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Abstract As a generalization of Ahlfors’s results for analytic functions, by using the pre-
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1 Introduction and Statements of the Main Results

1.1 Univalence and quasiconformal extension criteria for analytic functions

Let D be a domain in the extended complex plane C and np be its Poincaré density. For
a locally univalent analytic function ¢ in D, the pre-Schwarzian derivative P¢ and Schwarzian
derivative S¢ are defined by

Q/)_//
¢

respectively. The pre-Schwarzian norm ||P¢|| and Schwarzian norm ||S¢|| are

P¢ = S¢ = (P¢) — - (P9)*,

1
2

|Pgllp = sup [Polny',  [1Sé]lp = sup |Sélny”.
zeD z€D
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When D = A := {z: |z| < 1}, for simplicity, we denote ||S¢| p and ||P¢| p by ||S¢| and ||Pe|,
respectively.

The quantities ||S¢|| and ||P¢| are widely used to characterize the univalence and quasi-
conformal extensions of ¢. As far back as 1949, Nehari [30] proved that

IS¢l <2 (1.1)

implies that ¢ is univalent. Hille [19] proved that the bound 2 in (1.1) is the best possible.
Later, Ahlfors and Weill [3] showed that, for any ¢ € (0,1), if

IS¢l < 2t, (1.2)

then ¢ is not only univalent but can also be quasiconformally extended to C. In 1972, instead of

Schwarzian derivative by pre-Schwarzian derivative, Becker [5] gave parallel results as follows.
If

1Poll <1, (1.3)
then ¢ is univalent; furthermore, there exists a quasiconormal extension of ¢ to C if
|1Po|| < k < 1. (1.4)

It should be noted that the constant 1 in (1.3) is sharp (see [6]).
In 1974, Ahlfors [2] gave a more widely criterion to justify the univalence and quasiconformal

extensions.
Theorem A Let ¢ be a locally univalent analytic function in /\. Let o be a continuous
function in /\, which satisfies the following conditions:
(i) 0, and oz ezist in A a.e.;
(i) 2 =0 on 0N ;
(iii) Z # 0 in A.
Then the inequality
|oP¢+ 0% —0,| <oz, z€A (1.5)
18 sufficient to imply that ¢ is univalent in . Moreover, the inequality
|oPp + 0 —0.| <kloz|, 0<k<1 (1.6)
1s sufficient to imply that ¢ has an explicit homeomorphic extension
¢(2), 2| <1,
1 1
o(z)+u(z), I2>1,
Z Z
9’ (2)

©) for z € A\{0}. Also, the mapping ® is a K -quasiconformal mapping in C,

o(2) =

where u(z) =

_ 1+
where K = {57

>q
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Remark 1.1 In fact, by taking suitable functions o in Theorem A, we can get different
criteria for univalence and quasiconformal extensions. For example, (1.1) and (1.3) come from
(1.5) by taking

z 1 z
== ___p -
CT(Z) 1— |Z|2 92 ¢7 U(Z) 1— |Z|2’

respectively.

1.2 Univalence and quasiconformal extension criteria for harmonic mappings

As natural generalizations of analytic mappings, planar harmonic mappings are widely s-
tudied by many mathematicians as early as 1980s (see [12]). A complex function f in A is
harmonic if

Af=4f.z=0.

It is well-known that f has a canonical representation f = h+ g, where h and g are analytic in
A and ¢(0) = 0 (see [13]). Lewy [27] proved that a harmonic mapping f is locally univalent if
and only if its Jacobian
Jp=IN'* =g # 0.

If Jp > 0 (J; < 0), then f is sense-preserving (sense-reserving). We call w = i—: the second
complex dilatation of f. Since P¢ plays an important role in the study of locally univalent
analytic functions, many mathematicians try to introduce a similar concept for harmonic func-
tions (see [18, 28-29, 31]). For harmonic function f, Herndndez and Martin [18] introduced the
pre-Schwarzian derivative Py as

ww’

0
P = Llog| ;| = Ph— —2 .
f Oglfl 1— |wf?

= (1.7)

In fact, it was proved that Py also has similar properties as P¢ for locally univalent analytic
functions (see [14, 16, 18, 34]). Especially, by using Py, Herndndez and Martin [16, 18] extended
Becker’s results (1.3) and (1.4) to the case of harmonic mappings.

Theorem B Let f = h+ G be a sense-preserving harmonic mapping in /\ and the second

complez dilatation w with ||w]|eo = sug |w| < 1. If f satisfies
ze

jw'(2)(1 = |21)]

1—[z))|P <1, z€NA, 1.8
then f is univalent in /\. The constant 1 is sharp.
Moreover, if [ satisfies the condition
/ 1— 2
(1 —12]*)|Py| + W =) = 2] <k<l zedl, (1.9)

I-lwz)?

then f has a continuous and injective extension f~ to A.
Furthermore, if
1 — |w]oo

k< ,
1+ [|wlloo

(1.10)
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then the mapping
f(2), l2] <1,

(@) rod).

is an explicit K -quasiconformal mapping of C onto itself, where

F(z) = (1.11)

Uz = "B s C9 0 p) seavo

z z

and
14k lw]eo(1 — k)

Tk @l t k)

Finally, under the condition (1.9) with |w|lee < 1, f(OA) is a quasicircle and f can be extended

K

to a quasiconformal mapping of C.

As mentioned in Remark 1.1, Theorem A is more general than Becker’s result (1.3) and
Nehari’s result (1.1), so it is natural to ask whether there exists a general result analogous to

Theorem A for harmonic mappings. From this idea, we prove the following theorem.

Theorem 1.1 Let f = h+7 be a sense-preserving harmonic mapping in /\, and let w be
the second complex dilatation of f with ||w| e < 1. Let o be a continuous function in /N, which
satisfies the following conditions:

(i) o, and oz exist in A\ a.e.;

(i) 2 =0 on 0N ;

(ili) Z # 0 in A.

If f satisfies the condition
|ow’|

|0Pf—|—a2—crz|+17

P <loz|, zeA, (1.12)

then fx = h+ g (|A\| < 1) is univalent in /\. Moreover, if

i

0 ios, 0<k<1, zen, (1.13)

2
|UPf+U _02|+1_|w|2*

then the harmonic mapping fx = h+ Ag (J\| < 1) has a continuous and injective extension fa

to A, and the function

), 2l <1,
1 1

fA(:) +U,\(:)7 |z| > 1
z z

is a homeomorphic extension of C onto itself, where

OO
=20 +/\m, € A\{0}.

Furthermore, if k satisfies the condition (1.10), then the family of mappings F(z) is a K-

Fy(z) = (1.14)

UX(Z)

quasiconformal homeomorphisms of C, where K is given by

_ 1tk vl = k)

K = .
L=k — Ml (1 + k)

(1.15)
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Without the restriction of k in (1.10), then (1.14) may not be a quasiconformal mapping of
C. However, we can also present that fy = h + Ag (|]A\| < 1) has a quasiconformal extension to

C as follows.

Theorem 1.2 Let f = h+7 be a sense-preserving harmonic mapping in N with ||w]|eo < 1.
If f satisfies the condition (1.13), then f(OA)(|A| < 1) is a quasicircle and fx can be extended

to a quasiconformal mapping of C.

Remark 1.2 It is easy to see that Theorem A can be deduced from Theorems 1.1-1.2
by letting ¢ = 0. Furthermore, many criteria for univalence and quasiconformal extension of
harmonic functions can be deduced from Theorems 1.1-1.2. For example,

e By setting o(z) = ﬁ and A = 1 in Theorems 1.1-1.2, we get the results of Theorem

1.2.
e By taking o(z) = (16_’7?‘22 in (1.12), we get [8, Proposition 1], which is a special harmonic

case of Theorem A for univalence.

e By putting o(z) = % in (1.13) and Theorem 1.2, we get the results of [20, Theorems
1 and 2] and [7, Theorem 2.2], respectively, which are special harmonic case of Theorem A for
quasiconformal extensions.

e By setting o(z) = ﬁ in Theorem 1.1, we get the result of [9, Theorem 1.1], which is a

special harmonic case of Theorem A for quasiconformal extensions.

1.3 Inner radius of univalency and quasidisk

For a simply connected domain D in C, the inner radius of univalency of D by the Schwarzian

derivative and the pre-Schwarzian derivative are defined as
p(D) =sup{a: ||S¢||p < a = ¢ univalent in D}

and
p1(D) =sup{a: ||Pé|lp < a = ¢ univalent in D},

respectively. The inner radius of univalency has a significant meaning to judge the quasidisk.
It was shown by Gehring [15] that p(D) > 0 if and only if D is a quasidisk. Instead of p(D),
Astala and Gehring [4] proved that p1(D) > 0 if and only if D is a quasidisk. Recently,
Efraimidis proved similar results as Gehring’s by using the inner radius of univalency of D by
the Schwarzian derivative of harmonic mappings, we refer to [14] for details.
For a locally injective sense-preserving harmonic mapping f in a domain D, we define
|| 1

P D:sup{(P +7)—} 1.16

1Prllo = sup (P T up ) o
For the domain D, we define the inner radius of univalency by the pre-Schwarzian derivative

for harmonic mappings as
p1(D) = sup {a :||P#llp < @ = f univalent in D}.

Following these definitions, Hu et al. [21] proved that p; (D) > 0 if and only if D is a quasidisk.
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For the importance of the inner radius of univalency, it is interesting to estimate p(D) and
p1(D). However, except for some special domains D (see [22-23]), it is difficult to find the exact
values of p(D) and p; (D). Ahlfors [1], Lehto [24] and Sugawa [33] gave an estimate of p(D) as
follows.

Theorem C Let D be a quasidisk and 0D admit a quasiconformal reflection A. Then

. |OX] — [0
D)> inf —————.
p(D) = 2D (A= z?np(2)
Remark 1.3 When A is continuously differentiable, the idea to get Theorem C belongs to
Ahlfors while the representation form of Theorem C is due to Lehto. Sugawa obtained Theorem
C by removing the assumption of the continuous differentiability of .

Considering p1 (D), by using Theorem A, Cheng and Chen [10] gave the estimate of p1(D)

as follows.
Theorem D Let D be a quasidisk and X be the quasiconformal reflection across OD. Then

. |OA] — [0)|
D) > inf ——————.
(D) = zeD |\ — z|np(z)

In this paper, as an application of Theorem 1.1, we give a lower bound of p;(D) as follows.

Theorem 1.3 Let D be a quasidisk and X be a quasiconformal reflection across D. Then

p1(D) > inf OA] — [9A]

T zeD (N —z|np(z) (1.17)

2 Proof of Theorem 1.1

In this section, following the ideas developed by Herndndez and Martin [16, 18], we give the
proof of Theorem 1.1. The following lemmas play an important role in the proof of Theorem
1.1.

Lemma 2.1 (see [18]) Let f = h+ G be a locally univalent sense-preserving harmonic

mapping. For a € A, let
flg=f+af =ha+7a,
where hq = h+ag and g, = g +@h. Then Py = Py and the second complex dilatation w, of
fla) 18
Wq = Pq O W,
where @, is the automorphism of /\ defined by

a—+ z
o(2) = . zEA.
va(2) Tras °

It follows that
2wl e
1—Jwal? 1= wf*
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By Hurwitz’s theorem, the following property was shown in [16, p. 622].

Lemma 2.2 (see [16]) Let f = h + 7 be a sense-preserving harmonic function in A. If
h + ag is univalent for all a € /\, then h+ ag is univalent for all a € A.

Lemma 2.3 (see [17]) Let f = h+ g be a sense-preserving harmonic function in /. If
h + ag is univalent for all a € OA, then f = h+ g is univalent in A.

Lemma 2.4 (see [25, Chapter I, Lemma 6.1]) Let C' be a quasicircle and f a home-
omorphism of the plane which is K -quasiconformal in the complement of C. Then f is a

K -quasiconformal mapping of the plane.

Proof of Theorem 1.1 We divide the proof of Theorem 1.1 into the following three parts.
Part 1 We will prove that (1.12) implies that f) is univalent in A for all |\ < 1.
If f = h + 7 satisfies the condition (1.12), we know that
h' ww’ 9 owow’
= ‘O’(——i) +o —crz—l—li

i
cr——|—cr — 0,

7 AR ESE e
oww
<|0Pf+0 Uz|+}17|w|2‘
<|0Pf+0 Uz|+‘1_7|w|2‘

<ol

Thus, from Theorem A, we see that h is univalent in A. By Lemma 2.1, we have Py, = Py

and 1—‘To§i|2 = 1 |‘2, so fpoy=h+Ag+g+ A also satisfies the hypothesis of Theorem 1.1.

1—|w

Then hy = h+ Ag is univalent for all |A\| < 1. By Lemma 2.2, the functions h+ Ag are univalent
for all |A] < 1. Then f\ = h 4+ \g are univalent for all |A\| <1 follows from Lemma 2.3.

Part 2 Under the condition (1.13), we will show that (1.14) is a homeomorphic extension
of fx to C. We divide the proof of this part into two steps.

Step 1 When A = 1, we shall prove the harmonic mapping f; := f = h+7 has a continuous
and injective extension fl to A, and the function F} in (1.14) is a homeomorphism extension
of C. We divide this to four substeps.

Substep 1 We shall prove that for all a € A, the functions h, = h+ ag have a continuous
and injective extension to C. It follows from (1.13) and Lemma 2.1 that for all z € A,

U h”(Z) o
R
cwa(2)uh(2)

)2

<

h'(z2) +ag"(z)  wa(2)wl(2) o2
( 2)+ag’(z) 1- |wa(z)|2) *

(2)
W (z)
h'(z) +ag"(z)  wa(2)wl(2)
< ( W (2) )—1-02—02
() +

|wa(
|lowg (2)]
1 — |wa(2)[?

Dtag(z) 1 [wa2)P *

— Py, (2 U‘UzH‘ﬁ’

< Ko, (2.1)
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By Theorem A, it implies that for each a € A, the function A, is univalent and can be extended

to a continuous and injective mapping ﬁa in A and the function

ha(2), 2] < 1,

NORSROREEY

is a K-quasiconformal extension of C onto itself with

1+ k&
K=—"
1—-k’

Ha(z) = (2.2)

where

Ug\Z) = hfl(Z) z
a( ) O'(Z) ’ € A\{O}

Hence, H, is continuous and univalent in C.

Substep 2 We will construct an explicit function for a continuous and injective extension
of f to C. We assume that H = Hy and H; are the corresponding extensions of hg = h and
hi1 = h + g, respectively. By virtue of (2.2), we define the function

G(z) = Hi(2) — H(z)
to obtain a continuous extension G of ¢ to C as

9(2)7 |Z| <1,
G(z) =

= 1 1
g(:)"’”(:)a |Z|>17
z z

v(z) = gal((j)), z € A\{0}.

Since H, is univalent in C for all a € A, so is

where

H,(z) = H(z) + aG(2). (2.3)

Indeed, it is obvious that (2.3) holds when |z| < 1. For |z| > 1,

z z

H(z) 4+ aG(z) = ho(%) +u0(1) +ag(1) +av(%)
:

SICRMORE St
= Hu(2).

Next, we construct an explicit candidate for a continuous and injective extension of f to C
defined by

fl(Z), |Z|<15

Fi(2) = H(z) + G(z) = { M=) +3(2), 2| =1,

A ad)
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where U; is given by

U(z) = &) g((z)) 2 e A\{0}.

Substep 3 We will prove the univalence of Fy(z). The univalence of F}(z) can be obtained
from the univalence of H(z) in C, which we can infer [16-17].

Substep 4 We will show that F; is a homeomorphism extension to C. Here, we adopt the
method due to Ahlfors discussed in Chiang [11, p. 9]. We take into account f; to be locally
univalent in A. On one hand, it is easy to see that the Jacobian J¢, of f; is non-vanishing in
A. On the other hand, let Q(z) = f1(z) + U1(z) be sense-preserving and sufficiently smooth in
A. Note that Fy is a K-quasiconformal mapping in |z| > 1 if and only if @ is a sense-reserving
K-quasiconformal mapping in |2| < 1. Then we can derive the Jacobian of @, i.e., Jg # 0 in A
from the weaker condition |Q.(z)| < |@z(z)|. Hence, F; is locally homeomorphic everywhere
in C by the Inverse Function Theorem (see [32, p. 221]) and so homeomorphic in C.

Step 2 When |\| < 1, the harmonic mapping fy = h + A7 (J]A| < 1) has a continuous and
injective extension f;\ to A, and the function F) in (1.14) is also a homeomorphism extension

of C. For fx = h + \g, the second complex dilatation wy of fy is wx = Aw. By observing that
Al 4wl < 1+ [A|w]

following (1.13) we obtain

|oPf, + 02 — .| + %
= ’U(hh_/’/ B %) +ot —ox|+ ‘0(1 ?TC;P - 1§:§|z)’ 1 |_m|uo§l|2
(1 — |\2 Al
lopy =1+ G R * TP
=loPr ot =l 1|Ci”|(:;||2 1|A+||+A||T:J||
<|oP;+0® — o, |+ %.
< kloz|. (2.4)

By Step 1, we can obtain this conclusion.

Part 3 We will show that F) is a concrete K-quasiconformal mapping.

Firstly, we shall estimate the maximal complex dilatation of the mapping F\. We divide it
into the following two cases, since it is a removable set in C for quasiconformality when |z| = 1
(see [26, p. 45, Theorem 8.3]).

Case 1 If |z] < 1, then

lur] = [Allw(z)] < A[lw]le <1
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for z € A.

Case 2 If |z| > 1, we make a reciprocal transformation w = 1 for some |z| < 1, then

W (2) + (Ux)=(2)
()] = |~= |
Ag'(z) + (Ux)=(2)
h'o —h'o, go%
B h+ p —A —
=\ 9T—gF Koz
A9+ A — -3
o2 o b o, o2z b
- oz oz h oz 2oz b
- 2 " 2 —77
— —~0g 0 oc° oz h
PRIy Wil A LT
O’zw * oz b/ oz 2oz I
o2 o b o,
‘U— oo IAlllwlfoo
S z z 5 z - (25)
1_|)\|‘U_w_2 + 29
(o (o (o h
Since f satisfies the condition (1.13), by the triangle inequality, we get
o2 oh” o, ‘ o (h” ww’ ) o? o, o ww ‘
ox oz h o% oz \h' 1—|w|? oz oz oz(l—|w]?)
‘ o (h” ww' ) o? o, ‘ o ww }
“loz\h 1 —|w|? oz 0% oz (1 —|w|?)
o W o w’
| S
SR e e R P ey
o w’
= k= (1= wlloo)| = == | (2.6)
oz (1 —|wl?)
On the other hand, we have
g" = (wh') ='h + wh”.
Therefore, for all z € /A, we obtain
o? o o g’ o? o o h" ,
—Ww-—WwWt+t —= =W —Wwt+t ——wt+ —w
(04 (04 (04 h' (04 (04 (04 h' (04
‘aw (h” ww' ) o? o N o w’ ‘
=—(—-— —w——wt+ ———
oz \h 11— |wl? Oz % oz (1= |w]?)
o o o o w’
SIRRERNE N
- ||UJH ‘0’2 ! + (o (o + 0% (1 — |(U|2)
o w’ o w’
SFAINA' S SNHEaL
> ||UJH HLU” os (1 — |w|2) + os (1 — |w|2)
o w’
= Ellwle + (1 — w‘_i. 2.7
ol + (1= o) | Z = (2.7
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By substituting (2.6)—(2.7) into (2.5), we know

k= (1 — [lwlloo)|w” ()] + [Alllw]] oo
1= (EM[lwlloo + (1 = [lwl[oo)[w* (2)])
_ k4 Mllwlloo = (1 = [lwlloo)|w™ (2)]

1= EAlwlloo = (1 = [[wlloo)lw* ()]

|/’LF)\ (’U})| S

where
o w’

oz (1-[w[?)’
Since f satisfies the condition (1.13), we deduce that |w*(z)| < k.
Define the function p(x) : [0, k] — R by

w'(z) =

k4 Ml = (1= [wlla)a
p(z) = .
@) = T ol = (= [wl)a

According to the condition (1.10) holds, we see that p'(x) < 0 for all € [0, k]. Thus

E+Mlwleo K-—1
< = = .
P(@) < PO = T ele ~ K51

We then find from (2.8) that

K-1
< — =
b )] < 7 =k
holds for all |w| > 1. Since the assumption (1.10) shows that
Joalloe = P wlloe < wlow < T
Alloo = oo X oo 1+k

holds for all A € A, which implies that k; < 1. Therefore, Fy(w) is a quasiconformal mapping
in C\A.

Secondly, by Lemma 2.4, the mapping F) defined by (1.14) is K-quasiconformal whenever
(2.8) holds with

ey (2)| <€ 77—
for all |z| # 1 in C. Moreover, by noting that

Allwlloo < k1 <1,

we deduce that Fy is a K-quasiconformal mapping of f, in C, where K is given by (1.15).

3 Proof of Theorem 1.2

In order to prove Theorem 1.2, we will need the following lemmas.

Lemma 3.1 (see [26, Chapter II, Theorem 5.3]) The limit function w of a sequence w,,
of K-quasiconformal mappings convergent in D is either a constant, a mapping of D onto two

points, or a K-quasiconformal mapping of D.
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Lemma 3.2 (see [9]) Lete € A and T(z) = fj“;ﬂz Then T'(z) is a Mébius transformation
of the unit disk /\ onto itself and

el + ||
1+ fellz]

llel — 1=l
o ST <
1— lellz]
Lemma 3.3 Let f = h+ g be a sense-preserving harmonic mapping in /\ with complex
dilatation w Z 0. Assume that |w]leo < 1 and that [ satisfies (1.13). Then, the analytic
functions hg = h+ ag are univalent in A for all 0 < |a| < §, where
14+ E|lw] o - 1

1<d6= < .
kE+lwle ~ llwlls

Moreover, h, has a continuous and injective extension hg to /\.

Proof In the proof of Theorem 1.1, we have found that h, has a continuous and injective
extension hq to A for all |a| < 1.

Next, we shall prove that h, has a continuous and injective extension h, to A for 1 < |a| < 6.
By noting that

A aw’

Za _ 7 3.1
A 1 +aw’ (3:1)
in view of (3.1) and the formula (1.7) for pre-Schwarzian derivative of f, we get
KL [ A S P KA b
oz hl, oz oz oz ' oz o3 ozl —|w|?1+aw
!/ !/ —
<k-| el n el e
- oz 1 —|w|? oz 1 — w1+ aw
o W W+a
=k | el (Tl - 2)
+ oz 1—|w|?2I\I1 + aw
w+ta
< k| : 3.2
- 1+ aw (3:2)
From Lemma 3.2, we know that
w+a la] — [|w]| o 1
su < = 3.3
T T aw! =1 wlwla] ~ & (3:3)
with
1+ Ellwl o 1
l<l|al<d= + kllwl <

bt wlloo ™ flwlloo

Combining (3.2)—(3.3) with Theorem A, we conclude that h, is univalent in A and h, has a
continuous and injective extension ha to A for all 0 < la| < &, where

1+ kflw]l < 1

1<d6= < .
kE+lwle ~ llwlls

We thus complete the proof of Lemma 3.3.

By using the similar method as in [16] (also see [14, 20]), we can prove the following lemma.

For completeness, we give the proof.
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Lemma 3.4 Let f = h+ g satisfy the hypothesis of Lemma 3.3. Assume in addition that
both h and g are analytic functions in . Then
Ag(a) —g(B)) Alg(@) — g(B))

oo i@ =h(8) | T o Thia) = h(B)

kA flwfloo

<Ll kAWl
T 1+4Ek[w|e

<1 (3.4)

for |\ < 1.
Proof We fix € A and define the generalized dilatation
Ag(a) —g(B))

— s aF b
Yp(a) =4 hla) —h(B)
w(a), a=p,
where a € A, |A| < 1 and w denote the second complex dilatation of f. Evidently, 1s(a) is
continuous for |a| < 1, so that there exists an ag € A such that sup |¢g(a)| = |ps(a0)|.
acl

We consider two cases that ag = 5 and ag # 5. If ag = 3, then

sup |¢p(a)] < [|wlloc-
aeA

By § < ——, we get

lwlleo?

1
sup |pg(a)] < 5.
aEN

If ag # 3, we will use the law of disproof to get contradicts with Lemma 3.3. Assume that

sup |pp(a)| > 5. Then there exist 0 < ¢ < § and |u| = 1 such that
acA

Agla) —g(B) _ _»
(1) — h(B) §—¢’

where a; € A and |A] < 1. (3.5) shows that h — [i(§ — €)A\g is not univalent in A, which

(3.5)

contradicts with Lemma 3.3.

Proof of Theorem 1.2 For the harmonic mappings f\, we have

(f)r(2) = fa(rz) = h(rz) + Ag(rz), 0<r<1.
Each of these functions (fy), satisfies
[Allwr| = [Aw(rz)l,

so that
IAlllwrlloe = llwrlloo < flwlloe < 1.

If we prove that the mapping (fy), can be extended to a K-quasiconformal mapping in C,
where K does not depend on r, then by Lemma 3.1, we conclude that f) can be extended to a

K-quasiconformal mapping in C.
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We note that if f satisfies (1.13), then
sup{|ch +02—a|—|—M}
AU
< rsup 0Py, + + 0% —0.| +rsup o w’|2
zEA zen 1—|wl

|ow|

<rsup 0P + 02 —0,| 47 sup
SRR S

S ’f’klO’zl

S k|0’g|.

Therefore, (f)), satisfies the condition (1.13). By Lemmas 3.3-3.4, and use the similar method
as in [20, Theorem 3], we get the assertion (fy), admits a K-quasiconformal reflection. By
allowing  — 1, we deduce that fy has a quasiconformal extension to C. The proof of Theorem

1.2 is thus completed.

4 Proof of Theorem 1.3

In this section, we will give the proof of Theorem 1.3 following the idea of Cheng and Chen
[10].

Proof of Theorem 1.3 According to the Riemann Mapping Theorem, we let g be a
conformal mapping from A onto domain D and w = g(z)(z € A). Set 7 = )‘09 and o = —%ﬁ,
then

g’ 1 (¢)2 1 g o.7

=L L 41
g gl—T+ 2 1-7 gl-1)2 (4.1)
and
g O
-9 4.2
’ g (1-71) "2
Substituting (4.1)—(4.2) into (1.13), we get
‘_9_’#13 (g% 1 ' 1 ()P 1 g Or
gl—r f g2 (1 —71)2 gl—r7 g2 1—7 ¢g(1—7)2
g 1 g’ O=T ‘
Z_— _* <k
+ gl—71—|w2l = lg (1=7)2P

ie.,
n ‘ (1 —-7)w
1—fw 17

For any locally univalent and sense-preserving harmonic mapping f in A, (4.3) implies that f

/
|~ (L= 7)(Pr — Pg) + %Twﬂ

(4.3)

has a quasiconformal extension. We can see from (4.3) that

. (g7) ‘ ‘ I&gf)l
g(1 = 7)na ml—IwI2 ~lg(L=7)nal

| =Py~ Pg) - (4.4)
na
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the other hand, if f satisfies the inequality

1, 1 L H 0 92| — 1900 g(2)]
R P rewrt - R vy pr s e
F0w(Aw))]| —

Du(M(w)) )

)

=t T hw) — wlp(w)

then f must satisfy the inequality (4.4), which implies that f is univalent.

Note that na = np(g)|g’(2)], then

W] Y -
|Ppogrllp = 1P = Pyl = sup { (1Py — Pgl + —=5 )iz }. (4.6)
EISYAN 1 |(U|

It follows from (4.5)—(4.6) that if f satisfies the inequality

then f is univalent and hence fog

. E|opA(w)] = [0uA(w)]
1 <
IProg=2llo < It = S i )

is univalent on D. Therefore,

L 10sMw)] — PuAw)
weD  |Nw) —w|np(w)

-1

A e MM @)~ [BuAw)
AD) 2 swp { int ST
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