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Abstract Let Aj(z;p) denote the error term in the classical Rankin-Selberg problem.
In this paper, the authors consider the higher power moments of Ai(z;¢) and derive the
asymptotic formulas for 3-rd, 4-th and 5-th power moments, which improve the previous
results.
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1 Introduction

Let ¢(z) be a holomorphic cusp form of weight x with respect to the full modular group
SL(2,7), that is,

(az+b

cz—l—d) =(cz+d)"p(2), a,bc,d€Z, ad—bc=1. (1.1)

We denote by a(n) the n-th Fourier coefficient of ¢(z) and suppose that ¢(z) is normalized
such that a(1) = 1 and T (n)p = a(n)y for every n € N, where T'(n) is the Hecke operator of
order n. Rankin [11] and Selberg [13] independently introduced the function

Z(s) =((28) Y _ la(n)|*n! "2,

where ((s) is the Riemann zeta-function. In the half plane o = Rs > 1 the function Z(s) has
the absolutely convergent Dirichlet series expansion

Z(s) = i enn”?,
n=1
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where ¢, is the convolution function defined by

2
en =t 3 a5

m2|n

In 1974, Deligne [1] proved that |a(n)| < n"="d(n), where d(n) is the Dirichlet divisor function.
Then we know that ¢, < n°. Here and in what follows € denotes an arbitrarily small positive
number which is not necessarily the same at each occurrence.

Rankin [11] considered the analytic behaviour of Z(s), and consequently he obtained

Z cn = Cr + Ax; 9),

n<x

where
A(w; p) = O(x3) (1.2)
and

k-1
0= grno. Ro= gl [l asay
the integral being taken over a fundamental domain § of SL(2,Z). Selberg [13] also briefly
sketched how to get the above results. The classical Rankin-Selberg problem is to study prop-
erties of A(x; ¢). Recently, The exponent 2 in (1.2) has been improved to 2 — 4,8 > 0 by Huang
[2], which is a breakthrough in the Rankin-Selberg problem.
Ivié wrote a series of papers about the Rankin-Selberg problem [3-8]. In [3] he proved that
A(z; ) = Q4(2%) and conjectured that A(z;¢) = O(x5+¢). In [4-5] Ivi¢ studied the mean
square of A(z; ) and proved that

T
/ A% (x5 p)da < THHPHE, (1.3)
1
where ) | "
fe— 2 o) = Jim sup 2814+ D]
5_2/14(_) t—4o0 1Ogt
2

In [6] he studied the fourth moment of A(z;¢) and proved that
T
/ A (z; p)dr < TFE. (1.4)
1
In 1999, Ivié, Matsumoto and Tanigawa [9] considered the Riesz mean of the type

1
Dy(x; ) == m Z(il? —n)’en

n<z
for any fixed p > 0 and defined the error term A,(x;¢) by

L Z(0)

P .
6T(p+2)" Torns T oe@e)

Dp(x§ ¢) =
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Ivié, Matsumoto and Tanigawa considered the relation between A(x; ) and A4 (z;¢). For
some a > 0, if Aj(z;¢) = O(z%), they obtained A(x;¢) = O(z%). They also obtained

Ay(z39) = O(a?)
and

T 2 s 7 13
2. _ —4 2 —1\mpi 3te
/1 Af(z;p)de = 3 (2m) (ng_l cn )T +O(T77). (1.5)

In 2014, Matsumoto [10] proved that the error term O(73%¢) in (1.5) can be replaced by
O(T3(log T)3*t¢). In [6], Ivi¢ also studied the fourth moment of A;(z; ) and proved that

T
/ Al(z; p)dr < T e, (1.6)
1

Tanigawa, Zhai and Zhang [14] studied the third, fourth and fifth power moments of A; (z; ¢)
and proved that

2T
Bs(c) 35 35_ 1
| Adasede = 750G T+ O ),

S~

T
/2 Al(z; )de = MT% +O(T= ~=1te) (1.7)
s 1126478 ’
2T
B (C) 53
5( - — 25\ s 1731 1€
/T Al p)de = oo L + 0T )
where
k—1
k—1 (k- 21
By(f) =Y ( l ) sta(F) cos T2,
=1
Sk = 3 fon) = T -y <<,

YT+ Y= YA+ Y
In this paper, we shall prove the following theorem, which improves (1.7).

Theorem 1.1 Let k € {3,4,5}. We have the asymptotic formula

2T Bk (C)

AF(2; 0)da = TS L O(T s ~okte 1.8
T 1($,<p) €L (8+9]€)23k_4’ﬂ2k 5+ ( 8 )a ( )
where 5 5 1
6 = — (5 = — 6 = V.
#7620 YT 2560 P 680

2 Some Preliminary Lemmas

Lemma 2.1 (see [14, Lemma 2.1]) Let x > 1 be a real number. For 1 < N < 22 a
parameter we have

Ay (z;0) = R(z;N) + O(a'*e 4 23 +eN"%), (2.1)

(2m)?
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where

R = R(z;N) = 2§ Z C—Zcos (877\4/71_— g)
8

n<N
Lemma 2.2 (see [14, Lemma 2.3]) Let k >3, (i1, -+ ,ir_1) € {0,1}*71 such that
YL+ (S e 4 (C1)2 g - (SR Y A 0,
then we have
|/n1 + (1) ¢/ng + (—1)2 /ng + - + (=1)% 1 Ynp| > max(ng, -+ ,ng) "¢ 4,

Lemma 2.3 Suppose T' > 3 is a large parameter, a and 3 are real numbers such that 5 # 0.
Then we have

2T 3
To+
/ 2g(Bat)de < ———,
T 18]

where g(x) = cos(2mx), or sin(27x), or e(x) := e*™¥,

Proof This follows from the first derivative test.

Lemma 2.4 Suppose k >3, (i1, -+ ,ir_1) € {0, 1}*=1 (iy,--+ ,ip_1) # (0,---,0), Ny,---,
Ne>1, 0< A K Hi, H = max(Ny,---,Ng). Let A denote the number of solutions of the
inequality

[T+ (1) g + (=1)"2 /g + -+ (1) | < A (2.2)
with N; <nj; <2N;, 1 < j <k, where
A=A(Ny, -+, Npjir, - ,ig—1; D).
Then we have
A< AH IN; - Ny + H Ny - Ny

Proof The proof of this lemma is similar to the proof of [15, Lemma 2.4]. Suppose H =
Ni. If (ng,- -+ ,ny) satisfies (2.2), then for some [0 < 1, we can obtain

Y+ (1) e+ (1) g 4 (S Yy = (1) g+ 0A,
thus we have
(Y71 + (=1)™ ¢z + (=) ¥z + -+ (1) Ynp1)* = nk + O(AN}),
Therefore, for fixed (ny,---,nk_1), the number of ny is < 14 ANE and so

3
AL ANk“Nl---Nk_1 + Ny - Ni_1q.
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Lemma 2.5 (see [12, Theorem 2]) Let ¢ > 0 be a non-integer real number, M > 2 be a

large parameter, § > 0 be any real number. Let A(M,5;c) denote the number of solutions of
the inequality

[m$ 4+ m§ —m§ —mg| <M, M < my,ma,ms,my < 2M.

Then we have
A(M,8) < Me(M? +5M*).

Let T" > 10 be a large parameter and y is a real number such that 7¢ < y < T'. For any
T < x < 2T define

9
xrs Cp 1 s
Ri(x;y) == o3 — cos (877(71:1:)31 - Z)’
n<y "

Ra(z;y) := Ar(w; 0) — Rui(w;y).

Lemma 2.6 If y < T%, then we have the estimates
2T o
/ |Ri(z; )P de < T4, 1=1,2,3.
T

Proof We only need to consider the case ¢ = 3. Using the large value technique of [14] to
Ri(x;y) directly we get that the estimate

2T
/ 1Ry (2;y)|0de < Tt
T

holds for y <« T%. We omit the details.

Lemma 2.7 If y < T%, then we have the estimates

2T
/ Ra(a:y)Pde < TE+ey~4, (2.3)
T
2T
/ (Ra(a:y)|'de < T4y~ 4, (2.4)
T
2T
/ Ro(a:y)[Pde <« TE+ey3, (2.5)
T

Proof We estimate (2.4) first. For any 7T° < y < T3, we have the estimate

13
j+5

/T R )2 < L (2.6)

Blw

Y
which is (4.8) in [14].
By Lemma 2.1 we can write
z¥ c
Ro(z;y) = Z — cos (877(71:1:)% -

T 4q2 ns
y<n<~T

) + Ra(x; VT).

IS
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So we have
2T ., (2T . L4 27
/ |Ro(z;y)[*de < T2 / ’ Z —%e(4(nx)1) dz + / |Ra(2; VT)[*da. (2.7)
T T y<n§ﬁn r

By a splitting argument we get for some y < N < /T that

2T
78 [C] Y Setatnay®)

T ns
y<n<VT

2T
> fmomtnt [T oo
T

(n1nanzng)®

4
dx

<T* log4 T x

nl,ng,ng,n4~N

Cny CroCns C 1

< T% log T x Z 2 3 M hin (\4/?,—),
(ninonsng)s 1]

ni,n2,ng,na~N

1 i1 1
where p =n{ +ny —ns —nj.
By Lemma 2.5, the contribution of v/T (in this case |p| < T~7) is

Q-‘,—E
< T];Z (N24 T 5N"3NY) <« T>TEN"2 4 T3 +eN%
2

< TEHy 2 L TEHNT « T3Hey 2 4 T8+

< T=%ey~ 3,

if y < T,
Now we consider the contribution of % for which T—% < |p| < y%. We divide the range
of p into O(logT') subcases of the form £ < |p| < 2¢. By Lemma 2.5 again we get that the

contribution of ﬁ is

T
7 1Ina,X N
N 1 dceeyt ¢ o 1P

<

T% e 1
4—1 max —(N2—|-§N_%N4)
N2 1r-1cecyt £

< T2VHN"3 4 T3teNT « T2tey 2,

<

From the above three estimates we get

2T )
T% / } 2. D e(d(na))| do < TH ey .
T yen<vt
for y < Tz,
By Lemma 2.1 we have Ry (z;v/T) < T4+, which combining (2.6) gives
(2.9)

2T 2T
/ |Ro(z; VT)|[*dz < T%"’E/ |Ro(x; VT)|?dz < TE+e <« T4y~
T

by noting that y < T,
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Now the estimate (2.4) follows from (2.7)—(2.9). The estimate (2.3) follows from (2.6), (2.4)
and Cauchy’s inequality.
Now we estimate (2.5). From Lemma 2.6 with ¢ = 3 we get easily that the estimate

27
| Ritwi) Fao <77 (2.10)
T
holds for y < T'2. From [14] we have
2T ;
/ |A (25 0)| 3 doe < T7FE. (2.11)
T
From (2.10)—(2.11) we see that the estimate
2T 16 2T 16
/T |Ra(z;9)| 7 do < /T |AL(250) — Ri(z;9)|® doe < T7F (2.12)

holds for y < T'2. Now by (2.4), (2.12) and Hélder’s inequality we get that

1

2T 2T 4 2T 16 % 53 3
/ |Ro (2;9)|°dr < (/ |R2(x;y)|4da:) (/ |R2(:z:;y)|?da:) LT Tey™s.,
T T T

3 Proof of Theorem 1.1

In this section, we will give the proof of Theorem 1.1. Suppose that 7" > 10 is a real number.
It suffices for us to evaluate the integral f;T A¥(x;p)da for any k € {3,4,5}. Suppose that y
is a parameter such that 7° <y < T,

3.1 The evaluation of the integral ff,T ’R,’f(:n, y)dx

Let I= {07 1}’ i: (il’ I 7ik—1) c Hk—l’ n— (nl, . ,nk) c Nk Deﬁne
a(n;i) L= 4/n1 + (_1)i1 4/n_2 + (_1)1'2 4/_713 NI (_l)ik,l Wv
B): =1+ (1) + (=1)2 4 4 (=1)%-1,
The formula (4.1) of [14] reads
1

k(.. _
Ri(r;y) = W(Sl (z) + S2(z)), (3.1)
where
9k Wﬁ(l) Cny " Cn
Sl(x)::xQS Z cos [ — ——= Z —
elh—1 ( 4 ) njgy,lgjgk (nl ... nk)s
a(n;i)=0
Sa(x) 1 = o Z Z Ot O anz cos (87ra(n; i)vr — —ﬂ-i(l) )
et ny<gigg<k (M0 )
o(n;i)#0
From (4.3)—(4.4) of [14] we have
2T 2T 9k 9k 3
Sy (z)dz = Bk(c)/ v de + O(T ¥ +ey—4), (3.2)
T T
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We now estimate the contribution of S (z). By Lemma 2.3 we have

2T s
Coi v T
Saloyis < 7% moen  TH gy
’ 1eHZkln <yzl<g<k (n1 - nk)% |a(n; 1)
a(n;i)#0

The sum in the right-hand side of (3.3) can be divided into O(log® T") sums of the form

S(T;Ny,--- ,Ny) —Ts+4z Z Cnl---cnk7>< 1.

iclk—1n;~N;,1<j<k ( 'nk)g |a(n;1)|
a(nit) 20
T 8 ki34e 1
€ N voT . (3.4)
(N1 - 1€HZkan~Nzl<g<k |a(m; 1))
a(nit) 20

by noting that ¢, < n®, where 1 < N; <y, 1 <j < k. We only need to bound the sum

1
Wi(T;Nla"' 7Nk): E m
n;~N;,1<j<k ’
a(n;i)#0

for each i € TF—1.

Let H = max(Ny,---,Ng). If i=(0,---,0), then we have

1 Ny N,
. < i (3.5)

Wl(T7N177N7€) < 1 1
nj~Nj LSSk N oy =

o

Now we suppose i # (0, ---,0). The sum W;(T; Ny, -+, Ni) can be divided into O(log T') sums
for which 0 < A < Ja(n;i)] < 2A. So by Lemma 2.4, we get

AN, N, Ny N
Wi(T;Nl,---,N)<<—( LWk, N ’“)

A Hi H
Ny---Ny Nyp---Ng
< o + AH
Ny--- N -
< 17119 + Ny -- -N;€H4’c -3
Ha
< Nl...NkH4k72_%’ (36)
where in the third step we used Lemma 2.2.
From (3.4)—(3.6) we get that
S(T; Ny, -+ | Np) < THit5 e a7 =g « patite, a7 =445 (3.7)
From (3.3) and (3.7) we get
2T 3 9k k—2 5 k
So(z)dr < Tits teyt " —ats, (3.8)
T

From (3.1)—(3.2) and (3.8) we get

2T
By(c)
k.. _ k
T Rl (x7y)dx - (27T)2k2k_1

T+ O(Ta+FFeyt" P+, (3.9)

27
/ 2 do+ O(TH S tey— 1)
T
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3.2 Estimate of f;T RY (23 y)Ra (s y)da

We begin with the formula (4.13) of [14], which reads

2T 2T
/T RE (25 9)Ra (25 y)da = /T RE (3 y)RE (23 y)da + O(THHS ~57F¢), (3.10)
where
Ri(z;y) = (2m) 228 Z C—Z cos (87T\4/TL{,U - g)
y<n<T ns
Write
R3(x5y) = Ry (25 9) + Ria (23 y), (3.11)
where

RS, (z3y) = (2m) 2a® Z C—’; cos (87r\‘7n_ - z),

4
y<n<2ky ns

Rio(x;y) = (27r)_2x% E c_,; oS (87r\4/n - z).
ns 4
2ky<n<T

Similar to (4.1) of [14], we can write

_ . 1
Ry N (21y) Ry (z3y) = W(%(ﬁ) + Sa(x)), (3.12)
where
Sg(x)::x% Z cos(_wi(l)) Z Cm"'cnkz’
iel—1 y<ns <2hyom <y 2<j<h (ML 1)
a(n;i)=0
9k Cnl e an o\ 4 Wﬁ(i)
Sy(z):=as Z Z ——T cos (87Ta(n;1)\/E—T).
ielk—1 y<ni<2ky,n;<y,2<j<k (nl o nk) :
o(n;i)#0
Similar to (4.14) of [14], we have
2T 9k 3
S3(z)de < THFs Tey~1, (3.13)
T
Similar to (3.8), we have
2T 3 9k k—2_5 k
Sy(z)der < T1ts teyt "—its, (3.14)
T
Similar to (3.12), we have
_ . 1
le 1(x;y)R22(x;y) = Wss(x)a (3.15)

where

Ss@)i=a% Y 3 s (Sman; 1) /7 %(‘))
ieTh—1 2ky<ni <T,n; <y,2<j<k (nl g
a(n;i)#0

T
8
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1
Note that in this case we always have |a(n;i)| > nf. By Lemma 2.3 we have

2T

Ss(x)dz < THHE Y Yoo SO

5 z
T 2hy<ni <T na<y, - np<y Ny (N2 Nk)S

< T%+%+€y%_

Thus we have

2T
RY™ (5 y)Riy (a y)dar < THH R ey 55 (3.16)
T
Collecting (3.10)—(3.16), we get
27 -
/ RE (2 )R (23 y)de < TUS st p Pl ey mh g P e AT gy
T
VAR T B e e R (3.17)
3.3 Proof of theorem for the case k = 3
We have
Af(w;0) = (Ri(23y) + Ra(2:9))?
= Ri(;y) + 3RI(w;9)Ra (w5 y) + 3Ra (25 9)R5 (23 y) + R3 (23 ). (3.18)
Taking k£ = 3 in (3.9) we have
T 3 B3 (C) r 27 35 3 33 25
R (o) = o / 2 F e+ O(TE+ey=H) + oT S+ %), (3.19)
T ™ Jr
Taking k£ = 3 in (3.17) we have
2T 35 3 33 25
R3(z;y)Re(z;y)de < T5 oy~ + T'5 Ty, (3.20)
T
From Lemma 2.6 with ¢ = 1, (2.4) of Lemma 2.7 and Cauchy’s inequality we get
2T 35 3
; Ri(z;y)Ra(z;y)de < TF ey~ 7, (3.21)
From (3.18)—(3.21) and (2.3) of Lemma 2.7 we get
2T BB(C) 2T 27 35 3 33 25
; A3 (x; p)da = 5576 /T 2¥dz+O(TF+ey=1) 4+ O(TF+ey¥)
B 27
- 2;‘(? / 2% dz 4+ O(T'F ~o2 1) (3.22)
™ Jr

by choosing y = T3t . Now the case k = 3 of theorem follows from (3.22) by a splitting argument.
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3.4 Proof of theorem for the case k = 4
‘We have

Al(x;9) = Ri(a3y) + 4R} (23 y)Ra(asy) + ORI (23 y)R3 (23 ) + Ra(x:9)).
Taking k£ =4 in (3.9) we have

2T
Ba(e)
4(,.. _ 24
T ’R,l(il',y)dl' - 2118

Taking k =4 in (3.17) we have

2T
R3 (w3 y)Ra(w;y)de < TEey~% 4 T4y %
T

From Lemma 2.6 with £ = 2, (2.4) of Lemma 2.7 and Cauchy’s inequality we get

2T
R3(z; y)R3 (z;y)de < T2 T5y ™4,
T

From (3.23)—(3.26) and (2.4) of Lemma 2.7 we get that

T B4(C) T 9 11 3 21 61
M p)r = 1D [ star oty o)
T ™ Jr
_ Bu(e)
T 91148

2T 9 11 3
/ r2dz + O(T 2 " 256 1¢)
T
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(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

by choosing y =T a1. Now the case k = 4 of theorem follows from (3.27) by a splitting argument.

3.5 Proof of theorem for the case k = 5
We have

Al (z50) = RE(59) + 4R (3 y)Ra (x5 y) + O(IRY (219)|R3 (3 y) + R (x5 9))).

Taking k£ =5 in (3.9) we have

= B5 (C) r 45 53 3 51 507
R (z;y)dr = W/ e dr+O(Ts 5y~ 7) + O(T 5 ey ).
T 7T T
Taking £ =5 in (3.17) we have

2T
Ri(a;y)Ra(asy)de < TRHy~1 4 T3+
T

From Lemma 2.6 with £ = 3, (2.4) of Lemma 2.7 and Cauchy’s inequality we get
2T 53 3
/ [RY(2; )| R3 (w; y)de < TS +y~ 7.
T

From (3.28)—(3.31) and (2.5) of Lemma 2.7 we get that

T 5 B5 (C) = 45 53 3 51 507
Al p)de = S5 / T de +O(TT ey %) + O(T5+oy ™)
T ™= Jr

(3.28)

(3.29)

(3.30)

(3.31)
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~ Bs(o)

2T
= 511,10 10/ 25 dz + O(T% ~w50+e) (3.32)
™ Jr

by choosing y = T=55. Now the case k = 5 of theorem follows from (3.32) by a splitting

argument.
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