2> + kHat(ylavae) - at(y27vae)”%
= <bI(Ytaﬂtae)(y1 - yQ)ayl - y2> + k‘.HUl?(thﬂtve)(yl - yQ)Hg
< Cklyr — y2|* (3.11)
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Let p = 2q. Apply Itd’s formula to |1~/t|2q over the interval [0, t], followed by Young’s inequalities.
For any 6 > 0, we can obtain that

t
- - - - 1 o
mm”smEénﬁ“ﬂQn@—mm+@—§yme%—%ﬂ®®

t
- -~ 1
28 [ TP (T + (1 3) (14 5) [Faol})ds
19RO (T + (- 5) (14 5) 12018)
t
+2qBIE/ Y, [%9ds. (3.12)
0

Specially, for those 6 > 0 such that (q— %) (140) < k. Thanks to (3.11) and Young’s inequality,
it follows that

~ ) v
E|Y;|* < Qq(Ck +8+ —)]E/ Y, |?ds

+ 28 [ TP (ool + (1 ) (14 ) Ieol)as. G13)

By (3.10) and Young’s inequality |=|*|y|? < r|z|(@+F) 4 af_ﬁ [K(aﬁ_ﬁ)] K ly|(@+B) for all a, B,k >

0, we infer that
- 6 t . t
BT < 2g(Ch+ B+ 5 + 2%)E/ I, 20ds + CE/ B8 |y, 2)ds,  (3.14)
0 0

where the constant C' depends only on ¢, §, 8 and k. Choosing 3, § and x small enough and
recalling that C < 0, such that Cy + 3 + g + 2k = 0, then we have the following estimate:

E|Y;|? < C sup E|vs|P. (3.15)
s€[0,t]

We thus complete the proof.

In order to obtain the expansion of the cost functional, we give the following proposition
which is fundamental.

Proposition 3.1  Let assumptions (A1)—(A3) hold. Define Xs = Xf;y‘ —Y:. Then we
have

lim supE|X:[? = (3.16)

=0+ ¢>0

Proof Clearly, )A(f satisfies the following SDE:
AR = 20X, uf, ) — (K, 1) — b (Ko, T, 00)Y; — b (Ko, )l
+§[(th, uf, o) — o(Xp, U, ) — €05 (X4, Up, o) Yy — €04 (X4, U, o )vy]d By, (3.17)
Xg =0.
First, according to Taylor expansion, it follows that

AX7 = (AS"X: + ASYY, + A5 dt + (B XE + BEYY; + BEv)dBy, (3.18)
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where
1 — A~
ATT = / [b:(X ¢ + Xe(Yy + X7), U + Aewvg, o) ]dA,
0
1
A?y L= / [bw(yt + AE(YVt + th),ﬂt + /\E’Ut, Oét) — bw(yt,ﬂt, O[t)]dA,
0

1
Ai’v L= / [bu(yt + )\E(Y} =+ Xf),ﬂt =+ /\E’Ut, O[t) — bu(yt,ﬂt, Oét)]d)\,
0

1 (3.19)
Byt = / [02(X1 + Xe (Y 4+ X5), Uy + Aevr, a)]dA,
0
1
Bf,y = / [Uw(yt + )\E(Y; + Xf),ﬂt + Aewy, Oét) - Uw(yt,ﬂt, Oét)]d/\,
0
1
Bf’v L= / [Uu(Yt + )\E(}/t + Xf),ﬂt + /\€’Ut, Ozt) — O’u(yt,ﬂt, O[t)]d)\
0
Next applying Ito’s formula to e”*| X;|2, we can obtain
E(e*|X5]%) = 2E / P (AT R 1 ASVY, 4 ASvu,, RE)ds + BE / 5| X7 2ds
0 0
t
+ ]E/ % BS* X + BEVY, 4+ BSVv,||3ds. (3.20)
0
Thanks to (A3), we can take 5 > 0 small enough such that
2(A0 XS, XD) + 28] BT XC|I3 + 51 XE I < 0. (3.21)
After repeating the computations from the proof of Theorem 2.1, we obtain
t
E|X;* < 0/ e PUTIR[ATYY|? + |AT vl + | BEYY2 3 + || B Pwel5]ds. (3.22)
0

For any fixed constant x, k' satisfying

2, m =0,

l<w< X m>1, £—1
4m
it is easy to verify % + % =1, 2k’ < p, 4mr < p and 2k < p. By Holder’s inequality, we have
t
/ e_B(t_S)E|A§’yYS|2dS
0

t 1
S/ o~ B=9) Ry, 2 )77 - (/ E|be (X s 4+ Ae(Ys 4+ X2), Us + Aevs, as)
0 0

1
- bw(Ys,ﬂs,as)F“dA) " ds. (3.23)
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Recalling Lemma 3.2, then we can obtain

t
/ —5(t—S)E|A€ vY,|?ds

=

<C/ / Elby (X + Ae(Ys + X2), Uy + Acvs, avg) — by (Xs,us,as)|2”d/\) ds

<0/ e /Elbﬁsue(nﬁiws+Afvsvas>
0

1
by (X, T + A, as)|2”d)\) " ds
1
+ c/ Bt s) / Elby (X, Ts + Aevs, vg) — bz(Ys,Hs,as)P“d)\) " ds. (3.24)

Now we prove the convergence of the first term. According to (Al), for all e € I, u € U,
by (-,u,€) is a locally Lipschitz function with respect to x. So that for all constant R € RT,
for all e € I, u € U, there exists a constant positive Cr such that b,(-,u,e) is Lipschitz
function with Lipschitz constant Cr in the ball of radius R. For t and &, we first define the sets
Aie(R) = {w € Q| |X;|V|X{| > R}. By Chebyshev’s inequality and previous estimate (2.8),
it follows that
2 12

P(A(R)) < w < 7 (3.25)
It is easy to check, for all positive constant 0, exists Ry large enough such that A; . (Rp) is less
than 6. Denote X} := X; + Ae(Y; + X5) = (1 — \)X; + AXF. Taking a positive constant
satisfying 4mr(1 + §) < p, then by Holder’s inequality, we can obtain

t 1 1
/ e—ﬁ<t—s>(/ Elbs (X Ty 4+ Aetv, ) — by(X, Ty 4 devs, ) A) "ds
0 0

t 1
< C/ e—B(t—S)(/ / |bw(X§‘,ﬂS + e, as)
0 0 A< (Rg)

by (X, T + Aevs, as)|2”‘de)\) ds

t 1
+ C’/ e_B(t_S)(/ / |bgC(XS’\,ES + Aevs, ag)
0 0 ¢, (Ro)

1
— by (X s, Ts + Aevs, a5)|2“dIE”d)\) " ds

=

t 1
< 0/ e—5<t—5>(/ 075 (| b (X2, s + Aevs, )
0 0
1
— by (X s, Ts + Aevs, as)|2“<1+5>)1*iadA) " ds
t
+ c/ e PH-9CE (E|XS - X, ) ds. (3.26)
0

Thanks to estimate (2.8) and (A1), we have that

E|by (X2, s + Aevs, as) — by (X s, s + Aevs, a5)|2n(1+6)
< C(E|XSA|4mK(1+6) _|_E|YS|4mn(1+6) 1)< é, (3.27)
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as well as

lim supE|X¢ — X | = 0. (3.28)

e—04 $>0

Since f is an arbitrary positive constant, we can obtain

=

t 1
lim sup/ e_B(t_S)(/ I[“E|bgC(XS’\,ES + Aevs, ag) — b (X 5, Us + Avs, as)|2”d/\) ds
0 0

E—)0+ 5>0
i t + < 12k L
< lim supC [ e PU=9Cx (B|XE — X,[**)~ds = 0. (3.29)
e=0+ 5>0 0 ‘
The proof of the convergence of the second term is analogous. Consequently, we infer that
t
lim sup/ e AU=IE|ASYY,|2ds = 0. (3.30)
e—04 s>0.Jo
Following a similar argument, we can obtain

t
lim sup/ e PUE| A5V, |?ds = 0;
0

=0+ >0

t
lim sup/ e PU=9R|BSYY,|2ds = 0; (3.31)
0

6—>0+ SZO

t
lim sup/ e PE=IE| BSV0,|2ds = 0,
0

e—04 >0

which implies the required result.

Remark 3.1 The conditions % + % =1, 2k’ < p, 4mk < p and 2k < p imply that p must
be greater than (4m + 2) V 4.

In the next part of this section we will give the convex perturbation of the cost functional.
Firstly, by (A4) and the estimate (2.8), we have

T

1¢ (7
< limsup — {/ K(l + supE| X% + supE|ut|2)dt} < 0. (3.32)
Tl >0 >0

T—o0

To simplify the writing in what follows, we denote J7(-) for the truncated cost functional,

T (u(-)) = E[/OT f(Xt,ut,at)dt] (3.33)

Now we give the expansion of the functional with respect to a convex perturbation of the
control.

Lemma 3.3 Let u(-) be an optimal control, and u(-) be any admissible control, then the
following estimate holds:

L T = J@()

E—)0+ g

T—o0

T
< hmsup %E/O [<f1(ytaﬂt7 O[t)vi/t> =+ <fu(yt,ﬂt, Oét),’Ut>]dt. (334)
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Proof First, by Taylor expansion, we have

JE () = I (@
e

+ (e, fu(X e+ MXT = X0), T+ Mug —T), o))]dAdL.

Thus
J(u () = J(@())
g
= = [timsup 7.7 (w?()) ~ tiwsup 7.7 @()
< ey 200D = I
T—o0 Te
< limsup — IE/ / (X2 Fo(X) + MNXE — X0), T + AUl — ), a))]dAdt
T— o0
+hmwp—E/ / (Vi £u (Ko + A(XE = X0), T+ A(us — ), a0)
T— o0
+ <Ut7,fu(Xt + )\(Xt - Xt),ut + A( Uy — ), t)>]dAdt =: I—|— II,
where

= lim sup — IE/ / (X2, Fu(Xy + MXE — X0), 00 + AuE — ), on))]dAdt

T—o0

and

IT : = limsup —E/ / (Vi fo (Xt + MXF — X¢), 0 + ANu —7), o))

T—o0

—+ <Ut7fu(Xt +)\(Xt€ —Xt),ut +A( t — ), t)>]d)\dt

By applying Holder’s inequality, we can obtain

I<hm5up—/ / (E| X [? 2E|fz(Xt—|—/\(X - Xy),

T—o0

W + A(uS — ), o) |?) 7]dAdL.
Thanks to (A4) and previous estimate of X§ and Y;, it can be seen that

lim I =0,

e—04

as well as

1 (T, —
lim II = lim sup TIE/ [(fo(Xt, T, 1), Ye) + (fu (X4, Tr, o), vp)]dt.
0

e—=04 T—o00

Based on the above argument, we complete the proof.

T 1 =R o o
—IE/ / (RS 4 Vi, £o(Xy 4+ A(XE — X0), T+ Al — ), )
0 0

(3.35)

(3.36)

(3.37)

(3.38)

(3.39)

(3.40)

(3.41)

Now we introduce the adjoint equation associated to the system, which is an infinite horizon

BSDE in R™. For the given admissible pair (X, u) in the system (2.1), the adjoint equation, char-

acterizing the unknown R™ x R"*? x (RV*N)"_valued adapted processes p;, ¢ = (qt,- -

g,
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and z; = (zt(l), e ,zt(n)), is the following infinite horizon BSDE with Markov regime-switching
d - d
—dpy = [OtT pit+ > DFqf - Et} dt — > " qfdBf — 2 - dQ,. (3.42)
k=1 k=1

Here the coefficients have the form Cy = b, (X¢, ut, ar), Dy = 04 ( Xy, ur, ), By = fo Xty ur, o)
and

T
2 dQy = (Zz £)dQi; (1), - - ,Zzi(;l)(t)inj(t)) . (3.43)
i#] i#£]
Since adjoint equation (3.42) is defined on an infinite horizon, we provide the definition of
solutions to adjoint equation (3.42).

Definition 3.1 A solution to the adjoint equation (3.42) is an adapted processes (pe, Gt 2t)
such that:
(1) For fized T > 0, and for all t in [0,T],

T d T
pt = pr + / {C;Fps + Z DfT ds — Z/ ¢"aBr — / zt - dQy, P-a.s.  (3.44)
t Pt t

(2) The adjoint process {pi}i>0 has continuous trajectories.
(3) For fired T > 0,

{pe}izo € L (RT; L (O R™)),
{aF e € e (@ X [0, TR, k=1, .d, (3.45)
{zt}teom € L%*(Q, [0,77).

We can prove that, under the assumptions (A1)—(A4), for any admissible pair, there exists
a unique solution of the adjoint equation (3.42).

Theorem 3.1 Let assumptions (A1)—(A4) hold. For the given admissible pair (X,u), the
adjoint equation (3.42) admits a unique solution (p?°,qs°, 27°)i>0 satisfying the Definition 3.1.

In order to prove Theorem 3.1, we will first introduce a group of the following BSDE named
truncated adjoint equation and a group of SDE named affine equation. Then, we present the
duality relation between these two equations.

For the given admissible pair (X, u), terminal time 7', the truncated adjoint equation, de-

scribing the unknown R™ x R"*4 x (RN *N)7_yalued adapted processes p, ', ¢ = (¢i""", -+,

q;i T, 1/) and Z;I‘,z/ _ (Zgl).,T.,l/’ o Zgn).,T.,l/)

on interval [0, T] with the given terminal time 7" > 0 and terminal pg’” =ve L}, Ir;R"):

, is the following finite horizon regime-switching BSDE

d

_dpinu _ {C;TptTV i ZDkT k,T,v Et} . qu7T7udBf

th € 0.7]. h=1 (3.46)

Tw _
Py =U.

The existence and uniqueness of the solution by (3.46) can be get similarly by the result
of Orrieri et al. [15, Theorem 6.2], Briand et al. [6, Theorem 4.1], Pardoux [16, Theorems
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2.1-2.2], Huang et al. [12, Theorem 5.13]. The proof is technically and lengthy, we omit it and
only give the conclusion.

Lemma 3.4 Let assumptions (A1)—(A4) hold. For the given admissible pair (X, u), termi-
nal time T' > 0 and terminal p?’” =v € L?(Q, Zr;R"), the truncated adjoint equation (3.46)
. . . . Tw Tw _T,w
admits a unique progressively measurable solutions (p;"",q; ", z; " )eejo, 1) such that:
(1) For all t in [0,T],

T d
T
P = v +/ [O;TpsT,u +§ :D’; T — ES} ds
t k=1

d T T
- Z/ g dBE — / 2 dQy, P-a.s. (3.47)
k=171 t

(2) {p?’”}te[O)T] has continuous trajectories.

(3)
{p?’y}te[o7T] € L([0,T]; L*(; R™)),
(™ Yieor) € LA (Q % [0, T R™), k=1,---,d, (3.48)
{Z?V}te[o,T] S L%* (Q,[0,T7).

The affine equation is a forward SDE:

d d
dYLne = O YEmeds + Y DEYEITPABE 4y ds+ Y phdBE, s >t

P = (3.49)

y;fm,'y-,p =
It is a forward SDE with initial condition n € L?(€, .%;; R™) and general forcing term (¢, pf, - ,
pd) with v; and pi, i =1,--- ,d in L3([0,T]; L?(;R™)). When v =0 (resp. p=0, 7 = p =0),
we write Y5170 ag YL (resp. YL Vi) for short.

Specifically, when we take ¢t = 0, n = 0, 75 = By (X5, us, as)vs and p¥ = o¥ (X, us, as)vs,
the affine equation (3.49) is variational equation (3.5).

Let assumptions (A1)—(A4) hold. By the same method we derive that, like the proof of
Theorem 2.1, the affine equation admits a unique adapted solution and we have the following
estimate

E[Y; 7P| < e PEDE| + K/ e HCTIE |y, 2 + oy 2 4 - 4 |l (3.50)
t

We conclude this section with the duality relation between the truncated adjoint equation
(3.46) and the affine equation (3.49).

Lemma 3.5 The truncated adjoint equation (3.46) and the affine equation (3.49) have the
following duality relation :

T d T
E/ (Pl ye)ds + 3 ]E/ (8™, pk)ds + E(p{ ", m)
t k=1 t

T
= E/ (Yor1P, —Eg)ds + By, Vi), (3.51)
t

where 0 <t < T, v & L2(Q, Fr;R"), n € L2(Q, F,;R"), v, pk € L2([0,T); L2(Q;R™)).
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Proof Firstly, we have

/ d ytn'vp Tu> _ E<y%nmp7pg,u> _E<ytn'vpvpt >
= E{u, Y&y —E(p " ). (3.52)

By using It&’s formula on [t, T] to (Y&"7° pT"¥) we obtain that

T
E/ d<y;§,n,'y,p’pST,V>
t

T
=B [ LR 0T + (T V) + (Al i)

T d
E/ ytn'yp _[ +ZDk sz/_ ]ds+Zq§’T’”dBS+ZST’V'dQs>

k=1

+< v cy“wpderZD yt”W’dBk+75ds+ZpkdBk>
k=1 k=1

d
+(-[cr» +2Dk QT BJds + 3 gt aB, + 2 dq,,

k=1

C, y“wpderZD ynred gk +”ysds+2pkdBk>}

k=1 k=1
T d T
—E [ [(yumr,[cTpl + > DT - B]as)
t

(T, GV s + yds) + Z ¢ dB,, Z Dy B+ phdBy))
k=1

d d
:E/T [<3}§7"77’p,ES>dS+< Y e ds+zz kTu dBkdBj}
t

k=1 j=1
T d
= E/ [O;;fﬂ?,%p’ Es>ds + < 7'7.9 dS + Z k, TU, Ps d8:|
t

which implies the required result.
Now, we prove Theorem 3.1.

Proof of Theorem 3.1 (1) Existence. First, let ustakev =~ = p=0,7n € L?(Q, %;R")
in duality relation (3.51), then we have

T
E(p{ ,n) = E/ (Y, —Es)ds. (3.53)
t
By previous estimates, we can obtain that

supE|E,|* < supEK(l + 1 X2+ Jus)?) < o0, (3.54)
5>0
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as well as
IE/ |VEn|2ds g/ e 2P6=DE|p2ds < oo. (3.55)
t t
Thus
T o)
lim E/ (YL —E)ds :E/ (Vi —E,)ds. (3.56)
T— o0 + +

Define ©:L2(Q,.%;; R™") — R by
O(n) = ]E/ (Y, —E)ds. (3.57)
t

Since V4" satisfies (3.49) with v = p = 0, then © is a bounded linear operator. By Riesz
representation theorem, there exists P, € L%(§),.%;; R™) such that

E(P,,n) = E/ (Y —Eg)ds = Tlim E(pf,n}, n e L*(Q, #;RY). (3.58)
t — 00

This means that p] weakly converges to P; in L?(£2,.%;;R™). Thanks to (3.55) and (3.58), we
can obtain that

E|P* < B~ sup(B|E,|?)?, t>0. (3.59)

5>0
Let {7 }ren be a sequence of .#-stopping times which strictly increase monotonically to the
infinity. For all n € N, let (7", q,"™,--- ,atd’T”‘,Ez")te[o)Tn] be the solution of the following

truncated adjoint equation

d d
—dpp = [CFE + 3 DE g - B -3 g B,
5.dQ. telo,m), o (3.60)
b =P,
We claim that, for all n,m € N such that 0 < n < m and for all t € [0, 7,,], we have that

it =p,  P-as.,
§m=q"™, Podtas inQx[0,7], (3.61)
2=z P®das inQx|0,7,]

Recalling duality relation (3.51), it follows that
E@;,m) =E / (V7 —Es)ds + B(Pr,, Y2T),  n € L*(Q, F3;R"). (3.62)
t

By (3.58), we can obtain that

o0 t
Tn

E<Prn7y7t-)nn> = E/ <ys ) —E5>d8, ne L2(Q, yt;Rn). (363)

Tn
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Thus

oo

EGr,m) =E / (V1 —E,)ds + E / VYR _Eds. (3.64)
t T

n

Recalling the existence and uniqueness of the solution of affine equation (3.49), it follows that

yT"’ =YL s € [rn,00], P-as. (3.65)
Moreover, we can obtain
E(p{",n) = E/:OQJ;»”, —Eg)ds =E(P,n), te€[0,7,), n€L*(Q F,R"). (3.66)
By the same method we have
E@;m,m) =E(P,n), te0,7m], ne€L(Q,F;R"). (3.67)

Since E(P;,n) does not dependent on n or m, we have p;” = p;™,P-a.s. for all ¢ in [0, 5,] and
pyr = pym,P-a.s. in particular. By the existence and uniqueness of the solution of truncated
adjoint equation (3.46) our claim (3.61) is proved.

Since (3.55), it follows that

sup (E[p7"[*)? < B~ sup(E|E,[*)?. (3.68)
tel0,7,] s>0
Now we first define (p°, ¢, -+, >, 28°)i=0 by

~T0 k,00 ~k,Tp, n
= Zpt Iiry 1)), @™ = Zpt I ) (t), 2 = Z Iir 1y (t). (3.69)
n=1 n=1

We claim that (pg°, qtl’oo7 ceey qf’oo, 2¢°)>0 is the desired solution. Indeed it satisfies the desired
integrability and adaptedness conditions. Now we prove it satisfies (3.44). Fixed 0 <t < T,
since {7 }ken is a strictly increase monotonically stopping time sequence, there exist ny’, n%. € N
such that

Tny §t<7'n‘,j’+17 Tng, §T<Tn¥+1 (370)

hold for a.e.-w € 2, which implies

Thw Thnw
~'nf +1 ~71T+1

P =0, T =D . (3.711)
Then we have
p?o _p%o _ §an+1 - ,pi’n%Jrl
ne—1
(g _ STeeery | STngel | STng ™ (et _ et 3.72
LR e B (A A B N (e A e B (3.72)
n=n{ +1

Recalling claim (3.61), it leads to

pim =0, t< Ty, P-as. (3.73)
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In particular,

T =T 1
pr =pott, P-as.
Then we can obtain
o0 o0
by —DPr
ng—1
~Tn% 41 ~Tn%¥ 41 ~Tn +1 ~Tn 41
— t _ t T _ T ATn+1 _ NTn+1
= (P, Probi) + (et =Br T )+ Y (Bt —ptt)
n=n{+1

d d
Tng+ ~Tnw Tk The ~ kT ~Tny
:/ ' {(O;Fp: ey opkgs —ES)dS—qu B, -z 'dQsi|
t k=1 k=1

T d d
~Tng T k:Tnw ~ kT ~Tnw
+/ {(C;sz RN DR g T - Es)ds -y g TtaB, -z -dQS}
Tn, k=1 k=1
ng—1

+Z/

n:n‘t"—i—l T

2\]ﬂs-T#Ist - E;-nJFI : dQs}

Tn+1 d
[(Cgﬁ?*l +3 DE g - Es)dt _
n 1

k=1 k
Tnt“’+1 d T
=/ [(C;Fpi‘”rZDf qf’w—Es)
¢ k=1
E

T d
T I CAEED DY E AT
Tng. k=1

Tn+1

d

d
ds =3 gh>dB, - 22 dQS]
k=1
d
s — qu"x’st — 20 dQS}
k=1
d d
[(c;fp? +3 DE g - Es)dt ~ 3 ghdB, - 22 dQS]
k=1 k=1

= /tT [(Ofpi" + Xd: Dlschjw — Es)dt - zd: @B, — 2 - dQs} _
k=1

k=1

This completes the proof of existence.

(2) Uniqueness. Let (pz(f)ov qz})oov T 7qf,00, Z?O)tzo and (plgou q/z)oov T 7ql?7007 Zlfo)tzo be the
solution of (3.42). Then for all T > 0, (p5°, ¢, - - - 7qtd’oo7 2% )iefo,r) and (p'y°, q'i’oo, e ,q’f’oo,

2’7 )iefo, 1] are the solutions of truncated adjoint equation (3.46) with terminal conditions v =
p¥ and v/ = p'}, respectively.

We fix Tp > 0 now, and let p € L?(Q x [0,00); R™) has support in the finite interval [0, Tp)
on RY (ps = 0,5 > Tp). Recalling duality relation (3.51), it follows that

T d T
E/ (Yhne —Eg)ds + B, V') = ZE/ (@, pMds +E@®,n), 0<t<T (3.74)
t k=1 t
as well as

T
B [ (e, ~Eds + EG/T,94)
t

T
E/ (@ ) ds + B/ m), 0<t<T. (3.75)
t

[
M=~

>
Il

1
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] d,
Define (ﬁ?oﬂqtlpov"' 72]\:5100 %\?O)t>:0 = (p?o _p/:t)ovq:) - q/z oo7_” 7q1(ti) q/too 250 —
2'7%)t>0, then we have
E(p, Vi ZE/ =, p)ds + B, m), 0<t<T. (3.76)

Since sup E|ps|? < oo and recalling (3.50), it follows that
s>0

d To
ZE/ @, ph)ds +EEE. )
k=1 t

d T
= lim [ZE/ (@2, pk)ds +E<ﬁ§°,n>}
k=1
= lim E(p5, Yp"*) = (3.77)
T— o0
Due to the arbitrariness of ¢, Ty, p and 7, we have
pi° =0, P-as.

This completes the proof of uniqueness.

4 Necessary Stochastic Maximum Principle

In this section, we give two versions of the SMP which are the necessary conditions of the
optimal controls. The first is based on the well-posedness result for the infinite horizon BSDE.
The second is written in terms of the family of truncated backward equations introduced in the
previous section. The Hamiltonian associated to the system is

M&

H(z,u,e,p,q) = (b(z,u,e),p) + (z,u,e),q") — f(z,u,e). (4.1)

k:l

Theorem 4.1 (Necessary SMP infinite horizon case) Let (X,u) be the optimal pairs,
(P2, 70, Z:°) be the solution of the adjoint equation (3.42). Then under (A1)—(A4) the fol-
lowing variational inequality holds:

| R
lim sup —E/ (Hu(X¢, 0, 00,077,700 ), U — ug)dt >0, Yu(-) € Uga. (4.2)
0

T—o0

Proof Let v(:) =u(-)—u(-),and t = 0,7 =0, v =¥, v = b,(X, U, Q)v, p = 0, (X, U, a)v,
then affine equation (3.49) becomes variational equation (3.5). It follows from the duality
relation (3.51) that

T d T
]E/ (P2, bu (X s, s, s )vs)ds + ZE/ @, 0% (X4, s, as)vs)ds
0 . Jo

T
~B [ (0~ (Xu ) + EGF. V). (13)
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By Lemma 3.3, we have

T—o0

1 T
0 < limsup TE/O [<fz(Xt,Ut,Oét) Yi) + <fu(Xt,Ut,Oét) ve)|dt

: Ll oo L v -
= limsup TE[<pT,YT>— | @ Fem 0

T— o0
+Z o (X, T, ) vr) — <fu(7taﬂtaat)avt>)dt}
1 (T —
< lim sup —E(]ﬁ%o, Yr) + lim sup —IE/ (—Hy (X ¢, Ty 0, D0, G50, ur — Ty )dt. (4.4)
Tooo 1 T— o0 0

Recalling that sup E|Y;|? < oo and sup E[p;°|? < oo, then we can conclude (4.2).
>0 >0

Theorem 4.2 (Necessary SMP) Let assumptions (A1)~(A4) hold. Let (X,) be the optimal
pair, (L, qL,ZF) be the solution of truncated adjoint equation (3.46) o [O,T] with terminal
conditions v = 0. Then the following variational inequality holds:

Y
1imsup —]E/ <Hu(Xt,ﬂt, ozt,ﬁtT,th),Et — ut>dt Z 0, \V/U() (S Uad- (45)
0

T—o0

Proof Let v(:) = u(-) —a(-), and t = 0, n = 0, v = b, (X, T, a)v, p = 0,(X,7, a)v, then
affine equation (3.49) becomes variational equation (3.5). Thanks to duality relation (3.51), it
follows that

T d T
]E/ (L, by (X 5, s, s )vs)ds + ZE/ @7, ok (X, s, as)vs)ds
0 . Jo

T
= IE/O (Y, — f2(Xs, us, ag))ds. (4.6)

By Lemma 3.3, we have

T—o0

. 1ot = — _
0 < limsup TE/ [(fo(Xe, T, 00), Ye) + (fu(Xe, T, ), vg)]dE
0

1 (T —
= limsup —E/ —((ﬁf,bu(Xt,ﬂt,at)vt>
0

T—o00
+ Z Lo (X, g, ) vy) — <fu(7t,ﬂt,at),vt>)dt
. 1 (" — oy _
< limsup =E <_Hu(Xta Uty Oty Py 5 Gy )7Ut - Ut>dt- (4-7)
T— o0 T 0

Then we can conclude (4.5).

5 Sufficient Stochastic Maximum Principle

In this section, we give a version of the SMP which is the sufficient condition of finding
optimal control under some additional concavity assumption on the Hamiltonian function H.
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Theorem 5.1 (Sufficient SMP) Let assumptions (A1)—(A4) hold. Letu(-) be an admissible
control, X (-) be the related state process, (P, G2°,Z5°) be the solution of related adjoint equation
(3.42). Furthermore, for all (t,e) in RT x I, let mapping H(x,u) = H(x,u,e,D°,G°) be a
concave function P ® dt -a.s. in Q x [0,00), and the following minimality condition holds:

J R -
lim sup —IE/ (Hy(X ¢,y 00, 50,0 ) Ty — ug)dt >0, Vu(-) € Ugg. (5.1)
T—o0 0

Then u(-) is the optimal control.

Proof We only need to prove for all u(-) € Uga, J(@(:)) — J(u(:)) < 0. Let u(-) be an
arbitrary admissible control, X (-) be the related state process, (p;°, ¢7°, 25°) be the solution of
related adjoint equation (3.42).

J@() = J(u())

T
< lim sup lI[“E/ [f(X ¢, T, ) — f( Xy, ug, a)]dt

T—o0

= limsup % / (—H (X 00, 5, T)) — H(Xe, up, 00,52, 1)

T—o00
+ [(b(X e, Ty, o) — b( X, ue, o), BE0)] + [(0(X e, e, ) — 0( Xy, ug, ), )] bt
1 T
=: limsup —IE/ [—I+ IT + TIT]dt. (5.2)
T—o00 0
Thanks to the concavity of H, it follows that
I >(Hy (X4, U, 00, 550, G50) Xt — Xo) + (Ho (X e, Ur, 0, P2, G50) U — ). (5.3)
Then we obtain

J(@(-)) = J(u())

1T — —
< lim sup fE/o (= Ho (X4, T, 00, 577, G5 ) X — Xy + 1T+ 1T d¢

T—o0
T —
+ limsup —E/ (—Hu (X, 0, 00,557, G5 ), e — ug)dt. (5.4)
T—o0 T
Recalling the estimate of X, X and 75°, we have
1 —
limsup =E@F, X7 — X7) =0, (5.5)
T—o0 T
which implies
lim sup — E/ d(p, X, — X;) = 0. (5.6)
T—o0

Finally, we apply Itd’s formula to (53¢, X; — X;),

17 — —
limsup—E/ [<—Hm(Xt,ﬂt,Oét,ﬁ§O,§§O),Xt—Xt>+II+III]dt
0

T—o0

—hmsup—E/ A, X — X4) = 0. (5.7)

T—o0

This completes the proof of Theorem 5.1.
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6 Application

We illustrate the application of the maximum principle by virtue of the following example.
The state equation is

{ dZZ?t = (A(Ozt)ZEt — ut)dt — O(Ozt)ZEtdBt, (61)

To = 57
where u; takes values in U = [0,47], £, C(e) > 0,A(e) + 3C*(e) < 0, for every e € I. The

objective of optimal control problem is to minimize the following cost functional

1 T
Tooeo 1 LJo

We first give the Hamiltionian function
H(z,u,e,p,q) = ((Ale)x — u),p) — (C(e)z, q) + sin(u). (6.3)
Then, we have

H, = —p+ cos(u), (6.4)
H, = A(e)p — C(e)g.

And the adjoint equation is
dp: = (=A(ae)ps + Clag)ge)dt + qd By + 2, d Q. (6.6)
It is reasonable to guess that ¢ = z; = 0. Then, we can reformulate the adjoint equation as
dp: = (—A(ay)py)dt, (6.7)
which can be explicitly solved as
pr = poe~ Jo Ales)ds (6.8)
for some constant pg. By the maximum condition, we obtain a candidate of optimal control
;. = arccos(pt). (6.9)

The next goal is to determine py. Substituting @; back into (6.1), we have

a7 = (A1) — arccos(pr))dt — Clar)7d B, 610
To =¢&.
Solving this linear SDE yields that
t
Ty =87 — Zt_l/ Z arccos(ps )ds, (6.11)
0

where the integrating factor Z; is of the form as

Zy = exp (/Ot (%C(aS)Q N A(as))ds . /Ot C(as)dBS). (6.12)
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It follows from (6.11) that

t
Elz:p:) = E|£Z;  ps — Zt_lpt/ Zs arccos(ps)ds|. (6.13)
0

By (6.8) and the Definition 3.1, we can get pg = 0 which implies p; = 0. Moreover, by the
sufficient SMP, we can verify that the candidate @; = arccos(p;) = 7 is indeed an optimal
control.
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