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1 Introduction

Let H(D) denote the class of all holomorphic functions on the complex unit disk I, and
S(DD) denote the collection of all the holomorphic self mappings of D. For 0 < p,q < oo and
—1 < v < o0, recall that the mixed-norm space H, 4, = Hp 4~(D) consists of all f € H(D)
such that

fllz,.,, = (/01 MP(f,r)(1 _T)wdr)% < o0,
where . N
M) = (52 [ 1fre)an)

For 0 < a < oo, we denote by £ the Zygmund type space of those functions f € H(D)
satisfying

sup(1 — |2[%)|f"(2)] < oo
zeD

Zygmund type space is a Banach space with the norm defined as follows:

£ llze =1 (O)] + 1£(0)] + sup(l - [2[)1f (2)].
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The little Zygmund type space, denoted by Z§, is the closed subspace of Z% consisting of those
functions f € Z¢ with

Tim (1 [2)°1(2)| =0.

When a = 1, we get the classical Zygmund spaces Z and Zy. It is known that

F'(2) = £'(0)] < Cllf|z log ——. (1.1)

1—z[?
For 0 < B < 0o, the weighted Bloch space B” is the space of all f € H(D) such that

1 £llzs = sup(l = |2[*)7| f'(2)] < oo,
zeD

then || - ||gs is a complete semi-norm on B”, which is Mdbius invariant. The weighted Bloch
space is a Banach space under the norm

1= £ O+ 11 £ 152
Let B denote the subspace of B? consisting of those f € B? for which

tim (1~ [#[)°|'(2)] = 0.

|z|—1

For § > 0, recall the space of weighted bounded analytic functions on D is
=0 = { ] € HD) : | fll = sup(1 — |z*)|f(2)] < oof.
ze
We write non-weighted bounded analytic functions space H°>? as H>°. And let H;" % be the
subspace of H>® consisting of f € H>® with

lim (1 — |2%)7|£(2)] = 0.

|z|—1

It is well-known that, for § > 0, H>® = B0 and H{™® = BL+? (see [12, Proposition 7).
For f € H(ID), every ¢ € S(D) induces a composition operator Cy, by

Cof =fop.

The boundedness and compactness of composition operators on various holomorphic functions
spaces have been studied intensively in the past few decades. Interested readers may refer to
books [1, 7]. If g € H(D), the Volterra operator J, is defined by

5t = [ OO

and another integral operator I, is defined by

1,f(z) = / T 1090,

where z € D and f € H(D). The operators J,; and I, are close companions because of their
relations to the multiplication operator M, f(z) = g(z)f(z). To see this, integration by parts
gives

Mg f = f(0)g(0) + Jof + I f.
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The discussion of Volterra type operators J,; and I, first arose in connection with semigroup of
composition operators, and readers can refer to [8] for the background.

If X and Y are two Banach spaces, the symbol Z(X,Y") denotes the collection of all bounded
linear operators from X to Y. Let (X, Y") be the collection of all compact elements of Z(X,Y),
and 2(X,Y) be the quotient set Z(X,Y)/K(X,Y).

For Ae #(X,X),Be BY,Y)and T € #(X,Y), the phrase “T intertwines A and B in
2(X,Y)” (or “T intertwines A and B compactly”) means that

TA= BT mod K(X,Y) with T #0. (1.2)

To be more intuitive, the compact intertwining relation means the following commutative dia-
gram,

x 2. x

lT JT mod K(X,Y).

y L5y
We use notation A i B (T) to represent (L2)). In the series papers [9-11], Yuan, Zhou and
the second author firstly investigate the intertwining relations C, ocx Cy, (V;) on the Bergman
spaces, bounded analytic function spaces and Bloch spaces in the unit disk. The motivation
of this paper is to continue this topic and solve the “compact intertwining problem” (CIP for
short) for composition operators and Volterra type operators between the mixed norm spaces
and Zygmund spaces. Our aim in this paper is to answer the following question:
CIP What properties should g € H(ID) have, if

Coly,, %K Colza (Vg :Hpgny — Z%)

holds for every bounded C,?

To state our results compactly and clearly, we use the symbol Q.,(V) to represent the class
of g in CIP. The lower symbol “co” stands for “composition operator”, and “V” in the bracket
for Volterra operators. Our main result reads as follows.

Theorem 1.1 To answer CIP for Volterra operators J, and I, we have
(i) Qeo(Jy) = BS 51N 2572, and

(i) Qeol(ly) = By~ N Hg® ™72,
y+l

1
wheres—p—l— p

In the following discussion, we write A < B if there exists an absolute constant C' > 0 such
that A < C - B, and A~ B represents A < B and B < A.

2 Preliminaries

Before the discussion of our main results, we state a couple of lemmas which will be used
in the proofs of the main results. The following result is well known.

Lemma 2.1 (see [5, Lemma 1]) Assume that 0 < p,q < oo, =1 <y < oo and f € Hp 4.
Then for every nonnegative integer n, there exists a positive constant C, independent of f, such

that
£l y.0

(n) (5
) < O
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a+1

7 and does not change in the sequel unless specifically stated.

where s = % +

Boundedness of J, and I, are characterized respectively in [4] and [6], and we summarize
them as the following lemma.

Lemma 2.2 Assume that 0 < p,q < co, a >0, —1 < v < 00 and g € H(D). Then the
operator Jg : Hy, 4 — Z° is bounded if and only if

sup(l — [2*)** g/ (2)] < o0
zeD

and

Slelg(l = [2[)* 79" ()] < 0. (2.1)

The operator I, : H(p,q,7v) — Z% is bounded if and only if

sup(1 — |2[%)*7*72[g(2)] < o0
zeD

and

sup(1 — |2[*)* 77 g/ (2)] < oo.
z€D

Next lemma is the main result of [3].

Lemma 2.3 Assume that ¢ € S(D), then
(1) for 0 < a < 1, Cy is bounded on Z if and only if

A1) | e
sup ——————|¢'(2)|* < o0
B T@pr )
and
sup(1 — [2])*]¢" (2)] < oo
z€D
(2) For a =1, Cy, is bounded on Z% if and only if
A —121*) | e
sup ———————|¢'(2)]° < o0
A Tem ¥
and
1
sup(1 — [2?)]¢" ()| log ———— < 0. 2.2
sup(1 = |2l (2) o8 T (22)

(3) For a > 1, Cy, is bounded on Z° if and only if

A
W e P I <

and

1— 2\«
(=12

zeD Wh@”(z” < o0. 23)
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The following inequality is also well known (see [2, Theorem 1.1]).

Lemma 2.4 Let ¢ be an analytic function in D and |p(2)| < 1 for each z € D. Then

) < PO | L
(6 < g A 1D

Let Ty g = CpJg — J4Cyp and S, g = Cply — 14,C,, both of which are from H,p 4~ to Z€.

The following lemma is a classic criterion for compactness, whose proof is an easy modification
of [1, Proposition 3.11].

Lemma 2.5 Suppose that 0 < p,q < oo, a > 0 and —1 < v < oco. Suppose further that
v € S(D) and g € H(D). Then T, 4 (resp. S,,4) is a compact operator from Hp 4~ to Z% if
and only if T, 4 (resp. Sy.g) ts bounded, and for any bounded sequence { fr}ren in Hp q~ which
converges to zero uniformly on compact subsets of D as k — oo, we have || Ty g f| ze — 0 (resp.
|Sp,gfkllze — 0) as k — oo.

3 Proof of Theorem [1.7I(i)

First we consider the compactness of T, ; = C,J, — J,C, from Hy, 4, to Z°.

Theorem 3.1 Let 0 < p,g < 0o, a > 0 and —1 < v < o0. Assume that ¢ € S(D) and
g € HD). Then Ty, = Cpdy — J4C, is a bounded operator from Hp 4~ to Z% if and only if

1- 22 o / / /
sup Ul (Gl o 0) ()~ ()] < o0 (3.1)
and
_ 22 [}
sup VD100 () - ()] < 0. (3.2)

zep (1= [e(2)?)

Proof Suppose that (3I)-32) hold. For any f € H, 4, we have
Toof(2) = Co ([ 1O4/(00C) = (7 00)(2)

»(2) z
[ 1090 - [ 1@l e
0 0
It follows from Lemma 2.1 that

[T/l 2o %Sgg(l — |2 (To0 )" (2)]

< sup(l - 212)°1¢' (2)I1f (e(2))l[(g 0 @) (2) = ¢ ()]

+sup(l = 221 ()9 0 9)"(2) ~ " (2)

<sup —E Do o)) — SNl
S TP
sup A ED o o) — g ey

zep (1= lp(2)?)
Sy g0
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where the last inequality follows from [BI)-@2). Hence T,, 4 is bounded from Hp 4., to Z°.
Conversely, suppose T, 4 is bounded. There exists a constant C' > 0 such that | T, o f||ze <

Cllflla,.,., for any f € Hpqq.
Taking f(z) = 1, we deduce that

225(1 —2[)*|(g 0 9)"(2) — ¢"(2)| < oc. (3.3)

|
<A = [2P) [ Tp g )" ()] + (1 = 210 (2)lI(g 0 9)" (2) = g ()]
<= 2P Ty 0 )" ()] + (1= 2°) (g 0 9)"(2) = g (2)]- (3-4)
Combining (B3) and (B4, we obtain
sup(1 —|2[*)*1¢ (2)ll(g 0 ¢) () =4 (2)] < oo. (3.5)

Now, for any fixed w € D, we use the test function

fulz) = ((1—%) Vz € D. (3.6)

1—wz)

It is from straightforward computations that f, € Hy 4 with sup || full#,,, < C, and
weD

/ _ (L v+l lp(M)]
eI =25 + =) T pmpyer

Therefore,

||TW79||Hp,q,’y_>Za Z”T%gfga(A)HZ"‘
>(1 = AP fon (e)II(g 0 9)"(N) = ¢" (M)
— (1= AP0 ODIE N9 © ) (N) = g’ (V)]

x%ug 0 @) (N) — g" (V)|
(1 Py

T TOEE I Wl o ) ()~ o ()

Rearranging the inequality above, we have

%m 0 @) (N) — g" (V)|
(1 AP)

N WW(A)H@/(A)H(Q °p)'(A) =g (M| + 1Tp.gll e, 4y 2o (3.7)

For any fixed A € D we set

R R ]
me = (oe) ~ T el
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Then b (2) € Hyg s with 5up 12 (2) 1, < C and ha(p(0) = 0. [B(2(A)] = |0 (2 (A
S

Hence

||T§07g||Hp,q,’y_>Za 2 ||T<p,gh>\||2‘*
(1= AP

2 T P Wl 0 0 ) = g () (3.8)
It follows from (B.H) and (B.8)) that
su (1 — |/\|2)a|(o0/()‘)| ow) o
4ystt PAYAIY) / /
< s (3) =PRIl 0O - g W] < o0 (3.9)

and

A= PPNy
W(s;;f;% TSEDPEL l(geoe)(A) =g (NI

(1= AP el ()
= o T = e

The desired inequality (31]) can be deduced from B9)-BI0). Similarly (2] can be deduced
from B3) and B7).
Theorem 3.2 Let 0 < p,g < 0o, a > 0 and —1 < v < o0. Assume that ¢ € S(D) and

g € HD). Then T, 4 is compact from Hy 4~ to Z% if and only if T, 4 is bounded and the
following two conditions are satisfied

g0 o) (%) — g’ (V)] < oo. (3.10)

(=)

ol WW(Z‘)H(Q op)(2) —g'(2)| =0 (3.11)

and
1— 2\«
ML
e()l=1 (1= [(2)[?)®
Proof We first suppose that T, ; : H, 4, — Z% is bounded and EII)-3I2) hold. Let
{fr} be an arbitrary bounded sequence with || fx||z,,, < M, and which converges to zero

uniformly on compact subsets of D. From BII)-BI2), for any small ¢ > 0, there isa § > 0
such that

[(go®)"(2) —g"(2)| = 0. (3.12)

_ 22 «@
T Gl e () - el < 5
and . .

whenever p(z) € D\(1 — §)D. Hence we have

1T 9 S5l 2o ~ Slelg(l — 2Ty 0 fu)" ()]
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1—1z 2)o / / / s /
<swp W@ ()ll(g o @) (2) — ¢~ |o(z)PY fLe()]
— |z 2\«
Foup B ooy — ()1 - 1)) (o2

zed (1 —[p(2)]?)*
= max{ sup Q1 sup Ql}

P(:)E1=OD  ¢(x)€D\(1-3)D

+ max { sup Qo, sup Q2}7

#(2)e(1-6)D #(2)eD\(1-6)D

where
“ %wzwg 0 9) (2) — g ()1~ |o(=) )" fL (=)
and 1 .
Q2= %I@ 0 ¢)"(2) = g"(2)|(1 = lp(=) ) Flp(=)]:

According to Cauchy’s estimate, the first supremum of ; will be smaller than ¢ for sufficient
large k since fj converges to zero on compact subsets of . Note that

€ R €
sup Q1 < — - sup(l —[0(2)|?)* T fi(e(2)] = = Cll fellm, ., < €C-
o(2)€D\(1—5)D M ep M
It is clear that we can also do the same estimates of the supremums of Q.
Conversely, suppose T, 4 is compact, hence bounded. Let {zx} be a sequence in D such that
|p(zx)] = 1 as k — oo. We consider the test functions defined by
1—Jo(zi)]* \*
(1 — o(zk)z)

A direct computation shows that fx € Hp .~ with supy, || fxll#,,, < C and {fx} converges to
0 uniformly on compact subsets of D as & — co. And one can show that

, 1 1 z

It follows from Lemma that

klggo ||T<p>gfk||2"‘ =0.

Therefore,
Tetillze > B g0 0 ) - o)
- 2ol @l o () - gl
Consequently,

. (1 - |Zk|2)a 1 "
et =Py @ ° ¥ () =0
o (1= |2 : / /
B Isa(ilg\lal (1= p(zx)]?)s Tt (2l (2l (g 0 @) (2) — 9 (2)] (3.14)
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as long as one of these two limits exists.

(Al
) = ()~ TR

Then {pr} C Hp q,, with supy ||px|/#, , ., < C and converges to 0 uniformly on compact subsets
of D as k — oo. Since Ty, 4 is compact, we have || Ty, ¢p||ze — 0. Note that pp(p(z;)) = 0 and

pi(¢(zk)) = fi(e(zx)). We have

Tosprllze 2 OB ot ol o ) a0) — o o)

Next, we set
2

Therefore,
0= tim —L D e Gl o ) () — o' ()
W T Tl )
o im (1_|Z/€|) /Z o IZ —IZ
= Lo T Tty 7 Gl 0 9) ) = g7 ()l

This together with ([BI4]) implies

(L — [z

|Lp(z1kr)r\1_>1 Ww 0 0)"(z) — ¢ (z1)] = 0.

Now we are ready to prove the first assertion of Theorem [I.1]

Proof of Theorem 1.1(i) First, we prove By *~' N Z§™* C Qu(J,). For every g €
By~ 7t n Z5%, we have
lim (1 - [2[*)*7*7 g (2)| = 0

|z|—1

and
lim (1 —[2*)**|g"(2)| = 0.

|z|—=1

By [1, Corollary 2.40], we can see that 1i‘jé‘)‘ < 1+| ‘”9"5;)" for every p € S(D) and z € D.
Together with Lemma 2.4, we have

T ele e 50

< T G @I )]+ I )

— |z 2\«
< %W@)P(l — |p(2))* g (0(2))]

1= Te)P)
" 25(%)71 — )N @),

which converges to 0 as |¢(z)| — 1 by the boundedness of Ci, on Z%. Therefore we obtain
(BII). Next we see that

— |z 2\«
A o) () - o)
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< D 4 @I I + I (@) + 1))
< P - et Pl )

+ - el )

+ 7(1(:()(2';);5 (1= 222 g" () = Ty + T + Ty,

It is obvious that both Iy and I3 converge to 0 as |¢(z)] — 1. When a > 1, we can see Iy
converges to 0 as |p(z)] — 1 by @3). When « = 1, by 22)), (L) and g € Z', we obtain

L = (1 - [21)]e" (2)|(1 = le(2)]*) 19 (2(2))]

= (1 2P)l¢(2) log —T

|
2)5

T Tp()I? log =y (1 [(2)
1 /

<C : lg (sa(Z))QI :

log T To(2)2 (1 —1le(2)?)

lgllz  19'(¢(2))]
g (e (1 = le(2)[?)

(1 — |Z|2)S 2\1—s| 1/
=—— - (1-|z *lg" (2)]-

Therefore I converges to 0. And hence ([B.I2) holds true for every ¢ € S(D). That is g €

Qeo(Jyg)-
To prove Q0 (Jy) C 68‘_8_1028‘_8, suppose g € Qco(Jy), then LemmasZ2H2 J and Theorem
hold for every ¢ € S(D). Putting ¢(2) = €2 in BII)-BI2) where 6 ranges over [0, 27],

we have

T (1= 23" ((2) = g'(2)| = 0 (3.15)
z|—
and
ﬂml(l —[2?)* " ey’ (€2) — ¢'(2)| = 0. (3.16)
Z|—

It is necessary to estimate the upper bound of the left hand side in (3.15),
(1= |2*)*1eg"(e2) — g" ()]

< (1= 2ol g" (e%2)] + (1 — [2*)**lg" (2)]

= (1= 1e2)*7%lg"(e2) + (1 = [2[)*7*|¢" (2)| := L + 5.
1) implies Iy and I5 are finite, thus the left-hand-side in (3.15) is bounded independent of 6.
Similarly, the left-hand-side in (3.16) is also bounded independent of 6.

We write g(z) = i a,z", and integrate the left-hand-side of (3.15) with respect to 6 from
0 to 2, "
o
0= [ Jim (1= [2) (g (¢72) o' (2)}00

[—1
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27
= lim (1—[2P)* (g (2) — ¢'(2)|d0
[z]—=1.Jo
27 OO
= lim 1 —z]%)2—* nn — Da,z" 2™ —1 ’d@
fm [ R - D= - )
2 S 2 S 0
> lim (1 — |z|?)*° n(n —1a,z"" / e —1 dG‘
i (1 2 = vz [ )

=27 lim (1 — [2]*)*"%|g" (2)],
|z|—1

where dominant convergent theorem is applied in second line. Thus g € Z7~°. Similarly,
a—s—1

integrate the left-hand-side of (3.16) with respect to 6 from 0 to 2w, we can get g € B ,
hence g € B 571 n 255,

4 Proof of Theorem 1.1(ii)

We consider compact intertwining relations Cy, oxx Cy (I, : Hp g, — Z¢) in this section.
The first step is to investigate S, 4 : Hp 4y — Z°.

Theorem 4.1 Let 0 < p,q < 00, @ > 0 and —1 < 7 < co. Assume that ¢ € S(D) and
g€ HD). Then Sy 4 : Hp qn — 2% is bounded if and only if the following two supremums

(1 — [

U T o)) l¥" (2)g((2)) — g(2)] + ¢'(2)[(g 0 )’ (2) — g’ (2)]] (4.1)
and
(=B et ol
SUD |¢(z)|2)s+2|*"( )Flg(e(2)) — g(2)] (4.2)
are finite.

Proof Suppose S, 4 is bounded from H,, , ., to Z*. Note that

»(z) z
Spaf(z) = /O F(Q)9(0)dc — /O (f o 0) (Og(C)dC
and

(Se.af)"(2) =" (2)f'(0(2)[9((2)) — 9(2)] + &' (2).f (0(2))[(g 0 9)'(2) — ¢'(2)]
+ £ (0()) (' (2))%[9(¢(2)) — 9(2)]-

Taking f(z) = z, we deduce that
ilelg(l — 211" (2)[9((2)) = 9(2)] + ¢ (2) (g 0 ) (2) = ¢ (2)]] < 0. (4.3)
Taking f(z) = 22, note that |p(z)] < 1, and we get

2(1 = 21%)71¢' (2)Plg((2)) = 9(2)]
< (=12 (Sp0)" (2)]
+2(1 = [2)*e(@)lle" (2)lg(0(2)) — 9(2)] + &' (2)[(g 0 9)'(2) — g' (]
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< (1= [2P)¥(Sp.g)" (2)] +2(1 = |211)%|¢" (2)[9(¢(2)) — 9(2)]
+¢'(2)[(go ) (2) — g'(2)]]- (4.4)

Combining (£3) and (@), we obtain
sup(1 — [[*)* |’ (2) Fla(e(2)) — 9(2)] < 0. (4.5)

Now choosing the test function ([B.6]) for A € D, one can see that

le(M)I?

| foon (V)] = A= o)

Therefore,

1S9l 40 —2o 2 11Se.gfonllza
> (1= X" N 100 ()19 ((N) = 9] + ¢ (N FL ) (g 0 9)' (A) = g’ V)]
— (L= 2o O VPg(e(V) = (V)]

~%| W e ) — 9] + @' Wl 0 Y () — g O]

- B P Pl ) — 9OV

Hence, we get

_ 2\«
%wwww la(e (M) — gW)] + ¢ W(go 9V (3) — g W]

< %| P ) Plg(() — 9] + gl o2 (4.6)

Then we set ) i
25(1— W)+ 2s+ 11— W)

(1= p(X)z)2s+1 (1—p(N)2)2

A direct computation shows that gx(z) € Hp 4~ with sup lax(2)|lm, . < C and ¢4 (p(\) = 0,
)] & [£0) (#(N)]. Henee

q(2) =

||Ssa,g||Hp,q,7—>Z‘* 2 Se.garllz>
A
2 O Pl — g (4
It follows from (4.5) and (4.7) that

A= AP’ W

< s (3) 0PI O Plee) - 9N < o0 (1.9)

le(MI<3

and

wp A= AR

lo(A)|>2 (1- |SD(/\)|2)S+2 lg(p(N) — g( V)]
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< s 4= AN Ple" (VP
T e >d (1= [p(A)[2)s+2

(4.8)—(4.9) give the desired result [@2)). Similarly, [@3]) and (4.6) give (@I).
And by Lemma 2.1, we can get sufficient part. The proof is paralleled to those of Theorem
BT and hence omitted.

9((A) = g(N)] < oc. (4.9)

Theorem 4.2 Let 0 < p,g < 00, @ > 0 and —1 < v < oo. Assume that ¢ € S(D) and
g€ H(D). Then Sy 4 : Hp g, — 2 is compact if and only if S, 4 is bounded and the following
conditions are satisfied:

. (1 — |Z|2)a "
m s 7 z z)) —g(z
lim B () (o) (2]
+¢'(2)gow)(2) —g' ()]l =0 (4.10)

and
_ 2\«
B L L
lo(z)| =1 (1 — |@(2)]?)*

Proof Suppose S, 4 is compact, hence bounded. Let {z}ren be a sequence in I such
that |p(z)| = 1 as k — co. We choose the test function ([B.G). And one can show that

' (2)*lg((2)) — 9(2)| = 0. (4.11)

2 2
o] = e (412)

Since S, g = CpJy — J4Cy is compact, it follows from Lemma [Z5] that
1' a — U.
i [Sp g filze =0

Therefore by (813) and (4.12), we get

— |z 2\«
ISpafilzn 2 o el (o)lo(ee) - o)
G000 () — o ()]

(1 (—1|;(|j:)||2);+2 lo(z0) Pl (20) P g ((2n)) = g(2k)-

Consequently,

- (1= Jz)®)”
lo(zi)l =1 (1= p(21)]2)*+?
+ @' (z)(g 0 @) (2k) — 9 (21)]]

(1= Jz)®)”

= lim - 21 .
lo(ze) =1 (1 = Jpp(zx)]|?)5 T2 lo ()17l (21)

loCz)lle” (26)[(g © ) (z) — g(zk)]

*1(g 0 ¢)(21) — g(z)]
if one of these limits exists. The rest of proof is similar as Theorem

For the sufficient part of the theorem, suppose that (4.10)—(4.11) holds. For any bounded
sequence {fy} in H,,~ which converges to zero uniformly on compact subsets of D, and by
Cauchy’s estimate, f; and f;/ also converge to zero on compact subsets of D. Then we can
prove the sufficiency by the same arguments as the proof of Theorem
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According to the compactness of S, 4 : Hp 44 — Z¢ in the above theorem, we can use the
same arguments as the proof of Theorem [I1] (i) to obtain

Quo(ly) = By N HO 72,
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