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Non-topological Condensates for the Self-dual
Maxwell-Chern-Simons Model*
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Abstract In this paper, the authors study the elliptic system arising from the study of
Maxwell-Chern-Simons model. They show that there exists a family of non-topological
solutions with magnetic field concentrated at some of the vortex points as the two physical
parameters satisfying almost optimal conditions where the limiting profile is the singular
Liouville equation.
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1 Introduction

Since the pioneering work by Ginzburg and Landau, there have been many studies on the
classical Abelian-Higgs (AH for short) model (see [5, 7, 29, 33, 41, 52, 55]). However, in the
situation with both electronic and magnetic charge, one should consider both the Maxwell term
and Chern-Simons (CS for short) term in the model. But a naive inclusion of both AH term
and CS term in the Lagrangian will lose the self-dual structure, which is a reduced first-order
equation from the original complicated second order equation of motion (see [6, 38]). The pure
CS model was proposed by Hong-Kim-Pac in [27] and Jackiw-Weinberg in [28] independently,
and there have been extensive literatures for the various types of solutions for CS model (see
[8-9, 12-16, 18-19, 21-25, 30-32, 35-37, 39-40, 44-46, 48-49, 54, 56]). As a unified self-dual
system of AH and CS, Lee-Lee-Min in [34] proposed the Maxwell-Chern-Simons (MCS for short)
model by introducing a neutral scalar field, and showed formally that the limiting problems for
MCS model could be AH model and CS model depending on the behavior of Chern-Simons
mass scale and electric charge (see [20]). The mathematically rigorous proofs for the formal
statements in [20, 34] have been obtained in [2-3, 10-11, 42-43] according to the classes of
solutions and domains.

If one is restricted to the energy minimizers of the Euler-Lagrangian equation for MCS
model, and apply Jaffe-Taubes argument in [29, 52], then the following reduced elliptic system
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can be obtained (see [10, 20, 26, 43, 49-51, 56] for the detail):

N
Au = Ape® — pN +47 " 6y, in Q, )
i=1 ’

AN = p(p+ Xe")N — A+ A)e* i Q.

Here,  is flat torus in R?, §,, stands for the Dirac measure concentrated at p;, and each p; is
called a vortex point (repeated according to their multiplicity).

The periodic patterns of vortex configurations have been observed in the experiment for the
superconductivity (see [1, 4, 47]). Due to the theory suggested by 't Hooft in [53], we consider
the above equation in a flat 2-dimensional torus 2.

On a flat 2-dimensional torus €2, (1.1) has two different kinds of periodic solutions (see |2,
Remark 3]):

(i) topological solution: (ux &) — (0,1) a.e. on Qas p>>A>1;

: 7/—147 >\ N 3 b /”L )
(i) nontopological solution: (ux ., =3%) — (—00,0) a.e. on Qas > A > 1.
We recall the following asymptotic behavior of solutions in [2-3, 10-11, 42-43].

Theorem A (see [2, Theorem 1.1]) We assume that {(ux ., N .)} is a sequence of solutions
of (1.1). Then

eS|
A L)

lim ‘
A, u—00, %—»O

= 0. (1.2)

Note that this system is equivalent to

A(u+ %/) - —)\Qe“(l . %/) + 4w§;5pi in Q, -
AN = 412 (1 + %e“)/\/ - /\uQ(l + %)e“ in Q.

Due to the estimation (1.2), (1.3) will be regarded as a perturbation of the following Chern-
Simons equation:

N
Au=-\%e"(1—e")+41Y 5, inQ. (1.4)
=1

In view of this observation, we have proved the existence of non-topological solutions with
the concentrating property at a single point (at some vortex point or away from all the vortex
points) in [2]. We note that the maximum of the first component for solutions in [2] has a finite
lower bound since the profile of approximate solutions comes from the entire solution of CS
model.

In [3] we also constructed non-topological solutions of (1.1) whose first component concen-
trates at points far away from the vortex points and which tends to —co uniformly. In this
case, the profile of approximate solutions comes from the entire solution of regular Liouville
equation, so one need that N be an even number.

In this paper, we continue with this construction, our aim is to prove the existence of non-
topological solution concentrated at some vortex points of (1.1) such that the first component for
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solutions tends to —oo uniformly. Our construction is inspired by [17], where the authors proved
the existence of non-topological solutions to (1.4) with magnetic field concentrated at some of
the vortex points. It is natural to use the “singular” Liouville profiles as the approximating
solutions. As we will see, the concentration mass at p; will be 87(n; + 1) where n; is the

m
multiplicity of p; in the set {p1,--- ,pn}, then there must hold the relation 20N = 47 3 (n;+1).
=1
In order to describe our main result, let G(z, y) be the Green’s function satisfying

—A,G(z,y) = / G(z,y)d (1.5)
where || is the measure of Q. And we denote the regular part of G(x,y) by

1
y(z,y) = G(z,y) + oo In |z — yl.
i
Let

N
x) = —47TZ G(z,p;).
i=1

We replace u by u + ug, and assume |2] = 1. Then (1.3) is equivalent to

A(u n M) — _\Zeutuo (1 _ /X) f47N  in Q,
p ) (1.6)
AN = p(p + Xe¥ TN — Ap(X + p)evt4o  in Q.

For {pla"' 7pm} C {p1,--- ,pN}, we define

1 uo(2)+87 32 (m+1)G(z, )4 " d
Do:—[/ o Zm+1 / =] (1.7)
T LJavey (B, (0) — R2\B, (0) Y|

for small p > 0.
For simplicity, we write [, f(y)dy as [, f in the following text. Our main result can be
stated as follows.

Theorem 1.1 Let {p1,--- ,pm} be a subset of the vortex set {p1,--- ,pn} ¢ 0Q, {p;}, be
remaining points and n;, n; be the corresponding multiplicities so that

27N = 4rx i(m +1). (1.8)
=1

. . o uo+8m 3> (n+)G(zp) | ,
Letting Ho be a meromorphic function in Q so that |Ho|? = =1 (which exists
and is unique up to rotations), assume that Ho has a zero residue at each py,--- ,pm. Letting
oo = —( " Ho(w)dw) ! (a well-defined meromorphic function, the notation [~ g(w)dw denotes
the anti-derivative of g(z)), assume that Dy < 0 in (1.7) and the “non-degeneracy condition”
det A # 0, where A is given by (6.34). Assume that A and p are large enough and % is small

enough. Then (1.6) has a solution (ux,,,Nx ) satisfying

N wy u+uo 2 Tzn: (nl+1)6Pl
o Aleuamtuo(] — =) 87 Z(nl +1)6,, and <2~ e weakly in the
I=

1 f e, utuo N

sense of measure as A, i — 00, % — 0;

. . N oo
o lim (mgxux,#) = —o0 and lim W =0.

)\,p,—)oo,%—)o A,p,—)oo,%:—»O
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Remark 1.1 In [17], the authors gave some explicit examples which show that the assump-
tion Dy < 0 and “non-degeneracy condition” in Theorem 1.1 can be valid (see [17, Sections
5-6]).

The paper is organized as follows. In Section 2, we introduce the main problem and review
some properties of the approximate solutions. In Section 3, we solve the projected problem. In
Section 4, we prove Theorem 1.1 for the case of one point condensate, i.e., m = 1. In Section
5, we prove Theorem 1.1 when m > 2. The approximate solutions which were given by [17] are
introduced in Section 6 (Appendix).

2 Preliminaries

In this section, we will recall some results in [17]. First let us introduce the following
transform for any solution (u, AT/) of (1.6)

~ N - N
—ut Y and 7= 2.1
u=u-+ p and V=, (2.1)
then (1.6) is equivalent to
Al = —N\2e"F72%(1 —T) + 47N in Q,
B B o o B (2.2)
AT = p2 (T — " TEY) — pAe™ T TEY(1 =) in Q.
Furthermore, (2.2) can be written as follows:
AU = —\2ewoti(] — euot®) L AN + hy(u,v) in Q,
- o (2.3)
AV = p?(v - e“°+"_%”) - u)\e"”“_%”(l — ) inQ,
where hy(T,7) = \2eU0+T(1 — euo+@) — \2guotE=LT(] _ ),
We will find a solution (@, v) of (2.3) such that
A2 / euoti(] — eut®) — 4r N and / hi (1, 7) = 0. (2.4)
Q Q
Let us decompose u as u = w + ¢, where ¢ = ﬁ Jo u. Using (2.4), we have
. - AN
ch/ e2u0+2w o ec/ eu0+w + AQ’/T —0.
Q Q
Hence, we obtain that
_ 8N
et (@) = T (2.5)

— \ 2 ~'
v [ (3 [ o) tovs [ s
Q Q Q

Since we are interested in non-topological solutions, it is natural to restrict our attention to
the case ¢ = ¢_. Thus, using (2.5), we obtain that

8N

i — -)
)\2/ euo+w+)\\/(A/ eu0+w) _ 16N7T/ e2uo+2w
Q Q Q

(2.6)

c(w) = c_(w) = log (
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(2.3) can be reduced to the following equation in €:
wo+w
~AD = ANT (-

euo—Hﬂ
@ -1
64m2 N2 (eug+&/e2ug+2ﬁ(/euo+ﬂ7) _62ug+2117)
9] Q
)\2|:/eu0+u~)+\/(/euo+ﬁ)2_ 16N7T/62u0+2a}2 (2.7)
Q Q A2 Q

AT = (T — P TUote@ =0Ty _ ) \eTHuote@ =571 _ ) in Q

[a=o
Q

In the next sections, we will first prove Theorem 1.1 for one point condensate case. We
denote this point by p. Assume that p is present n-times in {pi1,---,pn}, and denote by
p;s the remaining points in the set {p1,---,py} with corresponding multiplicities njs. For
simplicity in the notations let us assume p = 0.

Since the first equation of (2.7):

. 1) — hy (@ + (@), )

+

euo +w

/euo-'r’w
Q
— N\ —1 —
647T2N2(eu0+@/62u0+2w(/euo+w) _62u0+2w)
Q Q

—AQT;:4N7r( - 1) — by (@ + (), )

+ (2.8)
)\2[/ Quot@ | (/ euo+ﬂ7)2 _ L6N7 / 62u0+2{5:|2
Q Q A Ja
can be seen as a perturbed mean-field equation with potential e“° and unperturbed part
wuo+w
AT = 4N7r( (2.9)

Ty
/ euo-‘r’w
Q

and e“0 vanishes like |2[?" near 0, the local profile of w near 0 will be given in terms of the
“singular” Liouville equation:

—AU = |z|*"eY. (2.10)

Following the idea in [17], we will choose the approximate solution as PUs 4 , which is given in
Section 2 of [17], we postpone the definition and estimates of PUs, , to Section 6.

In the following, we will list some estimates of the approximate solution W = PUs, »
defined in (6.3). In order to simplify the notations, we set Us q = Us g0 and ¢ = ¢4, which
are defined in (6.2) and (6.15), and omit the subscript ¢ in o, is a function defined in (6.13).

Lemma 2.1 (see [17, (2.27)]) There holds

W +ug = Us,o — log(862) + log |0’ (2)|* + 27TZ lag|?
k=0

+ 2Re[ca 2™ + 05.0.0 + 202 fuo + O(0) (2.11)
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in CL(Q), as § — 0, uniformly for |a| < p and o € B,. defined by (6.12), where

_ a|4
05,0,0 = 1 2.12
b =] |8 G ooy a7 212
and
fucle) = [ [0 O - 06w ) |ds(w), (213
wo(2) = y—————G(w,2) — ————=39,G(w, z) |ds(w), .
oo b lo(w) —af? |lo(w) —al?
v is the unit outward normal of O and G is given by (1.5).
Lemma 2.2 The following expansions hold:
uo+W / 2 U(F,a
= B 1 4 O(leul|=1"* +leallal + 8| og 3], (2.14)
/eu0+W ANT
Q
64 1 3 2uo+2W
MV% —F eiEaﬁ(; = |o’(2)[*e®Ysa[1 + O(lcal|2|" 1) + o(1)] (2.15)
SmiT 2uo+2W
Q
and
62 / euo-‘rW
a Z lak]?4+05,.a.04+262 fa,0(0) JQ
m(n+ 1) EIF=
9 1, 9 1 52
=1+ 2Re[c Fy(a)] + |co|*ReGy(a) + =|ca|"AReG,(a)d” log = + ——D,
2 6 mn+1
+ O(0%]a] 7T + 6%|cq| + 6T, (2.16)
where
Zn-i—l
g = 21_% @ # 0 (since o € B,.), (2.17)
ly + 51 .
—ady, if laf = 0(),
L Lo
7 T (|a]\ =¥t .
5(7) ) Zf |a| > 67
and
+oo
y) =) akr iy
k=0
X I k k 2k = k 2k
Galy) = Iy [2° Y ahalt oDy 13 ak Pyl ]
k=0 m=1 k=0

- too
where {al} 20 are the coefficients of the Taylor expansion: e(d TW) =14 oyt Y akyk,
k=0

a(z) = 2Q7 (2), Q(z) = ;Tn(i)l (see [17, Appendix A] for details). Here D, is defined by

D, = / e
Q\oy (B, (0))

uo(2)+87 30 G(z,ak)— 2 i || 1
’ o LT g —/ "t Ly, (2.18)
R2\ B, (0

ly*
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Proof Please refer to [17, (2.42), (2.51)—(2.52)].

Lemma 2.3 (see [17, Theorem 2.3]) Let |a| < § and set

n=A"25m T max{l,%}. (2.19)

The following expansions hold:

wo+W
e 1)

/ eu0+W
Q
n+1
eQRc[caz ]

14 2Re[caFu(a)] + |ca|*ReGa(a) + §|ca|?AReGa(a)6?log 3 + 25D, -
+ |07 (2) 252 O(82|2] + 6%|a] 7T + 62|ca| + 6 771 ) + O(62) (2.20)

AW + 47TN(

= [o' ()P |

and

647T2N2(eug+W/ eng—Q—QW(/ euo+W)_l _e2uo+2W)

Q Q

/\2[/euo+W+ (/euo+W)2_ 16]¥W/e2“°+2wr
Q Q A Q

8(n+1 1
“lofpetse [ g

0" ()25 | [1+ Offeal 21" +0) +0(1)], (2:21)

/\27T|CY |n+1 n+1
where o, Fo, Go, Dg, E,. s are given in Lemma 2.2.

The following lemma shows some properties of the approximate solution W := PUs 4,4,
which will be used in the next sections.

Lemma 2.4 Assume |a| = O(0), then the following estimates hold:
° M — O(g—ﬁ);

(Jaeror)
o o™ ]| = O3 7T);

ec(W) — 0(35\_2).
o [AW oo = O~ 75), [W oo = O(|log ).

Proof Since |a| = O(4), using Lemma 2.2, we have that

e 1+ g/
Q n+1 ( + F[»FT
= 1+ 0(1)) —9——dy,
(o) i w2 (L [yP)?
Q
where o = hm = Z) = 0. Since hm0 Qg = Qg : n+1 ;é 0, and H is defined in (6.4), we derive
e uo+W)

that W == 0(5 n+1).

According to Lemma 2.1, following the argument as for [17, (2.42), (2.45)], for any p > 1,
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670
we have
opt 2(e—1)
]P§2P+ ST / (o)
2pm 30 lak|?+pbs,a JQ
e k=0
. / |07 (2)[2PePUs.a tOWleal =l 4+05%) g 4 O(52P+7E1)  (by y = o(2))
o1 (B,(0))
_ g (n 1) / [y 5 (14 O(Jy| =)~
g 7T =) B (2 +ly—a)?
<1+ Oleay] + ly| 77 +8°)Pdy + O 77)  (by 67 =y — a)
n(p—1)
B 8P(n 4 1)21?—1 / |y+ %|2 n+11
TP S, e (L [712)%
B
X [1+O(la| =T + 67 |y| 77 + 8%)27 7 dy + O(6% +1), (2.22)
in view of
0" (2)]* = (n + 1)[aa| 72[2]*"(1 + O(z]))
= (n+1)%|aa| 770 (2)| 71 (14 O(lo (2)| 7)),
where o, = lim Eli # 0. Since |a] = O(0) and lim o = ap = HO) # 0, and H is defined in
o(z) n+1
z—0 a—0
(6.4), we have
1
||eW+u0HOO — lim (/ ep(uo+W))P 20(6—2—ﬁ)'
pP—00 Q
Using the definition of ¢ in (2.6), we have
e = -
/ etot W 4 ( / e“°+W) — 16N7A~? / oW
Q Q Q
N 1
= SN (using Lemma 2.2)
A2 [ quotw 2(uo+W)
/Qe 14 1_16]\771' /Qe ’
A2 (/ u0+w)2
e
Q
52
=0(%):
Since e“ is a smooth function in Q and [[eVTu0| = 0(5_2_7@%1), we have ||Vl =
0(5_2_7@%1). Moreover, |[W|ls = O(]logd]).
Using the expansion of AW in Lemma 2.3, we obtain that
AW [[oc = O([[l0” (2)[e"> [|o0)- (2.23)

So we need to calculate |||o”(z)[?eV5: || . For any p > 1, by a similar argument as in (2.22), we
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obtain that

2n(p—1)

6"2_1)1/ |0_/(Z)|2pepU,;,a _ 8p(nt 1)21)—1 / |y+ %|_ ntl
g 0 D Sy (L5

x [14 O(la| 7 + 575 [y|7T 4 62)2P~dy. (2.24)

Since |a| = O(0) and lin%aa = ay = % # 0, and H is defined in (6.4), we know that
a—

[|0”(2)[2eVs: || o = 6~ 1. Thus, using (2.23), we get that |AW||s = O(5~77).

3 Resolution of Projected Problem

In the previous section, we have introduced an approximate solution of the form W :=
PUs 4, given by (6.3). We are now looking for solutions (w, v) of (2.7) of the form

(@,7) = (W + ¢, WD+ ) +5),

where (¢, S) is a small correcting term, and using (2.6), we have

8N
c(W+¢)=10g( 2 ) (3.1)
A2 / er+W+¢ A (/\/ euo+W+¢) _ 16N7T/ e2uo+2W+2¢
Q Q Q
For convenience, we denote
F(¢,8) i= euotWHeWHo) (1 4 4y 4 3. (3.2)
Let Ly(S) := AS — 2S and the linear operator
Li(¢) = A¢ + Ko +v(8)], (3.3)
where
uo+W 47N B uo+W 2(upg+W)
K = 4nN—2 mVB(W) ( ° 9 ¢ ) (3.4)
/ et W (1 . B(W))2 / oo+ W / o2(uo+W)
Q A2 Q Q
and
V()
__/9 BW) Q _Jo ) (3.5)

+ (
eUot+W 9 \/ B B(W) \/ B B(W) /62(u0+W) /eu0+W
/Q A (1 it A2 ) 1 A2 Q Q

Then problem (2.7) is equivalent to find a solution (¢, S) of

Li(¢) = =[R+ N(9)] = hi(W + ¢+ c(W + ), f(¢,5)) inQ,
Lo(8) = ha(9,5) in €, (3.6)
¢ is a doubly periodic function with / ¢ =0,

Q
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where h; is given by (2.3) and

ha(, 8) = — AlettVHAWEA(1 4+ )]
+ 2t tWHWHO) (] | g) — guotWHdte(W+9) =1 /(9,5)]

et tW AW H9) =3 (@5)(1 — § — euotWHe(W+0)), (3.7)

The error term R is defined by

eu0+W

e 1)
/eu0+W
Q
—1
647T2N2(eu0+W/e2uo+2W(/ eu0+w) _e2u0+2W)
o) 0

/\2[/ QU0 W \/(/ e“0+W)2 B 16}\];77T/62"0+2W}2.
Q Q 0

We define B(W) := 167N ( [, e**ot2W)( [, ewtW) 2 the nonlinear term N(g), which is
quadratic in ¢, is given by

R::AW+4N7T(

+

(3.8)

eu0+W+¢> euo-i-W eu0+W ‘/Qeuo-FW(b
N(¢) = 47TN{ . - (¢ _ )}
/euo+W+¢ /euo+W /eu0+W /eu0+W
Q [¢) Q Q
i { ATNB(W + ¢) B ATNB(W)
(W+¢) B(W)\2
X (1441~ ) 2 (14 /1= 200
— 4N7TDB W)l¢] }( guotW+eo B 02(uo+W+0) )
2 uo+W+¢> /62(u0+W+¢)
A2 (1 +\/ \/ 1 Q i
wo+W
" ANTB(W) [ eto+W+ao - euo+W - euo+W ( - M)}
22 (1+ 1 B(I;V))Q /eu0+W+¢ /euo+W /euo+W /e““"’w
A Q Q Q Q
4N7TB(W) [ 62(u0+W+¢) e2(u0+W)
B(W)\? / 2(uo+W+9) / 2(uo + W)
2 . e o
A (1+ 1- 25 ) ) )

2(uo+W
e2(u0+W) ( /Qe ( o+ )¢)j|
o (¢
/62(u0+W) /62(UO+W)
Q Q

cuo+W+¢ euo+W

. 4NTDB(W)[4] ( B
B(W)\2 B(W) ug+W+¢ wo+W
/\2(1+\/1— = )\/1— = /Qe /Qe
e2(uo+W+9) e2(uo+W)
) (3.9)

— +
/ 62(U0+W+¢) / 62(u0+W)
Q Q
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/ 62(”°+W)¢) / euo+W¢

Q _Ja )
/62(u0+W) /euo-‘rW
Q Q

[ r= [ B = [ N -

According to [17], we know that L; is not invertible and has a kernel which is almost generated
by PZy, PZ and PZ, where PZy and PZ are the unique solutions with zero average of APZy =
AZy— ﬁ JoAZy and APZ = AZ — ﬁ Jo AZ in Q. Here, the functions Zy and Z are defined
as follows:

with

DB(W)[g] = 2BW)(

‘We notice that

Zo(Z) _ 6% — |0(2) — a’|2

L e =a)
02+ o(z) — al? d 2(2)

02+ |o(z) — al?’

which are (not doubly-periodic) solutions of —A¢ = |o’(2)|?eVsav ¢ in .
We list the expansions of fQ RPZy and fQ RPZ from [17], which is crucial to solve problem
(3.6).

Proposition 3.1 Assume |a| < Cod for some Cy > 0. The following expansions hold as
6,7 — 0:

1
/ RPZy = ~16(n -+ 1l lca"8” log 5 — 876D,
Q

2n
a2 (ly]* = D]y + §7+7
+64n+13aa nil'r/ ) dy
N A (PR
+0(6% + 7) + O(8?|ca| + |a| 77 62| log 6| + 72) (3.10)
and
2n
_ 2 yly + 5171
RPZ = 4nd(n + 1)@ty — 64(n + 1)*|aq nilr/ Wt
/ (n+1) (1Pl i [ BT
+ 0(8|cq| + Sla| + 7 + 62) + O(7?), (3.11)

where T = A\"25" % and ag, Da, Ca = Ca,o,, are giwen by (2.17)~(2.18) and (6.15), respectively.

Remark 3.1 According to [17, Remarks 3.2-3.3], the range |a| > § is not compatible while
solving simultaneously [, RPZ =0 and [, RPZy = 0.

Thus, Li(¢) = —[R + N(¢)] — h1 is not generally solvable. To solve (3.6), we first consider
the following projected problem:

Li(¢) = =[R+ N(9)] = i(W + ¢ + c(W + ¢), f(¢, 5))
+doAPZy + Re[dAPZ] in Q,
Lo(S) := AS — 1?8 = ha(e, S) in Q, (3.12)

/¢ /¢APZ0—/¢APZ—O
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, 1 dmt 192 o (2) 96.5(0) Ha o (2) . B
Remark 3.2 Let us recall that co = gy, | o 92,(,(2) HQ’U(O)](O), then ,113% Co =

dnHH(O). We will solve problem (3.12) under the assumption that ¢y = 0 and

1

H(0)(n+1)! dznt1
2

A"2§7 7+ ~ §2, which is reasonable according to Remark 4.1.

Co =

The resolution of problem (3.12) is based on the following linear theory. We introduce the
weighted norm:

o (8 +lo(z) — aP)+E o 513
R T o

IR =

for any h € L>(€)), where 0 < v < 1 is small fixed constant.

Proposition 3.2 Let My > 0. There exists Ao large such that for all 0 < § < /\io,
57N ~ 82, la| < Mod and g1,92 € L®(Q) with [,91 = 0 there is a unique solution
¢ :=T1(gq1),S :=Ta(g2),dp € R and d € C of the following problem

= g1+ doAPZy + Re[dAPZ] in Q,
/ P = / PAPZy = / PAPZ =0, (3.14)
=AS—u?S =g in Q.
Moreover, there is a constant C > 0 such that
57 18]e + Ile < (108 5 ) lgaller Ido] +1d] < Cllgl-
1218 o) < Cllgall L (q)-

Proof According [2, Theorem 4.2] and [17, Proposition 4.1], problem (3.14) has a unique
solution (¢, S). Moreover, there exists C' > 0 such that

9l < C(1og 5 ) lgrlles  ldol +1d] < Cllarlles 12~y < Cllgallimi@y  (315)
By the definition of L; in (3.3), we get that
1A6]le0 = K6 +7(6)] + g1 + doAPZo + Re[dAPZ]
< Koo ll$lloe + 176 loe] + gt lloc + Ca(Ido] + dl)- (3.16)

Since APZ = O(1) and APZy, = O(1), where K and ~(¢) are given by (3.4)—(3.5), respec-
tively. Using (2.14)—(2.16), A=257751 ~ 62 and Lemma 2.4, it is straightforward but tedious
computation to show that

[Klloo =067 771) and  [[7(9)]loc = [[¢llcO(6™7+1). (3.17)
For ||g1]| 0o, using the definition of || - ||« in (3.13), we have

57 (0" (2)[2 + 577)
@ +lo() a1
5|0’ ()2
1 (=) — a3 191

l91(2)] <

< 677 | galls +
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By the same argument as in (2.22), we obtain that

H 5o’ (2)2 / ‘ 5”Ia (2)I? |,,)%
(62 + |o(2) — al?) 2 llso P—>00 (62 + |o(2) —al?)tt2
=00~ n+1).

Furthermore, combining (3.15)—(3.17), we have that st [1Ad]loo < C|lg1]|+ for some C > 0.
The proof is completed.

Hereafter, we denote || - [|(q) by || - [[oo. Define the space

Mo :={(¢,5) | S € W2(Q) N L>*(Q); ¢ € L*(Q),
A¢ € L*(2) and ¢ is doubly-periodic in Q} (3.18)

and a subset of M,

={(6,9) € Mec | 5757 [ Aoc + [|6l| + [1S]loc < 6°77|10g 8]}, (3.19)

|log 6|
oY
where v is a small constant given by (3.13). Denote the operator

A(9,5) := (Thi[-R = N(¢) = (W + ¢ + c(W + ¢), f(¢,9))], T [h2(0, 5))), (3.20)

where R, N(¢), h1, he and f have been given by (3.8), (3.9), (2.3), (3.7) and (3.2), respectively.
Here T7 and T3 have been defined in Proposition 3.2.

Next we will show that the operator A is a contraction operator, which then has a fixed
point (¢, S) in F. According to Proposition 3.2, we have that the fixed point (¢, S) is a solution
of (3.12). First, we give some estimates, which will be used to show that 4 is a contraction
mapping.

According to [17, Corollary 2.4, (C.3), (2.51)—(2.52)], we easily obtain the following results.

Lemma 3.1 Recall ¢y = m%(oy Assume that cg = 0, \=26" 71 ~ 62 and
la| < Myd for some constant My > 0, then we have the following estimates hold

e [|R||l. = O(6%77), where R is given by (3.8);

e There exists a constant Cy such that | N (1) — N(d2)[l« < C1([|01loo + |02l0c) P01 — D200
for any ||¢i|lco <0277, i = 1,2, where N(¢) is given by (3.9);

e2u0+2W U0 t+W

o ||, = | e, = 0.

The next lemma shows that A is contraction mapping from F to itself.

Lemma 3.2 There exists eg small and Ao, g > 0 large such that for all X > Ao, 1 > po,
% < €9, and § satisfying A"257 T ~ 82, for |a| < %5, then operator A admits a unique fized
point (¢,5) € F.
Proof Step 1 We first estimate the L norm of ha(yp, S). Recall that
((b’ ) [ uo+W+c(W+¢)(1 +¢)]
+ 1 [e“0+W+C(W+¢)(1 +¢) — euo+W+¢+C(W+¢>)—%f(¢>,S)]
e oW ) tuo =35 (6,5) (] _ g _ uotWoe(W o))
= 11 —|— IQ —|— 13.
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Next we will estimate |11 oo, || I2|loo and ||I3]|s0, respectively.
Since e is C%(Q), for any p > 1, we have
Millp = A" ot W+ (1 4 )|,
le™*D o [|A[™ 0 (1 + )]l

62 U U U
2O+ ), 4 2 VeveHre |, 4 [ A, )

IN - IA

IN

52 u
2 OL+ [8lloe)le™ ™ (AW + [VW )l + ([ [l + ™ VIV ]]l,)
+ [V TV IV, + [leV Vol + [l T4 Al }

52 1 1 1
<
< O+ 10ll) i + e (= + 10831 ) (140

1Al + 1dlloo ||A<b||oo}

52 o2+

1 s
—— O{1+ [ Adlloo + 1910} = GO+ [[Adlle + [[lloc ) (3.21)

+ lI9llee) +

where we have used W?2? estimate and Lemma 2.4. Thus, we derive that ||1]|oc = lim ||I1]], <
p—00

O(82~ ).
Recall that f(¢,S) = eWHuoteW+e)(1 4 $) 4 S, using Lemma 2.4, we have

A 1 A
|25 = 5 O+ 19ll) + 2SIl = o(6%), (3.22)

Together with the above estimate and the mean value theorem, we obtain that

2
IT2]|o0 = M2||eW+uo+C(W+¢>)[1 +¢— e? “f(qb,S)]Hoo

< L—o(|Zre.5)|_+ i)
2 2
< 0(/\36’%1 + ’f\”;'k" + ’;2@2':") (3.23)

and

Mafloo <

p I9loc
(1 + |5l + ). 3.24
(L4 1S+ 5) (3:24)

Since A\~2§" A1 ~ 42, combining the above estimates, we get that
1
Ellhz(ﬂﬁ, )l = 0(6?). (3.25)

Next we calculate ||hi(W + ¢ + c(W + ), f(9,5))]]«, where || - ||« is given by (3.13). Using
the mean value theorem, (3.22), Lemmas 2.4 and 3.1, we have

1R (W + 6+ <V + ), £(&, ).
< )\20{||ew+uo+¢+c(w+¢)||*H§f(¢’ S)H 4 [|e2WH2u0+2042e(WH9) |
12 00
<[|37@9)]_ +11e + I12] }

A 1 1
S (_ =+ 2 )HSHoo"' 2
[ \25w PN

(14 [[¢lloo)- (3.26)
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Combining the above result and Lemma 3.1, we have
IR+ N(¢) + (W + ¢+ (W + ¢), f(¢,9)]« <O(*77). (3.27)

Combining Proposition 3.2, (3.25) and (3.27), we derive that A(F) C F.
Step 2 Next for any (¢1,.51) and (¢2, S2) € F, by the same arguments as in (3.21), (3.23)—
(3.24) and (3.26), using A"257751 ~ 62 and lim % =0, we get that

A, i—00

%th(aﬁl, S1) — a6, 52) o

2

Ao o2 N, 4 A2,
< (4 28 4 565 ) 61— dalloe + 5017 Ady — Agall
o ju I

+ 67|51 — Sl

log 6|2
0L 15, — )

< o(llg1 = dalloo + 67T | g — Moo+

and
[hi(W + ¢1 + c(W + 1), f(¢1,51)) — ha(W + &2 + c(W + 2), f(¢2, 52)) |«
< o(%nsl ~ Salloo + 02|61 — 020 )

log 6|2
<o(lér — dall + P 5, — 551.).

According to Proposition 3.2 and the above estimates, since ||N(¢1) — N(d2)|[+« < C1(||¢1 oo +
lo2llco) |1 — ¢2]lco in Lemma 3.1 for some C; > 0 independent of ¢1,¢2, we have A is a
contraction mapping of F into itself when )y and pg are sufficiently large. Furthermore, the
operator has a fixed point (¢, S) in F.

According to the above Lemma 3.2, we can obtain the following result.

Proposition 3.3 There exists €9 small and \g, o > 0 large such that for all A > Ao,
W > po, % < g9, and & satisfying A2~ 62, for |a| < /\%5, then problem (3.12) has a
unique solution ¢ = ¢(d,a), S = 5(d,a), dy = do(d,a) € R, d =d(6,a) € C. Moreover, the map
(6,a) = (6(3,a),S(5,a)) is C* with

1 2
1080 510 < 627 tog .

6l + 122

4 Proof of the Main Result

By Proposition 3.3, the function (W + ¢, et tW+e(W+4) (1 4 4) 4 S) will be a true solution
of (2.7) once we adjust 0 and a to have dy(d,a) = d(d,a) = 0. The crucial point is given by the
following Lemma. Its proof is the same as in [17, Lemma 4.3].

Lemma 4.1 Let ¢ = ¢(6,a), S = 5(,a), dy = do(d,a) € R, d =d(d,a) € C be the solution
of (3.12) given by Proposition 3.3. There exists ng > 0 such that if 0 < § < no, |a|] < no,

/Q Lo(6) + N(@) + R+ (W + 6+ c(W + ), f(6, S)IPZo =0,
(4.1)

/Q Lo(6) + N(@) + R+ ha (W + 6+ (W + ), f(6,S)|PZ =0
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hold, then (W + ¢, ewotWHe(W+e) (1 4 ¢y 4 S) is a solution of (2.7), i.e., do(8,a) = d(6,a) = 0.

Remark 4.1 According to the previous estimates, we know that hi (W + ¢ + ¢(W +
?), f(9,5)) is small since ¢ is sufficiently small. Thus, system (4.1) could be viewed as a
perturbation of the reduced equations fQ RPZy =0 and fQ RPZ = 0. The integral coefficient
in (3.10) is negative for all §, which is given in [17, Appendix D]. Since oy — ap = % #0
and ¢, — ¢o as a — 0, we can always exclude the case ¢y # 0. Indeed, in such a case the
equation [, RPZy = 0 will yield to A"257 7 ~ §2|logé| as & — 0 by mean of (3.10) (we
are implicity assuming A\ ™28 —RE 0, which is a natural range for solving the reducing equa-
tion through (3.10)~(3.11)). This is not compatible with [, RPZ = 0, which allows at most

52 = O(A~257T) by (3.11).

Proposition 4.1 Assume co = 0 and |a] < Myd for some My > 0. We have the following
results hold as 6 — 0, A\, u — oo and % —0:

/Q La(@) + N(6) + R+ ha(W + 6+ (W + 6), /(6. 5))|PZo

nt5 2 2 2 1)|y—|— g|
= —8762Dg + 64(n + 1) %77 |H(0 —n—ﬂx%—n—ﬂ/ Uyl = DIy + 31
-+ 64(n -+ 1) 557 [1(0) M el
+0(82 + X725 7)) + O(N 457 751 | log 5|2 + A~86~ w+1 | log 6]2) (4.2)

and

/Q Lo(6) + N(@) + R+ (W + 6+ c(W + ). f(6, S)IPZ

— - 3n+5 2 9. _2_ yly_’_gl%
= 476(Ta +Ta) — 64(n + 1) =71 [H(0)| "7 A"25 n+1/ AL 3
( ) — 64(n + 1) 77T |[1(0)] T o
+0(82 + X725 751 ) + O(AN 45 751 | log 5|2 + N85~ 1| log 8]2), (4.3)

where Doy and T, T are defined by (1.7) and (6.17) respectively.

Proof According to [17, Proposition 4.5], we have that the above results do hold when
hi(W + & + c¢(W + ¢), f(¢,5)) = 0. Therefore, we just consider the term of hy in the above
expansions. Using (3.26), we have

/Q ha (W + 6+ c(W +6), f(6.5))PZ
= O(|h(W + 6+ c(W + ), (6, ) | PZoll o)

- 0(352) = o(62),

since PZy = O(1) and ||¢||o0 + “Ogé‘ [|S]le < 6277|logd|?. By the same argument, we also
have

/ (W + 6+ (W + ¢), f(6, S))PZ = 0(352) — o(6?),
) 1

Thus combining the above estimates, we have that the proposition does hold.
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Owing to (4.2) and (4.3), our aim is to find (6(X, ), a(A, 1)) so that (4.1) does hold. To
simplify the notations, we denote

oo(6,a, 0, 1) = /Q[Lmzs) L N(@) + R4 ha(W 4 6+ (W + 6), (6. 5)|PZo

and

(6,0, A ) = /Q La(8) + N(6) + R+ ha(W + 6+ e(W + 6), /(6. 5))| PZ.

Thus, (4.1) reduces to find a solution of

©o(0(A, 1), a(A, 1), A 1) = @(6(A, 1), a(A, o), A ) = 0 (4.4)

for A large. Next we prove our main result, which clearly implies the validity of Theorem 1.1
with m = 1.

Theorem 4.1 Let Hy = ZZ{T, where H is given by (6.4), be meromorphic function in
with |H|? = euot8T(+DEE0) (which exists in view of (6.1) and is unique up to rotations), and
oo=—(/" Ho(w)dw)_l, Assume that

dn-HH

and for some small p > 0

Dy = l[ / euo BT+ 1G(=0) _ / 2l <o. (4.6)
™ L aves (B,0) r2\B,(0) [yI*

If the “non-degeneracy condition”

n(2n + 3)

INEY
T |1+ ==

DO‘ (4.7)
does hold where T' and Y are given in (6.17), for A\, u are large enough with X < u, then there
exist S(\, 1) and a(\, ) small so that (@,0) = (W, +éx, p, e0TWruteWanton) (149, )+
Sx.u) is a solution of (2.7), where W ,, = PUs(x 1), af
(W + c(w) — %T), Av) does solve (1.6) and satisfies

o A2evrutuo(] — My L gr(n + 1)dy and 171

M), Tarp - Furthermore, (Un,, Nap) =

— §p in the sense of measure as

/\,u—>oo,%—>0;

Nyl _

° lim (mgx Ux,p) = —00 and lim Y

)\,p,—)oo,%—)o A,p,—)oo,%:—»O
Proof First of all, we need to solve (4.4). Since o(0(A, 1), a(A, u), A\, ) = 0 natu-

rally requires A\~20"7T ~ §2 in view of (4.2), we make the following change of variables:

— (DAY _a , s equi
5= [W] n and ¢ = %. Then system (4.4) is equivalent to find zeros of

Tau(n,€): = [%rniz
— s —(nt1)q 1,
X (_ é@0’47rl772(p)([(n +|;‘2()\0)| } ’ [%} nC,A,M),
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which has the expansion I'y ,, = I'o(n,{) + o(1) as A\, p — oo and % — 07, uniformly for 7 in
compact subset of (0, +00), in view of (4.2)—(4.3), where the map I'g : R x C — R x C is defined
as

3 2 2o _
) 8(n+1) /‘um DIy + ™ by v
R2

(1 +1yl*)°

_1an+n3/‘my+qfﬂd)
R2 '

R e (L4 WP

We need to exhibit “stable” zeros of Ty in (0,4+00) x C, which will persist under L>°-small
perturbations yielding to zeros of I'y , as required. The easiest case is given by the point

n+1
(n0,0), that solves I'g = 0 for 7y = (%) 2n+2) > 0 in view of Dy < 0 and

dr < 0.

I ._/ (ly? = DIyl | _z/*“’ (1= r)(ratd = pat)
T e @ E T2 1+

Regarding I'y as a map from R? to R? and setting I' = I'; +il'y, T = Y1 4+ iYs, we have that

2(n+2)
—7D 0 0
w1 "o
2(n+2
DTo(n0,0) = 0 F1+T1+%Do Ty — T
2 2
0 Ty + s r, o, 22,
n+1
in view of [17, (D.7)] and
Jy| < puh
Yl pr T
7dy:7r/ P gp =l
/R2 (1+y?)° o (I+p)p ’
where 19 := [* (li—p)qdp'
Using the assumption (4.7), we have
det DTo(0,0) = 2022 1y (0P~ [r + n@n+3), ‘2) £0
= —7 — —_— .
o\"o; ntl 07lo ntl 0

Hence the point (19,0) is an isolated zero of Ty with nontrivial local index. By a Taylor
expansion of Iy, using T'g(19,0) = 0, we can find ro > 0 small so that

ITxu (. Q)1 = [To(n,¢)] + o(1)
= |DLo(10,0))[n — 1m0, ¢] + O(In = mo[* + [¢[*)] + o(1)

1%
§|77 - 7707<|

vV

for all (n,¢) € 9B, (up,0) and all r < rg, for % — 0, X and p sufficiently large depending on
r. Then, the map T'y ,, has in By, (po,0) well-defined degree for all A, i large with % — 0, and
it then coincides with the local index of T'g at (uo,0). In this way, the map T A,u has a zero of
the form (9., Cxp.) With (9a4, (v ) = (10,0) as A, p — oo and % — 0. Therefore, we have

—(n 1
solved (4.4) for 6(\, p) = [%] "2 and a(A, 1) = 6(A, w)Cx, ., and the corresponding
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(0,0) = (WHon, s €TV (1+¢x ) +5x,) does solve (2.7), where W = PUs(x 1), a(
Furthermore, (ux ., N ) = (@0 + c(w) — ﬁ?}, A0) is a solution of (1.6).
We next show that (uy ., Ny ) satisfies the concentration properties stated in Theorem 4.1.
By the construction of (w,v), (2.21) and (3.26), we have

_ — .\ —1 _
eug+u~; 64772N2(eug+w/62u0+2w(/euo+w) _62u0+2w)
Q Q
+

/e““’”ﬂ A2[/euo+@+ (/euo+m)2_ 16N7T/ezuo+2wr
@ Q Q A2 Ja

— hl(@—f' C_(QE),E) — 87T(7’L + 1)50,

Al)s Ta(ap)

4N

in sense of measures as A\, pu — co and %—> 0. Notice that the second term and the last
term in the above equality are all go to zero. Using the balance condition (6.1), we get that

AZetrmtuo (] — %) — 87(n + 1)dp and -2 "% _\ 5, in the sense of measure as \, i — 00,

et 0
fn PR
% — 0. Moreover, using the Lemma 2.4,

[Ny pll (2

lim  (maxuy,)=—oco and lim =0.

)\,p,—)oo,%—)o Q )\,p,—)oo,%—)o A
Remark 4.2 By the same argument as [17, Remark 4.8], we can show that (4.2)—(4.3) do
hold in a C* sense.

Remark 4.3 The assumptions (4.5)—(4.7) are valid supported by some examples (see [17,
Section 5].

5 A More General Result

In this section, we study the general case m > 2 in Theorem 1.1. For more clearness, let
us denote the concentration point as &, [ = 1,--- ,m, the remaining points in the vortex set
as p; and by ng, n; the corresponding multiplicities. Inspired by [17], we will choose W as an
approximate solution of (2.8), where W is defined by (6.24), to find a solution of (2.7) in the
form (W + ¢, ewotW+e(W+é)(1 1 ) 4 §). The approximating solution W will be introduced
in detail in the next section.

By the same argument as in Lemma 2.4, using (6.35)—(6.37), we can obtain the following
results.

Lemma 5.1 Assume |a| = O(6), then the following estimates hold:
o Ty = 06

o [l H0loe = O(6727);
o ™ = 0(%):
o [AW oo = O™ 75), [W ]l = O(| log d]).

We restrict our attention to the case ¢ = 0 given by (6.21) for all [ = 1,--- ,m, which is
necessary in our context and is simply a re-formulation of the assumption that Hy defined by
(6.19) has zero residues at p1,- - ,pm. As in Theorem 4.1, we will work in the parameter’s
range:

@ =o(0), &~ AR
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as A — 0o, where q; given by Lemma 6.2. Since then
52 + |Z o §l|2nl+2
62 + |oi(z) — ay|?

in Ba, (&) for all o, € Bl given by (6.25) and [ = 1,--- ,m, where K > 1, the norm (3.9) can
be now simply defined as

K 1l<

<K, K le—gP™ <|o'(2)]* < K|z = &*™

5|z — &2 (5% -1
Ih)l = sup [ S0 SEZ G AR 17 )
1=

2e0 - (52 + |Z _ €l|2nl+2)l+%

for any h € L*°(Q2), where 0 < v < 1 is small fixed constant. Recall that the error term R given
by (3.8), one has the following result from [17, Lemma 6.2].

Lemma 5.2 There exists a constant C' > 0 independent of 6 such that

IR||. < C82. (5.1)

As mentioned in Section 3, we can look for a solution of (2.7) in the form (W+¢, e*o+W+¢(14
¢) +S) by solving (3.6). In order to state the invertibility of the linear operator L; given by

(3.3) in a suitable functional setting, for [ = 1,--- ;m, let us introduce the functions:
—lou(2) —ail? 6(o1(2) — @)
Z = B .
au(e) = 52+|0l( ) —al?’ Hz) +louz) —alP (&)

Also, let PZy and PZ; be the unique solutions with zero average of

1 1
APZy = xiAZy — @/ Xi1AZy, APZ =xiAZ — @/ XiAZy,
0 0

where x;(2) := x(|]z — &) defined in (6.23), and set PZy = Y. PZy. According to Lemmas
=1
5.1-5.2, as in Propositions 3.2-3.3, it is possible to prove the following result.

Proposition 5.1 Let My > 0. There exist Ao, o > 0 large such that for all X > Ao,
> o, % — 0, and J satisfying A"257 W ~ 82, for |a| < Moé, there exists a unique solution
o= ¢(d,a), S=5(6,a), dy =do(d,a) € R, d; =d;(6,a) eC, I =1,---,m, to

Li(¢) = =[R+ N(9)] = ha(W + ¢ + c(W + ¢), f(¢,5))

+doAPZy + Z Re[diAPZ)), in €
=1
) AS — MQS h2(¢7 )a mn Qa

/¢ /qSAPZl—O 1=0,- .m.

Moreover, the map (8,a) — (¢(3,a),S(d,a)) is C* with

log &2 _
[0l + 220 511 < 2110 ”

The function (W + ¢, e®tW+¢(1 + ¢) + S) will be a true solution of (2.7) once we adjust
0 and a to have d;(d,a) =0 for all = 0,--- ,m. Similar to Lemma 4.1, we have the following
result.
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Lemma 5.3 Let ¢ = ¢(0,a), S = S5(d,a), dy = do(d,a) € R, dj = dj(d,a) € C (1 <1< m)
be the solution of (3.12) given by Proposition 5.1. There is n9 > 0 such that if 0 < § < 1,
|a| < Mo,

JIE1(0)+ N(@)+ R+l (W +6 4 cW +0), (6.5)}PZ1 =0 6.2
holds for 1 = 0,--- ,m, then (W + ¢,eu0tW+e(W+&)(1 4 ¢y 4 8) is a solution of (2.7), i.e.,

di(0,a) =0 for alll =0,--- ,m.

According to [17, Lemma 6.5] and the same argument as in Proposition 4.1, we can deduce
the following expansion for (5.2).

Lemma 5.4

/Q[Lmzs) LN@) + R+ (Wt 6+ (W + ). F(, S)IPZo

a; | -2
(Jyl* = D]y + &=+
(1+[y[?)

+0(6% + AT257 7 ) + O(A 4577 | log ]2 + A~85~ 77 | log 6[2)

— —87Dd? +64(n + 1) A2 Y )7
=1 R2

and

/Q La() + N(6) + R+ (W + 6+ e(W + 6). /(6. 5))|PZ,

=476 Y (T ap + TWay) — 64(n + 1) 570 A~26~77 | (&) 77 xarr (1)
I'=1

2n

+ Q| wFT

x / %dy +0(0% + A2 w1 ) + O(A46 7 [log 6]
R2

+ A8 w1 og %),

where Dy is defined in (1.7) and x v is the characteristic function of the set M’ = {1,--- ,m'}.

Finally, arguing as in the proof of Theorem 4.1, we can establish Theorem 1.1 thanks to
Dy < 0 and the invertibility of the matrix A.

6 Appendix

In this section, we will introduce the approximate solutions for m = 1 and m > 2 respec-
tively, which have been considered in [17]. Since the choice of the approximate solution is quite
complicated, and not so direct, we write it here in detail for completeness.

First we introduce an approximate solution PUs, , for m = 1. Follows from Section 2,

assume that p = 0 is present n-times in {p1,--- ,pn}, and denote by p’s the remaining points
in the set {p1,---,pny} with corresponding multiplicities n’s. Recall that by Liouville formula
the function
| 8|F/|2
og ot L
S+ PPy
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does solve —AU = eV in the set {F’ # 0}, for any holomorphic map F. It is well known that
all the entire finite-solutions of (2.10) are classified as

8(n + 1)262
Us,a(z) = log [ =P §>0, acC.
That is taking F = z"t;_“. Moreover, we have that [p. [2[*"eYsedz = 8m(n + 1). Since by

construction the corresponding u = w + c_ (w) will satisfy
AZeuott(] — 0t ) s 87r(n +1)dg
in the sense of measures, the balance condition
27N =4r(n+1) (6.1)

is necessary in view of (2.4).
To correct Us,q into a doubly-periodic function, we consider the projection PUs q of Us, as
the solution of

1
—APU&G = —AU&G + —/ AU(;),I in Q,
€2 Jo

/ PUs o = 0.
Q

Thus, we obtain the constant term

4T N
/ AUs, = —/ |z|>"eVse — ~ as6 0
Q Q

€2
in view of (6.1), and we need to check that the difference between —AUs, = |z|*"eYse and
n PUs o
drN e e g asymptotically small, which unfortunately is in general still not enough, we

" |z]2ne Vs
refer Jtsz)| [|17] for detials. In [17], they took advantage of the Liouville formula to use the inner
parameter o, present in the Liouville formula, to get improved file.

Next we will introduce the approximate solution PUs, , in [17]. Hereafter, let us fix an
open simply-connected domain Q so that Q € Q and QN (a,Z + axZ) = {0} and set M(Q) =
{a‘ﬁ : o meromorphic in Q}. Let § € (0,400), a € C and 0 € M(Q) be a function which
2

vanishes only at 0 with multiplicity n + 1. Since log|o’(z)|? is harmonic in {¢’ # 0}, the choice

F(z) = U(%s)_a yields to solutions

842
(0% +o(2) —af?)?

Us,a,0(2) = log (6.2)

of —AU = |0'(2)[%eV in Q\ {poles of o}, for Us 4, is a smooth function up to {0’ = 0}.
The guess is so to find a better local approximating function PUs, » for a suitable choice

of o, where PUs 4, does solve

1
~APUs 4., = |0’ (2)|?eYs000 — ] /Q o' ()P in Q,

/ PUs 4,6 = 0.
Q
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Notice that PUs 4 is well-defined and smooth as long as o € M(Q), no matter ¢ has poles or
not.

Recall that G(z,0) can be thought as a doubly-periodic function in C with singularities on
the lattice a1Z + axZ, and H(z) = G(z,0) + 5=1log|z| is then a smooth function in 20 with
AH = 1. Since 21 is simply—connected we can find a holomorphic function H* in 29 having
the harmonic function H — Jl\f‘ll as real part. Since p; € €, take Q close to 2 so that O — —p; C 20
for all j =1,---,N. The function

H(z) = H(z—pj)nj exp (47r(n—|—1 —QFZH Z—pj
J
N N
T m
- 2|Q| ;|pj|2+ﬁzj§pj) (64)

is the holomorphic in Q with

1 4w (n+2)H (z)—47 > n;G(z,p;) .
|H(Z)|2 _ _euo+8ﬂ'(n+l)H(z) —e 7 J J in Q (65)
|Z|2n

in view of (6.1). The meromorphic function Ho(z)= n+2 ) does satisfy |} (z)|? = eto8m(n+1)G(z,0)
in Q.
Hereafter, for a meromorphic function g in © the notation [”g(w)dw stands for the anti-

derivative of g(z) which is a well-defined meromorphic function in the simply-connected domain
Q as soon as ¢ has zero residues at each of its poles. Since H(0) # 0 by (6.5), we define

# —cow™ 1 - H —ng -1
_(/ Ho(w)e 0 + / wn+2 w) s (66)

1 dn iy
HO) 11 dzr

where

Co — (67)
guarantees that the residue of ’;’-[o(z)e_c‘)zn+1 at 0 vanishes. By construction oy € M () vanishes
only at 0 with multiplicity n 4 1, as needed, with

Lntl H(O)

li = 6.8
zl—IR) 0'0(2’) 7’I,—|-17 ( )

and does solve

042 = [ ()] et S DG 00 -2eleoz" ) (6.9
in view of (6.5). Let 0 € M(Q) be a function which only at zero with multiplicity n + 1. For
a € C small there exist ag,- - ,ay, so that {z € Q: o(z) = a} = {ao, - ,an} (distinct points
when a # 0). For a small the function

n n

. N 2w
Mao(2) = [[(z = p;)" exp (47TZH (z —ax) |Q|ZZ ak)

j=1 k=0

N

N N
* ™ ™
—2ry H'(z—p;) - m2|pj|2+ |Q|zng) (6.10)
j=1 j=1
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is holomorphic in Q with

1 wo+87 >, H(z—ap)— —7" Z |ak|2
k=0 k=0

2 _
|H¢l-,<7(z)| - |Z|2ne

(6.11)

in view of (6.1).

Endowed with the norm |[|o|| := || HOO & the set M@Q)={c e MQQ): o] <x}isa

Banach space, and let B, be the closed ball centered at g and radius r > 0, i.e.,
B, {aeMﬁ H—_1H ; r} (6.12)
For a # 0 and r small, the aim is to find a solution o, € B, of

2roo(w)—a wIN2H, o (w) ntt . 171
o(z) =— — e o dw (6.13)
[y
k=0

for a suitable coefficient ¢, ,. To be more precise, letting

Jao(z) = :('2)7_“
H(z —ag)
k=0

for |a| < p and o € B,, by [17, Lemma A.1], we have that g, , € M(Q) never vanishes, and the
problem above gets re-written as

o) = [ [ oD Hoe ) g (6.14)

98,0 (w)  wnt?

The choice

S S [gﬁ,a(d 96.5(0) Hao(2)
“e (n+1)!dznt? g?z,cr 9(2),0(2) Ha,o(0)

lets vanish the residue of the integrand function in (6.14) making the R.H.S. well-defined. Since

](0) (6.15)

04 € B, the function o, vanishes only at zero with multiplicity n + 1, and satisfies

lo (2))? = |oa(2) — a|* exp {uo + SFZ G(z,ar)
k=0

—or ) fauf? - 2Re[ca,gaz"+l]} (6.16)
k=0

in view of (6.1). The resolution of problem (6.15)—(6.16) has been given in [17, Appendix A].
Next we list their main result of the resolution of problem (6.15)—(6.16).

Lemma 6.1 (see [17, Lemma A.2]) Up to take p smaller, there exists a C'-map a €
B,(0) = 0, € B, so that o, solves problem (6.15)-(6.16). Moreover, the map a € B,(0) —
Ca = Cq,0, 18 Ct with

1 dntt
I':=H(0)0scq |a=0= EW[H(Z)an(Z)](O)a
2n(n+1) d"H (6.17)

T = H(O)aﬁca |a:0: |Q|Tl' bn+l dzn (0)7
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where

1 dntt w — qo(2)
n = 21
Jn1(2) (n+ 1)! dwnt! [ © q H(w) — 2
1 dvtig!
(n+1)! dwnt! (0)-

+4rH* (2 — ¢4 (2)) ] (0),

bn+1 -

And qo = zQ"“( ), Qo(z) = Z?L—(fl) (see [17, Appendix A] for details), oo given by (6.6).

Next we introduce the approximate solution PUs, 4,0, ,, for m > 2 given in [17, Section 6].
Follow the notations in Section 4, we denote the concentration point as &, =1,--- ,m, the
remaining points in the vortex set as p; and by n;, n; the corresponding multiplicities. From
the previous argument recall that H(z,0) = G(z,0) + 5= log |z| is a smooth function in 2Q with
AH = |_§12\ and H* is a holomorphic function in 22 with ReH* = H — l\Qll Up to a translation,

we are assuming that p; € Q for all j =1,--- | N, and taking Q close to €2 so that € —p; C 20
for all j =1,---, N. Arguing as for (6.4), the function

H(Z):H(Z_Pgn]exp(Wan—i—l (z2—=&) —27TZH (z —pj)
=1

J Jj=1

m N N
s -— s s
e 2+ D& —22)8 — 5= ) il + 1572w
P> 301 2 )

is holomorphic in Q and satisfies

()P = (TT1z =&l ) exp (uo+ 87> (i + DH(z— &)
=1 =1
in view of (1.8). For [ =1,--- ,m, the function
M (z) = H(z) [[(z = &)=+

U#1
is holomorphic near & and satisfies
1 () = exp (4m(m +2)H(z = &) +47 (0 +2)G(z, &)
U4l

—4WanG(Z,pj)). (6.18)

Setting

H

[ P e SO P

(6.19)

we now define oy as

([ e [ Y dw-e [[w-am*a) ", o
=1

V£l
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where

1 qrat+ligyl
0= =1, 691
h Ho(fl)(nl + 1)' dz’n«l—‘rl (gl)a s ,m ( )

guarantees that all the residues of the integrand function in the definition of oy vanish. The

presence of the term [] (w — &)™ *2 is crucial to compute explicitly the cé’s for
U#l
1 o n;+1 _ nl/+2 _ _ nl/+2
chlw —&)" [ (w - &) =O((w — &)™)

£

has a high-order effect near any other &, I’ # I. By construction oy € M(Q) vanishes only at
the &’s with multiplicity n; + 1 and
(z=&)mtt  HU(&)

lim - )
=& 0g(z) n+1

and satisfies

06(2)% = loo()|" exp (o + 87 3 (m + 1)G(z, &)

=1
~2Y Re [clo(z —am e - gl/)nw”] )
=1 U#1
Under the assumptions of Theorem 1.1, notice that ¢} = 0 for all l = 1,--- ,m and

(LY = patayf = e T EIOE)
o]

Since each & gives a contribution to the dimension of the kernel for the linearized operator
(3.3), the parameters ¢ and a are no longer enough to recover all the degeneracies induced by
the ansatz PUs , , for o € M(Q) a function which vanishes only at the points &, =1,--- ,m,
with multiplicity n; + 1. In our construction, the correct number of parameters to use is 2m+1,
given by m small complex numbers ay,--- ,a,, and d > 0 small, where the latter gives rise to
the concentration parameter ¢; at &, ! = 1,--- ,m, by means of (6.38). The request that all the
d;’s tend to zero with the same rate is necessary as we will discuss later.

We need to construct an ansatz that looks as PUs, 4,0, , near each &, for a suitable o, ; which
makes the approximation near £ good enough. In order to localize our previous construction,
let us define PUs, o0 as the solution of

1 .
—APUs, 01,0 = X(|2 = &0’ (2)]?e100e — @/ X(|z = &Dlo’ (z)Pe%rorsin Q,
Q

/ PUsp.a1.0 = 0,
Q

where x is a smooth radial cut-off function so that

1 in [_7737]]3
_ 6.23
X { 0 in (—oo, —2n] U[2n, +0), (6.23)

(6.22)
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and 0 < n < 1 min{|¢ — &, dist(&,09) : [,I' =1,--- ,m,l # I'}. The approximating function
is then built as

W =>"PU, (6.24)

where Us, 4,,0,, and PUs, q4,,0,, Will be simply denoted by U; and PU;.

Let us now explain how to find the solution o4, [ =1,---,m. Setting
Bl = {O’ holomorphic in Ba, (&) : H— — 1” < r} (6.25)
o B2n(fl)
for/=1,---,m, [17, Lemma A.1] still holds in this context for all o € BL, by simply replacing
0, n with &, n; and Q with Bs, (). Then, for all 0 = (01, ,0m) € By := Bl x --- x B™ and
a= (a1, - ,amy) € C™ with |la]|ec < p, there exist points al l=1,---,mandi=0,---,n,

so that {z € By (&) : ou(z) =} = {& +ab, -+ & +al,} forall [ =1,--- ,m. Arguing as for
(6.10) and l = 1,--- ,m, the function

"y

"o (2) = [T =)™ TG —a)™ TT11G -4 —da)~

j I#l U'#1i=0
m ny

xexp(4wZZH z— l/—a —27TZH (z —pj) |Q|Z & —22)&
I'=14=0 =1

nl/

T
‘m;'p”"Q EOEEDW +|sz|zzpﬂ)

U'=1

is holomorphic near & and satisfies

Hen () = |2 = &l ™" exp [ug + 87> H(z - & — ab)]

i=0
nys m Ny
—|—ZZG2‘ & +d) — ZZ| (6.26)
VAL i=0 l’ 1i=0
in view of (1.8). Setting
o1(z) —a
gtlzl7al(z)(z) ~ l( ) l 3 S BQW(&Z)
[[Gz-4a-ad)
i=0
and
[T —&) -t ; ! z
Cl _ I'#l dnl+1 [(gal,oz (2)90.,01 (&))2 Ha,d(z) :| (é.l) (627)
“7 (e +1)! demtt gl o (6)96,0,(2)) Hho(E)1
the aim is to find a solution o4 = (04,1, , 0a,m) € By of the system (I =1,--- ,m):
o(z) = _(/Z (gil,al (w))Q Hi (W)
96,0, (w) 7 (w — &)ri+?
m , -1
X exp [— S w— &)t T (- gl,,)nw”}dw) , (6.28)

=1 VAl
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where the definition of cép makes null the residue at & of the integrand function in (6.27). The
function o, will vanish only at & with multiplicity n; + 1 and satisfy

mo ny
002 () = 100a(z) = anl exp (w0 +87 > D" Gl +al)
I'=1i=0
o L, o ,
— g o lal P2 Y Reld, (e &) [T ey 2]) (6.29)
Q== =1 1Al
in view of (6.26).

Since Hf , = H; and ¢}y, = ¢}y for all | = 1,--- ,m, when a = 0 the system (6.27) is reduced
to m-copies of (6.20) in each By, (&) (I = 1,---,m) and it is natural to find o, branching
off (og,--+,00) for a small by IFT. Let us emphasize that each o, ;(I = 1,---,m) is close to
00| By, (¢,)> @ crucial property to have Dy defined in terms of a unique oo (see (1.7)). Letting

go, be the function so that o9 = qgle near &, we have the following result.

Lemma 6.2 (see [17, Lemma 6.1]) Up to take p smaller, there exists a C*-map a € B,(0)
— 04 € B, so that o, solves the system (6.27)—(6.28). Moreover, the map a € B,(0) — ¢}, :=
c s Ct with

1 dmtt
I = H(6)8a1 ¢ la=o = n—l!w[%l(z) 1 (D&, (6.30)
2r(ng + 1) dmH!
. _ ! _ 1
T = H(&)aalca |U«:0_ |Q|Tll' n;+1 dzm (&)7 (631)
and for j #1,
T & = W)y oo = - [ L 1 (2)(E) (6.32)
. 1)Ya;Cq |a=0 Tll!dZnH_l n;+1 1) .
- 2m(n; +1)5——d™H!
lj . _ ! _ j J
T C T H(&)Bajca |U«:0_ |Q|Tll' nj+1 dan (@)7 (633)
where
1 dn+t w — qo.1(2)
! _ 0,1 * -1
w1 () = G T T (2198 iy - ATH e~ a (@)] 0)
bl _ 1 dn+1q0_)l1( )
LT (1)) dwntt
and for j #1
j oot dv ! AmH* ! 0
1 = WW[— 0g(z — g j (w) +4mH" (2 — g4 ; (w)))](0).

Letting n = min{n; : { = 1,--- ,m}, up to re-ordering, assume that n =n; = --- = npy <y
foralll=m'+1,---,m, where 1 <m/ < m. The matrix A in Theorem 1.1 is the 2m x 2m-
matrix in the form

Aig A?f’;—lv?m
A= : : : : (6.34)

1,2 2m—1,2m
A2m—172m T A2m—172m
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where the 2 x 2-blocks Ag; 11231 are given by

Re|T® + v 4 (2n+3)D06”/\H ()| T } Im[T”, . Fll’]
(n+1) Z [HI (&) =
m[Y! 4 TV Re[rt -1 - n(2n+3) Dodyy [ (6)| 7T ]

(i) 85 319 6y)| 7

when ! = m/+1,--- ,m, with """ and T given by (6.30), (6.32) and (6.31), (6.33), respectively,
and dy- the Kronecker’s symbol.

m
Next we list some expansions of the approximate solution W = > PUs, 4,0, from [17,
I=1
Section 6].
Lemma 6.3 Forl=1,---,m, the following expansions hold:

PU(sl)al)Ul = X(|Z - §l|)[U6l ap,op IOg(852) +4log |g¢lzl,ol ”
+87TZ[ x(|z = &|) = Dloglz — & —al| + H(z — & — al)

+ 951@1,01 + 25l fal-,UL + O(5l4)

and

ny

PUs, a0, = SWZG(Z,& + ai) +051,01,00

=0
2 _ x(==&l)
+ 261 (fal70'l |O'l (Z) _ a,l|2

in C(Q) and Cioe(Q\ {&}), respectively, uniformly for |a| < p and o; € BL, where

lov(z) — air]*

aj,op — 1
051,010 ] / ) log (07 + lou(2) — a]?)?

and fa,.0, s a smooth function in z (with a uniform control in a; and oy of it and its derivatives

) +0(t)

Choosing 0; = 04,; and summing up over I = 1,---,m, by (6.29) for our approximate
function there hold

nys

W = Uspap,00 — 10g(867) + log |o7]* — |Q| ZI 12 4 6'a, 0)
+ 2Re{ L &)t H(Z s nl/+2:|
I'#1
|nz+2Z| o +ZO(512/|Z_§Z|+514/) (6.35)
U#l I'=1

and

ZZ £z+aﬁ)+0(z5l2/log|5l/|)
1=1 i=0

I'=1
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uniformly in B, (&) and in Q\ U™, B, (&), respectively, where

m

@l(a, 6) = Z[Géll,all,all + 5l2’fa1/70'l/ (é-l )]'

=1
As a consequence, we have that

m

S+ 1 1
/Q‘WW - 2 [/Bpm) (67 +n|lyt arP) 0(5—;,)}
— i "l'éj L1+ o(1)] (6.36)
'=1
and then near & there holds
oy ertW e |g;|21:UaL,al,gl+o<\z—wz“>+o<1> | (637
Lo sm 3 16201+ 0(1)

In order to construct an N-condensate (uy,,, Ny ,) which satisfies (1.6) as A, u — +o00 and
% — 0, we look for a solution of (2.7) in the form (w,v) = (W + ¢, etotW+e(W+d) (] 1 o) 4 3),
where ¢, S are the small remained terms, W = Y PUs, 4,0, and 6 (A p), ap = ai(\, p) are

I=1
suitable small parameters, so that

_ .\ —1 _
o 647T2N2(eu0+15/ e2uo+2w(/ eu0+w) _e2u0+2w)
e
4NT + & {

wo+@ _ N2 16N 12
‘/Qe 0 )\2|:/ e“0+w 4 \/(/ euo+w) _ )\27T / e2u0+2w]
Q Q Q

— 87 Z(nl + 1)551

=1

in the sense of measures as A\, u — oo and % — 0. Since |o/(2)[2eYsraot — 87(ny + 1)d¢, as
&1, a; — 0, to have the correct concentration property we need that

8> (ny +1)676,% — 47N

I'=1

forall [ = 1,---,m, and then f—ll/ — 1forall ,l'! =1,--- ,m in view of (1.8). It is natural to

introduce just one parameter § and to choose the §;’s as

=6, l=1,--,m. (6.38)
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