f%; ;3;& . ser. B Chinese Annals of
DOT: 10.1007/s11401-026-0030-y Mathematics, Series B
© The Editorial Office of CAM and
Springer-Verlag Berlin Heidelberg 2026

Existence of Solutions to a Generalized Self-dual
Chern-Simons Equation on Graphs*

Yingshu LU Peirong ZHONG?

Abstract Let G = (V| E) be a connected finite graph and A be the usual graph Laplacian.
In this paper, the authors consider a generalized self-dual Chern-Simons equation on the
graph G:

M
Au = 2" — 1] 4 4r "4, (0.1)
j=1

where

ﬁu7 u <0,
F(u)_{ (w)

0, u >0,

F(u) satisfies u = 14 F(u) — e ™, X > 0, M is any fixed positive integer, dp; is the Dirac
delta mass at the vertex p;, and p1, p2, ---, pm are arbitrarily chosen distinct vertices
on the graph. They first prove that there is a critical value A. such that if A > A., then
the generalized self-dual Chern-Simons equation has a solution uy. Applying the existence
result, they develop a new method to construct a solution of (0.1) which is monotonic with
respect to A when A > A.. Then they establish that there exist at least two solutions of
the equation for A > A. via the variational method. Furthermore, they give a fine estimate
of the monotone solution, which can be applied to other related problems.
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1 Introduction

In this paper, we study the following generalized self-dual Chern-Simons equation on a

connected finite graph G:

M
Au= 2" [P 1P 44735, (1.1)
j=1
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where A is the graph Laplacian,

Flu) = {F(”)’ v=0 (1.2)

0, u > 0,

ﬁ(u) satisfies u = 1 + ﬁ(u) — eﬁ(“), P1,D2,- - ,pum are distinct points in the graph G' and d,,
is the Dirac delta mass at the vertex p;. Note that if F'(u) = wu, then the solutions of the
generalized self-dual Chern-Simons model is referred to as vortices. We remark that the notion
of vortices plays important roles in many aspects of sciences including superconductivity (see
[15]), optics (see [2]), quantum Hall effects (see [19]), for which one can read.

The study of vortices in (2+1)-dimensional Chern-Simons gauge theory has attracted much
attention recently. One of the important features of these vortices, which differs from Nielsen-
Olesen vortices (see [18]), is that they are magnetically and electrically charged. In the Chern-
Simons model, the Yang-Mills (or Maxwell) term does not appear in the action Lagrangian
density and only the Chern-Simons term governs electromagnetism. Under the condition that
the Higgs potential takes a sextic form, the static equations of motion can be deduced by reduc-
ing a system of second-order differential equations to a self-dual system of first-order equations,
and then the topological multivortices (see [21, 24]), non-topological multivortices (see [3-6,
20]), and doubly periodic vortices (see [11]) can all be studied rigorously using mathematical
methods.

A generalized self-dual Chern-Simons model was later proposed by Hong, Kim and Pac
[12] and now plays an important role in various areas of physics, many researchers did a lot
of significant work on the existence of non-topological vortices and topological vortices in this
Chern-Simons model (see [4, 23, 25]). However, the existence of doubly periodic vortices in this
Chern-Simons model had been an open problem, until recently Han solved this problem in [11].
He reduced the generalized self-dual Chern-Simons equation to a quasilinear elliptic equation
by appropriate transformations, and established the existence of doubly periodic vortices of the
Chern-Simons model by the methods of subsolutions and supersolutions.

In this paper, we investigate existence of solutions to the generalized Chern-Simons equation
on a connected finite graph. In recent years, the research on the elliptic equations on graphs
has attracted increasing attention from scientists. Grigor’yan, Lin and Yang [9] considered the
Kazdan-Warner equation on a finite graph, where the Kazdan-Warner equation was initially
studied on a manifold in [16]. In [9], they gave the solvability of the following equation depending
on the sign of ¢:

Au = ¢ — he",

where ¢ is a constant and h : V' — R is a function. Ge and Jiang [8] studied the Kazdan-

Warner equation on an infinite graph. They applied a heat flow method which is different from
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the variational method used in the finite graph case and then gave an existence result for the
Kazdan-Warner equation. For more results of solvability of the Kazdan-Warner equation, we
refer readers to [7, 10, 17]. The Kazdan-Warner equation is closely related to the mean field
equation investigated originally in the prescribed curvature problem in geometry. Huang, Lin

and Yau [14] proved the existence of solutions to the following two mean field equations:
Au + e = pdy (1.3)

and

M
Au = le"(e" —1) + 471'251,].
j=1

on an arbitrary connected finite graph, where p > 0 and A > 0 are constants.

From these results, we study the generalized Chern-Simons equation (1.1) on a finite graph
G. Inspired by the idea from [14, 22], we first show that there is a critical value A\, depending on
the graph G such that if A > A., (1.1) has a solution via the variational method. Moreover, (1.1)
also has a solution when A\ = A, by the properties of finite graphs. Applying the existence result
for A > A., we put forward a new idea to construct a solution of (1.1) which is monotonic with
respect to A\. With the aid of the existence results and the Mountain Pass theorem, we show
that there exist at least two solutions of (1.1). The crucial point is that we apply the properties
of the equation on the finite graph to prove the Palais-Smale condition used in the Mountain
Pass theorem which is different from the equations on Euclidean spaces. Furthermore, under
the monotonicity property of the solutions, we give a fine estimate of the solutions for almost
every A > A..

The organization of the paper is as follows. In Section 2, we introduce the notations and
preliminaries of the paper and then state our main results. In Section 3, we present the existence
of the solution to the generalized self-dual Chern-Simons equation. A fine result about the

solutions is established in Section 4.
2 Settings and Main Results

Let G = (V,E) be a connected finite graph. For any edge zy € E, we assume that the
symmetric weights wyy = wy, satisfy wgy, > 0. Let g : V — RT be a finite measure. For any
function u : V' — R, the Laplace operator acting on u is defined by

LS luly) — (o), (2.1)

where y ~  means xy € F. The associated gradient form stands for

I(u, v)(z) = f() S way (u(y) — (@) (0(y) — v(2)) (2.2)

y~
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for any u,v: V — R.

For any function f:V — R, an integral of f over V is defined by

/V =" p(@)f(@), (2.3)

and then
1 2 1 2
5 [ IVuldni= 53 3 wayluty) - u(w)” (24)
zeV y~a

Define a Sobolev space and a norm by
WhA(V) = {u VR ‘ / (IVul* + u?)dp < —I—oo}
1%

and

oy = ( (70 +u)a)

respectively. Since G is a finite graph, the Sobolev space W12(V) is the set of all functions
on V', which is a finite dimensional linear space. Then the following Sobolev embedding was

introduced in [9, Lemma 5].

Lemma 2.1 Let G = (V, E) be a finite graph. The Sobolev space W2(V') is pre-compact.
Namely, if {u;} is bounded in W'2(V), then there exists some u € W12(V) such that up to a

subsequence, u; — u in WH2(V).

Let (X, -||) be a Banach space, J : X — R be a functional. In order to prove the existence

of solutions of (1.1), we first need the following Palais-Smale condition.

Definition 2.1 A functional J € C*(X,R) satisfies the Palais-Smale condition if every
sequence {up} C X such that

(i) J(ug) — ¢ for some constant ¢, as k — +oo,

(i) ||J (ug)]] = 0 in X, as k — 400

is precompact in X .

With the help of the Palais-Smale condition, Ambrosetti and Rabinowitz established the

following Mountain Pass theorem (see [1]).
Lemma 2.2 Let (X, | -|) be a Banach space, J € C1(X,R), e € X and r > 0 such that

lle|| > r and

b:= inf J(u)> J(0)> J(e).

llull=r
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If J satisfies the Palais-Smale condition with ¢ := inf max J(v(t)), where
Y€l t€[0,1]

[':={y e C([0,1],X) [ y(0) = 0,7(1) = e},
then c is a critical value of J.
Our first main result in this paper can be stated as follows.

Theorem 2.1 There is a critical value A\, depending on G satisfying

277 M

Ao >
V]

such that
(i) if A > Ao, (1.1) has a solution uy on G, and if X < A, (1.1) has no solution.
(il) If A > X, there exists a solution wy of (1.1) on G satisfying wy, > Uy, when A1 > Aa.
(ili) If X > A¢, (1.1) admits at least two solutions on G.

Let ug be a solution of the Poisson equation
M
4T M
Aug = _|7T7| +41 >4, (2.6)
j=1

As is well known, the solution of (2.6) exists if the integral of the right-hand side is equal to 0.
Inserting v = wup + v into (1.1) yields

4 M

Av = =)l (Wotv)[eF(uotv) _ 712 L 2
Vi

2.7)

By Theorem 2.1, we investigate the existence result of (1.1) and show that Uy (= uy — up) is a
local minimum of the functional related to (2.7) when A > A.. For the solution vy, we give a

further result as follows.

Theorem 2.2 The solution Uy is a strict local minimum of the functional related to (2.7)

for almost every A > A..

Remark 2.1 (1) In [13], Hou and Sun showed the same existence result of (1.1) as (i) in
Theorem 2.1 by the method of subsolutions and supersolutions for A > A.. In this paper, we
prove the existence result of (1.1) by a different method, i.e., the variational method.

(2) Hou and Sun [13] showed the existence result of (1.1) for A\ > A.. In this paper, we
prove not only the existence of a single solution, but also the existence of multiple solutions.
To achieve this, we first put forward a new method to construct a solution uy of (1.1) which
is monotonic with respect to A\. This implies that vy is monotonic with respect to A. Then

we establish that Uy is a local minimum of the functional related to (2.7) when A > A. by the
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monotonicity of vy. With the help of this result and the variational method, we show that (1.1)
admits at least two solutions on G when A > ..

(3) Hou and Sun [13] established the existence result of (1.1) at A = A, by the integral
estimation method. In our paper, we develop a new method to prove this result by applying

properties of the Chern-Simons equations on the finite graph and the contradiction argument.
3 Existence of Solutions for the Chern-Simons Equations

This section is devoted to the proof of Theorem 2.1. We first establish the existence result
of solutions to (1.1) for A > A, by the variational method and the properties of finite graphs.
Then we put forward a new idea to construct a solution of (1.1) which is monotonic with respect

to A. This plays a key role in proving the existence of multiple solutions to (1.1).
3.1 Existence of solutions for A > A\,

In this subsection, we show the existence result of (1.1) for A > A.. To achieve this purpose,

we first prove some basic lemmas.

Definition 3.1 We say that u is a subsolution of (1.1) if
M
Au> —XeF®[eF® 117 4 4735, (3.1)
j=1

for any x € V.
Lemma 3.1 If u is a sub-solution to (1.1), then w is non-positive on V.

Proof Let
O ={zeV]ulx) >0}, Q={zxecV|ulx) <0} (3.2)

If Q1 is empty, then the conclusion holds. If €y is non-empty, we first claim that ; # V.
Suppose that the claim does not hold, then

M
Au > 4wz5pj in ;. (3.3)
j=1
Summing the two sides of the above equation, one can obtain that the left-hand side of (3.3) is
equal to zero and the right-hand side of (3.3) is equal to 47 M. This leads to a contradiction.
Since

M
Au > —defW[elW) _ 172 4 47r26pj in Oy,

Jj=1
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and from (1.2), one has

M
Au > 4wz5pj >0 in Q.

j=1
Therefore, u is a subharmonic function in €. Since €7 and 2 are non-empty, it follows from

the maximum principle on graphs that

maxu < 0.
Q1

This implies that
w(z) <0 in Qy,

which contradicts the definition of €2;. Therefore, u is non-positive on V.
Remark 3.1 If u is a solution to (1.1), then u is non-positive on V.

According to (1.1) and Remark 3.1, one can easily see that
4 M
Au > —§A+4w;5pj. (3.4)

Summing the two sides of the above equation yields

> 27Tm M

> =7 (3.5)

This is a necessary condition for the existence of solutions to (1.1).
In order to prove the existence of solutions to (1.1), with the aid of the decomposition

u=up + v and (2.7), we only need to consider the existence result of (2.7).
Lemma 3.2 If v is a subsolution of (2.7), then there exists a solution v* of (2.7).

Proof Define the functional J : W12(V) — R by

1 A 4 M
J(v) = —/ Vol *dp + —/ [ef (o o) _ 1]4q, + 7T—/ vdp, (3.6)
2 Jv 1y VT Jy
and let the functional J among all functions v belonging to the set
A:={veW"?(V)|v>wvae. in V}. (3.7)

Denote

Jo = ﬁf J(v).
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Then there exists a sequence {v,} C A such that J(v,) — Jo. We claim that {v,} is bounded
in W2(V). In fact, we only need to prove that {v,(x)} is bounded for any z € V. Suppose

not, then there exists a point 2% € V and a subsequence {v,, } C {v,} such that
Un, (2F) = 400 as k — 4o0. (3.8)

It follows from (3.6) that

1 A s ArM
J(vp,) = 5/V|ank|2du—|—Z/V[ep( ot nk)_l]‘ldu—kw/‘/vnkdu

< 47 M d

> —— [ vp,du

VT Sy
47 M 47 M

- Unedit + o (2% )vp, (aF) = 400 ask — +oo.  (3.9)
VI Jv\gaky \4

This is impossible. Thus, {v,(z)} is bounded for any x € V, and therefore {v,} is bounded in
W2(V). Applying the Sobolev embedding theorem (Lemma 2.1), there exists a subsequence
{vn,} C {v,} and v* € WH2(V) such that v,, — v* as [ — +00. One can easily see that

v* € A. Hence, one has
J() = J(U*)

In the following, we prove that v* is a critical point for J in W12(V).

For any ¢ € WL2(V), 7> 0, let
v =0t 1Y 47 (3.10)
with 7 = {v* + 7¢ —v}_ >0 a.e. in V. Then, one has
v >v a.e. in V. (3.11)
This implies that v™ € A. Hence, we have

J@T) = J(v*)

1 T * A up+v” wo+v*
= 5= (0P =190+ = [ qrereon ) -t = et —1jtjay
AT M

+ W V(’UT — v*)d,u
1
_ 1 / (Vo - V(rp + 67))dpt + / V(e + ¢7)2du
T Jv

o /\/ eF(ug—i—u*)[eF(uo—i-v*) ] wdu_i_ _/ F(uo+v ) ]4 o [eF(uo—i-v*) _ 1]4}
\%

+drel oD el i) 112y |v| / vdu + |r / vTd
14
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Thus,

4 M
14

1 r «
z—;/ Vo' VeTdp — / V(¢ +¢7)[Pdu — /{ FluoteT) _q]t — [eflwote?) — )4
\4

+4TeF(“0+U*)[eF(U0+U )_ ] 1/)_|_4e (up+v* )[ F(uo+v ) ] wf}d’u

A F(uo+v") [, F (uo+v™) 47TM/
- U v U v _1 T
+T/ve [e IR0 v P7d

/ Vo* - Vbdp — A / eFluotv?) [oF(uotv™) _ 9)2,q, 4 —— wdu
.

By Taylor expansion, one has

A T * * *
— /V{[GF(UO—H) ) 1]4 — [eF(UO'H’ ) _ 1]4 + 4TeF(uo+v )[eF(uo-i-v ) 1]21/)
+ def (ot D[l (o) — 12yThdp = O(r). (3.12)
It follows from the fact that o= [, V(79 +¢7)[*du = O(r) and (3.12) that
/ V’U* . vdjdﬂ_ )\/ eF(uo+v*)[eF(uo+v*) _ 1]2wdu+ / wdu
\% \% |V|
1 1
>0(r) — - / (Vu* = Vo) - Vo du — —/ Vo -V du
T \V4 T v
+ i/ eF(UO"FE) [eF(UO-i—y) _ I]Qw‘rd'u
TJv
_ ﬂ/ wTdN + i / {eF(uo+v*)[eF(uo+v*) _ 1]2 o eF(u0+2) [eF(“O'f'E) o 1]2}1/17-(1”
WVir Jv T Jv
1
>0(r) -~ [ (V0" = Vo) - Vurdu
TJv
+ é / {eF(uo-l-v*)[eF(uo—i-v*) o 1]2 _ eF(uo—i-y) [eF(uo-l-y) o 1]2}wTdM
T Jv

ZO(T)—FIl—FIQ,

where the last inequality follows from the fact that v is the subsolution of (1.1).

Denote
VWw={zeV|v'(z)=v(z)} and Vi={zeV|v"(z)>uv(x)}.

One can see that ¥"(z) = 0 for sufficiently small 7 when x € V4. Thus, one has

I = —% /V(Vv* — Vu) - Vi du
= = 3 S el ~0)() ~ (0 ~ @] ()~ ¥ (@)
zeV Yy~

=Y T T Jeale” -0 - @7 - @] - v @)]

€V y~x,yeVo  y~a,yeVs

IS Y Y el - 0m) - 0 - @) w) v @)

zeVy y~x,yeVo  y~x,yeVy
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=2 Y wnlr - 0)) - (¢ - D)@ )~ ¥ (@)

zeVp y~ax,yeVy

1YY wnltt o) - 7 @)W )~ (@)

zeVy y~x,yeVp
>0 (3.13)

for sufficiently small 7.

Similarly, one can obtain that
A Fluotv*) [ Fluotv™) 112 Fluoto) [ Fluote) 112
== o) [ (uoteT) _ ]2 _ oFluotu) o (uot) _ 1217 qy, = 0. 3.14
= [ gert e P - Pt o (3.14)
Therefore,
/w*-wdu—A/ el (o) [F (wotv™) _ 1)24q, 4 M |V| /wdu>o as 7 — 0. (3.15)
14 \4

This implies that (J'(v*),%)) > 0 for any ¢» € WH2(V). Replacing ¢ with —1 we obtain the
reverse inequality, i.e., (J'(v*),%) < 0. Hence, we obtain that v* is a critical point for J in

wW2(v).
Lemma 3.3 If A > 0 is sufficiently large, then (1.1) has a solution on G.

Proof Choose u = —c to be a constant function. Then
Au = 0. (3.16)

If A is sufficiently large, one has

M
~Aef WP W — 112 4 47375, <0, (3.17)
j=1
Therefore,
M
Ay > AT WFW 112 14757, . (3.18)

This implies that u is a subsolution of (1.1). It follows from Lemma 3.2 that (1.1) has a solution
on G for X sufficiently large.

This completes the proof of the lemma.

Lemma 3.4 There is a critical value \. depending on G satisfying

A > 277 M

> (3.19)

such that when X\ > A, (1.1) has a solution uy.
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Proof Denote

A ={X> 0] \issuch that (1.1) has a solution}.

439

(3.20)

We show that A is an interval. If A\ € A, denote by @ = ug + 0 a solution of (1.1) at A = X,

where ¥ is the corresponding solution of (2.7). If A > A, one has
AD = _//\\eF(uo-HA)) [eF(uo—rﬁ) _ 1]2 4+

> — el (wo+?) [eF(Uo-l—ﬁ) _ 1]2 4

(3.21)

This implies that v is a subsolution of (2.7) on G for any A > X. Then by Lemma 3.2, one can

obtain the existence of solutions vy to (2.7) for any A > . Thus, (1.1) has a solution for any

A > A It implies that
[\, +00) C A.
Set
Ao = inf{\| X € A}.

It follows from (3.5) that

27T M
/\ZL for any A\ > ..
V]
Taking the limit, one can arrive at
2T M
Ac >
V]

3.2 Existence of solutions for A = A\,

(3.22)

This subsection is devoted to showing the existence of solutions to (1.1) on G if A = A..

Lemma 3.5 If A = )\, then (1.1) has a solution uy.

Proof Choose a sequence A\, — A. as n — 4o00. After passing to a subsequence of {\,},

we may assume that uy, (z) converges to a limit point in [—o0, 0] for any = € V, and we denote

this limit by u(xz). We prove that u(z) € (—o0,0] for any € V. Suppose not, then there are

two cases:

(i)

lim uy, (z) = —oo for any x € V.

n—00

(ii) There exists x € V such that lim wy, (x) exists in (—o0, 0].
n—oo

(3.23)
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In the following, we show that none of these cases happens.
If (i) holds, when \,, — A, summing the two sides of (1.1) yields that the left-hand side of
(1.1) approaches 0 and the right-hand side remains at least 2. This leads to a contradiction.

If (ii) holds, we split V' into two subsets Vi and Va, where

Vi = {x eV nll)rgou,\n(x) = —oo}7
Vo = {:z: eV li_)m uy, () exists in (—oo,O]}. (3.24)

If V7 is empty, then Lemma 3.5 holds. In the following, we consider that both V; and V5
are non-empty sets.
Since G is a connected finite graph, one may choose x5 € V5 such that there exists x; € V3

satisfying 1 ~ x3. Then

Auy,, (12) = ﬁ@) Z Wy, [Un, () — ux, (22)]
1 1
= M(x2) yNsz wy12 [uAn (y) — Uy, (ZZ?Q)] + M yNsz wym [U)\n (y) — U), (;132)]
yeW yeVs
=n+ I (3.25)

Now we calculate I1 and Is, respectively. It follows from (3.24) that

I = . Z Wy, [Un, (y) — un, (22)] = —00  as n — oc. (3.26)

'LL(ZEQ) y~a,y€Vy

For I, since xa,y € V3, the limit of uy, as A\, tends to A, exists. One can obtain that

; Yo wyealua, () —ua, (@2)] (3.27)

'u(xQ) y~w2,yeVa

is bounded. Taking the limit A\,, — A., one has
Auy, (z2) = —o0. (3.28)

However, it follows from (1.1) that Auy, (z2) is finite, which is a contradiction to (3.28). This

completes the proof of the lemma.

Combining Lemmas 3.4 and 3.5, one can obtain that (1.1) has a solution uy on G when

A > A.. Hence, the statement (i) of Theorem 2.1 holds.

3.3 Monotonicity

In this subsection, we prove that there exists a solution uy to (1.1) satisfying the property

that w) is increasing with respect to A.
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Lemma 3.6 There is a critical value \. depending on G satisfying

277 M
Ae 2 ———
14

such that (1.1) has a solution wy on G for any A > A\., and
Uy, > Uy, when A\ > Aa. (3.29)

Proof Equation (1.1) has a solution uy on G when A > A., and we denote the set of
solvability parameters by A= [Ae, +00). We fix a solution of (1.1) with parameter A = A, and
denote it by uy,. For any fixed m € N, let

A=) Ko
k=0
where
R 1= [/\6—1—2%,)\0—1—%}, keN.

Note that for any A > A, uy, is a subsolution of (1.1) with parameter A. It then follows from
the argument of Lemma 3.2 that for any A € (A, Ac + 5], there exists a solution uy ,, of (1.1)

such that
Unm > Ur,, A E Aogm.

Now consider the solution uy | 1. Similarly, since uy_y 1 ., is a subsolution of (1.1) with

m

parameter A > A\, + 2%, by the argument of Lemma 3.2, one can find a solution wuy ., of (1.1)

for any \ € ()\c + 2%, Ae + 2%} such that
UX,m > u)\c_i_sz)m, A E Alm-

Repeating the process above yields that for any A € [A.,+00), there exists a solution wuy ,, of

(1.1) with parameter A\, and if \ € A for some k € {0,1,2,---}, then
Unm 2 U g b e
Here, for convenience, we let uy_,, = uy,. Then we have constructed an increasing sequence
Ure,m < u)xc-l-z%,m < u)xc-l-zlm,m < (330)

for any m € N.
Now define

Q= {)\c+2im‘meN, jeNodd}. (3.31)
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We rearrange the elements in the countable set () and list them as Q@ = {¢; : I € N}.
For any ¢ € @, we have constructed a sequence of solutions {ug, m}men of (1.1) with
parameter A = ¢. Since the functions ug, ., (I,m € N) are defined on the finite connected

graph G = (V, E) and
’U/)\C SuqzﬂnSO; Vl,mEN,

there exists a subsequence {n;} C N such that, for any ¢; € Q, {ug, », } converges as i — co.

Define

U‘QZ = zliglo uqz,m
and let
U = {uy | q € Q). (3.32)

It follows from (3.30) that if q;,, ¢, € @, ¢, < qi, and i is sufficiently large, then
Ugyyny < Ugpy,ngs
and hence by taking limits as ¢ — oo, we have
ug, < g, forq, <qp,. (3.33)

This implies that {uy : A € Q} is an increasing sequence with respect to the parameter A € Q.
Now for any A > A, there exists an increasing sequence {¢} C @ such that ¢ — \. The

increasing sequence {ug, } then has a limit and we define
uy = lim wug,. (3.34)
l—o00
Then @y is a solution of (1.1) for the parameter A € A. Let
U= {ux| €[\, +0)}. (3.35)
It follows from (3.33)—(3.34) that if Ay > Ao, then

Ux, > U,- (3.36)

Hence, u) is increasing with respect to A € [A., 00). This completes the proof of the lemma.

The statement (ii) of Theorem 2.1 then follows from Lemma 3.6.
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3.4 Existence of multiple solutions for A > A,

From Lemma 3.6 and the maximum principle, we can obtain that wy > wy, when A > A..
Thus, Uy (= @y — up) is the local minimum point of the functional J for any A > A.. If vy
obtained by Lemma 3.4 is different from vy. Then we have already found a second solution. If

vy is equal to vy as the local minimum of the functional J, there exists p) such that
J(vy) < J(v) for any ||jv — vrl| < pa. (3.37)

Then we have the following two cases.

Case (i) For any p € (0,p,), one has

inf  J=J(vx)(:=1nn). (3.38)
lo—vall=p
Thus, there is a local minimum v, of J satisfying [v, — vA|| = p and J(vy) = 7y for any

p € (0,px). Therefore, one can obtain a one-parameter family of solutions to (1.1).
Case (ii) There exists ) € (0, px) such that
J(vy) < | infl" J(w). (3.39)
W—UVN\||=Tx
In the following, we prove that there is a second solution of (1.1) on G for A > A. by the
Mountain Pass theorem. We first show that J(v) satisfies the Palais-Smale condition in order

to apply the Mountain Pass theorem for the functional J.

Lemma 3.7 Every sequence {v,} C WY2(V) admits a convergent subsequence if {v,} C
Wh2(V) satisfies
(i) J(vn) — ¢ for some constant ¢, as n — +oo, (3.40)

(i) || (vn)]| = 0 in WE2(V), as n — 4o00. (3.41)

Proof It follows from (3.41) that

47 M

‘ / Vu, - Vdp — )\/ eF(uo+vn)[eF(uo+vn) - 1]2tpdu i
v v 14

/deu‘ <enllell,  (3.42)

where ¢ € W12(V) and €, — 0 as n — +o00. By taking ¢ = —1, one has
0<c< / el (wotvn)[oF(uotvn) _ 1129, < C, (3.43)
v

where ¢ and C are constants depending only on .
We claim that {v,(x)} is bounded for any x € V. Suppose that the claim is not true,
there exists a point ¥ € V and a subsequence {v,, (v*)} C {v,} that tends to +oo or —oco as

k — +oo. Without loss of generality, we assume that {v,, (z¥)} tends to +oo as k — +oo.
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In the following, for the subsequence {v,, }, we first show that there exists a point Z € V
such that {v,, (%)} is bounded. If not, one can obtain that {v,, (y)} tends to +o00 or —oo for

any point y € V as k — +o00. Therefore, one can derive that
/ eF ((wotvn )W) [oF ((wotvn )W) _ 1124y — 0 as k — 400, (3.44)
v

which contradicts (3.43).
Let

Ly := max |Un, ()] = vn,, (). (3.45)
From (3.40), one has

1 A ey ArM
How) =5 [ Vo Pap g [ ererred < tau T2 [ v an

et on(l). (3.46)

Combining (2.4) and (3.46) yields that

1 2
¢2 330 D waylvw (y) = vu (@) — 4w MLy, (3.47)
zeV y~zw
It implies that
[0ny () = vny (Y)| < CV e+ 4TM Ly, @~y for any z,y €V, (3.48)

where C' is a constant.
Since the graph G is finite and connected, there is a path {z;}!_, C G between 7 and x*

for [ € N, that is

T=ag~m ~Tor~ -~ =" (3.49)

Combining (3.48) and (3.49), one can obtain that

O, (Z) > v, (2F) — (1 = 1)C\/c + 4r M Ly,
= Lk - (l - 1)0\/C+47TMLk

— +o0o  as k — +oo. (3.50)

This is a contradiction to the conclusion that {v,, (Z)} is bounded. Therefore, {v,(z)} is
bounded for any x € V. This implies that {v,(z)} is bounded in W12(V). Applying the
Sobolev embedding theorem (Lemma 2.1), there exists a subsequence v, () converges to some

function v(x) in W12(V). Hence, the Palais-Smale condition holds.
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For @ > 0, one has

A A
Jor—Q)—J(n) =5 / [efuotordu=Q) _q14qy — 2 / [eF oty —1)1dp — 4xr MQ
4 Jyv 4 Jyv
— —o0  as @ — +oo.
Thus, one has
J(vxn — Qo) < J(vy) for some Qg > 7y > 0 sufficiently large. (3.51)
Let
I':={y€ (0,1, W"(V)) [ (0) = vx, (1) = va — Qo}
and set

= ;Ielfr 0221 TO(®)-

It follows from (3.39) that ¢ > J(vy). From Lemma 3.7, applying the Mountain Pass
theorem (Lemma 2.2), we conclude that ¢ defines a critical value of J. Since ¢ > J(vy), the
corresponding critical point yields a second solution for (2.7). Therefore, there exists a second
solution to (1.1). Hence, the statement (iii) of Theorem 2.1 holds.

This completes the proof of Theorem 2.1.

4 Fine Properties of the Solutions

In this section, we prove Theorem 2.2. From the analysis in Section 3, we know that v) is a
local minimum of the functional J(v) for A > A.. In the following, we show that vy is a strict
local minimum of the functional J for almost every A > A..

For convenience, we state Theorem 2.2 again here.

Theorem 4.1 The solution vy is a strict local minimum of the functional related to (2.7)

for almost every A > A..

Proof It follows from Lemma 3.6 that v is increasing with respect to A for A > A.. This

guarantees that

duy
Ty =

=3 (4.1)

is well-defined for almost every A > \., and therefore 7, > 0 a.e. in V.

Taking the derivative of both sides of (2.7) with respect to A yields that

ATy = _eF(ug—Q—'ﬁ)\)[eF(ug—i—'ﬁ)\) o 1]2 _ )\eF(uo—!—'ﬁ)\)[l _ 3eF(uo+5>\)] - Ty. (42)
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From the fact that vy is the critical point of J(v), one can derive that
~ ~ > > drM
0= (/@) ) = | Vi Tdu— A [ PRt apduy T [ g (43
v v Vi Jv
and
(@) = [ Vo Vidp X [ POt el gy (4.4)
v v

for any ¢, € WH2(V).

From (4.4), one can see that
J"(@\)h = —Ah — Aef' (w001 — 3eF o+ for any h € WH2(V). (4.5)
Then
(J"(@x)h, g) = (J"(0\)g, h) for any h,g € WH(V).

This implies that J”(7y) is a symmetric and linear operator from W12(V) to W12(V).
Denote N as the number of vertices in V. Let uq, 2, -+, uny be the eigenvalues of J” (7))
satisfying p1 < po < --- < puy and let 0y, -+ ,0x be the corresponding eigenvectors of J” (v ),

i.e.,
J"(0))0; = pibi,

where (0;,60;) = d;; for any i,j =1,2,--- ,N.

Then the eigenvalue

In the following, we prove that py > 0.
Noting that

(J"(Bx)h, h) :/ |Vh|?du — /\/ eF (ot TI[] — 3l (w00 p2qy,
\4 \4

=D waylhly) = h@)]® = A / (ot — 3P0t p2dy. (4.6)

zeV y~zx v

Let h = (|hy], |ha|,- -, |hn]) for any h = (hy, hy,- -+, hy) € WE2(V), it follows from (4.6) that
(J"(@x)h, by < (J"(Tx)h, h). (4.7)

Thus, one can obtain that all of the components of 6; have the same sign. Without loss of

generality, we assume that they are all non-negative, i.e.,

01, >0 for1<i<N, z;€V. (4.8)
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Taking ¢ = vy, it follows from (4.4) that
(J"(0x)x, ) = /V o (ot [P (o) 120y (4.9)
for any ¢ € WH2(V). Let ¢ = 61, one has
(J" (u\)Tx, 01) = /V (ot 0x) [oF(uot0x) _ 1120, dy > 0. (4.10)

Since v, € W2(V), Uy can be represented by

N
Ty =Y aifi,
i=1
where a; = (0y,0;), 1 <i < N. One can see that a; > 0 and
0< <J//(17)\)5)\,6‘1> =aip.
Thus, one has
1y > 0. (4.11)

Therefore, vy is the strict minimum of J(vy) for almost every A > A.. This implies that for
almost every A, there exists ry such that

J(0y) < inf  J(w). (4.12)

[lw—=ox[]=rx

This completes the proof of the theorem.
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