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General Results on Strong Laws for Weighted Sums
Under Sub-linear Expectations with a
Statistical Application*
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Abstract In this paper, the authors investigate the double-indexed version of the strong
law of large numbers under some general conditions in a sub-linear expectation space.
The weighted version of the Marcinkiewicz-Zygmund type strong law of large numbers
is also established. These results extend or improve some existing ones in the classical
probability space or a sub-linear expectation space. As an application, they further study
the nonparametric regression model under the sub-linear expectation framework. Some
numerical simulations are also presented.
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1 Introduction

The classical strong laws of large numbers (SLLN for short) are fundamental tools in prob-
ability theory. Besides, many well-known estimators in statistics such as the least squares
estimators, nonparametric regression function estimators, jackknife estimators, and so on, are
the form of weighted sums of random variables. Therefore, it is desirable and of great interest to
study the limit behavior of weighted sums of random variables. The central limit theorem and
other weak laws for the sums of independent and identically distributed (i.i.d. for short) random
variables have been extended to weighted sums and many other dependence cases in the past
decades. However, it is not easy to establish the SLLN, especially the Marcinkiewicz-Zygmund
type SLLN. Consequently, the study of Marcinkiewicz-Zygmund type SLLN for weighted sums
is still a hot topic.
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Let {X,,,n > 1} be a sequence of random variables and {a,;,1 <i <n,n > 1} be an array

of constants satisfying

—1 [eY

supn Ani|~ < 00 1.1

™3 and (1.1)
for some o > 0. For an i.i.d. sequence {X;X,,n > 1} with EX = 0, EX? < oo and the
weights {an, 1 <@ < n,n > 1} satisfying (1.1) with o = 2, Chow [7] presented the Kolmogorov
SLLN, i.e.,

nt Zam-Xi — 0 a.s.

i=1

Cuzick [8] extended the result of Chow [7] under the condition EX = 0, E|X|? < oo for some
B > 0 satisfying é—i—% = 1. Bai and Cheng [1] established the following Marcinkiewicz-Zygmund
type SLLN

n
nw Z aniX; — 0 a.s. (1.2)
i=1
under the condition EX = 0, B|X|” < oo for some § > 0 satisfying 5 + 5 = 5 with 1 <p < 2.
Chen and Gan [3] proved that (1.2) also holds for 0 < p < 1. Later on, these results above were
generalized to many dependent and much more general cases. For more details, we refer the
readers to [2, 4, 13, 15, 26, 31] among others.

The results above are all established in the classical probability space, where the probability
measures and mathematical expectations are assumed to be additive. However, this additivi-
ty assumption is not always plausible because uncertain phenomena cannot be modeled using
additive probabilities or additive expectations. Recently, motivated by some problems in s-
tatistics, risk measures, mathematical economics and super-hedging in finance, more and more
researchers have adopted non-additive probability and non-linear expectation to describe some
uncertain phenomena in these fields. Non-additive probabilities and non-additive expectations
are useful tools in studying uncertainties in statistics, risk measures, super-hedging in finance
and non-linear stochastic calculus. For further details, one can refer to [9, 12, 17-20]. There-
fore, statisticians have devoted themselves to investigating the limit theorems for sub-linear
expectations in a general function space in recent years. Peng [19-21] introduced the gener-
al framework of the sub-linear expectation in a general function space by relaxing the linear
property of the classical expectation to sub-additivity and positive homogeneity.

Let (£2, F) be a given measurable space and let H be a linear space of real functions defined
on (2, F) such that if Xy,--- ,X,, € H then p(X1,---,X,) € H for each ¢ € Cj 1ip(R™), where
CiLip(R™) denotes the linear space of (local Lipschitz) functions ¢ satisfying

lo(x) — o(y)] < C(1+ |x|™ + |y|™)|x —y| for any =,y € R",
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for some C' > 0, m € N depending on . H is considered as a space of “random variables”.
In this case we denote X € H. We also let Cj 1;,(R™) denote the space of bounded Lipschitz

functions ¢ satisfying
(@) < C, lp(@) —p(y)| < Clz—y|  for any @,y € R,

for some C' > 0 depending on ¢.

Definition 1.1 A sub-linear expectation E onH is a functional E:H—>R satisfying the
following properties: For all X,Y € H, we have the following results.

(a) Monotonicity: If X >Y, then IE[X] > IAE[Y]

(b) Constant preserving: Elc] =

(¢c) Sub-additivity: IE[X—I—Y] < IAE[X]—I—IE[Y] whenever IE[X]—HE[Y] is not of the form 4o00—o00
or —o0 + 00.

(d) Positive homogeneity : IE[AX] = /\I/Ef,[X], A > 0.

C.

Here R = [~o0, +00]. The triple (Q,’H,IAE) is called a sub-linear expectation space. For a

given sub-linear expectation IE, denote the conjugate expectation & of E by

£1X] = —E[-X] for any X € H.

~

From the definition, it is easy to show that £ [X] < IE[X], IE[X + ¢ = E[X] + ¢ and
E[X — Y] > E[X] — E[Y] for all X,Y € H with E[Y] being finite. Furthermore, if E[|X|] is
finite, then £ [X] and IE[X] are both finite.

However, it is very hard to study limit theorems unless some additional conditions are
assumed. Peng [21] gave a reasonable definition of independence through non-linear expectation.
A random vector Y = (Y1, -+ ,Y,), Y; € H, is said to be independent of another random vector

X =(X1, - ,Xm), X; € H, under IE, if for each test function ¢ € Cprip(R™ x R™),

Elp(X,Y)] = EElp(z, Y)lp_x], (13)
whenever p(x) := EH(p(.’B,Y)” < oo for all  and ]E[|¢(X)|] < 00. A sequence {X,,,n > 1} of

random variables is said to be independent if
E[@(le T 7X7’HX7’L+1)] = E[E[Sp(xlv T 7xn7X7’L+1)]|CE1:X1,--- ,wn:Xn]

for allm > 1 and ¢ € Cl,Lip(R"“). Under this framework, many limit theorems have been
established successively. We refer the readers to Peng [21-22] for the central limit theorem
and weak law of large numbers, Zhang [32] for the small deviation and Chung’s law of the
iterated logarithm, Zhang [34] for the law of the iterated logarithm, and so on. Because of the
significance of the SLLN, this issue has also been generalized to the sub-linear expectation space

by some authors. For example, Chen [5] obtained the Kolmogorov SLLN for an i.i.d. sequence
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under the sub-linear expectations with E[|X|'*®] < oo for some a > 0; Cheng [6] derived
the Kolmogorov SLLN which improves the corresponding one of Chen [5]; Hu et al. [14] also
established the Kolmogorov SLLN and presented some applications; Zhang [33] proved the
sufficient and necessary conditions for the Kolmogorov SLLN; Wu and Jiang [30] extended the
Kolmogorov SLLN to the Marcinkiewicz-Zygmund type SLLN under some general conditions.
As far as we know, there is no literature investigating the Marcinkiewicz-Zygmund type SLLN
for weighted sums under sub-linear expectations. Inspired by Li et al. [15] and Wu and Jiang
[30], we will study the weighted version of Marcinkiewicz-Zygmund type SLLN under sub-
linear expectations. Since many basic properties or tools and common methods for classical
probability theory are no longer available for sub-linear expectation, the study on limit theorems
in sub-additive expectation space is quite different from that in classical probability space.

Zhang [34] extended the concept of independent random variables to negatively dependent
random variables in the sub-linear expectation space as follows.

A random vector Y = (Y1,---,Y,,), Y; € H is said to be negatively dependent of another
random vector X = (X1,---,X,,), X; € H under IE, if for each pair of test functions ¢, €
CiLip(R™) and @9 € C Lip(R™),

Elp1(X)p2(Y)] < Elp1(X)]Elp2(Y)], (1.4)

whenever 1(X) > 0, Blpa(Y)] > 0, E[lp1 (X)pa(Y)[] < o0, E[lior (X)]] < 00, Ellp2(Y)]] < o0,
and either ¢; and @9 are coordinatewise nondecreasing or 7 and o are coordinatewise non-
increasing.

As pointed out in Zhang [34], if Y is independent of X, then Y is negatively dependent of
X . Moreover, from the definition of negative dependence, it can be seen that the fact that Y
is negatively dependent of X does not imply that X is negatively dependent to Y.

Peng [21] introduced the concept of identical distribution as follows.

Definition 1.2 Let X, and X2 be two n-dimensional random vectors defined, respective-
ly in sub-linear expectation spaces (Ql,Hl,El) and (Qg,’Hg,Eg). They are called identically
distributed, if

E1[p(X1)] = Ealp(X2)]  for any ¢ € Cpuip(R™),

whenever the sub-linear expectations are finite.

Next, we consider the capacities corresponding to the sub-linear expectations. Let G C F.

A function V : G — [0,1] is called a capacity if
V)y=0, V(Q) =1, V(A)<V(B), YVACB, A,Beg.

It is called sub-additive if V(AU B) < V(A) +V(B) for all A, B € G with AUB € G.
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In the sub-linear space (€2, H, IE), denote a pair (V,V) of capacities by
V(A) = inf{E[¢] : T4 < &, €H}, V(A)=1-V(A°) forany A€ F,
where A€ is the complement set of A. Thus, we have
V(A):=E[la], V(A):=Ellal, ifIs€eH,

and

E[f] <V(4) <Elg], Ef)<V(A)<ely iff<Ia<yg fgeth.
It is obvious that V is sub-additive. Also, the Choquet integrals/expectations (Cy, C)) can
be defined by
oo 0
Cy[X] :/ V(X zt)dt+/ V(X >t)—1]dt
0 —0
with V being replaced by V and V), respectively.

In this paper, we investigate the double-indexed version of the strong law of large numbers
under some general conditions in a sub-linear expectation space. The weighted version of the
Marcinkiewicz-Zygmund type strong law of large numbers is also established. These results
extend the corresponding ones of Li et al. [15] from the classical probability space to a sub-
linear expectation space and also improve the corresponding ones of Wu and Jiang [30] under
sub-linear expectations. As an application, we further study the nonparametric regression
model under sub-linear expectation framework. Some numerical simulations are presented to
verify the validity of the theoretical results.

The layout of the paper is as follows: The main results are stated in Section 2. The proofs
of the main results are provided in Section 3. An application of the main results and some
numerical simulations are presented in Section 4. Throughout the paper, the symbol C' denotes
positive constants which may vary from place to place. The representation A a.s. V means
V(A) = 1. Denote a Vb = max(a,b), a Ab = min(a,b), and |z| denotes the integer part not

exceeding x.

2 Main Results

For 0 < p < 1, let g(z) € CiLip(R) be even and non-increasing on [0, 00) such that 0 <
glz)<lforallz € Rand g(z) =1if x <y, g(xr) =0if x > 1. Then

I(Jae] <p) <g(jz]) < I(lzf < 1), I(Jz| > 1) <1 —g(l2]) < I(jz] > p). (2.1)

For each 1 <i <n and n > 1, let X;(b,) := Xig(li{:l), where {b,,n > 1} is a sequence of

positive constants. Now we present our main results as follows.
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Theorem 2.1 Let 0 < p < 2, p < a < 00 with 1 B = % Let {b,,n > 1} be a sequence
of positive constants satisfying 0 < bn/nﬁ 1, 8 o= = O(na™Y), and a, = nab,. Assume
that {X; Xp,n > 1} is a sequence of identically distributed random variables such that X; is
negatively dependent to (X1, -+, X,) for each 1 <i <n—1 and il V(I X| > by) < oo, where

ne

V is countably sub-additive. Let {an;,1 <i<mn,n > 1} be an array of real constants satisfying

(1.1), which can be interpreted as sup max |ani| < 00 if @« = o00. Then

n>115<
lim sup a;, 1Zam (Xi —E[Xi(bp)]) <0 as. V (2.2)
n—r oo i=1
and
1 P .
hnlr_l)lgfa Zam i —EXi(bn)]) >0 a.s. V. (2.3)

i=1
Remark 2.1 It is easy to see that if & = oo and a,; = 1, Theorem 2.1 reduces to Wu and
Jiang [30, Theorem 3.3]. Therefore, our result improves the corresponding one of Wu and Jiang
[30] for Marcinkiewicz-Zygmund type SLLN and thus Hu et al. [14], Chen [5], Cheng [6], Zhang
[33] and so on for Kolmogorov’s SLLN. Moreover, Theorem 2.1 extends the corresponding one

of Li et al. [15] from classical probability space to sub-linear expectation space. Furthermore,

if {b,} is polynomial increasing, then the restriction bbz” = O(n="1) is satisfied.
From Theorem 2.1, we can conclude the following two corollaries.

Corollary 2.1 Suppose that the assumptions of Theorem 2.1 hold. Assume further that
e oo ifa>1. Then

limsupa,, ZamX <0 a.s.V,

n—oo i=1

iminf ! X, > 5.

lgr_l,loléfan 2asz >0 a.s.V,
and thus

a;l Z aniX; >0 a.s. V.
i=1
Corollary 2.2 Suppose that the assumptions of Theorem 2.1 hold with IE[|X|] < 00. Assume

further that 7= 1 and E s countably sub-additive if o > 1. Then

limsupa,, E ani(X; — ~B[X; <0 a.s.V
o P - [X:i])
and

. . —1 . L .
l1nn_1>1oréfan X:aM(XZ X)) >0 as. V.

=1
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Moreover, if E[X]= £[X], then

a;! Z ani(X; — IE[Xl]) =0 as. V.

Let b, = n%. We derive the following Marcinkiewicz-Zygmund type SLLN for weighted

sums of negatively dependent random variables.

Theorem 2.2 Let 0 < p <2, p < a < oo with = + ,8 . Assume that {X; X,,n > 1} is
a sequence of identically distributed random vamables such that X, s negatively dependent to
(Xig1,+,Xpn) for each 1 < i <n—1 and Cy[|X|?] < oo, where V is countably sub-additive.
Let {an;, 1 <i<n,n>1} be an array of real constants satisfying (1.1), which can be interpreted

as sup max |am|<OOlfo<— oco. If 0 < p <1, then
n>1

n

n_% Zam-Xi —0 a.s. V.

=1

If 1 < p <2, assume further that E is countably sub-additive, then

limsupn™ PZam X, —EX))<0 as.V

n—oo
i=1

and
- i
hnnilgfn » Z;am-(Xi —EXi) >0 as. V.
Remark 2.2 For 1 < p < 2, since E is countably sub-additive, by Zhang [33, Lemma 3.9]

we have E[|X|%] < Cy[|X|?] < 0o, which together with the Jensen’s inequality and 8 > p gives
E[|X]] < co.

3 Proofs of the Main Results

To prove the main results of this paper, the following lemmas are needed. The first two

lemmas can be seen in Zhang [34] and Zhang [33], respectively.

Lemma 3.1 (Borel-Cantelli Lemma) Let {A,,n > 1} be a sequence of events in F.
Suppose that V' is a countably sub-additive capacity. If > V(A,) < oo, then V(A,,i.0.) =0,
n=1
where {Ap,i.0} =) U 4Am
n=1m=n
Lemma 3.2 Suppose that X; is negatively dependent to (X;41,---,X,) for each 1 <1 <
n—1 andIE[Xi]SO, 1<i<mn. Then for 1 <p <2,

] < 22?3 E|xip7).
1=1

[ max
1<k<n
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Lemma 3.3 Let {b,,n > 1} be a sequence of positive constants satisfying 0 < bn/n% T and

X be a random variable under sub-linear expectations. Then for any ¢ > 0,

ZV(|X| > by) < oo if and only if ZV(|X| > cby) < 0.

n=1 n=1

Proof The proof is inspired by Sung [26]. It follows from 0 < bn/n% 1 that {b,,n > 1} is

strictly increasing. Hence, we have by, < by, 41 for each n > 1 and thus
> V(X > bp) S V(X >b1) +2) V(I X] > bay). (3.1)
n=1 n=1
1 1 1
By virtue of b, /n# < ba,/(2n)?%, we have 26b,, < ba,, and hence

STV(X] > b) > ST V(X > 270,) > Y V(IX] > bay). (3.2)

n=1 n=1

A combination of (3.1)—(3.2) gives

V(IX| > ba) <oo ifandonlyif > V(X|>25b,) < .

n=1

NE

3
Il
-

Replacing b,, with 25 b, in (3.1)-(3.2), we have

V(X >by) <oo ifandonlyif > V(X|>25b,) < .

n=1

M8

3
Il
-

Repeating the foregoing procedure for k — 2 times more, we obtain that

STV(X|>b,) <o ifandonlyif Y V(IX|>25b,) < . (3.3)
n=1 n=1

Replacing b,, with 2_%bn in (3.3), we further have
STV(X|>b,) <o ifandonlyif Y V(IX|>275b,) < cc. (3.4)
n=1 n=1

Therefore, if ¢ > 1, we have that ¢ < 2% for some k > 1 and thus

STVOX] > ba) 2 S V(X] > eba) > S V(X] > 25by),
n=1 n=1 n=1

which together with (3.3) yields the desired result. If 0 < ¢ < 1, the assertion also follows from
(3.4) and

STV(X] > ba) < ST V(X > cba) < D V(X| > 275b,)
n=1 n=1 n=1

for some k > 1 such that ¢ > 975 . The proof is completed.
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With the three lemmas above, we can now give the proofs of the main results in Section 2.
o0
Proof of Theorem 2.1 Note from Lemma 3.3 that > V(|X| > b,) < oo is equivalent to
n=1
o0
> V(| X| > cby) < oo for any ¢ > 0. Therefore, we have
n=1
o0 oo
0> Y V(X[>eb) =D > V(X[>cby) Zz’w |X| > chor). (3.5)
n=1 k=12k-1<p<2k k 1

For each n, there exists a positive integer k such that 281 < n < 2% Hence, we can obtain

Z ani(Xi — E[Xi(by)])

=1

Z [ (Xz E ka + Z anz b2k ] E[XZ (bﬂ)])
=1

Qn

n

| o, 3K - X )| e 5 o B (b)) ~ ELX )
1= + =

Aok—1 Aok—1

L I (k) + I (K).

IN

Consequently, in order to prove (2.2), it suffices to show that

limsupl; (k) <0 as.V, lim I(k)=0.
k—s o0 k— o0
Noting that g(z) is non-increasing for x > 0, we obtain that

X (ba) = X(bu)| < |X][g ('X') oL

bk 1
< [X|E (b < |X] < bye)

S b2k](|X| > ,Ubgk—l).
In the sequel, we may assume without loss of generality that a,; = 0 if ¢ > n. It follows from

(1.1) and Hélder’s inequality that > |an|* = O(n) for any 0 < s < a. Hence, we obtain from
i=1
(3.5) that if a > 1,

2 [1xllo (5)) - o (0]

Lk) <C p
< Cb2k2kV(|X| > /,Lka—l)
Agk—1

ban,
< C'sup %ZkV(|X| > pbor-1) = 0 as k — oo;
n>1 Un
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if 0 < a < 1, noting that

Z|am| < (me )é = O(n®), (3.6)

we can also obtain that

bor 25 V(| X | > pbgi—1)
Agk—1

L(k) <C

bzk 9~

k—1

<C2— kV(|X| > pbgi-1) = 0 as k — oo.

Next we turn to deal with I; (k). It is easy to obtain that

;V(‘ s, 3 ani(X; — B[X, (ka)])‘ > mrzm)

0o ok
<SS i) >0

k=1 i=1

+ ;V(‘ 1 EnLon ;am‘(Xi(ka) E[X, (ka)])‘ > mrzm)
= Jl + JQ

I < i (Z lani X | T(1X:| > pbor) > o)

gi ( > ) < SV(X > )
k=1 k=1 1=1

S;; [ o(50)] =k_12’“ﬁ[1—9(%)}

<3 BV > ) < .

Define V; = X;(bo) — E[X;(box)] for each i > 1. Let gi(z) € CiLip(R), j > 1 such that
0 < gj(z) <1 for all z and gj(lff) = 1if by;-1 < x < by, gj(b””—_) = 0if x < pbyi—1 or
27 27
x> (14 p)by;. Then we have

|X| | X|
q < q q JLEN .
X| ( ) b+§ 1X|%g (ij) for any ¢ > 0 (3.7)
and
X
9j (|b_2|) < I(pbgi—1r < | X| < (1 + p)boy). (3-8)
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It follows from g(-) € CiLip(R) that {Y,,,n > 1} is still a sequence of identically distributed
random variables such that Y; is negatively dependent to (Y41, -+ ,Y,) foreach 1 <i<n-—1
with I@[YZ] =0,1<i<n. Ifa>1,let g=2A«a; we then derive from Markov’s inequality,
Jensen’s inequality, Lemma 3.2, (2.1), (3.5), (3.7)—(3.8) and bn/n% T that

n

Jo < C; az_kq—IE‘  fnax, 2 ani(Xi(byr) — E[Xi (b))

‘q
= X ]

< CZ aqu—l Z |ani|qE[|X|qg(bQ_k)}
k=1 i=

<03 agr o+ Bt (K]}
k=1 j=1

o k
chzk“-%cha; (253 (1 + @), V(1 X| > pbas—1)

= 7j=1

k—1

(o]

<CZb (1X] > prbgs—1) 2(2“) -3

k=j

<C ( bz ) =DV X| > pbgi—1)

<CY PTV(X] > pbyi)
j=1
< o0.

If 0 < & < 1, we derive further from (3.5)—(3.6) that

1< €Y B[] ma S (i) — B ()
k=1

1<n<2k 4
i=1

2k

gCi@J—xZ'am ['XLC’(b£ }
k=1

i=1

)
< Cia;ﬁﬂﬁ{ Zk: [|X|gﬂ(sz
k=1 J=1

giia:
N—
[E—
——

k
<022’“( ">+02a2‘,}1252 (1+ 1)boy V(I X| > piboj—1)
=1

00 —1
5 (L_1)

SCZijV(|X| > ibgj—1 Z =)
Jj=1 k=
oo b2j

gcz V(I X| > paboi—1)

b2]7

< CZZj‘1V(|X| > pibg;1)
j=1
< 00.
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Therefore, we have proved that

ZV(‘ max > ani(X; — E[Xi(bgk)])‘ > eagm) < 0,

k=1 i=1

which together with Lemma 3.1 yields limsup I1 (k) < 0 a.s. V and thus (2.2) follows immedi-
k— oo

ately. Replacing X; by —X; for each ¢ > 1 in (2.2), we can obtain (2.3). This completes the

proof of the theorem.

Proof of Corollary 2.1 Note that

0! Y an BN 0n)]| < azt Y lani BIX (b))
=1 1=1

and

-1
an,

Z aniﬂXi(bn)]
i=1

<073 andEIX )] < a3 Jand BIX ()]
i=1 i=1
Therefore, it suffices to prove
a;?! i lan: B[ X (bp)]] = 0 as n — oo.
i=1
For 2F=1 <'n < 2% it follows from g(z) | on [0,00), (3.7)—(3.8) that if a > 1,

a,fl ;nl |am-|1@[|X(bn)|] < (a2k71)—12kﬁ[|X|g(?)}

ok
k
< 2b12k_1(a2k—1)_1 +(1+ M)Qk(a2k71)_1 Zbgy‘V(|X| > pbgi—1).
j=1

Since %= 1 0o, we can obtain that 287! (age—1)~! — 0 as k — co. Noting from (3.5) that

ZQj(agj—l)_lbng(|X| > pbgi-1) < CZQj_1V(|X| > pbgi-1) < 00,
j=1 j=1

thus, we conclude by Kronecker’s lemma that
k
28 (agr-1) 7! Zbng(|X| > pbgi-1) = 0 as k — oo.
j=1

If 0 < a < 1, we obtain further from (3.6)—(3.7) that

n k
ar ' Jans BIX (b)) < 2551275 (age-1) ™+ (14 )25 (age-1) ™" > bay V(I X] > paboi-a).
=1

j=1

Obviously,

k—1

275 (agr-1)"t1 =0
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as k — oo. On the other hand, similar to the proof of the case a > 1, by

ZQ%(a%l)-lbywm > ptbyi—1) < C Y 27V(|X| > pbys1) < o0

j=1
and Kronecker’s lemma, we have

k
(agr-1)" ) by V(IX| > pby—1) =0 as k — 0.
j=1

k
a

2

The proof of the corollary is completed.

Proof of Corollary 2.2 For any n > 1, there always exists a positive integer k such that

2F—1 < n < 2k, Therefore, similar to the proof of Corollary 2.1, it is enough to show

o Y ondB1¥1 (1= o(5))] = ) zmmlE[lXi(l— ()]

n

—0 ask — .

It follows from the definitions of g(-) and g;(-) that

o) < () 39

Hence, if o > 1, we derive from 7= 1, (2.1), (3.5), (3.8)-(3.9), and the countable sub-additivity
of E that

Z|am|E[|X|(1— (20))]

oo

< 28 Yag)™? ZIE{IXIQJ-(%)}
j=k .

oo

< C2k_1(a,2k—1)_1 ZbQJV(|X| > /L2b2j71)
=k

<O bos(ag—1) Y TIV(X] > pPbysa)
=k

< CZQj_1V(|X| > p?bgi1) = 0 ask — oo.
j=k

If 0 < a < 1, we obtain from (3.6) and IAE[|X|] < oo that

(age1) Z|am|1E[|X|(1_ ( | 7' ))} < 025 (age1) B[ X]] = 0 as k — oco.

Therefore, the proof of the corollary is completed.
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4 Application in Nonparametric Regression Model

In this section, we will present an application of the main results established in Section 2 to
nonparametric regression models based on negatively dependent errors.

Consider the following nonparametric regression model:
Ynz:f(xnl)+§za i:1727"'7n7 71217 (41)

where x,; are known fixed design points from A, A C R™ is a given compact set for some
m > 1, f(-) is an unknown regression function defined on A and &; are random errors. As an

estimator of f(-), we consider the following weighted regression estimator:

fnlz) = Zwm(x)Ym-, reACR™, (4.2)
i=1
where wp;(€) = wpi(T; Tp1, Tno, -, Tpn), @ = 1,2, -+ ,n are the weight functions.

The above weighted estimator (4.2) was first proposed by Stone [25] and adapted by Georgiev
[11] to the fixed design case and then constantly studied by many authors. One can refer to
Fan [10], Liang and Jing [16], Roussas [23], Roussas et al. [24], Tran et al. [28], Thanh and Yin
[27], Wang et al. [29], among others.

4.1 Limit property for the weighted estimator

In this subsection, we will study the limit property of the estimator (4.2) in (Q, H,E). Let
¢(f) denote the set of continuity points of the function f on A. Let ||z|| denote the Euclidean
norm of z € R™.

Now we present the limit property for the estimator (4.2) in (2, H, IE) For any fixed design
point x € A, the following assumptions on the nonnegative weight functions wy,;(z) will be used:

(Ay) znjlwm(x) —1asn— oo;

(A2) znjlwm(a:) A f(@ni) — f@)|I(J|xn: — x| > a) = 0 as n — oo for all a > 0;

(A3) Vand E are countably sub-additive.

It is known that the design assumptions (A;)—(A2) are satisfied for the nearest neighbor

K(752)

wni(®) = 5 T — Tpj
> x()

under suitable conditions, and so on. Assumption (As) is a technical requirement which can

weights, Gasser-Miiller weights

Jj=1

also be easily satisfied. Based on the assumptions above, we present the following result for the

nonparametric regression estimator f,(z).
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Theorem 4.1 Let 1 <p <2, p<a<oo and = + % = %, Let {&,&n,n > 1} be a sequence
of identically distributed random errors such that & is negatively dependent on (&1, ,&n)
Jor each 1 <i < n —1 with Cy[|X|?] < oo in (0, H,E). Suppose that (A1)~(As) hold and

n

S lwni(@)]® = 0! ~5), (43)

i=1

which can be interpreted as max wpi(x) = O0(n P) if « = o00. Then for all z € c(f),

£1€) < liminf(fu () — () < hmsup(fo(@) — /(@) < B[] a.s. V. (4.4

n—oo

1.€.,

V(2le] < liminf(fa (@) — £(2)) < limsup(f(z) — f(2) < Ble]) = 1.

n—oo
Moreover, if €[€] = E[ﬁ] =0, then
fo(z) = f(z) as. V., n— .
Remark 4.1 We point out that condition (4.3) can be easily satisfied. For example, if
max wm(x) = O(n_%), then it is easy to check that (4.3) holds.

1<i<

Remark 4.2 In Theorem 4.1, we assume that V is countably sub-additive to obtain the
results on strong consistency with respect to V. If V is not countably sub-additive, we can

define an outer capacity V* as in [35] by
:inf{ZV(A A€ UA}, A)=1-V*(4°), AeF.
n=1

Then V*(A) is a countably sub-additive capacity with V*(A) < V(A).

Proof of Theorem 4.1 In order to prove (4.4), it suffices to show

Zwm f(zpi) — f(x) =0  asn— oo, (4.5)
1 i () (& — =i " wi)| —E[E] <0 as.V (46
mgpzw Ef¢) = limsup [ (@ Zw @) ~BIEI 0 as. v (46)

and
1inlr_l)i£fiwm(9€)(fi — &) = hm mf {fn Zwm fzni ] —E¢]>0 as. V. (4.7)
i=1

Actually, for ¢ > 0 and = € ¢(f), from (4.1)—(4.2), we obtain that

> wnil@) () = Fla)] < Zwm Flarns) = f@M (s =l < a)
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+Zwm F@ni) = @ (|20s — 2]l > )

+|f(a ‘an - } (4.8)

It follows from z € ¢(f) that for all € > 0, there exists a constant 6 > 0 such that for all 2’
satisfying ||z’ — x| < 0, we have |f(a’) — f(z)| < e. Setting a € (0,6) in (4.8), we obtain that

}Zwm (#ni) — f(x)} < Eiwm(x)

+ Zwm F(@ni) = F@ (20 — 2] > a)

e ‘an )-1)

From assumptions (A;)—(Az) and the arbitrariness of €, for all z € ¢(f), we derive that (4.5)
holds. The conclusions (4.6)—(4.7) follow immediately from (Az) and Theorem 2.2 by letting
G = n%wm-(:zr) and X; = &. The proof is completed.

4.2 Numerical simulation

In this subsection, we will use Monte Carlo method and R software to study the numerical
performance of the nearest neighbor estimator f,,(x) with negatively dependent errors. First
let us recall the concept of the nearest neighbor weight function estimator as follows.

Put A=1[0,1] and let zp; = £,i=1,2,--- ,n. For any z € A, we rewrite
|$n1 _$|7|$n2 _$|a"' a|$nn _$|

as follows:
@0, Ry () = @ S @0, Ry@) — @] S -0 < X Ry (2) — s
if |zp; — x| = |xn; — 2|, then |z,; — x| is permuted before |z,; — | when z,; < xp;.
Let 1 < k,, < n, the nearest neighbor weight function is defined as follows:

il — 2l < _
Boila) = 4 Ty T lomi el S lonpy, @~

0, otherwise.
Reindex the sequence {,} as &ij = &mi—1)4;, Where 1 < i < k,1 < j < m. For simplicity,
let m =5 and &;; R N(p;,4) for each 1 < i < k with p; = —0.5+ 0.25(j — 1). It is easy
to see that {£;&,,n > 1} is a sequence of negatively dependent random variables under sub-
linear expectations with E[¢] = sup E[§;;] = 0.5 and £[¢] = 1§i§1£mE[§ij] = —0.5. Choose

1<j<m
f(x) = 2% — 22 and k, = [n%8]|. Then for k = 100,200, 500, we replicate the experiment for

1000 times to obtain the differences f,, (z)— f(x) with = 0.3,0.5, 0.8, respectively. The results

are presented in Figures 1-9 as follows.
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S, @)-fx)
°
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Experiment times: 1000

Figure 1 fn(z) — f(z) with x = 0.3,
n =100, and f(z) = 2 — 2z.

S, @)=f(x)

0 200 400 600 800 1000
Experiment times: 1000

Figure 3 fn(z) — f(z) with x = 0.3,
n =500, and f(z) = 2 — 2.

S, (@)=fw)

0 200 400 600 800 1000
Experiment times: 1000

Figure 5  fn(x) — f(z) with z = 0.5,
n =200, and f(z) = 2 — 2.

0.8 r
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024
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-0.2
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041
-064
-0.81

1

0 200 400 600 800 1000
Experiment times: 1000

Figure 2 fn(z) — f(z) with z = 0.3,
n =200, and f(z) = z? — 2.

S, (@)-f(x)

0 200 400 600 800 1000
Experiment times: 1000

Figure 4 fn(z) — f(z) with z = 0.5,
n =100, and f(z) = 2* — 2.

S, @)=f(x)

0 200 400 600 800 1000
Experiment times: 1000

Figure 6  fn(z) — f(z) with z = 0.5,
n =500, and f(z) = z? — 2.
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0.8
0.6
0.4 1
2 024
T
5 04
g
-02 |
-0.4
—-0.6 1
-0.8
0 200 400 600 800 1000 0 200 400 600 800 1000
Experiment times: 1000 Experiment times: 1000
Figure 7 fn(z) — f(z) with x = 0.8, Figure 8 fn(z) — f(z) with z = 0.8,
n =100, and f(z) = 2 — 2. n =200, and f(z) = z? — 2.
0.6
5
0.4 4
0.2 4
0
3o
&
= j
-0.2 |
-0.4 4

0 200 400 600 800 1000
Experiment times: 1000

Figure 9 fn(x) — f(x) with z = 0.8, n = 500, and f(z) = 2% — 2.

It reveals in the figures above that as n increases, the values of f,(x) — f(z) converge
uniformly to the interval [£¢], E[¢]] = [<0.5,0.5], no matter = = 0.3,0.5 or 0.8. These results

basically agree with the theoretical results.

5 Conclusion

It is well known that many interesting results about probability limit theory and statis-
tical large sample properties were all established in the classical probability space. Recently,
motivated by some problems in statistics, measures of risk, mathematical economics and super-
hedging in finance, more and more researches adopted non-additive probability and non-linear
expectation to describe some uncertain phenomena in these fields. Therefore, statisticians were
devoted to investigating the limit theorems for the sub-linear expectations in a general function

space in recent years.
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In this work, we investigate the double-indexed version of strong law of large numbers under
some general conditions in sub-linear expectation space. The weighted version of Marcinkiewicz-
Zygmund type strong law of large numbers are also established. These results extend or im-
prove some existing ones in classical probability space or sub-linear expectation space. As an
application, we further study the nonparametric regression model under sub-linear expectation

framework. Some numerical simulations are also presented.
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