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Abstract The author studies a stochastic linear quadratic (SLQ for short) optimal control
problem for systems governed by stochastic evolution equations, where the control operator
in the drift term may be unbounded. Under the condition that the cost functional is
uniformly convex, the well-posedness of the operator-valued Riccati equation is proved.
Based on that, the optimal feedback control of the control problem is given.
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1 Introduction

We begin with some notations. Let (2, F,[F,P) be a complete filtered probability space
on which a standard one-dimensional Brownian motion W (-) = {W(t)}+>0 is defined, and
F = {F; }1>0 is the natural filtration of W (-) augmented by all the P-null sets in F.

Let T > 0. For any ¢ € [0,T) and Banach space H, let

L% (5 H) = {¢: Q — H | £ is Fy-measurable, E|¢|f < oo},
T
Li(t, T;H) = {cp ([, T] x Q — H | () is F-adapted, E/ lo(s)[Fds < oo},
t

Cr([t, T); L2(Q;H)) = {p: [t, T]xQ — H | (-) is F-adapted,

¢:[t.T] — L% (Q;H) is continuous},
T 2
LA(Q; LY (t, T; H)) = {90 D6, T x Q= H | o) is F-adapted, E(/ |<p(s)|Hds) < oo}.
¢

Let Hy and Hy be two Banach spaces. Denote by L(H;,Hs) (resp. £(H;)) the set of all

bounded linear operators from H; to Hy (resp. Hy). If H is a Hilbert space, then we set

S(H) £ {F € L(H) | F is self-adjoint}
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and
S+ (H) £ {F € S(H) | (F&,&) > 0,V € H}.

Here and in what follows, for simplicity of notations, when there is no confusion, we shall use
(+,-) for inner products in possibly different Hilbert spaces.

For any interval [t1,t2] C [0,400), denote by C([t1,t2]; S(H)) the set of all continuous
mappings from [t, t2] to S(H), which is a Banach space equipped with the norm

£ sup |F(t)|cqm)-
te[t1,ta]

|Ele (o ta)50))
Denote by Cs([t1,t2]; S(H)) the set of all strongly continuous mappings F : [t1,t2] — S(H),

that is, F'(-)§ is continuous on [t1, to] for each £ € H. Let {F),}5°; C Cs([t1,t2]; S(H)). We say
that {F,,}22, converges strongly to F' € Cs([t1,t2]; S(H)) if

lim F,(-)¢ = F()¢, VéeH.

n—r oo

In this case, we write

lim Fn =F in Cg([tl,tg];S(H)).

n— 00

If F € Cs([t1,t2]; S(H)), then, by the uniform boundedness theorem, the quantity

\F s (t1,02):80m) = sup [F(t)]cqm
te(ty,ta]

is finite, and Cs([t1, t2]; S(H)) is a Banach space with this norm (see [2]).
We next introduce the Banach space C,([t1,t2];H) (see [2]) of continuous mappings on

[t1,t2) into a space H, which is equipped with the norm

2 sup (t2 =) |f(s)|a < oc.

|flc, (it t]0)
s€[t1,t2]

The space accounts for possible singularities at the time ¢o of the order ~.
Denote by Cy s([t1,t2]; L(H)) the set of all strongly continuous operators in £(H) with the

norm

|F|c, s(itatolicam) = sup (b2 — 8)Y[F(s)] -
SE[t1,t2]

The norm is finite (see [2]).

Let

L¥S(ty,to; L(H)) 2 {F : (t1,t2) — L(H) | Fn e L%(t1,to; H)

vn €H, |Fleay € LP(t1,t2)}
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Now we turn to our control problem. Let H and U be two separable Hilbert spaces. Let A
be the generator of a Cp-semigroup {e"*},>o on H. Denote by H_; the completion of H with
respect to the norm |z|g_, = |(8] — A)~1x|g, where 3 € p(A) (the resolvent of A) is fixed. Let
B € L(U, H_,) satisfy the following condition. There exists a number v € (0, 3) and a constant

¢ > 0, such that the control u to the state map kernel eA” B satisfies the singular estimate
leA™ Buly < i|u|U (1.1)
=5 )

for every u € U and 0 < 7 < 1.
We consider the following controlled linear stochastic evolution equation (SEE for short):
dz = (Az + Ajz + Bu)ds + (Cx 4+ Du)dW (s) in (¢,T],
{x(t) =n€H, (1.2)
where A;1(-) € LY(0,T;L(H)), C(-) € L*(0,T;L(H)), D(-) € L>(0,T;L(H,U)) and u(-) €
U, T) = La(t, T; U).

The control system (1.2) covers many systems of stochastic partial differential equations
with boundary controls. For these systems, the control operators are unbounded. To guarantee
the well-posedness of such systems, people introduce the notion of admissible control operator
(see [14]). The estimate (1.1) can be used to guarantee that B is an admissible control operator.
Then, it follows from the well-posedness of control systems with admissible control operators
that, for any n € H and u(-) € U[t,T], the control system (1.2) admits a unique solution
2(-) € Ce([t, T); LA(Q; H)) (see [17]).

Consider the following cost functional:

T
T (t,m;u(-)) £ E(Gx(T), =(T)) +E/t ((Qu(s), x(s)) + (Ru(s), u(s)))ds, (1.3)

where
GeS(H), Q()e Ll(O,T;S(H)), R(-) € L*(0,T;S(U)).

Problem (SLQ) For any given initial pair (¢,n) € [0,7T) x H, find a control u(-) € U[t, T
such that
Vitn) £ T nac) = b T (). (14)
Any w(-) € U[t, T satisfying (1.4) is called an optimal control of Problem (SLQ) for the
initial pair (¢,7), and the corresponding Z(-) = x(-;¢t,n,a(-)) is called an optimal state process;
the pair (Z(-),@(-)) is called an optimal pair. The function V(-,-) is called a value function of
Problem (SLQ).
When H = R" (n € N), Problem (SLQ) is extensively studied. Early works focus on the

following case (see [1, 7]):

G>0, R(s)>6I, Q(s)>0 ae. se€[0,T] (1.5)
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for some § > 0. Unfortunately, the condition (1.5) is not satisfied by several important examples
(see [21]). A breakthrough is done in [3], in which the authors found that Problem (SLQ) might
still be solvable when R(s) is not positive definite for a.e. s € [0,77]. This new phenomenon
inspires many further researches (see [4-5, 11, 18-19] and the rich references therein).

When H is an infinite dimensional space, the system (1.2) is used to describe a lot of random
phenomena appearing in physics, chemistry, biology, and so on (see [12, 17]). Thus, there are
many works addressing the optimal control problems for SEEs. In particular, we refer the
readers to [2, 6, 810, 16] and the rich references therein for Problem (SLQ) for controlled
SEEs. In those works, the condition (1.5) was assumed. As we said before, this is not satisfied
for several important examples of Problem (SLQ). The condition (1.5) is dropped in [15] when
B is a bounded linear operator. The main purpose of this paper is to generalize the result in
[15] to the case that B is an admissible control operator. Compared with the works in [15],
the unboundedness of the control operator B leads to many technical difficulties. To overcome
them, we borrow some ideas from [10, 20]. More details can be found in Section 3.

The unbounded operator B leads to some substantial technical difficulties. For example, the
system (1.2) admits a unique solution z(-) € Cg([t, T]; L2(Q; H)), but B € L(U, H_1). Hence,
we use the smoothing effect of the operator semigroup generated by the operator A to deal with
the unboundedness. In this paper, we prove that the existence of the strongly regular solution
to the Riccati equation is equivalence to the uniform convexity of the cost functional. Under
the strongly regular solution to the Riccati equation, we obtain the existence of the optimal
feedback control for Problem (SLQ).

An outline of this paper is as follows. In Section 2, we present some preliminary results and
the main result of the paper. Section 3 is devoted to the proof of the main result and giving an

example of the uniform convexity of the cost functional.

2 Preliminaries and the Main Result

In this section, we provide the main result of this paper. To begin with, let us first introduce

the notion of the optimal feedback operator.

Definition 2.1 We call ©(-) € L?5(t,T; L(U, H)) an optimal feedback operator of Problem
(SLQ) on [t,T] if

j(tv 5 6()5()) < j(tv 77§u('))7 VU € H, u() € Z/{[t,T], (21)

where T(-) is the mild solution to (1.2) with u(-) = O(-)Z(-).

To study the optimal feedback operator of Problem (SLQ), we introduce the Riccati equation
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associated with Problem (SLQ) below:

{P +PA+A)+(A+A)*P+C*PC+Q—-L*K~'L=0 in[t,T), 22)

P(T) =G,
where
L(:)=B()"P()+ D()"P()C(), K()=R()+D()"P()D().
Definition 2.2 We call P(-) € Cs([t,T];S(H)) a mild solution to (2.2) if for any n € H

and s € [t, T,

T
P(s)y = T4 GeT=94y 4 / T (PAy + ATP

S

+C*PC +Q — L*K'L)e"=94ydr. (2.3)
Definition 2.3 A mild solution P(-) of (2.2) is strongly reqular if
K(s)> M, ae.s€eltT]

for some A > 0.

To deal with (2.2), we need to concern the operator-valued equations:
P+ P(A+ A, +BO)+ (A+ A, + BO)*P
+(C+DO)*P(C+DO)+O*RO+Q =0 in[t,T), (2.4)
P(T) =G,
where O(-) € L*®(t,T; L(H,U)). We also introduce the definition of the mild solution to (2.4).

Definition 2.4 We call P(:) € Cs([t,T]; S(H)) a mild solution to (2.4) if for any s € [t,T],

T
P(s)n = eT=94 GeT=9)4y / "D [P(A; + BO) + (A, + BO)*P

S

+(C + DO)*P(C + DO) 4+ ©*RO + Qle"94ydr, Vne H. (2.5)

We need the following lemmas.

Lemma 2.1 (see [15, Lemma 3.6]) Let A(-) € L'(0,T;L(H)), C(-) € L*(0,T; L(H)),
G € S(H), Q(-) € L*(0,T;S(H)) and P(-) be the solution to the following equation:

P+PA+A) 4+ (A+A)P+C*PC+Q=0 in|tT), 20
P(T) =G. '
Then (2.6) admits a unique solution P(-) € Cs([t,T);S(H)). Moreover,
G>0, Q(s)>0, ae seltT), (2.7)

then P(-) € Cs([t. T}; Sy (H)).



588 Y. Wang

Lemma 2.2 (sce [13, Proposition 6.5.3]) (1) The map L; = [] ¢4 Bds is continuous
from C,([t,T);U) to C([t, T]; H) for v < 3;

(2) The adjoint map L} = ftT B*e"YA%Ar s continuous from C([t, T]; H) to C([t,T];U)
fory < %

The main result of this paper is stated as follows.

Theorem 2.1 The following statements are equivalent:
(1) The map u(-) — J(0,0;u(-)) is uniformly convez, i.e., there exists a constant X > 0

such that
T
J(0,0;u(-) > )\IE/O lu(s)|Zds, Vu(-) €U0, T]. (2.8)

(2) The Riccati equation (2.2) admits a strongly reqular solution P(-) € Cs([0,T];S(H)).

In such case, the unique optimal control@(-) of Problem (SLQ) is
a(-) = 0()z(), (2.9)
where
0=—-K()"'L(). (2.10)
3 Problem (SLQ)

In this section, we study the optimal feedback of Problem (SLQ) with that the weighted
operator R(-) > AI may not hold. Since the operator B in the stochastic control system (1.2)
is unbounded, we use the smoothing effect of the operator semigroup of A to overcome the
difficulty caused by the unboundedness.

We now define four operators as follows:
U, H— X[t,T) 2 L3, T; H), Y =x(;t,1,0), VnecH,
where x(-;¢,1,0) is the solution to (1.2) with u = 0;
e URT) = X T], ZEw=x(5t0,u), Yuellt,T],
where z(-;¢,0,u) is the solution to (1.2) with n = 0;
U, H — L% (O H), V=ax(T;t,n,0), VYneH

and

[an

c iU T) = L% (O H), Ewu=2(T;t,0,u), ¥ne H.
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By the inequality (1.1), the system (1.2) is well-posed. We can obtain that the four operators
are bounded linear operators. Therefore, the state process z(-) and its terminal value x(T) can

be written as
2() = (Tm)() + (Eu)(-),  o(T) = Uy + Zpu

for any t € [0,7) and (n,u(-)) € H x U[t, T).
The following lemma shows that how to handle the unbounded operator B by using the

smoothing effect of the operator semigroup generated by A.

Lemma 3.1 Let C = C + DO. Assume that 6’() and O(-) are given bounded operator-

valued function for every s € [t,T) satisfying the following conditions:

L jO(s)aln < 2l

% rlzlm
|C(s)z|n < ST =sp

< m Vee H (3.1)

for some suitably chosen r > 0. Then, for (2.4), there exists a unique mild solution P(-) €
Cs([t,T);S(H)) such that

C|U|U
(T =)

Clz|n

|PB(s)ulg < Ve € H, Yu € U. (3.2)

Proof We first show that there exists a unique local-in-time solution
P(-) € Cs([To, T]; S(H))
to (2.4). To prove the existence of a solution P, we use a fixed point argument on the map I’

given by

Li(f,9,h)(s)
L(f.g.h)(s) & | T2(f.g,1)(s)
L3(f,9,h)(s)
for s € [t,T] on the space X = Cs([t,T); L(H)) x Cy.s([t, T); L(H,U)) x Cy.s([t,T]; L(U, H))
equipped with the norm

I(f,9,0)|x = |flesqe.occy) +19le, sqemcoy) + |Ple, sqemcw, m)s
where

T
T1(f,9,h)(s) é/ TN (FA + A fF+hO 4+ 0% g+ C* fC + O RO + Q)eT94dr

+ e(T—s)A* GG(T_S)A,

T
To(f. g, h)(s) 2 B / (T (f Ay + ATf + hO + 0%+ O fC + O°RO + Q)elT I Adr

+ B*e(T—s)A* GG(T_S)A,
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T
Ds(f,g,h)(s) é/ T (FA + AL+ hO + O g+ C*fC + ©*RO + Q)e" 4 Bdr
+

e(T—s)A* GG(T_S)AB.

In order to deal with the unboundedness of the control operator B, we wish to find a
fixed point of the system of three equations defined by three variables (operators) which are
f=P,g=B*Pand h = PB.

First, we prove that I maps X into X by working component by component. Let (f,g,h) €
X. Let € be small enough and n € H. We obtain

Fl(fagah)(s)n_Fl(fagah)(s+€)77

T
= / eTIA(FA + WO+ Al f + 0% g+ C* fC + O* RO + Q)e" 9 4ydr

T

— / T (F A + hO + Ajf + 0" g+ C* fC + Q + ©*RO)e" 594 dr
s+e

+ e(T—s)A* GG(T_S)Aﬁ _ e(T—s—s)A* GQ(T_S_E)A’I]

T
= / T A A (F A + RO + AT f+ O+ C* fC + Q + ©° ROy
s+e
—(fAL+ RO+ A f+0 g+ CfC+Q+ O RO T4 dr
s+¢ R R
+ / T (fAL + O+ Aff + 0% g+ C* fC + O RO + Q)el™ 9 ydr

4 oT=s=9A7 (24" Ge(T=9) A _ Go(T—s=9)4)
Therefore, by setting
II=fA +hO+Alf+0 g+ C*fC+O*RO + Q,
we see that

|P1 (fu 9, h)(5)77 - I‘1 (fu 9, h)(S + 5)77|H
T s+€
< } / e(T—s—s)A* [GEA*HG(T_S)AT] _ He(‘r—s—s)An]dT‘ + } / e(T—s)A*He(T—s)AndT
s+e H S H

+ |e(T—s—5)A* (esA* GG(T_S)A’I] _ GG(T_S_E)A’I]”H. (33)

Since
|e(T—s—a)A* [QEA*HG(T—S)AT] _ He(r—s—a)An]lH < C(t)lne(T_S)Aﬂ|H,

by Lebesgue’s dominated convergence theorem and strong continuity of the operator semigroup

{eSA}SZOv

e—0

T
lim ‘ / elT=s—e)A” [eaA*He(T_S)An — He(T_S_E)An]dT =0.
s+e H
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The second integrand in (3.3) approaches to 0 as ¢ — 0 by using the absolute continuity of the
integral. Further, the third integrand in (3.3) approaches to 0 as ¢ — 0, which follows from the

strong continuity of {e*4}>0. Therefore, for (3.3), when & — 0, we have
IT1(f, 9, h)(s)n =T (£, 9,h)(s +€)nlm — 0.

This means that I'y(f, g, h) € Cs([t, T]; L(H)).

Similarly, we deduce that

|F2(f797h)(5)77 - FQ(fvgvh)(S + 6)77|U

T
< ‘B*/ e(Tms =) AT (2 AT (T Ay _ TTe(T—5 ) Ap|dr
s+e v

s+e .
+ ‘B*/ T T8 Apdr "

i |B*e(T—s—€)A* (QEA* Ge(T_S)An — Ge(T_S_E)AﬁNU

and
Ts(f,9,h)(s)u—Ts(f,g,h)(s +€)uln

T
< ‘ / e(T—s—a)A* [eaA*He(T—s)ABu o He(‘r—s—a)ABu]dT
s+¢€ H

s+¢ .
+ ‘/ eT=)A [e(T=9)A Bydr .

1 eT=5=9A4" (654" GeT=9)A By — GeT=5=)ABy)| .
When ¢ — 0, we conclude that
C2(f, 9, h)(s)n = Ta(f, 9, h)(s +e)nly = 0
and
ITs(f, g, h)(s)u = Ts(f, g, h)(s + €)uly — 0.

Therefore, the right continuity holds. The left continuity can be proved similarly.

We denote the ball B(0,7;X) £ {y € X | ly|lx < 7}. Let (f,g,h) and (fo, go, ho) be in
B(0,7; X). Our next goal is to determine r and ¢ so that I' : B(0,7;X) — B(0,r; X), and
I' is a contraction on B(0,r; X) for suitably chosen r and ¢. To meet these two conditions,
we firstly estimate the norms of I'y,I's and I's, and thus, the norm of I'. Then we estimate
IT(f,9,h) —T(fo, 90, ho)|x. Finally, we combine the conditions on r. Now, we demonstrate the
process.

For s € [t,T], we obtain

IC1(f, 9, M) |es ey
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T 5 5 ,
2r r r
< g M2 2a(T—s)[ R
< t;?ET/S CM~e (T —1)7 + T =77 + T 7)27| lcw)
+2r[Ar| g + |Q|L(H)] dr + CMQe2a(T_t)|G|L.(H)

r3(T—t)1=27 2T -t (T —t)=2
R - }
1— 24 T[ T—~ + =25 IIR| c(vyl o= (t,1)

+ ||Q|E(H)|L1(t7T) + 2T||A1|ﬁ(H)|L1(t,T)} + CM2e2a(T—t)
< CM?222(T—t) 3Ct(r3 42y 1)M262a(T—t)’

< CM2e2a(T—t) {

where

T—t)'
C, = max {C||A1|£(H)|L1(t7T)a Cl@Ql ()l L,y C%,

(T _ t)l—Q'y (T _ t)1—2'y
oy =2 ||R|£(U)|L°°(t,T)}-

We next estimate [U2(f, g, h)|c, s(t,m;0(m,0)) as follows:

T2(f,9,h)|e, st 11:08,0))

T
= sup (T _ S)'Y‘B*G(T_S)A* GG(T_S)A + B*/ e(T—S)A*He(T—s)AdT

set,T] s L(H,U)
< (T )'y{ 1 |G| o py M2e2(T=9) /T #|H| M2€2a(‘r—s)d7.}
S i@y e . sy e
T—t) = 2T —t)'7 (T =)'~
< 2 2a(T—t){ 3 ( 2[ _ }
< C(T)Me N t+r -+ + =2y [|[R|zwyloo 1)

+ 21l A1l com 2 emy + 1@ ecm o1 ey | + CMZe2(T=0
< CM2e20(T—1) + 3@M262a(:r—t) (7,3 NI S 1)’

where
~ (T —t)1=
C; = max {Ct, C(D Al eyl ry, CONQlen L), C(T)ﬁ7
(T _ t)l—?’y (T _ t)l—?’y }
CT)—— 5y (T)—— o Rl loeem) -
Finally, we estimate |I'3(f, g, h)|c. s(t.1);c(v,m)) as following:
|F3 (f7 g, h)lCH,S([t,T];L‘(U,H))
T
= sup (T — S)W‘e(T_S)A* GeT=9)4B +/ T (") A By
sE[t,T] s L(U,H)

1 T
< sup T — s)Y [7 G M2e2a(T—s) +/
se[uT]( ) (T—8)7| lecen s

< CM?* T 4 3C,M2** T (13 42 41 + 1),

e

where C; has been set as previously mentioned.
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Let t = T such that T" — Tj is sufficiently small. We impose the condition
3CM2*T=1 L 9C, M2 T3 L2 fp 1) < 1.

Let r = 12CM?e?*T and so that

5 c

G < 47— 3.4
P21 (34)

This guarantees that I' acts from B(0,7; X) into B(0,r; X) for our choices of r and t.
For s € [t, T, we deduce that

IT1(f,9,h)(s) —T1(fo, 90, ho)(8)|cs (i, 11:2(F))

T T
= sup ‘/ e(T_S)A*He(T_S)AdT—/ e(T_S)A*HOe(T_S)AdT‘

set,T) s L(H)
r2(T — g)1—2v
< M?e**T sup {[2||A1|£(H)|L1(5,T) + %} |f = foleserycim)
set,T] Y
(T — s)1=7 r(T—s)'™

+ ﬁm = gole, s(emic(H,U)) + ﬁlh - hO|C%s([t7T];E(U7H))}

< M2*T(Cy + Cor + Cor?)|(f — fo, 9 — 9o b — ho)| x-

Combining C; < - with 7 = 12CM?2e?*T | we conclude that

¢
r34r24r+

S 1
MQQQOLT(Ct + CtT2 + Ct’l”) < —.

12
Next,
IT2(f, 9, h)(t) — T2(fo, g0, ho)(t)| e, s (jem0s2.0h,0)
T T
= sup (T—S)’Y‘B*/ e(T_S)A*He(T_S)AdT—B*/ T eT=9Adr
set,T] s s L(H,U)
ro (r—5)A
< sup T—S’Y‘/ —(IT — II)e\ "% dT}
se[t7T]( ) s (T - S)’Y( O) L(H,U)
o r2(T — s)1=27
< sup C(T)M?e? T{PHAllL(H)lLl(s,T) + %hf—fobs([tﬂ;a(m)
SE[t,T) — &Y
r(T —s)t=7 r(T —s)t=7

+ ﬁlg = gole, s(e.mcw ) + ﬁ'h - h0|Cw,s([t,T];£(H7U))}
< M292QT((Z§ +8;7" +8;T2)|(f - ang — 9o, h— h0)|X

Using 5,5 < m and r = 12CM?e?**T again, we have

~ = ~ 1
MQQQOLT(Ct + CtT2 + Ct’l”) < E
Furthermore,

IT3(f, g, h)(t) = T3(fo, g0, ho) (D)l e, st 11:c(U, )
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T T
= sup (T—s)”‘/ e(T_S)A*He(T_S)ABdT—/ T e Bdr

s€[t,T] L(U,H)
T ( )A* 1
< sup T—s”‘/ e\T 7% II-1I 7d7"
se[t7T]( ) s ( O) (T - S)V L(UH)
r2(T — g)1—2v
< sup MZeZ“TC(T){ {2||A1|£<H>|L1<S,T) + Q} |f = foles(e i)
set,T] 1-— 2’}/
(T — s)1=7 (T —s)™7
?M = gole, st 1):cU H)) T ﬁlh - hO|C%5([t7T];E(H,U))}

< M2*T(Cy + Cor + Cor?)|(f — fo, 9 — 9o, b — ho)| x-

Combining C; < - with 7 = 12CM?e**T | we obtain

¢
r34r24r+

o 1
MQQQOLT(Ct + CtT2 + Ct’l”) < E

That guarantees I' is a contraction from B(0,7; X) into B(0,7; X) for our choices of r and t.
Hence I'(f, g, h) has a unique fixed point (f,g,h) € X. Estimate (3.2) follows from B*P in
C,([t,T];U) and PB € C([t,T]; H). Since PB admits a unique solution in C,([¢t,T]; H), it has
(PB)* = B*P*. Therefore, if P € Cs([t,T]; L(H)) satisfying (2.4), then P* € Cs([t,T]; L(H))
does. Hence, we have P = P*. That is, P € Cs([t,T];S(H)).

We next prove that there exists a global solution to (2.4). Let Tihax > Tp. We extend the

solution from [Ty,ax, T] to any time interval [¢,T]. Since

T
(Plom) < T(s150) = B( [ (@alr).a(r)dr + (Ga(T),2(T)))
< AT ol + e,

< Crlnl3,

it implies that |P(s)|z(gy < Cr for all s € [Tiax, T]. We use the bound to reiterate the above
proof on a new interval [T, Tinax] With G = P(Tiax). This bound yields that the choice of C in
(3.4) is global and all the estimates are uniform and that r and the time step Ti,.x — 71 are the
same. Therefore, the solution can be extended by repeated iteration on the equal time steps to
any initial time ¢ > 0.

Finally, we claim that there exists a unique solution P € Cs([t,T]; L(H)) to (2.4) satisfying
B*P € C,([t,T];U). Assume that there is another solution P(s) to (2.4), then

inf J(s,m5u) = (P(s)n,n) = (P(s)mm), ¥ € H.
ol T (smu) = (Plsyn,m) = (Plsyn,m), Vn

Hence, for any &,¢ € H, we have

((P(s) = P(s))(€ +€), (€ +C))
(P(s) = P(5))&€) + ((P(s) = P())€, )

0



SLQ with Unbounded Control Operator 595
+((P(s) = P(s)),€) +((P(s) = P())¢.0)
= 2((P(s) — P())&,¢)

by self-adjointness of P and P. Thus, P(s) = P(s).

We next give a result about the differentiability of P.

Lemma 3.2 Let P be a mild solution to (2.4). Then for any n,§ € D(A), (P(-)n,§) is
differentiable in [t,T] and
d
2 (Pn.€) = —(Pn,(A+ A1 + BO)E) — (P(A+ A1 + BO), )

—(P(C + DO)n, (C + DO)S) — (RO, OF) — (A, &) (3.5)

Proof We can obtain that the operators B*P and PB are bounded on U and H from

Lemma 3.1. Hence, for any n,¢ € H, using (2.5), we can obtain
(P(s)n,€)
= (GeT=94y (T=9)4¢) 4 / T([P(Al + BO) + (A, + BO)*P
+(C + DO)*P(C + DO) + O*RO + Qle(T=94y, e(T=)Ag)dr
= (GelT=24p, oT=9)4¢) / C(P(A, + BOJelT Ay o
+(PeT=94y (A, + B@)Q?T—S)A€> F(QeT=94y, o(T=9)4¢)
+(P(C + DO)eT=94y (C + DO)e"=94¢) 4+ (RO 4y, @eT=94¢)]dr. (3.6)
Taking 1, € D(A) and using (3.6), we can get that (P(s)n, &) is differentiable with respect to
s. Further, we conclude (3.5).
Lemma 3.3 Let O(-) € L*9(t,T; L(H,U)). Assume that P(-) € Cs([t,T];S(H)) is the

mild solution to (2.4). Then

T
T (t,m;0()z(:) +u(-)) = (Pt)n,n) + E/t {2((L + KO)x,u) + (Ku,u)}ds. (3.7)

Proof Taking (¢,7) € [0,T) x H and u(-) € U[t,T], let x(-) satisfy the following equation:

{ dz = [(A+ A1 + BO)x + Bulds + [(C + DO)x + DuldW (s) in [t,T], (38)

x(t) =n.
(3.8) admits a unique solution x() € Cg([t, T]; L?(%; H)) for the admissibility of B. Let R(\) £
MM — A)~! for A € p(A) and x5(-) = R(A\)z(-). Then x,(-) is the mild solution to
dzy = {Azy + R(N\)[(41 + BO)z + Bu|}ds + R(\)[(C + DO)x
+Du]ldW(s) in [¢,T], (3.9)
zA(t) = R(A)n.
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Applying Tto’s formula to s — (P(s)z(s), x(s)) and Lemma 3.2, we conclude that

T
E[(Gm( ), ox(T)) + / ((Qux, z) + (R (exwu),exwu»ds]

— (P(1)R +E/ {(—(P(t)x, (A+ A1 + BO)z)
—(P(s)(A+ A1 + BO)xy, zz) — (P(C + DO)xy, (C + DO)xy) — (ROx),Oxy)
—{(Qzx,x)) + (PAz), )) + (PR(N)[(A1 + BO)x + Bu|,x)) + (Px, Ax))
+ (Qzx, 2)) + (PR)[(C + DOz + Du],R(\)[(C 4+ DO)z + Dul)
+ (Pzx,R(\)[(A+ BO)z + Bu]) + (R(Ox) + u), Oz + u) }ds
= (P(t)n,m) + T[2<(L + KO)x,u) + (Ku,u)]ds + F(X), (3.10)

t

where

FQA) = (PORMN)n, R(A)n) — (P(t)n,n) +E/tT{<PR()\)(A1 + BO)z,x))

— (P(A1 + BO)xy, xy) + (P, R\ (A + BO)z) — (P(s)(A1 + BO)xy, xx)
+ (PR(A\)(C + DO)z, R(\)(C + DO)z) — (P(C + DO)xy, (C + DO)xy)
+ (PR(N)Bu, 23) — (PBu,2) + (Pxy, RO\ Bu) + (PR(X)Du, R(\) Du)
— (PDu, Du) + (PR(X)(C + DO)z,R(A\)Du) — (P(C + DO)x, Du)
— (Pxz, Bu) + (PR(A)Du, R(A\)(C' + DO)zx) — (PDu, (C + DO)x) }ds.

Since
lim R(A)(=(¢ in H (3.11)
A—00

for any ¢ € H, we obtain

lim (P()R(\)n, R(\)n) = (P(t)n,n)

A—00

and

lim ) = in Cg([t, T]; L*(; H)). (3.12)

A—00

By (3.11)—(3.12), it yields that
Tim [(PSRO)(A () + B)O(s))a(s), 7))
—(P(s)(A1(s) + B(s)O(s))xza(s),zA(5))] =0, P-as. (3.13)

for a.e. s € [t,T]. Since B € L(U, H_1), we obtain R(A\)B € L(U, H). Therefore, from Lemma
3.2, we get that

[(P(s)R(A)(A1(s) + B(s)O(s))x(s), 2a(s))| — (P(s)(A1(s) + B(s)O(s))x(s), A (s))
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< CIIP(s)| eyl Av(s)| ccmry + 1P ()| can (M — A) T B(8)| v, O 2 vy
+ |P()B(8)| c v |©(8) | c(or.my) | 2(5) -

By (3.13) and Lebesgue’s dominated convergence theorem, it holds that
T
Jim B [ [(PSRO(A(5) + BO)a(s).21(5)
o0 t
— (P(s)(A1(s) + B(5)O(s))za(s), 2a(s))]ds = 0.
Using a same argument, it has

lim F()\) = 0.

A— 400

Letting A tend to 400 in both sides of (3.10), we obtain (3.7).

Lemma 3.4 Let ©(-) € L>9((t,T); L(H;U)), the following inequality holds

E/T lu(s) — O(s)z(s) | ds > coF /T lu(s) 3 ds,
t t
where ¢q is a constant.
Proof Define a bounded linear operator as follows
Y:U[t, T] = UL, T,

where Yu = u — ©x. Therefore, the operator T is bijective and its inverse Y=! is given by

Y~y = u + O%, where 7 is the solution to

dZ(s) = [(A+ A1 + BO)Z + Bu]ds + [(C + DO)Z + Du|dW (s) in (¢,T7, (3.14)
Z(t) = 0. '
Because of the admissibility of control operator B, the (3.14) is well-posed. Applying the
bounded inverse theorem, the operator Y~! is bounded with the norm |T_1|L(u[t,T]) > 0.
Therefore, we have

T T T
E / Ju(s)[? ds = E / P10 ()2 ds < [0 e B / |(Tu)(s) [ ds
t t t

T
= 1T eaanmB [ u(s) = ©()a(s) .
When choosing ¢y = |T_1|Z(1L{[t 17)> we derive that

T T
E/t lu(s) — O(s)z(s)|Hds > COE/t lu(s)|?ds.

This completes the proof.
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Proposition 3.1  Suppose that the map u(-) — J(0,0;u(-)) is uniformly convex. Then

Problem (SLQ) admits a unique optimal control, and there exists a constant o« € R such that
V(t,n) > alnl?, V(t,n) €[0,T] x H. (3.15)

Proof Since u(-) — J(0,0;u(-)) is uniformly convex, then for some constant A > 0 and

for any u(-) € U[0,T], we get that

T
ﬂmm@zméh@%@

For any t € [0,T) and u(-) € U[t, T, define the zero-extension of u(-) as follows:

0, s €[0,t),

v(s) & 3.16
(s) {u(s), set,T). (3.16)

It holds that v(-) € U]0,T], because the initial state is 0, the solution z(-) of

{dx(s) = [(A+ A1)z + Bv]ds + (Cx 4 Dv)dW(s) in [0,T), (3.17)

z(0) =0
satisfies z(s) = 0, s € [0, 7], and that (3.17) admits a unique mild solution

w() € Cr([0,T]; L*(Q; H))

by the admissibility of the unbounded operator B. Thus, we have

T

T
J(t,0;u(-)) = J(0,0;0(-)) = /\E/0 [o(s)[fds = /\]E/t [u(s)l7ds.

Therefore, for any given (¢,2) € [0,T) x H, the map u(-) — J(t,0;u(-)) is uniformly convex.

Let w(-) € U[t,T] be an optimal control. Then, we can rewrite the cost functional as follows:

T (tm;u(-))

T
= ]E/ (G(¥n + Zpu), Uy + ZEpu) + (Q(¥en + Epu), ¥n + Epu) + (Ru, u)]ds
0

I
=

T
/ (E:GE + E1Q5, + Ryu,u) + 2((E; G, + Z:QU ), )
0
(TG, + W;QU,)n, n))ds

+
T
= T(t7:0) + T (£,0;u() + 2 / (E1GT, + Z1QU, ), u)ds
t

T T T
A 1 S a
2B [ fa)fpds + T (60~ 5B [ fa)lhds - o1 [ IEGT+ ZQunfds
t t t
A T A T
> 5 [ s + (00 - 55 [ ats) s
t t
1 T s o
- ﬁE/ |(Er G 4+ Z5Q W, )n|3ds, (3.18)
t
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where the operators W;, =, \Tlt,ét are defined at the beginning of Section 3. (3.18) implies

that the map u(-) — J(t,n;u(-)) is coercivity and that is continuous and convex. Therefore,
u(-) = J(t,0;u(-)) has a unique minimizer. Further, by (3.18), it implies that

1 HV S
Vit = Tm0) - 5 [ (ECT+ ZiQunlhds. (3.19)
¢
Because the functions on the right-hand side of (3.19) are quadratic in = and continuous in ¢,
we derive (3.15).

Proposition 3.2

Let (2.8) hold. Then for any ©(-) € L*>"(t,T; L(U, H)), the solution
P(-) € Cs([t, T];S(H)) to (2.4) satisfies

K(s)> M, ae seltT],

P(s) > al,
where o € R is the constant appearing in (3.15).

Vs e [t,T],

(3.20)
Proof For any u(-) € U[0,T], by the admissibility of B, let z(-) be the solution of
dz(s) = [(A+ A1 + BO)z + Bu]ds + [(C + DO)x + Du]dW (s) in [0,T7],
(3.21)
z(0) = 0.
Let P(-) be the solution to (2.4). Since (2.8) holds, we derive that

T
T0.0:00)2() +u() > A5 [ 0(5)a(s) +u(s) P

(3.22)
Because of Lemma 3.1, we know that the operator B*P € L(H) appearing in L is bounded.
Further, using Lemma 3.3, we deduce that

T
7(0,0:0()a() + u(-)) :IE/O 2((L + KO)z, u) + (Ku, u)]ds.

(3.23)
Hence, for any u(-) € U[0,T], we get that

T T
E/ {2([L + (K = X)O]z,u) + (K — A)u,u)}ds = )\IE/ |O(s)z(s)|>ds > 0. (3.24)
0 0

We first prove that K — Al > 0 for a.e. s € [t,T]. In fact, if there exists a constant a > 0
and a measurable set T € [t,T] such that

K- < —al for ae. seT,

(3.25)
where the Lebesgue measure m(7) > 0. Let N > 0 such that & < m(T). Let {7,}52,
be a sequence of measurable subsets of 7 such that m(7,) = N;Jrn We assume ¢ € U and
un = nyr,¢ forn=1,2,---. Let 2, be the solution to (3.21) with u = u,. Under the singular
estimate (1.1), we obtained that

|Zn | ot T L2(01)) < €
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where ¢ is a constant independent of n. It follows from (3.25) that

Y. Wang

1 T
lm — /t (K = M), 1) + 20[(K — M) + L, un)]ds < —al¢. (3.26)

n—oo 1

From (3.24), it holds that

1 T
Im — / (K = A)ns ) + 2([(K = MO + Lz, un)]ds > 0, (3.27)

n—oo T

which contradicts (3.26). Thus, we have
K—-X >0 forae scltT].

Therefore, we get the first inequality in (3.20).

(3.28)

We next prove the second inequality in (3.20). For any (¢,7) € [0,T) x H and u(-) € U[t, T,

we assume that z(+) is the solution of
{m@pﬁM+AHme+BM®+KC+D®M+DM&WQ
z(t) = 1.

Since B*P € L(H) appearing in L is bounded and Lemma 3.3, we have
Tt n;0()x() +u(-)
= (P(t)n,n) + E/tT{2<(L + KO)z,u) + (Ku,u)}ds.
According to Proposition 3.1, we get that
Tt 00)z() +u(-) = V(t,n) > alzf’.
Setting u(-) = 0 in (3.30) and using (3.29), we deduce that
(P(tyn,n) > alz?, ¥(t,n) €[0,T)x H

Thus, it implies the second inequality in (3.20).

in (¢,7],

(3.29)

(3.30)

In the following, we prove the main result. When the cost functional is uniformly convex,

we apply some iteration scheme with (2.4) to obtain the solvability of Riccati equation (2.2)

and further get the strongly regular solution of (2.2).

Furthermore, we derive the optimal feedback control of Problem (SLQ).

Proof of Theorem 2.1 Without loss of generality, we assume that ¢ = 0.

(1) = (2). We define the initial variable Py. Assume that Fy is the solution to

Py(T) = G.

(3.31)
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Using the same argument in Lemma 3.1, we can easily obtain B*Py € L(H,U) and PyB €
L(U, H). By Proposition 3.2 and taking © = 0 in (3.31), we can get that

R(s)+ D(s)"Py(s)D(s) > M, Py(s) > al, ae. se[0,T] (3.32)

We next set up the following iteration scheme as follows:

Pi1+ Piai(A+ Ay + BO;) + (A+ Ay + BO;)* Py
"FC;PH_lCi + @rR@l +Q =0,
Pia(T) =G,
where
K;=R+D*P,D, L;=B*P,+D*PC,
0, =K, 'L, C; = C + DO,

fori=0,1,2,---. Applying Lemma 3.1 and setting P = P,y; and © = ©; in (2.4), we see that

. c
|B*Pi(7)z|y < T)’Y|$|H’ |P(7)Biu|g <

C
(T mwu,

Vee H, T€[t,T), i=0,1,2,---.

By (3.32), we can derive that O = —K; 'Ly € L*»5(0,T; L(H;U)). Noticing Proposition 3.2,

we obtain
K1 > M, Pi(s)>al ae sel0,7] (3.33)
by replacing P and © in (2.4) with P; and ©g, respectively. Similarly, we derive that
Kit1 > M, Pi(s)>al ae sel0,17], i=0,1,2,---. (3.34)
We denote
A2 P —Py, AN20,,-0; i>1.
Therefore, for i > 1, we conclude that
— Ai(s)n = Pis1(s)n — Pi(s)n
- /ST eTIN(Pi(s) — Prya(5))(A1 + BO) + (A1 + BO) (Pi(s) — Piya(s))
+CF |\ PCi_1 +0OF RO, —CrPi 1C; — O: RO, Apdr
- / "IN A (4 + BO,) + (A + BOY'A, + P(BO, . — BO,)
—|—S(B®i_1 — BO,)"P, + C;ACi + C_{P,Ci4
+0; RO, | — C;P,C; — ©FRO;Je"*)4ydr. (3.35)
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By calculating, we deduce that
C;_PCi—1 — CPC;
= (O + D@l_l)*PZ(O + D®i—1) — (C + D@Z)*Pl(c + D@Z)
=0 ,D*P,DO, 1 —O!D*P,DO, + ©;_,D*P,C
= (0i—1 —0;)"D*P,D(0;—1 — ©;) + (C + DO;)"P,D(0;_1 — ;)
+(©,_1 — ©,)"D*P,(C + DO)
= A;D*P,DA; + C;P,DA; + A} D*P,C;. (3.36)
Likewise, we see that
B*P;+ D*P,C; + RO; = B*P,+ D"P,C + (R+ D*P,D)©; =0, (3.37)
O _1RO;_1 —O;RO; = A]RA; + A RO; + O] RA,;. (3.38)
From (3.35)—(3.38), we can obtain that

T
~Ay(s) — / TN (AL(A; + BO,) + (A + BO,) A + CrACieT ) Adr

= / ' "= (P,BA; + A B*P; + A D*P,DA; + C P,DA; + A; D* P,C;
+SA;‘RAZ- + AYRO; + O RA;)eT94dr
= / ' TN KA + (PB + CiP.D + ©FR)A;
+SA;‘(B*Pi + D*P,C; + RO;)e" 9 4dr
= / ' "IN KA, — A1 BA; + (Pi_1B + CfP,D + ©R)A]Je"~94dr. (3.39)
Taking G = 0, A= A; + BO;, C= C; and @ = ATK;A; in (2.6), by (3.39), we can derive that

A;(+) is a solution to (2.6). Applying Lemma 2.1, we obtain A;(-) > 0, that is, P;(-)—Pi+1(-) >0
for i > 1. By (3.33), we get that for any s € [0, 77,

Pi(s) > Pi(s) > Pit1(s) > al, Vi>1.

Hence, we get that the sequence {P;}5°, is uniformly bounded. Further, there exist constants

¢ > 0 and ¢ > 0 such that

\Pi($)| ey < ¢ |Ki(s)lemy <6,

c
19:(8)| (e, < m7 (3.40)

&
1Ci(8)| ey < |C(8)| ey + |D(5)|L‘(H)m~
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We next show the convergence of the sequence {P;, B*P;, P;B}:2,. Observe that
A; = K;'D*A; DK, (B*P, + D*P,C) — K, (B*A;_1 + D*A,_,C). (3.41)
Therefore, it follows from (3.40)—(3.41) that

|Ai(s)" Ki(s)Ai(s)]ccmy
= [(©i-1(s)Ki(5)Ai(8))" Ki(s)(Oi-1(5) — Oi(s))| ()

< (19i—1(8) vy +19i(8)| c(a,v)) [ Ki ()] £(1)|Oi-1(8) — ©i(8)| ()
<[ 2 e o O e il
ST T @y T @—sy (H) | IS4 L1E(H)
2c
+ ﬁA]B Ai1(8)|(m,v)- (3.42)

Combining (3.39) with A;(T) = 0, we derive that

T
Ai(s) = / TN (AY(A; + BO,) + (Ay + BO) A + CEAC; + ATKGA,

S

— A;_1BA;+ (P,_1 B+ C;P,D + O R)A;]e" ) 4dr. (3.43)
It holds from (3.40), (3.42)~(3.43) that

|Ai(8)|£(H)
T 2
< /S CMe2aT{ [2|A1(T)|£(H) + (lC(T)|,C(H) + ﬁ) }lAz(T)LC(H)

c . ¢
+ mw Ai(T)| vy + ﬁ|Ai(7—)B|E(U7H)

23|C(T) ey of 4T 5¢1C(7)]
+{ (T —7) +C((T—T)%+ (T'—7)7

5¢1C(T) | cear 1C(7)le(
“( T =7y T = )5

N o )|L(H))

L O ) + 181 () e

2 1

" {(T —7)7 " C((T fET)"Y N |C(T)|£(H))m} [B*Ai—1(7) |2 (m,0)

2
(T =)

+ 1A lB|L‘(UH)}dT (3.44)

|B*Ai(8)| om0y

< / L { e + (100 ean + ) T8 e

(T — 1) (T — 1)

N [CB(%) (G 51(;(_)'7’3‘ 24 10 em )

5c|C(7)| () IC(7) £
C((]j—iT)’YH + |C(7')|L‘,(H)) + ﬁ} |Ai—l(T)|£(H)

+ |B*Ai(T)| ca,v) + |Ai(T)Blzw,m)
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2 4¢ 1

- (T — 1) + C( (T — 1) + |C(T)|£(H)) m} |B*Ai1(7) | (a0

cr
+ m|Ai—lB|E(U7H)}dT (345)

and
|Ai(8) Bz,

_ /ST CMeT{ 2 41(7) ey + (IOl e + ﬁﬂ A7) 2y

B Ao + g A Blew

+ [P v (g + e+ e em)
(% + 10| e ) + %} A () e

- [(T izr)v +e T ﬁi)v 10 e ﬁ} |B* i (7)] e

+ (Tiicmmi_lmwﬂ)} E _15)7 dr. (3.46)

From (3.44)—(3.46), we see that
1Ai(8)ccary + 1B Ai(8)| ccavy + [8i(8) Bl e, m
< /ST (M A:(T) ey + 1B Ai(7) | carvy + 184:(T) Blew,m
1A (T)lemy + 1B*Aica (D)l e vy + [Aim1(7) Bl e, myldr, Vs €[0,T7], Vi > 1,

where ¢(-) is a nonnegative integrable function, which is independent of A(:). Further, by

Gronwall’s inequality, it infers that
18i(8)|ccmy + [B*Ai(8)| c(arvy + |Ai(8) Bl ew,m)

T
T
< ol #lrIar / ) (Ao (D) ey + 1B Bics ()] e + 1 D1 (1) Bl )dr

T
= C/ [D(T)(Aim1 (T)| ey + |B*Aiei ()| a0y + |Ai1(7) Bl v,y )ldT,

where ¢ = efo #(M97_ Setting a 2 max |Ag (7)|(#y and by induction, it has
0<r<T

7 T :
* C v
1A:(8)| ey + 1B Ai(8)| cavy + 12:(8) Bl e,y < a?(/ ¢(T)d7) , Vsel[0,T]. (3.47)

Therefore, the inequality (3.47) implies that the sequence {F;, B*P;, P,B}$°, is uniform con-
vergence in X.

We denote (P, g(s),h(s)) € X the limit of {P;, B*P;, P;B}°, with ¢g(s) = B*P(s), h(s) =
P(s)B. Then

K(s) = lim K;(s) > A ae. s€0,7].

1—00
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Furthermore, when i — oo, it holds that

0; > —K'L=0© in L*%(0,T;L(H,U)),
C; — C+ DO in L*(0,T;L(H)).

Hence, the operator P(-) solves (2.2) in the sense of mild solution.

(2) = (1). Since the operator B is unbounded, we need to estimate PB € L(U, H) and
B*P € L(H,U) when P is the mild solution to (2.2). Let P(-) € Cs([t,T]; S(H)) be the mild
solution to (2.4). For any v(-) € U[t, T], the system (1.2) with the control u(-) = ©(-)z(-) +v(-)

becomes
{dx = [(A+ Ay + BO)z + Bv|ds + [(C + DO)z + Dv]dW(s) in [t,T], (3.48)
z(t) = 1. '
By It0’s formula and Lemma 3.2, we have
J(t,m;0z() +v())
T
— (Pt ) + ]E/ ([P + P(A+ A, + BO)+ (A+ Ay + BO)'P
t
+(C+ DO)"P(C+ DO)+ Q + O©*RO|x, )
+ (Kv,v) + 2([(L + KO)|x,v) }ds
T
= (P(t)n,n) + IE/ {2({[L + KO]x,v) + (Kv,v)}ds. (3.49)
t
Because O is an optimal feedback operator, we have
JI(t,m;0x(-) +0(-)) = T(t,n;0x(:)) = (P(t)n, 7).
This, together with (3.49), implies that
T
E/ [(Kv,v) + (KO + L)z, v)]ds > 0. (3.50)
t

We next show that K(s) > 0 for a.e. s € [¢t,T] by contradiction. Otherwise, there exists
d > 0 and a measurable set 7 € [t,T] with Lebesgue measure m(7) > 0 such that

K(s) < =61 for ae seT. (3.51)

Let N > 0 such that & < m(T). Let {7,,}52; be a sequence of the measurable subsets of
T such that m(7,) = ﬁ Let ( € U and v,, = nx7,¢ for n = 1,2,---. Denote by z,, the
solution of (3.48) with n = 0 and v = v,,. Under the singular estimate (1.1), then we obtained

that

%0l et 1) L2 (0 1)) < C,
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where C is a constant independent of n. This, together with (3.51), implies that

1 T
lim —2/ (K, 0n) + (KO + L)z, va)lds < —|C[2. (3.52)
t

n—oo T

On the other hand, by (3.50), we have

lim LQ /T[<Kvn,vn> + (KO + L)xy,, vy)]ds > 0, (3.53)

n—oo T

which contradicts (3.52). Therefore, we see that
K(s) >0 forae. se][tT]. (3.54)
We use the following iteration scheme

T
Pi+1(3)77 = e(T_S)A* Ge(T_S)AT] + / e(T_S)A* [Pi+1(Al + B@l) + (A1 + B®i)*Pi+1

S

+(C + DO,)*Piy1(C + DO;) + O RO; + Qle" ) 4ydr, (3.55)
where

0, = —K]L;, K; =R+ D*PD,
Li=B*P,+ D*'P,C, Py=eT=94GeT=9)4,

Using the result of Lemma 3.1, each iteration P; is well defined and bounded with

Cluly
(T —s)’

Clle

< B*P < —
_CT7 | (S)$|H = (T—S)V7

|P’i|cs([t,T]£(H)) |PB(s)ulg <

Vor € H and i = 0,1,2,---. Thanks to (3.54), each K;(s)! is well defined and bounded on H
at each step. Taking estimates, it implies that the sequence {P;, B*P;, P; B}, is convergence
in X for (T' — t) is sufficiently small, and thus converging to some (P,p(s),q(s)) € X with
p(s) = B*P(s) and ¢(s) = P(s)B. Passing through the limit in (3.55), we obtain (2.2).
Further, when P(s) is the mild solution to (2.2), B*P and PB are bounded.

Let P(-) be the strongly regular solution of (2.2). Then there exists a A > 0 such that

K(s) > A forae. se[0,T]. (3.56)

Because B*P € L(H,U) and (3.56) hold, we have © = —K 'L € L>%(0,T; L(H;U)). For any
u(-) € U[0,T), let z(*)(-) be the solution of

(3.57)

dz((s) = [Az(™) () 4+ Bu(s)]ds + [Cz(™)(s) + Du(s)]dW(s) in [0,T],
(W (0) = 0.

Applying Itd’s formula to s — (P(s)z(®) (s),z(*)(s)), it has

J(0,0;u(-))
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T
= E/ {{[P+ P(A+ A1) + (A+ A)*P + C*PC + Qz™), z(W)
0

T
= IE/ [(©* KOz ™) - 2(KOz™ u) + (Ku,u))dr
0
T
= IE/ (K (u—0z™),u—0z™)dr.
0
Due to (3.56) and Lemma 3.4, we deduce that

J(0,0;u(-))

T
= E/ (K (u—0z™) u - 0zW)dr
0
T
> /\CQE/ lu(r)[Fdr,  Vu(-) € U[0,T]
0

for some v = A¢p > 0. Hence, the statement (1) holds.

In the end, we introduce an example about the uniform convexity of the cost functional.
Let O C R™(m € N) be a bounded domain with the C? boundary d0. We consider the

following stochastic Schrodinger equation
dz +iAzdt = axdt + bxdW (t) + cudW(t) in O x (0,77,
r=wv on 00 x [0, T, (3.58)
x(0) = g in O,
where a,b, ¢ € L°(0,T; Wy 7°(0)) and 2o € H~1(0).
Let H= H~1(0) and U = L?*(O) x L?(90). Define an unbounded linear operator on H as
follows:

D(A) = Hy(0),

(AL, 9) 11 (0,112 (0) = /G VI(©) - Vg©)de, Vf.g e HL(O).

Define a map Ap : L?(00) — L?(0) as follows:

ADg = ha
where h is the solution to
Ah=0 in O,
h=yg on 00.

Define three operators A;,C € L(L2(0,T;H)) and D € L(L3(0,T;U), L3(0,T; H)) as

A =at, C&E=bE, Du=cu, YEc€Li(0,T;H), Yuec LE(0,T;U).
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Write A = iA. The operators B, D are B = (0,AAp) and D = (D,0). The system can be

expressed in an abstract form as follows

{dx = (Az + Ayz + Bu)dt + (Cx + Du)dW(t) - in [0, 77, (3.59)

z(0) = zp,
where u = (g) with |ulrz2(0 7,0) = [@lz20,7:0) + [v]L2(0,7:0)- Therefore, The operator B is an

admissible control operator with respect to the semigroup {S(¢)}:>0 generated by A (see [14]).
That is, there exists a constant C > 0 such that for any u € L]2F(O, T;U),

T =~
E| / S(T — s)Bu(s)ds| | < Clulzzora
0

Further, we have
T ~
IE‘ / S(T — s)AADU(s)ds‘H < Clolrz0,m0)- (3.60)
0

There is a unique mild solution z(-) € Cg([0,T]; L?(€; H)) to the system (3.59).

We consider the following cost functional

T
JI(t,zo;u(-) 2 E(Gx(T), z(T)) + E/t ((Qz, ) + (Ru,u))ds, (3.61)

where G € S(H),Q(-) € L*(0,T;S(H)) and R(-) € L>=(0,T;S(U)). Assume that Q(-) > 0 and
that R(-) > AI may not hold. We next study the uniform convexity of the cost functional. We
make some assumptions.

(AS1) Assume that D = oI for o > E

(AS2) There exists a positive constant o > Co(| R (0,7;c(t)) + &) with §o > 0 such that
(Ru,u) > alv]?.

(AS3) There is a 8 > Co(|R|p=(0,1:cv)) + o) with & > 0 such that for any ¢ € H,
(G¢,¢) > pol¢lE-

Let Z(-) = D(-)u(-) = Du(-). Further, the system (3.59) becomes

{dx = (Az + Az + AApv)ds + (Cx + 2)dW(s) in [0,T), (3.62)

#(T) € L% (0 H),

where z(T) is the value of solution to (3.59) at the time T". Thus, the system (3.62) is well-posed.
Since the inequality (3.60) holds, the following inequality holds:

(), ZO)leeqo.ryL2 sty x L2 o,msmy < Cle(T) ez, (oum) +Clolozomv)- (3.63)

Further, the inequality (3.63) implies that there exists a positive constant Cp such that

|ﬂ(')|2L§(O7T;U) < CO|$(T)|22FT(Q;H) + CO|U|i§(o,T;U)- (3.64)
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From the inequality (3.63), the state process x(-) can be controlled by the final state process
x(T), which means that we only need to consider the operator G is large enough to supply the
negative of the operator R(:), when R(-) > Al may not hold in the cost functional (3.61). The
map u(-) — J(0,0;u(+)) is uniformly convex, that is, for some X > 0, it holds that

T
J(0,0;u(-)) > /\E/O lu(s)|%ds, Yu(-) € U[t, T]. (3.65)
According to (3.64), (AS2)—(AS3), we deduce that
T
/0 (Ru,u)dt + (Gx(T'), z(T))

> 0<|U|2L§(0,T;U) + le(T)|i§ET(Q;H)

> (o — ﬁ)|U|i§(o7T;U) + ﬁ('“'ig(&T;U) + |x(T)|i2fT(Q;H))

vV

2 ~12

(o= BvlLz 0,00y + C_O|U|L§(O7T;U)
> 2 (102 ) + 18320 m0r)
= Co L2(0,T3U) LZ(0,T;U)

> (IRl 0,r:c)) + &o)lultz 0,70,

where 8 < a < (1 + Cio) 8. Therefore, taking A\ = &g, the following inequality
T
F(0.6:u()) = B(Ga(T),2(D) +E [ (@v.2) + (Ruu))ds
t

T
> )\IE/ lu(s)|?ds
t

holds for any Q(-) > 0.

Further, we can derive the following result.

Theorem 3.1 Under the assumptions (AS1)—(AS3), the map u(-) — J(t,n;u(-)) is uni-

formly convez.
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