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A Note on the Convergence Along Tangential Curve
Associated with Fractional Schrodinger
Propagator and Boussinesq Operator*
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Abstract In this paper, the authors study the almost everywhere pointwise convergence
problem along a class of restricted curves in R x R given by {(y,t) : y € I'(x,t)} for each
t € [0,1], where I'(z,t) = {v(z,t,0) : 6 € O} for a given compact set © in R of the fractional
Schrodinger propagator and Boussinesq operator. They focus on the relationship between
the upper Minkowski dimension of © and the optimal s for which
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1 Introduction

1.1 The pointwise convergence along vertical lines

Let us consider the free Schrodinger equation in R™ x R, n > 1,
iOu+Azu=0

with initial datum f. Then the solution which is defined by Schrédinger propagator can be
formally written as

1
@r)"

(e t) = 4 (o) = oo [ figyag,

where

for = [ e fae
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The problem which was considered by Carleson [6] is to determine the minimal regularity s for
which

%i_rg(lJeitAf(z) = f(z), ae.zeR", (1.1)

whenever f € H*(R"), where H*(R™) is the L? Sobolev space of order s which is defined by

Il = ([ iy IfeRa)

In 1979, Carleson [6] first proved that the almost everywhere convergence (1.1) holds for
any f € Hi(R) by making use of the stationary phase method. Dahlberg-Kenig [10] proved
the condition s > I given by Carleson is sharp.

For the situation in higher dimensions, many researchers such as Carbery [5] and Cowling
[9] studied this problem, and Sjolin [28] and Vega [31] proved independently that (1.1) holds
when s > % in any dimensions. After that some important positive results have been obtained
by many references (see [1-2, 7, 11-12, 14, 17-19, 23-25, 30]). More recently, Bourgain [3] gave
counterexamples showing that (1.1) can fail if s < 3oy Pu-Guth-Li [13] and Du-Zhang [15]
improved the sufficient condition to the almost sharp range s > % when n =2 and n > 3,
respectively. Hence, the Carleson problem was essentially solved except the endpoint.

1.2 The pointwise convergence along a wider approach region

A natural generalization of the pointwise convergence problem is to ask almost everywhere
convergence along a wider approach region instead of vertical lines. One may consider the
Schrédinger propagator e f(x) converges to f(z) nontangentially for almost everywhere 2 €
R™. That is, for @ > 0 and f € H*(R"), for which s such that

lim "4 = f(z), ae. zcR", 1.2
o TfY) = f(@) (1.2)
(y,t)—(x,0)
where T'o(z) = {(y,t) € RT" ¢ |y — 2| < at}. If s > 2, then by Sobolev imbedding theorem,
we find that

sup [ f ()] < C|l fll e erny-
(z,t)ER™ xR

Thus, (1.2) holds for s > %. However, Sjogren-Sjolin [27] proved that (1.2) fails for s < Z.
In fact, in [27], Sjogren-Sjdlin proved that there is an f € H%(R") and a strictly increasing

function ~(t) with v(0) = 0, such that for all x € R™,

limsup |e'*® f(y)| = +oo0.
(y,t)—=(=,0)
lz—y|<v(t)

In this section, we study the almost everywhere pointwise convergence problem along a
class of restricted curves in R x R given by {(y,t):y € I'(x,t)} for each ¢t € [0,1], where
I(z,t) = {v(z,t,0):0 € O} for a given compact set © in R of the fractional Schrédinger
propagator and Boussinesq operator. Let y(z,t,6) be a map from R x [0,1] x © to R, which
satisfies the following conditions (A1)—(A3).
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(A1) (Bilipschitz condition in z) For fixed ¢t € [0,1],0 € O, v(x,t,0) has at least C!
regularity in x, and there exists a constant Cy > 1 such that for each 2,2’ € R, t € [0,1], 0 € ©,

Ol — o] < Iy, £,0) — (', 1,0)] < Cula — 2.

(A2) (Holder condition of order ov in ¢) There exists a constant Cy > 0 and « € (0,1) such
that for each z € R, t,t' €[0,1], 6 € ©,

|y(x,t,0) —y(x,t',0)] < Caolt —t'|*.

(A3) (Holder condition of order 1 in @) There exists a constant C3 > 0 such that for each
zeR, tel0,1], 0,0 € O,

|y(x,t,0) —y(x,t,0")| < C3|0 — 0.

In order to characterize the size of ©, we introduce the upper Minkowski dimension of ©

which is defined by
B(0) = lim sup M,
0—0+ _10g5
where N () is the minimum number of closed balls of diameter § to cover ©. As a consequence,
when O is a single point, 5(0) = 0; when © is a compact subset of R™ with positive Lebesgue
measure, 3(0) = n.
In recent years, many authors study the relationship between the upper Minkowski dimen-
sion of © and the optimal s for which
yé&it) 2 f(y) = f(z), ae.,
(y,£)=(=,0)
whenever f € H*(R").

Recently a lot of works have been done on this type of problems (see [8, 2021, 26] and
the references given there). In [8], this question is considered when n = 1 for a class of
restricted straight lines. Exactly, for ¢t € [—1,1], let T'(z,¢) = { +t0: 0 € O}, where © is a
given compact set in R. In [8], Cho-Lee-Vargas proved that the corresponding non-tangential
convergence result holds for s > %. Then Shiraki [26] generalized this result to a wide
class of operators which includes the fractional Schrédinger propagator. Li-Wang-Yan [21]
obtained the corresponding non-tangential convergence result in any dimensions and improved
the straight line to more general curves with Lipschitz regularity in time variable. Very recently,
Li-Wang [20] gave an answer when the curves satisfy just lower a-Holder regularity (0 < a < 1)
associated with Schrédinger propagator. So it is interesting to study that whether the conclusion
of Li-Wang [20] is true for fractional Schrodinger propagator and Boussinesq operator. First
we consider the fractional Schrodinger propagator which is defined by

MV f(a) = (271)” / e fe)dg, a1,

In this paper, we focus on the relationship between the upper Minkowski dimension of © and
the optimal s for which
lim VA f(y) = f(z), ae., (1.3)

yel(z,t)
(y,t)—=(x,0)
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whenever f € H*(R). And we have the following convergence result for fractional Schrédinger
propagator along a class of tangential curves.

Theorem 1.1 Let a > 1. Suppose that ~y(x,t,0) satisfies the conditions (A1)—(A3). The
convergence result (1.3) holds almost everywhere whenever f € H*(R) if

(1) a € (0, 5] ands>soz%@+%—%;

(2) a € (£,1) and s > s = 2EEL

The fractional Schrodinger propagator is Schrodinger propagator when a = 2. Hence
Theorem 1.1 improves the previous known result in Li-Wang [20]. We study the fractional
Schrédinger propagator whose phase function is more complicated than Schrodinger propaga-
tor, which causes the difficulty when we establish the estimate of kernel. Theorem 1.1 is sharp
when a € (55,1) (see [26]). Besides, Theorem 1.1 extends the result of [26] to generalized
curve.

By a standard argument, Theorem 1.1 follows from the maximal function estimate below.

Theorem 1.2 Let a > 1. Suppose that y(x,t,0) satisfies the conditions (A1)—(A3), consid-
ering the LP estimate of fractional Schridinger mazimal function

it(vV=2)"
sup e f(y(x,t,0 H
te(o,l),eee| o )l LP(B(zo,R))

<COfllaswy, [fe€HR), (1.4)

where B(zo, R) C R. Then

(1) for a € (0, 5], (1.4) holds if s > sg = aa,@((a) +3—% andp=2;

(2) for a € (5, 2), (1.4) holds if s > sg = B(G)H andp dao;

(3) for a € [1,1), (1.4) holds if s > sg = (94)+1 and p = 4.

Moreover, the constant C' depends only on Cy,Co,Cs3,0 and B(xg, R), but does not depend
on f.

As a result of Theorem 1.2, we achieve the sharp LP estimate of fractional Schrodinger
maximal function along a class of tangential curves in R x R. In fact, we take © to be the set
only consisting of a single point 6y, which implies 5(©) = 0. And here we rewrite vy(z,t,6p)
as y(z,t). Let y(x,t) be a map from R x [0,1] to R, which satisfies the following conditions
(A1)—(A2).

(A1)’ (Bilipschitz condition in x) For fixed ¢ € [0,1], v(z,t) has at least C'! regularity in x,
and there exists a constant C; > 1 such that for each z, z’ € R, t € [0, 1],

Cr |z = a'] < [y(x,t) = (2" 8)] < Crla — |-

(A2)’ (Holder condition of order e in t) There exists a constant Cy > 0 and « € (0, 1) such
that for each z € R, t,t' € [0, 1],

(1) = (2, t')] < Calt — ']

Theorem 1.3 Let a > 1. Suppose that v(x,t) satisfies the conditions (A1) ~(A2)" for ar-
bitrary x,x' € B(xo,r) C R and t,t' € [0,1]. Considering the LP estimate of fractional
Schrédinger maximal function

| sup [T ()| < Ol fll ey (15)

te(0,1)

Lr(B(zo,7))
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we have
(1) fors>31— 2 anda e (0,%], (1.5) holds if p < 2;
(2) fors>1 and o€ (5=,21), (1.5) holds if p < 4ac;
(3) fors>1 and e [1,1), (1.5) holds if p < 4.

Moreover, the constant C depends only on C1,C2 and B(xq,r), but does not depend on f.

It is clear that Theorem 1.3 improves the previous results of [26] when a € (5=,1). Next
we will show that the upper bound for p obtained by Theorem 1.3 cannot be improved when
~(x,t) are chosen as in Theorem 1.4 below.

Theorem 1.4 Taking v(x,t) = x—t* and considering the LP estimate of fractional Schrédinger
mazximal function

sup [ f G )| < Ol (1.6)
te(0,1)

we have
(1) (1.6) holds for s >
(2) (1.6) holds for s >
(3) (1.6) holds for s >

— % and o € (Oan] only if p < 2;
and o € (2a, a) only if p < 4daq;
and o € [a, ) only if p < 4.

PN

Next we study the Boussinesq operator (see [4]) which is defined by

/ ei(z-5+t\f‘\/w)f(€)d€

1
B =
tf(x) (27T)n
In this paper, we also focus on the relationship between the upper Minkowski dimension of ©
and the optimal s for which

lim B f(y) = f(z), ae, (1.7)

yel(z,t)
(y,t)—=(z,0)

whenever f € H*(R). And we have the following convergence result for Boussinesq operator

along a class of tangential curves.

Theorem 1.5 Suppose that vy(x,t,0) satisfies the conditions (A1)—(A3). The convergence
result (1.7) holds almost everywhere whenever f € H*(R) if

(1) a€(0,1] ands>s90=0aB(0)+ 1 -«

(2) a€(4,1) ands > sp= %.

By a standard argument, Theorem 1.5 follows from the maximal function estimate below.

Theorem 1.6 Suppose that vy(x,t,0) satisfies the conditions (A1)—(A3), considering the LP
estimate of Boussinesq mazimal function

sup |Bf(1(x.1,0))|
te(0,1),0€0

s H*(R 1.8
sy <Ol FEH®, (18)
where B(zo, R) C R. Then

(1) for a € (0,%], (1.8) holds if s > sy = aB(©) + 3 — o and p = 2;
(2) fora € (3,%), (1.8) holds if s > sg = (94)+1 and p = 8o
2.1), (1.8) holds if s > sg = [3(@)“ and p = 4.
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Moreover, the constant C' depends only on Cy,Ca,C3,0 and B(xo, R), but does not depend
on f.

As aresult of Theorem 1.6, we achieve the sharp LP estimate of Boussinesq maximal function
along a class of tangential curves in R x R.

Theorem 1.7 Suppose that v(x,t) satisfies the conditions (A1), (A2)" for arbitrary x, 2’ €
B(zo,7) CR and t,t' € [0,1]. Considering the LP estimate of Boussinesq maximal function

< Ol f 1wy (1.9)

sup [Bef (. 0)|

te(0,1)

P(B(zo,r))

we have

(1) fors>3i—aandac (0,1], (1.9) holds if p < 2;
(2) fors> 1% and o€ (%,3), (1.9) holds if p < 8c;
(3) fors>1 and o€ [1,1), (1.9) holds if p < 4.

Moreover, the constant C depends only on C1,C2 and B(zg,r), but does not depend on f.

[ = po =

I

Finally, we will show that the upper bound for p obtained by Theorem 1.7 cannot be
improved when v(x,t) are chosen as in Theorem 1.8 below.

Theorem 1.8 Taking v(x,t) = x — t* and considering the LP estimate of Boussinesq
mazximal function

< Ol fll s wys (1.10)

H sup |B:f(y(z, |‘ Lr(B(0,1))

te(0,1)

we have
(1) (1.10) holds for s >
(2) (1.10) holds for s >
(3) (1.10) holds for s >

—a and a € (0 i] only if p < 2;
and o € (4,2) only if p < 8a;
and o € [2, ) only if p < 4.

ENENTEE I

Finally we give the main idea for the proof of Theorem 1.2 and we prove Theorem 1.2 in
Section 2. By Littlewood-Paley decompositon, we study f with suppf C {EeR: ]~ AL A >
1. We decompose © into small subsets {O} such that © = U0, with bounded overlap, where
each Oy is contained in a closed ball with diameter A™#. In order to prove Theorem 1.2, it is
enough to consider

| sup VIR (0]
t€(0,1),0€0y

<CN 1.11
ooty < OV I, (111)

where p is chosen as in Theorem 1.2 and v = max {% -5 1} Moreover, the constant C
depends on C7,C5,C3,0 and B(xg, R), but does not depend on f and k. We use Hardy-
Littlewood-Sobolev’s inequality, Van der Corput’s lemma and Schur’s lemma to prove (1.11).

The main approach for the proof of Theorem 1.4 depends on [8]. Here we choose f(f) =
Xp O)/\%)(g) and we give the proof of Theorem 1.4 in Section 2.

The proof of Theorem 1.6 is similar to Theorem 1.2 and the proof of Theorem 1.8 is similar
to Theorem 1.4. We give the proofs of Theorems 1.6 and 1.8 in Section 3.

Throughout this paper, we always use C' to denote a positive constant, independent of
the main parameters involved, but whose value may change at each occurrence. The positive
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constants with subscripts, such as C7 and C5, do not change in different occurrences. For two
real functions f and g, we always use f < g or ¢ = f to denote that f is smaller than a
positive constant C' times g, and we always use f ~ g as shorthand for f < g < f. We shall
use the notation f > ¢, which means that there is a sufficiently large constant C, which does
not depend on the relevant parameters arising in the context in which the quantities f and g
appear, such that f > Cg. If the function f has compact support, we use suppf to denote the
support of f.

2 Proofs of Theorems 1.2 and 1.4

In this section, we prove Theorems 1.2 and 1.4. We will use the following key lemma to
prove Theorem 1.2.

Lemma 2.1 Under the assumption of Theorem 1.2, if f is a Schwartz function and suppfc
A={§ eR:[E| ~A}. Then for each k,

SONNf Nl

sup [V f(y(a,1,0))|
te(0,1),0€0y

Lr(B(zo,R))

where p is chosen as in Theorem 1.2 and v = max{% -9, %} Moreover, the constant C

depends on Cy,Ca,C5,0 and B(xo, R), but does not depend on f and k.

2.1 Proof of Theorem 1.2

Using Littlewood-Paley decomposition, it is enough to demonstrate that for f with supp f C
Ay={¢eR: |~ AL A>1,

< C)\S°+5||f||Lz ®r), Ve>0, (2.1)

sup [t VTR f(y(x,t,0)) |‘
te(0,1),0€0

LP(B(z0,R))

where sg and p are chosen in Theorem 1.2.

We decompose © into small subsets {O} such that © = U0}, with bounded overlap, where
each O is contained in a closed ball with diameter A™#, u = min {1, aa}. By the definition of
B(0), we have

1< k< \HAO)Fe, (2.2)
By Lemma 2.1, we get

< ON fll 2wy,

sup [T f(y(a,1,0))]
te(0,1),0€0y

Lr(B(zo,R))

which implies

(P

it(vV=08)" -

supH sup elt( fly(z,t,0 ‘ < C\ Fll 2z, 93
L CIENAO)]| I S lew, (23)

where v = max{— -5 l} We may combine the above inequalities (2.2)—(2.3) to conclude

| sup (et p (a0
te(0,1),0€0

Lr(B(wo,R))
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(2], e, " oot

t€(0,1), ee@k LP(B(ro,R)))

1
< C(Z )\Pu+(P—1)6||f”;£2(R)) P

k
1B(©)
P

1
P

IN

<CA T fll 2wy

which implies (2.1). Theorem 1.2 follows from (2.1). In fact, from the above discussion, we get

ax 1} S0 :M'BZ()@)+V

= min{1, aa}, V:max{% -5

(1) Fora e (O, 2a] then pu = aa, V—%—ﬂ Since p = 2, we get so——’w‘g(@)—i-l—%;
(2) for a € (%,5) then p = acq, V—i Since p = 4aa, we get sg = 6(9) ;
(3) for a € [1,1), then p=1,v = 1. Since p = 4, we get 9 = 6(94)+1,

which implies Theorem 1.2.

2.2 Four lemmas

In order to prove Lemma 2.1, we introduce the following four lemmas first.
Oscillatory integrals have played an important role in harmonic analysis from its outset. We
recall the following well-known variant of Van der Corput’s lemma.

Lemma 2.2 (Van der Corput’s lemma) (see [29]) For a < b, let F € C*([a,b]) be real
valued and v € C*([a,b]).
(i) If |[F'(x)] > XA > 0, Vx € [a,b] and F'(z) is monotonic on [a,b], then

‘/abei”””)wx) da:‘ < %(Iw(bﬂ +/ab|¢’(x)|d$),

where C' does not depend on F, ¢ or [a,b).
(ii) If |F"(x)] > A > 0, Vx € [a,b], then

b .
/WWMM<—W>H/WIm

where C' does not depend on F, ¢ or [a,b].

Lemma 2.3 Suppose that v(x,t,0) satisfies the conditions (A1)—-(A3). Assume t(x) and
O(x) are measurable functions defined on B(xzg, R), t(x) € (0,1), 8(x) € Ok. Let a > 1,
peCPR), A>>1 and

K(z,y):/ eiw(y,wy).,9<y>>-5—iv<z,t<m>,e<m>>-g+it<y>|5\“—it<z>Wp(é)dg
Ax
(1) For x,y € B(xo, R), then

K (2,y)] < CA.

(2) For x,y € B(xo,R) and x # vy, if [t(x) — t(y)| > 5a" AN ~%(C1R + C3 + Csdiam(0)),
then
|K (z,y)] <CA N, VN >0.
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(3) For x,y € B(zo,R) and x # vy, if [t(x) —t(y)| < 5a" N 74(C1 R+ Cy + C3diam(0)) and
r —y| > 2CCsdiam(0Oy), then
C1Csd O), th

A2

r—y

|K(x,y)|§Cmax{ |l’,\1—%|x—y|_%}.
2
Proof of Lemma 2.3 We replace (1)—(3) in Lemma 2.3 by Cases 1-3, respectively. We
note that the constant C in Cases 2-3 depends only on C7,Cs,C3, R and O.
The change of variables £ = A\n gives

K(z,y) =\ ei)\[’Y(yat(y)>9(y))'77—’>’(1=t(95)>9(f))'77+t(y)>\a71\77\a—t(r))\(kl|77|a]p(
Ay

n)dn.
First, we consider Case 1. We have the following trivial estimate

|K (2,9)] = ,\‘/A eikh(yﬁ(y)-,9(.7;))-n—’v(r,t(z)19(1))-n+t(y)ka’1lnla—t(z)Aa’l\n\“]p(n)dn
1

< [ lotlan
Ay
<O

Next we prove Cases 2-3. Denote
(,y,m) =y, 1Y), 0(y) - n — vz, t(x), 0(x)) -7 + A" (y)nl® — A" () |n|*.
Then we get
S ) =20 £0): ) = (0. 0(2) + X" (o) (o))

oV (@Y, n) = ala— DA 2 (t(y) - Hx)).

Second, we consider Case 2.
(1) On one hand, since [t(x) — t(y)| > 5a= A1 =%(C1 R + Oy + Cszdiam(0)), we have

laA* I (t(y) — t(x))| > aX*'5a" A TY(CL R + Co + Czdiam(©))
= 5(01R + CQ + nglam(G)) (24)

(2) On the other hand, since y(z,t,0) satisfies the conditions (A1), (A2) and (A3), we find

v (v, t(y), 0(y)) — v(z, t(z), 0(x))]
< vy, t(y), 0(y)) — v(z, t(y), O(w)| + [v(z, t(y), O(y)) — v(z, t(z),0(y))]
+ [y (@, t(z), 0(y)) — v(z, t(x),0(x))]
< Cilz —y| + Colt(z) — t(y)|* + Cs/0(z) — 0(y)|
< 2C1R + Cs + Csdiam(O). (2.5)

(2.4)—(2.5) imply that

a%w, yon)| = i @), 0w)) — (1), 0(x)) + aA*~ 15~ (t(y) — t(x)
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> aX* It (t(y) — t(@)| = (Y, t(w), 0(y)) — (2, t(x), 0(x))|
Z 5(01R + CQ + nglam(G)) (ZClR + 02 + Ogdlam(@))
> 3(C1R + Cy + Csdiam(0)),

which implies that
|K (2,y)] <CAX™N, VN >0.

Therefore, if [t(z) —t(y)| > 5a~ A1 7%(C1 R + Cz + C3diam(0)), then we obtain Case 2, and the
constant C' depends only on C,Cs, Cs, R and O.
Finally, we prove Case 3. Since v(z,t,0) satisfies the conditions (A1)—(A3), we find

vy, t(y), 0(y)) — v(z, t(z), 0(2))]
= vy, t(y), 0(y)) — v(z, t(y), 0(y))| — [v(z, ty), 0(y)) — v(z, t(y), O(z))]
= (2, t(y), 0(x)) — (2, t(z),0(z))|
> Cr o —y| — Csl0(x) — 0(y)| — Calt(x) — t(y)*
> C; Yo — y| — Csdiam(Or) — Cat(z) — t(y)|* (2.6)

We divide Case 3 into three parts.
(1) |x—y| > 2C,Csdiam(Oy), |z—y| > 100C; O |t(x)—t(y)|* and |z—y| > 100Ca >~ |t(z)—

t(y)l-
By (2.6), we have

Eg;w<x,y,n> > Iy (9, 1), 0)) — 1z, 1(x), 6(x))] — [N~ 7= (t(y) — t(x)|
> O — y| — Cadiam(Oy) — Calt(x) — 1(y)|" — ar[t(y) — t(x)|

1
>_ " |p_
> Tooc; 1* Y

which implies
|K (z,y)] < O YN >0
P a00C) e = ylY |
(2) |z—y| > 2C1C3diam(Oy), |[r—y| > 100C;Cs|t(x)—t(y)|* and |[z—y| < 100C a1 |t(z)—
t(y)l-
We have

528y m)| = lala= DX (tHy) — t(@))|
"

>ala— 1A —— |z —
= ala = DA fgp et Y
_ Skg —y

~ 1000,

Using Lemma 2.2, we have

) <Al o) = (527) E iéy@

(3) |z —y| > 2C1Csdiam(Oy), |z — y| < 100C Cat(z) — t(y)|“.
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‘We have
82 1 2
8—7721&(3:,34,77) = la(a — DA " (t(y) — t(z))]
> _ a—1 |ZZ? - y| é
> afa —1)A (1000102)
= a(a — DA (1000,Co) " = |z — y|=.

Using Lemma 2.2, we have

K (z,y)] < AAa(a — DA H10001Cy) ™= |z — y| =)~ %
= (ala —1))"2(100C1Cy) 2 A~ % |z — y| 2=

By the estimates of three parts, we get

Az .
K (e9)] < Cmar{ g N Hlo -yl .

Therefore, the proof of Lemma 2.3 is completed.

In order to prove Lemma 2.1, we also need the famous Hardy-Littlewood-Sobolev’s inequality
and Schur’s lemma.

Lemma 2.4 (Hardy-Littlewood-Sobolev’s inequality) (see [22]) The Riesz potential is an
operator defined by

<

Iaf(gc):/]R &d :(f*||}l_a)(x)

n |z =y

Suppose that 0 < a <n, 1 <p < = and%z
(i) If f € LP(R™) (1 <p < Z), then

_a
po

1
p

o fllLa@ny < CllfllLr@n);

(ii) if f € LY(R™), then for all A > 0,

- _
n—a

C
o e R": Lf@) > M < (S )
where C = C(a,n, p).

Schur’s lemma provides sufficient conditions for linear operators to be bounded on LP(R™).
So we describe the details as follows.

Lemma 2.5 (Schur’s lemma) (see [16]) Suppose that K(x,y) is a locally integral function
on a product of two o-finite measure spaces (X, 1) X (Y,v), and let T be a linear operator given

by
Tﬂ@=LK@wﬂww@,

when [ is bounded and compactly supported. Assume

sup/ |K (2, y)|dv(y) = A < oo,
zeX JY
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sup / K (2,y)| du(x) = B < .
yeY JX

Then the operator T extends to a bounded operator from LP(Y) to LP(X) with norm A'"» By
for 1 <p < oo.

2.3 Proof of Lemma 2.1
By linearizing the maximal operator, we choose t(z),8(z) be measurable functions defined

on B(zo, R), t(z) € (0,1), 0(x) € O, such that

sup VIR f(y(@,1,0))] < ClY TR f (2, t(x), 6(x)))].
t€(0,1),0€0y

Denote
Tf(z) ;:/ o (@t().0@) € +it()lEl f(g)de.
Ax
It is enough to show that
1T fllLe(B(zo.r)) < CN|IfllL2(ay)

holds for all f with supp f C Ax, here we use the Plancherel’s theorem to replace fby f-Ttis
easy to see that the adjoint operator T of T is given by

T*(8) :/ o) 0(@)-€=it(@)€1” g 1) .
B(:Eo.,R)
By duality, this is equivalent to demonstrating that

1T7gll2ay) < CNNgll Lot (Bao,ry): =+ =1

1
v

bR

holds for all g € L¥' (B(zo, R)).
Taking p € C2°(R) such that p(z) = 1if |z| <1, and p(z) = 0 if |z| > 2. Then we have
”T*QH%Z(A)\)

:/ p(%) /B( . e—iv(wﬂf(m),9(1))-£—it(m)\f\ag(x)dx/ VW) 0W)- €+t WIEN" g () dg
o,

A/\ B(wQ7R)

_ / g(x)@/ ei'v(y,t(y)19(7;))-E—iv(zﬁt(m),9(m))~6+it(y)|£|a—it(m)|£|ap(é)dgdxdy
B(zo,R) J B(zo,R) Ay A

= / / 9(2)g(y) K (z,y)dzdy,
B(wQ7R) B(wo,R)

where

K(z,y) = /A eiv(yi(y)ﬂ(y))-f—iv(w,t(w)ﬁ(w))-£+it(y)If\“—it(w)\E\“p(g)dg
A

By Lemma 2.3, we have the following three estimates.
Case 1 For z,y € B(zo, R),
K (z,y)| < CA.

Case 2 For x,y € B(xg, R) and x # y, if [t(x) —t(y)] > 5a= A\ =2(C1 R+ Co + C3diam(O)),
then
|K(z,y)| <CAXN, VYN >0.
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Case 3 For z,y € B(xo, R) and = # y, if [t(x) —t(y)| < 5a"'A17%(C1 R+ Cs + Csdiam(O))
and |z — y| > 2C1C3diam(©y,), then

A2 _a .
oy e

To prove the desired estimates, it suffices to break B(zg, R) x B(zo, R) into Q1,Qs, where

K (2, )] < Cmax {

0y := {(z,y) € B(xo, R) x B(zo,R) : [t(z) — t(y)| > 5a" N 7%(C1R + Cy + Czdiam(©))};
Qs == {(x,y) € B(zo,R) x B(xg, R) : [t(z) — t(y)| < 5a A 7%(C1R + Cy + Csdiam(0©))}.

By Case 2, we have

‘//Q K (@, y)dady| < CA Vg2, o gy TN >0,

where the constant C' depends on C1, Co, Cs3, B(xg, R) and O.
To achieve the estimate on €, we will consider the following three cases o € (0, 55], 0 €
(5,1) and a € [1,1), respectively.

2a’ a

(i) ae(0,%].

‘// K(z,y)dzdy
Q2
3// lg(2)g(y) K (x,y)|dzdy
{(z,y)€Qa:|z—y|<2C1 C3 A~}
+// awn [9(2)g9(y) K (2, y)|dedy
{(z,y)€Q2:2C1 C3 A~ <|z—y|<A -1 }

) ey 9@ )l ardy
() €Qatlz—y[2A o= =
—1, 4+ 1 + 1.

By Case 1, Holder’s inequality and the L? boundedness of Hardy-Littlewood maximal operator,

we get

h= // lg(x)g(y) K (x,y)|dzdy
{(z,y)EQa:|z—y|<2C C3A—a}

<A / / l9(2)g () |dzdy
{(I,y)éQz:'I—@”<2Cng)\7a°‘}

< opl-a / M (19X 5 (0.1 )T X 5 (m0.) ()l

< O M (91X B(xo, 1))l L2 @) 19X B (2o, 1) | L2 (R)
< O)\l_aa”gXB(mmR)H%?(]R)
= ON gl Z2(Bao ) (2.7)

By Case 3, Holder’s inequality and Lemma 2.5, we find

12:// ey 19(2)g () K (2,y)|dady
{(2,y)EQ2:2C, CsA— a0 <|z—y|<\ a—1 }
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_%//{ a(a=1) |$—y|_%|g(x)g(y)|dxdy

(z,y)EQ2:2C 1 CaA 2o < |z —y|<\ a—1 }

< CAT%

_ L
v 1= 917 X0, 1) (@) g () 2]

{zeR:2CC3A~ < |z—y|<\ -1 } L2(B(zo,R))

N9l L2(B(wo,R))
< C/\l_%/\_aa(l_i)Hg”LZ(B (z0,R))

= OX g2t 10 28)

By Holder’s inequality and Lemma 2.4, we obtain

13_// aa-n 19(@)9(y) K (z,y)|dzdy
{(z,y)€Qa:|z— y|>)\ = 1
2 1
SO}@//|g(:z:)|XB(wO,R)(ar)lg(y)le(wo,R)(y)ildxdy

lz —y|2
1
< Cx\zllgl\Lg(B 20.R) H|9|XB<9”0 BT
< COAZ IIQHL2<B<M,R>>
< CN TN gllT2 (B 2o.R)): 29

where we used o € (O, %} in the last inequality.
Therefore, we get y = aca.
From the estimates of I;—I3, we obtain

IT*gl1Z2a,) < CA ™ *Ngll72(B(ao, 1))

ax

Hence we get v = 5 — %* and p’ = 2, which implies p = 2.

%
(i) ae (5,2).

1

a )\ a
e -y ) < Cmax{ N T E o -y
|z — y[=a

=
~
—

K (2,y)] < Cmax { ———
|z —yl2

By Case 1 and Holder’s inequality, we find

‘//Q g(x)g(y)K(x,y)dxdy‘

2

S// l9(z)g(y) K (v, y)|dzdy

{(2,y)€Qailz—y|<A-a}
+// l9(z)g(y) K (v, y)|dzdy

{(2,)€Qai|z—y|>A -2}

SCA// lg(z)g(y)|dzdy
{(@,)€Qailz—y|<A—ae}

1 — 1
L oAb / / 19(2)9 ()| —————dady
{(z,y)€Qai|z—y|>A—a0} |z — y|2ea

1 — 1
< Ond / / 5o (@) 19()] X001 (1) [7) | ————dardy
RJR |x — y|2aa
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1
<COAz » — . .
< CA2||gXB(zo. 1) I L 1(R)H|9|XB(9U0,R) * o sty (2.10)
Therefore, we obtain p = aa. By Lemma 2.4, we have
1
<
‘//QQ K(z,y dxdy‘ CA? |lgxp mo7R)HLP1(R)H|g|XB (@) * T | ot
< A7 ||g|? . 2.11
1912 st e @.11)
In fact, when we use Hardy-Littlewood-Sobolev’s inequality, it needs the condition
1 1 1
(7).
) p1 2ac
which implies
oo
1= a1
From (2.11), we obtain
T* < OX7|g|? .
[ gHL?(A)\) 2 HQH 1 (B(zo.R))
Hence we get v = 1 and p' = 2% which implies p = 4acv.
(i) a€[2,1).
)\% 1—2a L
K (2,y)] < Cmax { "= Mo~y |,
|z —yl=
By Holder’s inequality and Lemma 2.4, we obtain
‘// K(z,y dxdy‘
Q3
<[/ 99 () K ()l ddy
{(z,y)€Qa:|lz—y|<A—1}
+ // |9(x)g(y) K (, y)|dxdy
{(z,y)€Qas|z—y|=A~1}
<OA / / l9(x)g(y)|dzdy
{(z,y)EQa:|lz—y|<A—1}
1 — 1
vor [ f O —r
{(2.y)€Q:la—y|2A~1} Ix—yl
l
X [ [ e @000, ) Ty
< O gl 4 g |90 |% .
< .
CA® 1917 4 (5 a0 1y’ (2.12)
which implies ¢ = 1. From (2.12), we obtain
* 112 1 2
1791320 < CNH g4
Hence we get v = 1 and p’ = 3, which implies p = 4.

From the discussions of (i)—(iii), we have y = min{1,aa} and v = max {3 — % 1} Thus
we have shown the cases of (i)—(iii), and the proof is completed.
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2.4 Proof of Theorem 1.4

Adopting the arguments in [8], we choose

~

As a consequence, we have

The change of variables £ = /\%77 gives

VA F(y(a, 1))| = ‘%/

T or

Ift € (0, 555272

' 500 )andxeS:

U

te(0, 535 A" %)

INB (2 — %) -+ tA% |||

and

D. Li and J. F. Li
F(€) = Xy 03,(8)-
£l zre(ry < CATTE. (2.13)
i(a—t%)-Eitlg]”
K ot (O]
/ eiA%(r—to‘)-n+it)\%\n\adn‘.
B(0,1)
{y:ly—to| < ﬁ/\_%}, then
1
<
— 100
(z,8))| > CA=. (2.14)

| VA f(y

ac

1) When o € (0,21, we get |S| ~ A\~
2a

B

a

N
|

A

D

We obtain that p cannot be larger than 2 when s is sufficiently close to

sufficiently large.

(2) When « € (5

2a°

1), we get |S| ~ A™%

W=
e
TR

A

We obtain that p cannot be larger than 4a«
sufficiently large.

2z and it follows from (1.6) and (2.13)—(2.14) that

ATt

Wl

1 ax

5 5+, since A can be

and it follows from (1.6) and (2.13)—(2.14) that

ol

<At

when s is sufficiently close to i, since A can be

(3) When o € [1,1), we get S| ~ A~2 and it follows from (1.6) and (2.13)(2.14) that

[N
S

A

SATT

Nlw

Apparently, p cannot be larger than 4 when s is sufficiently close to %, since A can be sufficiently

large.

3 Proofs of Theorems 1.6 and 1.8

In this section, we prove Theorems 1.6 and 1.8. Next we use the following lemma to prove

Theorem 1.6.
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Lemma 3.1 Under the assumption of Theorems 1.6, if f is a Schwartz function and
supp f C Ay ={£ €R: || ~ A}. Then for each k,

< ON|Ifllp2qrys

sup  |Buf (y(a,t.0))]|
t€(0,1),0€0

Lr(B(xo, 1))

where p is chosen as in Theorem 1.6 and v = max { % —a, %} Moreover, the constant C' depends
on Cy,Cs,C3,0 and B(xo, R), but does not depend on f and k.

3.1 Proof of Theorem 1.6

The proof of Theorem 1.6 is similar to Theorem 1.2. Here we give a simple proof. Using
Littlewood-Paley decomposition, we only need to show that for f with supp f C Ay = {{ e R:
€]~ AL A1,

H sup  |Bif(y(x,t, 9))|‘
t€(0,1),0€0

< Opsote . Ve>0, 3.1
poistemy < CX I ey, Ve (3.1)

where sg and p are chosen in Theorem 1.6.

We also decompose © into small subsets {©} such that © = U0, with bounded overlap,
where each Oy is contained in a closed ball with diameter A™#, ; = min{1,2a}. Using the
definition of 5(0), we have

1< k< \HAO)Fe, (3.2)
By Lemma 3.1, we get

(p—1e

SCNFTTTT | fll ) (3.3)

sup |Btf(7(5€,b‘,9))|‘

t€(0,1),0€0

sup

k Lr(B(zo,R))

where v = max {1 — a, 1 }. By (3.2)—(3.3), we obtain

1B(©)

<SOXTF T fll ey,

sup [Bif (1(,t,0)]|
te(0,1),0€0

LP(B(wo,R))

which implies (3.1). Therefore, the proof of Theorem 1.6 is completed.

3.2 Proof of Lemma 3.1

The proof of Lemma 3.1 is similar to Lemma 2.1. By linearizing the maximal operator, we
choose #(x),0(x) be measurable functions defined on B(zo, R),t(z) € (0,1),0(z) € Oy, such
that

sup  |Bf(v(2,1,0))| < C|Byay f(v(2, t(2),0(2)))|.
t€(0,1),0€0

Set
Tf(z) = / e (@:1(2).0(0)) € +it@IEVITE f(g)de.
Ax

It is sufficient to demonstrate that

ITfll L (B(zo,R)) < CNIfllL2(ay)
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holds for all f with supp f C Ay, here we use the Plancherel’s theorem to replace fby f. Itis
easy to see that the adjoint operator T of T' is given by

T*g(¢) = / 6~ (@200 €-t(@)E VI (1)
B(wo,R)

By duality, this is equivalent to showing that

+==1

1
v

bS]

177 gllr2(ay) < CNN9ll Lo (B(20, R))

holds for all g € L¥' (B(zo, R)).
Taking p € C2°(R) such that p(x) =1 if |2| <1, and p(x) = 0 if |z| > 2. Then we have

|u“m@aA9:3/ /‘ o(2)g@K (z,y)dzdy,
B(zo,R) J B(zo,R)

where

K(z,y) = /A YWt ).0(1))-E=iv(@,t(x),0())-E+it(y) €]/ 1462 it (@) €] /1+€2 P(g)df-
A

We have the following kernel estimate.
Case 1 For z,y € B(xo, R),
K (z,y)] < CA.

Case 2 For z,y € B(zo, R) and = # v, if [t(x) — t(y)| > 5(C1 R + Cy + Csdiam(©))A~1,
then
|K (z,y)] <CAX™N, VN >0.

Case 3 For z,y € B(xo, R) and = # y, if [t(x) —t(y)| < 5(C1 R+ Cy + C3diam(©))A~! and
| — y| > 2C1Cs3diam(©y), then

=

A _1
|K(x,y)| < Cmax{ﬁ, |z — 9] 2a}.

We also note that the constant C' in Cases 2-3 depends only on Ci,C5,C3, R and ©. By
rescaling, we find

K(z,y) =\ : AWt (Y),0(y)) n=(2,4(@),0(@)) n+t(y) Il I+ =t @) Inl\/ 1+3207] ) gy
1

By the proof of Lemma 2.3, we can prove Cases 1-3 here.
To prove the desired estimates, it suffices to break B(zg, R) x B(zo, R) into Q1,Qs, where

{Ql .= {(z,9) € B(xo, R) x B(zo,R) : |t(x) — t(y)| > 5(C1R + Cy + Csdiam(0©))A~'};
Qs = {(z,y) € B(xo, R) x B(xo, R) : [t(z) — t(y)| < 5(C1R + Cy 4+ Csdiam(©))A~1}.

By Case 2, we have

[ | @WK @ dads] < O lglR ey YN >0
1

where the constant C' depends on C1, Co, C3, B(xg, R) and O.



The Convergence of Fractional Schridinger & Boussinesq Operators

629

i€
) and a € [%, 1), respectively.

i) ae(0,1].

‘//Qg K(z,y)dzdy

< / / 19(2)g @)K (x, ) |dzdy
{(z,y)EQa:|z—y|<2C1 Cs A2}

To achieve the estimate on 29, we will consider the following three cases o € (O, L
11
(Z’ 2
(

// . l9(@)9(y) K (z,y)|dedy
{(%,y)€92:2C1 CsA—20 < |z—y|<Aa—T1}

+// o l9(@)g() K (2, y)|dzdy
{(mﬂl)GQg:‘z—y‘ZAa—l}

=T, + 1 +1s.

By Case 1, Holder’s inequality and the L? boundedness of Hardy-Littlewood maximal operator
we get

I, <O\ / / l9(2)g(y)|dzdy
{(z,y)EQa:|z—y|<2C1C3 22}

< C)\1_2a/RM(lngB(mo-,R))(y)|g(y)|XB(I0>R)(y)dy
< CN gl 2 (B, 1))

By Case 3, Holder’s inequality and Lemma 2.5, we find

_ L N
I < C// o |z =yl g(2)g(y)|dzdy
{(2,y)€022:2C1 C3A—20 <o —y|<AT-T }
—2a(l—ak
< ON 23] 9112 B (ao. 1))
= ON 2 9l17 2 (B (2o, )

By Holder’s inequality and Lemma 2.4, we obtain

1 1
1o < OX [ [ Ja(a)xianm ()]0 (3) — iy

< ON Nl 4 o |91 ) #

1
| | LA(R)
< 2
C)\2 ”gHLS (B(xo,R))
<CAT 2a|‘g||L2(B(mo7R))7 (3.6)
where we used « € (0, %] in the last inequality. Therefore, we get u = 2«
From the estimates of I;—I3, we obtain

IT*g0172(a,) < OXNT2¥N9l|Z2(B20.R))

Hence we get = 5 —« and p’ = 2, which implies p = 2.
11
(i) o€ (3 5)

1

1

A2 1 A2 1
|K($,y)|§0max{m,|x—y| 2ﬂ}§0max{m |I‘—y| 2a}.
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By Holder’s inequality, we have

‘// K (z,y)dzdy

Q2

: C/\// lg(z)g(y)|dzdy
{(z,y)EQa:|z—y|<A—22}

1 — 1
+CA2// l9(2)g9(y)| ———dzdy
(2,y) €Qa:lz—y|>A—22} |z — y|4a

l
0Nt [ [ Xoteo @l 0y
< » — .
CN2||gX B (w0 1 2 1(R)H|9|XB(950 R * | nf | . (3.7)
Therefore, we obtain u = 2a. By Lemma 2.4, we have
_ N 1
‘// g(w)g(y)K(x,y)dxdy‘ < CA2 ||9XB(zo,R)HLP1(R)H|Q|XB(10,R) o —
Qs | - |3 HLP1(R)
<N |g|f sa : 3.8
<Ol gy (338)
In fact, when we use Hardy-Littlewood-Sobolev’s inequality, it needs the condition i = p% —
(1 — 1), which implies p; = 2% . From (3.8), we obtain
* 112
T g”L?(A)\) > 88(11(3(10,1%)).
Hence we get v = % and p’ = Sa 7, which implies p = 8a.
(i) o€ [5,1).
1
K@) < Cmax { =g o =yl .
—ylz
By Holder’s inequality and Lemma 2.4, we obtain
‘// K(z,y dxdy‘
Q3
< CA / / |9(x)g(y)|dzdy
{(z,y)EQa:|lz—y|<A—1}
1 — 1
vor [ f 9()30) | ——— dady
{(2,y)€0%:|z—y|>A"1} |z — yl
1
XY [ [ Xt @000, ) Ty
< CNM gl 4 oo 191X B0 * B | .
<O lgll? 4 (3.9)

0,R))’

which implies 1 = 1. From (3.9)7 we find

* 112 < 2
1T*9ll72cay) C)\ZHQH R

Hence we get v = 1 and p’ = 3, which implies p = 4.

From the discussions of (i)—(iii), we have y = min{1,2a} and v = max {3 — o, 1 }.
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3.3 Proof of Theorem 1.8
By the proof of Theorem 1.4, we also take f(£) = X500 )\%)({). Then || f|gsm®) < Chits,
By rescaling, we find )

A3 1 a1
B )l = 5| [ etttV gy
™1 JB(0,1)

Ift € (0,555A7") and z € § = U {y:ly—1t] < 55277}, then [A3(x —t%) - +
te(0,555 27 1)

tAZ|n|/1+ Mp2| < 155 and |Bif(v(z,1))| > CA3.
(1) When « € (0, 1], we get [S] ~ A7
(2) When a € (1, 3), we get |S] ~ A72.
(3) When a € [1,1), we get |S| ~ A3,
Combining the proof of Theorem 1.4 with the estimates of |S|, we can prove Theorem 1.8.
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