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Abstract In this paper, the authors investigate the double-indexed version of the strong
law of large numbers under some general conditions in a sub-linear expectation space.
The weighted version of the Marcinkiewicz-Zygmund type strong law of large numbers
is also established. These results extend or improve some existing ones in the classical
probability space or a sub-linear expectation space. As an application, they further study
the nonparametric regression model under the sub-linear expectation framework. Some
numerical simulations are also presented.
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1 Introduction

The classical strong laws of large numbers (SLLN for short) are fundamental tools in prob-

ability theory. Besides, many well-known estimators in statistics such as the least squares

estimators, nonparametric regression function estimators, jackknife estimators, and so on, are

the form of weighted sums of random variables. Therefore, it is desirable and of great interest to

study the limit behavior of weighted sums of random variables. The central limit theorem and

other weak laws for the sums of independent and identically distributed (i.i.d. for short) random

variables have been extended to weighted sums and many other dependence cases in the past

decades. However, it is not easy to establish the SLLN, especially the Marcinkiewicz-Zygmund

type SLLN. Consequently, the study of Marcinkiewicz-Zygmund type SLLN for weighted sums

is still a hot topic.
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Let {Xn, n ≥ 1} be a sequence of random variables and {ani, 1 ≤ i ≤ n, n ≥ 1} be an array

of constants satisfying

sup
n≥1

n−1
n∑

i=1

|ani|
α < ∞ (1.1)

for some α > 0. For an i.i.d. sequence {X ;Xn, n ≥ 1} with EX = 0, EX2 < ∞ and the

weights {ani, 1 ≤ i ≤ n, n ≥ 1} satisfying (1.1) with α = 2, Chow [7] presented the Kolmogorov

SLLN, i.e.,

n−1
n∑

i=1

aniXi → 0 a.s.

Cuzick [8] extended the result of Chow [7] under the condition EX = 0, E|X |β < ∞ for some

β > 0 satisfying 1
α
+ 1

β
= 1. Bai and Cheng [1] established the following Marcinkiewicz-Zygmund

type SLLN

n− 1

p

n∑

i=1

aniXi → 0 a.s. (1.2)

under the condition EX = 0, E|X |β < ∞ for some β > 0 satisfying 1
α
+ 1

β
= 1

p
with 1 ≤ p < 2.

Chen and Gan [3] proved that (1.2) also holds for 0 < p < 1. Later on, these results above were

generalized to many dependent and much more general cases. For more details, we refer the

readers to [2, 4, 13, 15, 26, 31] among others.

The results above are all established in the classical probability space, where the probability

measures and mathematical expectations are assumed to be additive. However, this additivi-

ty assumption is not always plausible because uncertain phenomena cannot be modeled using

additive probabilities or additive expectations. Recently, motivated by some problems in s-

tatistics, risk measures, mathematical economics and super-hedging in finance, more and more

researchers have adopted non-additive probability and non-linear expectation to describe some

uncertain phenomena in these fields. Non-additive probabilities and non-additive expectations

are useful tools in studying uncertainties in statistics, risk measures, super-hedging in finance

and non-linear stochastic calculus. For further details, one can refer to [9, 12, 17–20]. There-

fore, statisticians have devoted themselves to investigating the limit theorems for sub-linear

expectations in a general function space in recent years. Peng [19–21] introduced the gener-

al framework of the sub-linear expectation in a general function space by relaxing the linear

property of the classical expectation to sub-additivity and positive homogeneity.

Let (Ω,F) be a given measurable space and let H be a linear space of real functions defined

on (Ω,F) such that if X1, · · · , Xn ∈ H then ϕ(X1, · · · , Xn) ∈ H for each ϕ ∈ Cl,Lip(R
n), where

Cl,Lip(R
n) denotes the linear space of (local Lipschitz) functions ϕ satisfying

|ϕ(x)− ϕ(y)| ≤ C(1 + |x|m + |y|m)|x− y| for any x,y ∈ R
n,
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for some C > 0, m ∈ N depending on ϕ. H is considered as a space of “random variables”.

In this case we denote X ∈ H. We also let Cb,Lip(R
n) denote the space of bounded Lipschitz

functions ϕ satisfying

|ϕ(x)| ≤ C, |ϕ(x)− ϕ(y)| ≤ C|x− y| for any x,y ∈ R
n,

for some C > 0 depending on ϕ.

Definition 1.1 A sub-linear expectation Ê on H is a functional Ê : H → R satisfying the

following properties : For all X,Y ∈ H, we have the following results.

(a) Monotonicity : If X ≥ Y , then Ê[X ] ≥ Ê[Y ].

(b) Constant preserving : Ê[c] = c.

(c) Sub-additivity : Ê[X+Y ] ≤ Ê[X ]+Ê[Y ] whenever Ê[X ]+Ê[Y ] is not of the form +∞−∞

or −∞+∞.

(d) Positive homogeneity : Ê[λX ] = λÊ[X ], λ > 0.

Here R = [−∞,+∞]. The triple (Ω,H, Ê) is called a sub-linear expectation space. For a

given sub-linear expectation Ê, denote the conjugate expectation ε̂ of Ê by

ε̂[X ] := −Ê[−X ] for any X ∈ H.

From the definition, it is easy to show that ε̂ [X ] ≤ Ê[X ], Ê[X + c] = Ê[X ] + c and

Ê[X − Y ] ≥ Ê[X ] − Ê[Y ] for all X,Y ∈ H with Ê[Y ] being finite. Furthermore, if Ê[|X |] is

finite, then ε̂ [X ] and Ê[X ] are both finite.

However, it is very hard to study limit theorems unless some additional conditions are

assumed. Peng [21] gave a reasonable definition of independence through non-linear expectation.

A random vector Y = (Y1, · · · , Yn), Yi ∈ H, is said to be independent of another random vector

X = (X1, · · · , Xm), Xi ∈ H, under Ê, if for each test function ϕ ∈ Cl,Lip(R
m × R

n),

Ê[ϕ(X,Y )] = Ê[Ê[ϕ(x,Y )]|x=X ], (1.3)

whenever ϕ(x) := Ê[|ϕ(x,Y )|] < ∞ for all x and Ê[|ϕ(X)|] < ∞. A sequence {Xn, n ≥ 1} of

random variables is said to be independent if

Ê[ϕ(X1, · · · , Xn, Xn+1)] = Ê[Ê[ϕ(x1, · · · , xn, Xn+1)]|x1=X1,··· ,xn=Xn
]

for all n ≥ 1 and ϕ ∈ Cl,Lip(R
n+1). Under this framework, many limit theorems have been

established successively. We refer the readers to Peng [21–22] for the central limit theorem

and weak law of large numbers, Zhang [32] for the small deviation and Chung’s law of the

iterated logarithm, Zhang [34] for the law of the iterated logarithm, and so on. Because of the

significance of the SLLN, this issue has also been generalized to the sub-linear expectation space

by some authors. For example, Chen [5] obtained the Kolmogorov SLLN for an i.i.d. sequence
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under the sub-linear expectations with Ê[|X |1+α] < ∞ for some α > 0; Cheng [6] derived

the Kolmogorov SLLN which improves the corresponding one of Chen [5]; Hu et al. [14] also

established the Kolmogorov SLLN and presented some applications; Zhang [33] proved the

sufficient and necessary conditions for the Kolmogorov SLLN; Wu and Jiang [30] extended the

Kolmogorov SLLN to the Marcinkiewicz-Zygmund type SLLN under some general conditions.

As far as we know, there is no literature investigating the Marcinkiewicz-Zygmund type SLLN

for weighted sums under sub-linear expectations. Inspired by Li et al. [15] and Wu and Jiang

[30], we will study the weighted version of Marcinkiewicz-Zygmund type SLLN under sub-

linear expectations. Since many basic properties or tools and common methods for classical

probability theory are no longer available for sub-linear expectation, the study on limit theorems

in sub-additive expectation space is quite different from that in classical probability space.

Zhang [34] extended the concept of independent random variables to negatively dependent

random variables in the sub-linear expectation space as follows.

A random vector Y = (Y1, · · · , Yn), Yi ∈ H is said to be negatively dependent of another

random vector X = (X1, · · · , Xn), Xi ∈ H under Ê, if for each pair of test functions ϕ1 ∈

Cl,Lip(R
m) and ϕ2 ∈ Cl,Lip(R

n),

Ê[ϕ1(X)ϕ2(Y )] ≤ Ê[ϕ1(X)]Ê[ϕ2(Y )], (1.4)

whenever ϕ1(X) ≥ 0, Ê[ϕ2(Y )] ≥ 0, Ê[|ϕ1(X)ϕ2(Y )|] < ∞, Ê[|ϕ1(X)|] < ∞, Ê[|ϕ2(Y )|] < ∞,

and either ϕ1 and ϕ2 are coordinatewise nondecreasing or ϕ1 and ϕ2 are coordinatewise non-

increasing.

As pointed out in Zhang [34], if Y is independent of X, then Y is negatively dependent of

X. Moreover, from the definition of negative dependence, it can be seen that the fact that Y

is negatively dependent of X does not imply that X is negatively dependent to Y .

Peng [21] introduced the concept of identical distribution as follows.

Definition 1.2 Let X1 and X2 be two n-dimensional random vectors defined, respective-

ly in sub-linear expectation spaces (Ω1,H1, Ê1) and (Ω2,H2, Ê2). They are called identically

distributed, if

Ê1[ϕ(X1)] = Ê2[ϕ(X2)] for any ϕ ∈ Cl,Lip(R
n),

whenever the sub-linear expectations are finite.

Next, we consider the capacities corresponding to the sub-linear expectations. Let G ⊂ F .

A function V : G → [0, 1] is called a capacity if

V (∅) = 0, V (Ω) = 1, V (A) ≤ V (B), ∀A ⊂ B, A,B ∈ G.

It is called sub-additive if V (A ∪B) ≤ V (A) + V (B) for all A,B ∈ G with A ∪B ∈ G.
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In the sub-linear space (Ω,H, Ê), denote a pair (V,V) of capacities by

V(A) = inf{Ê[ξ] : IA ≤ ξ, ξ ∈ H}, V(A) = 1− V(Ac) for any A ∈ F ,

where Ac is the complement set of A. Thus, we have

V(A) := Ê[IA], V(A) := ε̂[IA], if IA ∈ H,

and

Ê[f ] ≤ V(A) ≤ Ê[g], ε̂[f ] ≤ V(A) ≤ ε̂[g], if f ≤ IA ≤ g, f, g ∈ H.

It is obvious that V is sub-additive. Also, the Choquet integrals/expectations (CV, CV) can

be defined by

CV [X ] =

∫ ∞

0

V (X ≥ t)dt+

∫ 0

−∞

[V (X ≥ t)− 1]dt

with V being replaced by V and V , respectively.

In this paper, we investigate the double-indexed version of the strong law of large numbers

under some general conditions in a sub-linear expectation space. The weighted version of the

Marcinkiewicz-Zygmund type strong law of large numbers is also established. These results

extend the corresponding ones of Li et al. [15] from the classical probability space to a sub-

linear expectation space and also improve the corresponding ones of Wu and Jiang [30] under

sub-linear expectations. As an application, we further study the nonparametric regression

model under sub-linear expectation framework. Some numerical simulations are presented to

verify the validity of the theoretical results.

The layout of the paper is as follows: The main results are stated in Section 2. The proofs

of the main results are provided in Section 3. An application of the main results and some

numerical simulations are presented in Section 4. Throughout the paper, the symbol C denotes

positive constants which may vary from place to place. The representation A a.s. V means

V(A) = 1. Denote a ∨ b = max(a, b), a ∧ b = min(a, b), and ⌊x⌋ denotes the integer part not

exceeding x.

2 Main Results

For 0 < µ < 1, let g(x) ∈ Cl,Lip(R) be even and non-increasing on [0,∞) such that 0 ≤

g(x) ≤ 1 for all x ∈ R and g(x) = 1 if x ≤ µ, g(x) = 0 if x ≥ 1. Then

I(|x| ≤ µ) ≤ g(|x|) ≤ I(|x| ≤ 1), I(|x| > 1) ≤ 1− g(|x|) ≤ I(|x| > µ). (2.1)

For each 1 ≤ i ≤ n and n ≥ 1, let Xi(bn) := Xig
( |Xi|

bn

)
, where {bn, n ≥ 1} is a sequence of

positive constants. Now we present our main results as follows.
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Theorem 2.1 Let 0 < p < 2, p < α ≤ ∞ with 1
α
+ 1

β
= 1

p
. Let {bn, n ≥ 1} be a sequence

of positive constants satisfying 0 < bn/n
1

β ↑, b2n
bn

= O(n
1

α
∧1), and an := n

1

α bn. Assume

that {X ;Xn, n ≥ 1} is a sequence of identically distributed random variables such that Xi is

negatively dependent to (Xi+1, · · · , Xn) for each 1 ≤ i ≤ n−1 and
∞∑

n=1
V(|X | > bn) < ∞, where

V is countably sub-additive. Let {ani, 1 ≤ i ≤ n, n ≥ 1} be an array of real constants satisfying

(1.1), which can be interpreted as sup
n≥1

max
1≤i≤n

|ani| < ∞ if α = ∞. Then

lim sup
n→∞

a−1
n

n∑

i=1

ani(Xi − Ê[Xi(bn)]) ≤ 0 a.s. V (2.2)

and

lim inf
n→∞

a−1
n

n∑

i=1

ani(Xi − ε̂[Xi(bn)]) ≥ 0 a.s. V . (2.3)

Remark 2.1 It is easy to see that if α = ∞ and ani ≡ 1, Theorem 2.1 reduces to Wu and

Jiang [30, Theorem 3.3]. Therefore, our result improves the corresponding one of Wu and Jiang

[30] for Marcinkiewicz-Zygmund type SLLN and thus Hu et al. [14], Chen [5], Cheng [6], Zhang

[33] and so on for Kolmogorov’s SLLN. Moreover, Theorem 2.1 extends the corresponding one

of Li et al. [15] from classical probability space to sub-linear expectation space. Furthermore,

if {bn} is polynomial increasing, then the restriction b2n
bn

= O(n
1

α
∧1) is satisfied.

From Theorem 2.1, we can conclude the following two corollaries.

Corollary 2.1 Suppose that the assumptions of Theorem 2.1 hold. Assume further that

an

n
↑ ∞ if α ≥ 1. Then

lim sup
n→∞

a−1
n

n∑

i=1

aniXi ≤ 0 a.s. V ,

lim inf
n→∞

a−1
n

n∑

i=1

aniXi ≥ 0 a.s. V ,

and thus

a−1
n

n∑

i=1

aniXi → 0 a.s. V .

Corollary 2.2 Suppose that the assumptions of Theorem 2.1 hold with Ê[|X |] < ∞. Assume

further that n
an

↑ and Ê is countably sub-additive if α ≥ 1. Then

lim sup
n→∞

a−1
n

n∑

i=1

ani(Xi − Ê[Xi]) ≤ 0 a.s. V

and

lim inf
n→∞

a−1
n

n∑

i=1

ani(Xi − ε̂[Xi]) ≥ 0 a.s. V .
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Moreover, if Ê[X ]= ε̂[X ], then

a−1
n

n∑

i=1

ani(Xi − Ê[Xi]) → 0 a.s. V .

Let bn = n
1

β . We derive the following Marcinkiewicz-Zygmund type SLLN for weighted

sums of negatively dependent random variables.

Theorem 2.2 Let 0 < p < 2, p < α ≤ ∞ with 1
α
+ 1

β
= 1

p
. Assume that {X ;Xn, n ≥ 1} is

a sequence of identically distributed random variables such that Xi is negatively dependent to

(Xi+1, · · · , Xn) for each 1 ≤ i ≤ n− 1 and CV[|X |β] < ∞, where V is countably sub-additive.

Let {ani, 1 ≤ i ≤ n, n ≥ 1} be an array of real constants satisfying (1.1), which can be interpreted

as sup
n≥1

max
1≤i≤n

|ani| < ∞ if α = ∞. If 0 < p < 1, then

n− 1

p

n∑

i=1

aniXi → 0 a.s. V .

If 1 ≤ p < 2, assume further that Ê is countably sub-additive, then

lim sup
n→∞

n− 1

p

n∑

i=1

ani(Xi − Ê[Xi]) ≤ 0 a.s. V

and

lim inf
n→∞

n− 1

p

n∑

i=1

ani(Xi − ε̂[Xi]) ≥ 0 a.s. V .

Remark 2.2 For 1 ≤ p < 2, since Ê is countably sub-additive, by Zhang [33, Lemma 3.9]

we have Ê[|X |β] ≤ CV[|X |β] < ∞, which together with the Jensen’s inequality and β > p gives

Ê[|X |] < ∞.

3 Proofs of the Main Results

To prove the main results of this paper, the following lemmas are needed. The first two

lemmas can be seen in Zhang [34] and Zhang [33], respectively.

Lemma 3.1 (Borel-Cantelli Lemma) Let {An, n ≥ 1} be a sequence of events in F .

Suppose that V is a countably sub-additive capacity. If
∞∑

n=1
V (An) < ∞, then V (An, i.o.) = 0,

where {An, i.o.} =
∞⋂

n=1

∞⋃
m=n

Am.

Lemma 3.2 Suppose that Xi is negatively dependent to (Xi+1, · · · , Xn) for each 1 ≤ i ≤

n− 1 and Ê[Xi] ≤ 0, 1 ≤ i ≤ n. Then for 1 ≤ p ≤ 2,

Ê

[∣∣∣ max
1≤k≤n

k∑

i=1

Xi

∣∣∣
p]

≤ 22−p

n∑

i=1

Ê[|Xi|
p].
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Lemma 3.3 Let {bn, n ≥ 1} be a sequence of positive constants satisfying 0 < bn/n
1

β ↑ and

X be a random variable under sub-linear expectations. Then for any c > 0,

∞∑

n=1

V(|X | > bn) < ∞ if and only if

∞∑

n=1

V(|X | > cbn) < ∞.

Proof The proof is inspired by Sung [26]. It follows from 0 < bn/n
1

β ↑ that {bn, n ≥ 1} is

strictly increasing. Hence, we have b2n < b2n+1 for each n ≥ 1 and thus

∞∑

n=1

V(|X | > bn) ≤ V(|X | > b1) + 2

∞∑

n=1

V(|X | > b2n). (3.1)

By virtue of bn/n
1

β ≤ b2n/(2n)
1

β , we have 2
1

β bn ≤ b2n and hence

∞∑

n=1

V(|X | > bn) ≥
∞∑

n=1

V(|X | > 2
1

β bn) ≥
∞∑

n=1

V(|X | > b2n). (3.2)

A combination of (3.1)–(3.2) gives

∞∑

n=1

V(|X | > bn) < ∞ if and only if

∞∑

n=1

V(|X | > 2
1

β bn) < ∞.

Replacing bn with 2
1

β bn in (3.1)–(3.2), we have

∞∑

n=1

V(|X | > bn) < ∞ if and only if
∞∑

n=1

V(|X | > 2
2

β bn) < ∞.

Repeating the foregoing procedure for k − 2 times more, we obtain that

∞∑

n=1

V(|X | > bn) < ∞ if and only if

∞∑

n=1

V(|X | > 2
k
β bn) < ∞. (3.3)

Replacing bn with 2−
k
β bn in (3.3), we further have

∞∑

n=1

V(|X | > bn) < ∞ if and only if

∞∑

n=1

V(|X | > 2−
k
β bn) < ∞. (3.4)

Therefore, if c > 1, we have that c ≤ 2
k
β for some k ≥ 1 and thus

∞∑

n=1

V(|X | > bn) ≥
∞∑

n=1

V(|X | > cbn) ≥
∞∑

n=1

V(|X | > 2
k
β bn),

which together with (3.3) yields the desired result. If 0 < c < 1, the assertion also follows from

(3.4) and

∞∑

n=1

V(|X | > bn) ≤
∞∑

n=1

V(|X | > cbn) ≤
∞∑

n=1

V(|X | > 2−
k
β bn)

for some k ≥ 1 such that c ≥ 2−
k
β . The proof is completed.
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With the three lemmas above, we can now give the proofs of the main results in Section 2.

Proof of Theorem 2.1 Note from Lemma 3.3 that
∞∑
n=1

V(|X | > bn) < ∞ is equivalent to

∞∑
n=1

V(|X | > cbn) < ∞ for any c > 0. Therefore, we have

∞ >
∞∑

n=1

V(|X | > cbn) =
∞∑

k=1

∑

2k−1≤n<2k

V(|X | > cbn) ≥
1

2

∞∑

k=1

2kV(|X | > cb2k). (3.5)

For each n, there exists a positive integer k such that 2k−1 ≤ n < 2k. Hence, we can obtain

n∑

i=1

ani(Xi − Ê[Xi(bn)])

an

=

n∑

i=1

ani(Xi − Ê[Xi(b2k)]) +

n∑

i=1

ani(Ê[Xi(b2k)]− Ê[Xi(bn)])

an

≤

∣∣∣ max
1≤n<2k

n∑

i=1

ani(Xi − Ê[Xi(b2k)])
∣∣∣

a2k−1

+

max
2k−1≤n<2k

n∑

i=1

|ani||Ê[X(b2k)]− Ê[X(bn)]|

a2k−1

=: I1(k) + I2(k).

Consequently, in order to prove (2.2), it suffices to show that

lim sup
k→∞

I1(k) ≤ 0 a.s. V , lim
k→∞

I2(k) = 0.

Noting that g(x) is non-increasing for x ≥ 0, we obtain that

|X(b2k)−X(bn)| ≤ |X |
∣∣∣g
( |X |

b2k

)
− g

( |X |

b2k−1

)∣∣∣

≤ |X |I(µb2k−1 < |X | ≤ b2k)

≤ b2kI(|X | > µb2k−1).

In the sequel, we may assume without loss of generality that ani = 0 if i > n. It follows from

(1.1) and Hölder’s inequality that
n∑

i=1

|ani|s = O(n) for any 0 < s ≤ α. Hence, we obtain from

(3.5) that if α ≥ 1,

I2(k) ≤ C

2kÊ
[
|X |

∣∣∣g
( |X |

b2k

)
− g

( |X |

b2k−1

)∣∣∣
]

a2k−1

≤ C
b2k2

k
V(|X | > µb2k−1)

a2k−1

≤ C sup
n≥1

b2n
an

2kV(|X | > µb2k−1) → 0 as k → ∞;
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if 0 < α < 1, noting that

n∑

i=1

|ani| ≤
( n∑

i=1

|ani|
α
) 1

α

= O(n
1

α ), (3.6)

we can also obtain that

I2(k) ≤ C
b2k2

k
αV(|X | > µb2k−1)

a2k−1

≤ C
b2k2

−k

b2k−1

2kV(|X | > µb2k−1) → 0 as k → ∞.

Next we turn to deal with I1(k). It is easy to obtain that

∞∑

k=1

V

(∣∣∣ max
1≤n≤2k

n∑

i=1

ani(Xi − Ê[Xi(b2k)])
∣∣∣ ≥ ǫa2k−1

)

≤
∞∑

k=1

V

( 2k∑

i=1

|aniXi|
(
1− g

( |Xi|

b2k

))
> 0

)

+

∞∑

k=1

V

(∣∣∣ max
1≤n≤2k

n∑

i=1

ani(Xi(b2k)− Ê[Xi(b2k)])
∣∣∣ ≥ ǫa2k−1

)

=: J1 + J2.

For J1, it follows from (2.1) and (3.5) that

J1 ≤
∞∑

k=1

V

( 2k∑

i=1

|aniXi|I(|Xi| > µb2k) > 0
)

≤
∞∑

k=1

V

( 2k⋃

i=1

(|Xi| > µb2k)
)
≤

∞∑

k=1

2k∑

i=1

V(|Xi| > µb2k)

≤
∞∑

k=1

2k∑

i=1

Ê

[
1− g

( |Xi|

µb2k

)]
=

∞∑

k=1

2kÊ
[
1− g

( |X |

µb2k

)]

≤
∞∑

k=1

2kV(|X | > µ2b2k) < ∞.

Define Yi = Xi(b2k) − Ê[Xi(b2k)] for each i ≥ 1. Let gj(x) ∈ Cl,Lip(R), j ≥ 1 such that

0 ≤ gj(x) ≤ 1 for all x and gj
(

x
b
2j

)
= 1 if b2j−1 < x ≤ b2j , gj

(
x
b
2j

)
= 0 if x ≤ µb2j−1 or

x > (1 + µ)b2j . Then we have

|X |qg
( |X |

b2k

)
≤ bq1 +

k∑

j=1

|X |qgj
( |X |

b2j

)
for any q > 0 (3.7)

and

gj

( |X |

b2j

)
≤ I(µb2j−1 < |X | ≤ (1 + µ)b2j ). (3.8)
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It follows from g(·) ∈ Cl,Lip(R) that {Yn, n ≥ 1} is still a sequence of identically distributed

random variables such that Yi is negatively dependent to (Yi+1, · · · , Yn) for each 1 ≤ i ≤ n− 1

with Ê[Yi] = 0, 1 ≤ i ≤ n. If α ≥ 1, let q = 2 ∧ α; we then derive from Markov’s inequality,

Jensen’s inequality, Lemma 3.2, (2.1), (3.5), (3.7)–(3.8) and bn/n
1

β ↑ that

J2 ≤ C
∞∑

k=1

a−q

2k−1
Ê

∣∣∣ max
1≤n≤2k

n∑

i=1

ani(Xi(b2k)− Ê[Xi(b2k)])
∣∣∣
q

≤ C

∞∑

k=1

a−q

2k−1

2k∑

i=1

|ani|
q
Ê

[
|X |qg

( |X |

b2k

)]

≤ C
∞∑

k=1

a−q

2k−1
2k
{
bq1 +

k∑

j=1

Ê

[
|X |qgj

( |X |

b2j

)]}

≤ C

∞∑

k=1

2k(1−
q
p
) + C

∞∑

k=1

a−q

2k−12
k

k∑

j=1

(1 + µ)qbq2jV(|X | > µb2j−1 )

≤ C

∞∑

j=1

bq2jV(|X | > µb2j−1)

∞∑

k=j

( 2
k−1

β

b2k−1

)q

2k(1−
q
p
)

≤ C

∞∑

j=1

( b2j

b2j−1

)q

2j(1−
q
α
)
V(|X | > µb2j−1)

≤ C

∞∑

j=1

2j−1
V(|X | > µb2j−1)

< ∞.

If 0 < α < 1, we derive further from (3.5)–(3.6) that

J2 ≤ C
∞∑

k=1

a−1
2k−1

Ê

[∣∣∣ max
1≤n≤2k

n∑

i=1

ani(Xi(b2k)− Ê[Xi(b2k)])
∣∣∣
]

≤ C

∞∑

k=1

a−1
2k−1

2k∑

i=1

|ani|Ê
[
|X |g

( |X |

b2k

)]

≤ C

∞∑

k=1

a−1
2k−12

k
α

{
b1 +

k∑

j=1

Ê

[
|X |gj

( |X |

b2j

)]}

≤ C

∞∑

k=1

2k(
1

α
− 1

p
) + C

∞∑

k=1

a−1
2k−12

k
α

k∑

j=1

(1 + µ)b2jV(|X | > µb2j−1)

≤ C

∞∑

j=1

b2jV(|X | > µb2j−1)

∞∑

k=j

2
k−1

β

b2k−1

2k(
1

α
− 1

p
)

≤ C

∞∑

j=1

b2j

b2j−1

V(|X | > µb2j−1)

≤ C

∞∑

j=1

2j−1
V(|X | > µb2j−1)

< ∞.
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Therefore, we have proved that

∞∑

k=1

V

(∣∣∣ max
1≤n≤2k

n∑

i=1

ani(Xi − Ê[Xi(b2k)])
∣∣∣ ≥ ǫa2k−1

)
< ∞,

which together with Lemma 3.1 yields lim sup
k→∞

I1(k) ≤ 0 a.s. V and thus (2.2) follows immedi-

ately. Replacing Xi by −Xi for each i ≥ 1 in (2.2), we can obtain (2.3). This completes the

proof of the theorem.

Proof of Corollary 2.1 Note that

a−1
n

∣∣∣
n∑

i=1

aniÊ[Xi(bn)]
∣∣∣ ≤ a−1

n

n∑

i=1

|ani|Ê[|X(bn)|]

and

a−1
n

∣∣∣
n∑

i=1

aniε̂[Xi(bn)]
∣∣∣ ≤ a−1

n

n∑

i=1

|ani|ε̂[|X(bn)|] ≤ a−1
n

n∑

i=1

|ani|Ê[|X(bn)|].

Therefore, it suffices to prove

a−1
n

n∑

i=1

|ani|Ê[|X(bn)|] → 0 as n → ∞.

For 2k−1 ≤ n < 2k, it follows from g(x) ↓ on [0,∞), (3.7)–(3.8) that if α ≥ 1,

a−1
n

n∑

i=1

|ani|Ê[|X(bn)|] ≤ (a2k−1)−12kÊ
[
|X |g

( |X |

b2k

)]

≤ 2b12
k−1(a2k−1)−1 + (1 + µ)2k(a2k−1)−1

k∑

j=1

b2jV(|X | > µb2j−1).

Since an

n
↑ ∞, we can obtain that 2k−1(a2k−1)−1 → 0 as k → ∞. Noting from (3.5) that

∞∑

j=1

2j(a2j−1 )−1b2jV(|X | > µb2j−1 ) ≤ C

∞∑

j=1

2j−1
V(|X | > µb2j−1) < ∞,

thus, we conclude by Kronecker’s lemma that

2k(a2k−1)−1
k∑

j=1

b2jV(|X | > µb2j−1) → 0 as k → ∞.

If 0 < α < 1, we obtain further from (3.6)–(3.7) that

a−1
n

n∑

i=1

|ani|Ê[|X(bn)|] ≤ 2
1

α b12
k−1

α (a2k−1)−1 + (1 + µ)2
k
α (a2k−1)−1

k∑

j=1

b2jV(|X | > µb2j−1).

Obviously,

2
k−1

α (a2k−1)−1 → 0
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as k → ∞. On the other hand, similar to the proof of the case α ≥ 1, by

∞∑

j=1

2
j
α (a2j−1 )−1b2jV(|X | > µb2j−1) ≤ C

∞∑

j=1

2j−1
V(|X | > µb2j−1) < ∞

and Kronecker’s lemma, we have

2
k
α (a2k−1)−1

k∑

j=1

b2jV(|X | > µb2j−1) → 0 as k → ∞.

The proof of the corollary is completed.

Proof of Corollary 2.2 For any n ≥ 1, there always exists a positive integer k such that

2k−1 ≤ n < 2k. Therefore, similar to the proof of Corollary 2.1, it is enough to show

a−1
n

n∑

i=1

|ani|Ê
[
|X |

(
1− g

( |X |

bn

))]
≤ (a2k−1)−1

2k∑

i=1

|ani|Ê
[
|X |

(
1− g

( |X |

b2k−1

))]

→ 0 as k → ∞.

It follows from the definitions of g(·) and gj(·) that

1− g
( |X |

b2k−1

)
≤

∞∑

j=k

gj

( |X |

µb2j

)
. (3.9)

Hence, if α ≥ 1, we derive from n
an

↑, (2.1), (3.5), (3.8)–(3.9), and the countable sub-additivity

of Ê that

(a2k−1)−1
2k∑

i=1

|ani|Ê
[
|X |

(
1− g

( |X |

b2k−1

))]

≤ C2k−1(a2k−1)−1
∞∑

j=k

Ê

[
|X |gj

( |X |

µb2j

)]

≤ C2k−1(a2k−1)−1
∞∑

j=k

b2jV(|X | > µ2b2j−1)

≤ C

∞∑

j=k

b2j (a2j−1 )−12j−1
V(|X | > µ2b2j−1 )

≤ C
∞∑

j=k

2j−1
V(|X | > µ2b2j−1) → 0 as k → ∞.

If 0 < α < 1, we obtain from (3.6) and Ê[|X |] < ∞ that

(a2k−1)−1
2k∑

i=1

|ani|Ê
[
|X |

(
1− g

( |X |

b2k−1

))]
≤ C2

k
α (a2k−1)−1

Ê[|X |] → 0 as k → ∞.

Therefore, the proof of the corollary is completed.



504 Y. Wu, M. M. Xi and X. J. Wang

4 Application in Nonparametric Regression Model

In this section, we will present an application of the main results established in Section 2 to

nonparametric regression models based on negatively dependent errors.

Consider the following nonparametric regression model:

Yni = f(xni) + ξi, i = 1, 2, · · · , n, n ≥ 1, (4.1)

where xni are known fixed design points from A, A ⊂ R
m is a given compact set for some

m ≥ 1, f(·) is an unknown regression function defined on A and ξi are random errors. As an

estimator of f(·), we consider the following weighted regression estimator:

fn(x) =

n∑

i=1

ωni(x)Yni, x ∈ A ⊂ R
m, (4.2)

where ωni(x) = ωni(x;xn1, xn2, · · · , xnn), i = 1, 2, · · · , n are the weight functions.

The above weighted estimator (4.2) was first proposed by Stone [25] and adapted by Georgiev

[11] to the fixed design case and then constantly studied by many authors. One can refer to

Fan [10], Liang and Jing [16], Roussas [23], Roussas et al. [24], Tran et al. [28], Thanh and Yin

[27], Wang et al. [29], among others.

4.1 Limit property for the weighted estimator

In this subsection, we will study the limit property of the estimator (4.2) in (Ω,H, Ê). Let

c(f) denote the set of continuity points of the function f on A. Let ‖x‖ denote the Euclidean

norm of x ∈ R
m.

Now we present the limit property for the estimator (4.2) in (Ω,H, Ê). For any fixed design

point x ∈ A, the following assumptions on the nonnegative weight functions ωni(x) will be used:

(A1)
n∑

i=1

ωni(x) → 1 as n → ∞;

(A2)
n∑

i=1

ωni(x) · |f(xni)− f(x)|I(‖xni − x‖ > a) → 0 as n → ∞ for all a > 0;

(A3) V and Ê are countably sub-additive.

It is known that the design assumptions (A1)–(A2) are satisfied for the nearest neighbor

weights, Gasser-Müller weights

ωni(x) =
K
(x− xni

hn

)

n∑

j=1

K
(x− xnj

hn

)

under suitable conditions, and so on. Assumption (A3) is a technical requirement which can

also be easily satisfied. Based on the assumptions above, we present the following result for the

nonparametric regression estimator fn(x).
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Theorem 4.1 Let 1 ≤ p < 2, p < α ≤ ∞ and 1
α
+ 1

β
= 1

p
. Let {ξ, ξn, n ≥ 1} be a sequence

of identically distributed random errors such that ξi is negatively dependent on (ξi+1, · · · , ξn)

for each 1 ≤ i ≤ n− 1 with CV[|X |β] < ∞ in (Ω,H, Ê). Suppose that (A1)–(A3) hold and

n∑

i=1

[ωni(x)]
α = O(n1−α

p ), (4.3)

which can be interpreted as max
1≤i≤n

ωni(x) = O(n− 1

p ) if α = ∞. Then for all x ∈ c(f),

ε̂[ξ] ≤ lim inf
n→∞

(fn(x)− f(x)) ≤ lim sup
n→∞

(fn(x) − f(x)) ≤ Ê[ξ] a.s. V , (4.4)

i.e.,

V
(
ε̂[ξ] ≤ lim inf

n→∞
(fn(x) − f(x)) ≤ lim sup

n→∞
(fn(x)− f(x)) ≤ Ê[ξ]

)
= 1.

Moreover, if ε̂[ξ] = Ê[ξ] = 0, then

fn(x) → f(x) a.s. V ., n → ∞.

Remark 4.1 We point out that condition (4.3) can be easily satisfied. For example, if

max
1≤i≤n

ωni(x) = O(n− 1

p ), then it is easy to check that (4.3) holds.

Remark 4.2 In Theorem 4.1, we assume that V is countably sub-additive to obtain the

results on strong consistency with respect to V . If V is not countably sub-additive, we can

define an outer capacity V
∗ as in [35] by

V
∗(A) = inf

{ ∞∑

n=1

V(An) : A ∈
∞⋃

n=1

An

}
, V∗(A) = 1− V

∗(Ac), A ∈ F .

Then V
∗(A) is a countably sub-additive capacity with V

∗(A) ≤ V(A).

Proof of Theorem 4.1 In order to prove (4.4), it suffices to show

n∑

i=1

ωni(x)f(xni)− f(x) → 0 as n → ∞, (4.5)

lim sup
n→∞

n∑

i=1

ωni(x)(ξi − Ê[ξ]) = lim sup
n→∞

[
fn(x)−

n∑

i=1

ωni(x)f(xni)
]
− Ê[ξ] ≤ 0 a.s. V (4.6)

and

lim inf
n→∞

n∑

i=1

ωni(x)(ξi − ε̂[ξ]) = lim inf
n→∞

[
fn(x) −

n∑

i=1

ωni(x)f(xni)
]
− ε̂[ξ] ≥ 0 a.s. V . (4.7)

Actually, for a > 0 and x ∈ c(f), from (4.1)–(4.2), we obtain that

∣∣∣
n∑

i=1

ωni(x)f(xni)− f(x)
∣∣∣ ≤

n∑

i=1

ωni(x) · |f(xni)− f(x)|I(‖xni − x‖ ≤ a)
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+

n∑

i=1

ωni(x) · |f(xni)− f(x)|I(‖xni − x‖ > a)

+ |f(x)| ·
∣∣∣

n∑

i=1

ωni(x) − 1
∣∣∣. (4.8)

It follows from x ∈ c(f) that for all ε > 0, there exists a constant δ > 0 such that for all x′

satisfying ‖x′ − x‖ < δ, we have |f(x′)− f(x)| < ǫ. Setting a ∈ (0, δ) in (4.8), we obtain that

∣∣∣
n∑

i=1

ωni(x)f(xni)− f(x)
∣∣∣ ≤ ǫ

n∑

i=1

ωni(x)

+

n∑

i=1

ωni(x) · |f(xni)− f(x)|I(‖xni − x‖ > a)

+ |f(x)| ·
∣∣∣

n∑

i=1

ωni(x) − 1
∣∣∣.

From assumptions (A1)–(A2) and the arbitrariness of ǫ, for all x ∈ c(f), we derive that (4.5)

holds. The conclusions (4.6)–(4.7) follow immediately from (A3) and Theorem 2.2 by letting

ani = n
1

pωni(x) and Xi = ξi. The proof is completed.

4.2 Numerical simulation

In this subsection, we will use Monte Carlo method and R software to study the numerical

performance of the nearest neighbor estimator fn(x) with negatively dependent errors. First

let us recall the concept of the nearest neighbor weight function estimator as follows.

Put A = [0, 1] and let xni =
i
n
, i = 1, 2, · · · , n. For any x ∈ A, we rewrite

|xn1 − x|, |xn2 − x|, · · · , |xnn − x|

as follows:

|xn,R1(x) − x| ≤ |xn,R2(x) − x| ≤ · · · ≤ |xn,Rn(x) − x|,

if |xni − x| = |xnj − x|, then |xni − x| is permuted before |xnj − x| when xni < xnj .

Let 1 ≤ kn ≤ n, the nearest neighbor weight function is defined as follows:

ω̃ni(x) =





1

kn
, if |xni − x| ≤ |xn,Rkn (x) − x|,

0, otherwise.

Reindex the sequence {ξn} as ξij = ξm(i−1)+j , where 1 ≤ i ≤ k, 1 ≤ j ≤ m. For simplicity,

let m = 5 and ξij
i.i.d.
∼ N(µj , 4) for each 1 ≤ i ≤ k with µj = −0.5 + 0.25(j − 1). It is easy

to see that {ξ; ξn, n ≥ 1} is a sequence of negatively dependent random variables under sub-

linear expectations with Ê[ξ] = sup
1≤j≤m

E[ξij ] = 0.5 and ε̂[ξ] = inf
1≤j≤m

E[ξij ] = −0.5. Choose

f(x) = x2 − 2x and kn = ⌊n0.8⌋. Then for k = 100, 200, 500, we replicate the experiment for

1000 times to obtain the differences fn(x)−f(x) with x = 0.3, 0.5, 0.8, respectively. The results

are presented in Figures 1–9 as follows.
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−

−

−

−

−

-

−

−

−

−

−

Figure 1 fn(x)− f(x) with x = 0.3,
n = 100, and f(x) = x2

− 2x.
Figure 2 fn(x)− f(x) with x = 0.3,
n = 200, and f(x) = x2

− 2x.

−

−

−

−

−

−

−

−

Figure 3 fn(x)− f(x) with x = 0.3,
n = 500, and f(x) = x2

− 2x.
Figure 4 fn(x)− f(x) with x = 0.5,
n = 100, and f(x) = x2

− 2x.

−

−

−

−

−

−

Figure 5 fn(x)− f(x) with x = 0.5,
n = 200, and f(x) = x2

− 2x.
Figure 6 fn(x)− f(x) with x = 0.5,
n = 500, and f(x) = x2

− 2x.
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−

−

−

−

−

−

−

−

−

−

Figure 7 fn(x)− f(x) with x = 0.8,
n = 100, and f(x) = x2

− 2x.
Figure 8 fn(x)− f(x) with x = 0.8,
n = 200, and f(x) = x2

− 2x.

−

−

Figure 9 fn(x)− f(x) with x = 0.8, n = 500, and f(x) = x2
− 2x.

It reveals in the figures above that as n increases, the values of fn(x) − f(x) converge

uniformly to the interval [ε̂[ξ], Ê[ξ]] = [−0.5, 0.5], no matter x = 0.3, 0.5 or 0.8. These results

basically agree with the theoretical results.

5 Conclusion

It is well known that many interesting results about probability limit theory and statis-

tical large sample properties were all established in the classical probability space. Recently,

motivated by some problems in statistics, measures of risk, mathematical economics and super-

hedging in finance, more and more researches adopted non-additive probability and non-linear

expectation to describe some uncertain phenomena in these fields. Therefore, statisticians were

devoted to investigating the limit theorems for the sub-linear expectations in a general function

space in recent years.
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In this work, we investigate the double-indexed version of strong law of large numbers under

some general conditions in sub-linear expectation space. The weighted version of Marcinkiewicz-

Zygmund type strong law of large numbers are also established. These results extend or im-

prove some existing ones in classical probability space or sub-linear expectation space. As an

application, we further study the nonparametric regression model under sub-linear expectation

framework. Some numerical simulations are also presented.
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