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Finite Non-abelian Groups Whose Non-abelian
Subgroups Have Minimum Centralizers*

Dandan ZHANG! Haipeng QU? Yanfeng LUO?

Abstract A finite non-abelian group G is called an MC-group if all non-abelian subgroups
H of G have minimum centralizers (i.e., Cq(H) = Z(G)). In this paper, the authors give
some characterizations of MC-groups, and it is proved that MC-groups are just the finite
groups with modular centralizer lattice of length 2 depicted by Schmidt, which leads to a
classification of MC-groups. However, Schmidt’s depiction said nothing for MC-p-groups.
They give a characterization of MC-p-groups. In particular, they characterize special
MC-p-groups by means of the commutator matrices, and provide a method to determine
or classify special MC-p-groups. As applications, some examples are given, and special
MC-p-groups with an abelian maximal subgroup are classified up to isoclinism.

Keywords Centralizers of groups, Finite p-groups, Special p-groups, Isoclinism,
Commutator matrix
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1 Introduction

It is well-known that the centralizers of subgroups play an important role in studying the
structure of finite groups. Some classical results were obtained. Burnside proved that a finite
group G is p-nilpotent if G has a Sylow p-subgroup P such that C(P) = N¢(P) (see [7, Chapter
10, Section 1]). Zassenhaus [16] proved that a finite group G is abelian if Cg(X) = Ng(X)
for every abelian subgroup X of G. Suzuki [2, Proposition 1.8] proved that if a finite non-
abelian p-group G contains a self-centralizing subgroup of order p?, then G is of maximal class.
The influence of centralizers of subgroups on the structure of groups was explored. Schmidt
[8] characterized finite groups with modular centralizer lattice of length 2 and revisited the
results in his book [9, Chapter 9]. Recently, An et al. [1] gave a classification of finite 2-groups
whose non-abelian subgroups are self-centralizing. Wang et al. [12] classified the p-groups G
in which C¢(H)/H is cyclic for every non-cyclic and non-central abelian subgroup H of G.
Zhang et al.[17] classified the p-groups G in which Cq(H)/H is cyclic for every non-central
cyclic subgroup H of G.
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For a finite group G, it is clear that
Z(G) < Cg(H)

holds for any subgroup H of G. A natural question is: What can be said about finite non-abelian

groups G with
Z(G) = Ca(H)

for each non-abelian subgroup H of G7 In other words, what can be said about finite non-
abelian groups whose non-abelian subgroups have minimum centralizers? For convenience, we
call such groups MC-groups.

In this paper, we will study MC-groups. It turns out that MC-groups are just the finite
groups whose centralizer lattice is modular of length 2, which were depicted by Schmidt [9].
However, Schmidt’s depiction said nothing about MC-p-groups. We will explore MC-p-groups
and give a characterization of such groups. In particular, we will systematically study spe-
cial MC-p-groups, give a characterization of special MC-p-groups, and provide a method to
determine or classify special MC-p-groups.

The paper is organized as follows. Section 2 contains some preliminaries. In Section 3,
some characterizations of MC-groups are given, and it is shown that MC-groups are just the
finite groups whose centralizer lattice is modular of length 2, which leads to a classification
of MC-groups. A characterization of MC-p-groups is also given in this section. In Section 4,
special MC-p-groups are characterized by means of the commutator matrices, and a method to
determine or classify special MC-p-groups is provided, and some examples are given.

2 Preliminaries

In this section, we list some notations and known results which will be used in this paper.
The readers may refer to [5, 15] for any undefined notation and terminology related to groups
and graphs, respectively.

Throughout this paper, we denote by Fp, Fyj, and Fj**™ the field with p elements, the column
vector space of dimension n over F),, and the set of all m x n matrices over F,, respectively.
Vectors are denoted by boldface italic lower-case letters, e.g., a, b, ¢, in particular, 0 denotes the
zero vector. Matrices are denoted by boldface italic capital letters, e.g., A, B, C, in particular,
E denotes the identity matrix and O denotes the zero matrix. For any natural numbers i, e;
is the ith elementary unit column vector. We use rank(A), AT and A~! to denote the rank,
the transpose and the inverse matrix (if exists) of A, respectively. If A~! exists, then A is said
to be non-singular. An n x n matrix K = (k;;) is said to be skew-symmetric if k;; = —k;; for
1#j,1<i,j<n,and kj; =0fori=1,2,--- ,n.

Let G be a finite group. As usual, we use exp(G), ¢(G), and d(G) to denote the exponent,
the nilpotency class, and the minimal cardinality of a generating set of G, respectively. For any

positive integer s, we define

Q(G)=(acG|a” =1), U,(G)= (" |acq).
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Let A and B be two subgroups of G. We use A * B to denote the central product of A and B.
For a nilpotent group G, let

G = Kl(G) >G = KQ(G) > Kg(G) > > Kc+1(G) =1

be the lower central series of G, where ¢ = ¢(G) and K;11(G) = [K;(G),G] for 1 < i < ¢, and
let

1=2y(G) < Z(G)=Z1(G) < Z2(G) < --- < Z(G) =G

be the upper central series of G, where ¢ = ¢(G) and Z;11(G)/Z;(G) = Z(G/Z;(G)) for 0 <
1 <c—1.

A finite group G is called a metabelian group if G’ is abelian. A finite non-abelian group G
is said to be special if G' = ®(G) = Z(G).

A finite non-abelian group G is called an MC-group if all non-abelian subgroups of G have
minimum centralizers, that is Cq(H) = Z(G) for all non-abelian subgroups H of G.

Lemma 2.1 (see [11, Theorem 3.1]) Let K be an n x n skew-symmetric matriz over F,.
Then rank(K) is necessarily even. Furthermore, if rank(K) = 2v(< n), then K is cogredient
to

J

JQU O _ J o 0 1
<O O)nxn’ where Jy, = , J—<_1 O)'

J

2uX2v

Schmidt studied the centralizer lattices of groups and characterized the groups whose cen-
tralizer lattice is modular of length 2.

Lemma 2.2 (see [9, p. 519, (17)]) Let G be a finite group. Then the centralizer lattice
of G is modular of length 2 if and only if G is non-abelian and every proper centralizer of G is
abelian.

Lemma 2.3 (see [9, Theorem 9.3.12] or [8, SATZ 5.9, SATZ 5.12]) Let G be a finite group.
Then the centralizer lattice of G is modular of length 2 if and only if G is a group of one of the
following types:

(1) G = A x P, where A is abelian and P is a p-group with modular centralizer lattice of
length 2.

(2) G is non-abelian and has an abelian normal subgroup N of prime index.

(3) G/Z(Q) is a Frobenius group with Frobenius kernel F/Z(G) and Frobenius complement
K/Z(G), where F and K are abelian.

(4) G/Z(Q) is a Frobenius group with Frobenius kernel F/Z(G) and Frobenius complement
K/Z(G), where K is abelian, Z(F) = Z(G), F/Z(G) is a p-group, p a prime, and F is a group
with modular centralizer lattice of length 2.

(5) G/Z(G) = Sy and V is not abelian for any subgroup V- < G such that V/Z(G) is the
Klein four-group.

(6) G/Z(G) =2 PSL(2,p"™) or PGL(2,p"), G' = SL(2,p"), p a prime, p™ > 3.
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(7) G/Z(G) = PSL(2,9) or PGL(2,9), G’ is isomorphic to the representation group of
PSL(2,9) in the sense of Schur.
We need the following results about finite p-groups in the sequel.
Lemma 2.4 (see [2, Lemma 4.2]) Let G be a finite p-group with |G'| = p. Then
G=(A1xAsx---x A)Z(Q),
where A; is minimal non-abelian for 1 < i < s.

Lemma 2.5 (see [10] or [2, Lemma 1.1]) Let G be a finite non-abelian p-group with an
abelian maximal subgroup. Then |G| = p|G'||Z(G)|.

Lemma 2.6 (see [3, Theorem 255.1]) Let G be a finite non-abelian p-group with Z(A) <
Z(B) for any non-abelian subgroups A and B satisfying A < B < G. Then either G has an
abelian mazximal subgroup or U1(G) < Z(G).

Hall [4] introduced the concept of isoclinism, which will be used in this paper.

Definition 2.1 (see [4]) Two groups G and H are said to be isoclinic if there exist

isomorphisms
a:G/Z(G) — H/Z(H), B:G — H'
such that [a,b]? = [a',b'] for a,b € G, where Z(H)a' = (Z(G)a)® and Z(H)V' = (Z(G)b)~.

It is easy to see that the isoclinic relation is an equivalence relation. The pair («, 3) of
isomorphisms is called an isoclinism, and the equivalence classes are called isoclinism families.

A group in an isoclinism family that has minimal order is called a stem group.

Lemma 2.7 (see [4]) Let G be a group of the isoclinism family. Then G is a stem group
if and only if Z(G) < G'.

Lemma 2.8 (see [4]) Let G be a group and N I G. Then G/N and G/(N NG') are
isoclinic. In particular, G and G/N are isoclinic if and only if NNG' = 1.

Lemma 2.9 (see [2, §29, Exercise 5]) Let G be a group and U < G. Then U and UZ(Q)

are isoclinic. Moreover, U and G are isoclinic if and only if UZ(G) = G.
As a direct consequence of Lemma 2.9, we have the following result.

Corollary 2.1  Let G be a group and H be an abelian group. Then G and G x H are

isoclinic.

Proof Let L =Gx*H. Then G < L and L = GZ(L). Tt follows from Lemma 2.9 that G

and L are isoclinic.

3 MC-Groups

In this section, we give some characterizations of a finite group to be an MC-group. It is
shown that MC-groups are just groups whose centralizer lattice is modular of length 2, which
leads to a classification of MC-groups. We also give a characterization of MC-p-groups.
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We start with some characterizations of MC-groups.

Theorem 3.1 Let G be a finite non-abelian group. Then the following statements are
equivalent:

(1) G is an MC-group.

2

3

4) Z(H) < Z(G) for any non-abelian subgroup H of G.

(2) Ca(H) = Z(G) for any two-generator non-abelian subgroup H of G.
(3) C.
(4)
(5) Cq(x) is abelian for each x € G\ Z(G).
(6) C
(7)
(8)

c(H) = Z(G) for any minimal non-abelian subgroup H of G.

6) C(H) is abelian for any subgroup H satisfying H & Z(G
7) Z(A) < Z(B) for any non-abelian subgroups A and B wzth A <B<A{.
8) AN B = Z(G) for any two distinct mazimal abelian subgroups A, B of G.

Proof (1) = (2) It is obvious.

(2) = (3) Assume H is a minimal non-abelian subgroup of G. Then d(H) = 2. Thus
ColH) = Z(G).

(3) = (4) Assume H is a non-abelian subgroup of G. Let K be a minimal non-abelian
subgroup of H. Then Z(H) < Cg(H) < Cg(K) = Z(QG).

(4) = (5) Otherwise, there exists € G\ Z(G) such that Cg(z) is not abelian. Thus
x € Z(Cq(x)) < Z(G). This contradicts z ¢ Z(G).

(5) = (6) Assume H is a subgroup of G satisfying H £ Z(G). Take x € H \ Z(G). Then
Cq(H) < Cg(x). Thus Ce(H) is abelian.

(6) = (7) Assume A and B are two non-abelian subgroups of G and A < B. Since A <
Ca(Z(A)), Cc(Z(A)) is non-abelian. Thus Z(A) < Z(G). Therefore Z(A) < Z(G)NB < Z(B).

(7) = (1) Assume H is a non-abelian subgroup of G. Obviously, Z(G) < Cqg(H) and
rx € Z({x,H)) < Z(G) for all x € Cg(H). Thus Cq(H) < Z(G). Therefore Cq(H) = Z(G).

(5) = (8) Assume A and B are two distinct maximal abelian subgroups of G. Clearly,
Z(G) < AnB. If Z(G) < AN B, then there exists x € (AN B)\ Z(G). Thus Cg(x) is
abelian. Obviously, A, B < Cg(z). Thus A = Cg(x) = B. This contradicts A # B. Therefore
Z(G)=ANB.

(8) = (5) Otherwise, there exists € G \ Z(G) such that Cg(z) is not abelian. Take
y,z € Cg(z) such that [y, z] # 1. Let A be a maximal abelian subgroup containing y, 2 and B
be a maximal abelian subgroup containing z,z. Then A # B. But « € (AN B)\ Z(G). This is
a contradiction. Therefore Cg(z) is abelian for each z € G\ Z(G).

From Theorem 3.1 (7), we have the following result.

Corollary 3.1 Let G be an MC-group. Then every non-abelian subgroup of G is also a
MC-group.
It is easy to see that Theorem 3.1 (6) is equivalent to that every proper centralizer of G is

abelian. Now by Lemma 2.2 we get a characterization of MC-groups.

Theorem 3.2 Let G be a finite non-abelian group. Then G is an MC-group if and only
if the centralizer lattice of G is modular of length 2, and this holds if and only if G is one of
the groups listed in Lemma 2.3.
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MC-groups can be characterized by means of graph theory. For each finite non-abelian
group G, let T'(G) = (V, E) be a simple undirected graph with

V={Z(G)z |z €G\Z(G)} and E={{Z(G)z,Z(G)y}|[z,y] =1.ay~" ¢ Z(G)}.

By Theorem 3.1 (5), G is an MC-group if and only if Cg(x) is abelian for each x € G\ Z(G).
Obviously, C(x) is abelian for each z € G\ Z(G) if and only if the induced subgraph of
the neighborhood of each vertex of I'(G) is a complete graph. Thus we immediately get the

following result.

Proposition 3.1 Let G be a finite non-abelian group. Then G is an MC-group if and

only if each connected component of T'(G) is a complete graph.
The next lemma follows directly from Definition 2.1.

Lemma 3.1 Let G and H be two finite non-abelian groups. If G and H are isoclinic,
then T'(G) 2 T'(H).

By Proposition 3.1 and Lemma 3.1, we get the following result.

Theorem 3.3 Let G and H be two finite non-abelian groups. If G and H are isoclinic,
then G is an MC-group if and only if H is an MC-group.

Corollary 3.2 Let G be a finite non-abelian group and H a finite group. Then the central
product G x H is an MC-group if and only if G is an MC-group and H is abelian.

Proof (<) By Corollary 2.1, G and G % H are isoclinic. Since G is an MC-group, G *« H
is also an MC-group by Theorem 3.3.

(=) By Corollary 3.1, G is an MC-group. Let K = G « H. Since G is non-abelian, there
exists an element y € G\ Z(K). Obviously, H < Ck (y). By Theorem 3.1 (5), Ck(y) is abelian.
Thus H is abelian.

In the remainder of this paper, we will investigate MC-p-groups. The following proposition
shows the class of MC-p-groups is quite large.

Proposition 3.2 Let G be a finite non-abelian p-group. If G is one of the following
groups, then G is an MC-group.
(1) The p-groups with an abelian mazimal subgroup.
(2) The p-groups G in which Z(H) = Z(G) for each non-abelian subgroup H of G.
(3) The p-groups G in which |G : Z(G)| < p3.
(4) The p-groups G in which HZ(G)/Z(G) is cyclic for each abelian subgroup H of G.

Proof (1) It follows from Lemma 2.3 (2).

(2) Tt follows by Theorem 3.1 (4).

(3) Since G is non-abelian, |G : Z(G)| = p? or p®. If |G : Z(G)| = p?, then G has an abelian
maximal subgroup. It follows from (1) that G is an MC-group. Assume |G : Z(G)| = p®. Let
H be a non-abelian subgroup of G and L = HZ(G). Then Z(G) < Z(L) and Z(H) < Z(L).
If L = G, then Z(H) < Z(G). If L < G, then p? < |L : Z(L)| < |L : Z(G)| < p?. Thus
Z(L) = Z(G), and hence Z(H) < Z(G). Therefore G is an MC-group by Theorem 3.1 (4).
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(4) By [6, Proposition 1], G = G/Z(G) is dihedral or of exponent p. Assume A and B
are two distinct maximal abelian subgroups of G. By the hypothesis and Correspondence
Theorem, A = A/Z(G) and B = B/Z(G) are two maximal cyclic subgroups of G. Thus
ANB=ANB=1. Hence ANB < Z(G). So ANB = Z(G). Tt follows from Theorem 3.1 (8)
that G is an MC-group.

Remark 3.1 The groups of (2) listed in Proposition 3.2 were classified by Wang et al. in
[13-14] and the groups of (4) listed in Proposition 3.2 were determined by Mann in [6].

Lemma 3.2 Let G be an MC-p-group. Then
(1) If A is a mazimal abelian subgroup of G, then |A| > |G : G'|.
(2) ®(G)Z.—1(G) is abelian, where ¢ = ¢(G). In particular, G is metabelian.

Proof (1) Let z € A\ Z(G). Then A < Cg(z). Since G is an MC-group, Cg(x) is abelian
by Theorem 3.1 (5). Thus A = Cg(x) by the maximality of A. It follows that |G : Cq(z)| =
|z¢| < |G’ = |G’|. Therefore |A| = |Cq(z)| > |G : G'|.

(2) We first prove that ®(G) is abelian. Obviously, K.(G) < Z(G) and K._1(G) £ Z(G).
Let © € K.—1(G) \ Z(G) and 2? € Z(G). Then [aP,g] = 1 for all g € G. Since [z, g] € K.(G)
and K.(G) < Z(G), [x,¢?] = [z, 9P = [2P,g] = 1. Tt follows that [z, U1(G)] = 1. On the other
hand, [K._1(G), K2(G)] < K.+1(G) = 1. This means [z, K2(G)] = 1. Since ®(G) = G'G1(G),
z € Z(®(G)). Thus Z(®(G)) £ Z(G). Therefore ®(G) is abelian by Theorem 3.1 (4). It follows
that G’ is abelian and so G is metabelian.

Now we prove that ®(G)Z._1(G) is abelian. Obviously, [K._1(G),Z.-1(G)] = 1 and
[K.—1(G), K2(G)] = 1. If G has an abelian maximal subgroup A, then [K._1(G),U1(G)] <
[A,A] = 1. If G has no abelian maximal subgroup, then U;(G) < Z(G) by Theorem 3.1
(7) and Lemma 2.6. Thus [K._1(G),0:1(G)] = 1. It follows that [K._1(G),®(G)] = 1.
So K.-1(G) < Cq(®(G)Z.~1(G)). Note that K._1(G) £ Z(G). Since G is an MC-group,
®(G)Z.-1(G) is abelian.

An MC-p-group G is called an MC;-group if G has no abelian maximal subgroup.

Lemma 3.3 Let G and H be two p-groups. If G and H are isoclinic, then G is an
MC1-group if and only if H is an MCq-group.

Proof Since G and H are isoclinic, G has abelian maximal subgroups if and only if H has
abelian maximal subgroups. Now the lemma follows directly from Theorem 3.3.

Lemma 3.4 Let G be an MCy-group. Then |G : Z(G)| > p?, |G| > p* and Z(G) is

non-cyclic.

Proof If |G : Z(G)| < p?, then G has an abelian maximal subgroup. This contradicts that
G is an MCy-group. Thus |G : Z(G)| > p?.
If |G'| = p, then, by Lemma 2.4,

G= (A1 xAgx---x A Z(Q),

where A; is minimal non-abelian for each 1 < i < s. We assert that s = 1. Otherwise, s > 2,
then there exists a subgroup K of G such that K = A; % As. By the minimality of A; and As,
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assume that Ay = (a,b) and Ay = {(¢,d) with [a,b] # 1, [¢,d] # 1. Let H = (a,b,c). Clearly,
H is non-abelian and ¢ € Z(H) \ Z(G). This contradicts that G is an MC-group by Theorem
3.1 (4). Thus G = A1 Z(G) and |G : Z(G)| = p?, which contradicts with |G : Z(G)| > p3. Thus
|G"| > p*.

Lastly, we prove that Z(G) is non-cyclic. Since G has no abelian maximal subgroup, G
is not a 2-group of maximal class. Hence there exists a normal subgroup N of G such that
N = C2. By N/C Theorem, |G : Cg(N)| < p. It follows that there exists a maximal subgroup
M such that N < M < Cg(N). Thus N < Z(M). In particular, Z(M) is non-cyclic. Since G
is an MCy-group, M is non-abelian. By Theorem 3.1 (4), Z(M) < Z(G). Therefore Z(G) is

non-cyclic.

Lemma 3.5 Let G be an MCy-group with Z(G) < G'. Then

(1) |Gl < 1G".

(2) U1(G) < Z(G) < G = (G). Moreover, if p = 2 or ¢(G) = 2, then G is a special
p-group.

Proof (1) Let A and B be two distinct maximal abelian subgroups of G. Then ANB = Z(QG)
by Theorem 3.1 (8). It follows from Lemma 3.2 (1) that

AIB| _ G:G'? _ |G:G' _ |G

> |AB| = = .
A= AP = 1405 Tz 2 TIeT T 1er

So |G| < |G"P°.

(2) By Theorem 3.1 (7) and Lemma 2.6, U1(G) < Z(G). Since Z(G) < G/, G’ = ®(G).
If p = 2, then U;(G) = ®(G) and so U1(G) = Z(G) = G’ = ®(G). Therefore G is a special
2-group. If ¢(G) = 2, then G’ < Z(G) and hence Z(G) = G' = ®(G). Therefore G is a special
p-group.

Now we are ready for a characterization of MC-p-groups.

Theorem 3.4 Let G be a finite non-abelian p-group. Then G is an MC-group if and only
if G is isoclinic to a p-group with an abelian maximal subgroup or a metabelian MC-p-group H
satisfying G1(H) < Z(H) < H' = ®(H).

In particular, if p =2 or ¢(G) = 2, then G is an MC-group if and only if G is isoclinic to

a p-group with an abelian mazximal subgroup or a special MC-p-group.

Proof (=) Let H be a stem group of the isoclinism family containing group G. Then
Z(H) < H' by Lemma 2.7. Since G is an MC-group, H is also an MC-group by Theorem 3.3.
If H has no abelian maximal subgroup, then H is an MC;-group. It follows from Lemma 3.2
(2) and Lemma 3.5 (2) that H is a metabelian group satisfying 01 (H) < Z(H) < H' = ®(H).
In particular, if H is a 2-group or ¢(H) = 2, then H is special.

(<) It follows from Proposition 3.2 (1).

Remark 3.2 Hall [4] gave a method to classify finite p-groups having an abelian maximal
subgroup in isoclinism sense. The class of metabelian p-groups G satisfying U1(G) < Z(G) <
G' = ®(G), including special p-groups, metabelian p-groups of maximal class of order less

than pP*!, metabelian minimal non-regular p-groups of exponent p?, is fairly large, it seems
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like a very difficult thing to characterize or classify metabelian MC-p-groups H satisfying
U1(H) < Z(H) < H = ®(H). We will concentrate on studying special MC-p-groups in the
next section.

4 Special MC-p-Groups

In this section, we will give a criterion for a special p-group to be an MC-group. Moreover,
we also provide a method to classify special MC-p-groups up to isoclinism. Recall that ¢(G) = 2
and exp(G/G") = p for any special p-group G.

Let G be a finite p-group with ¢(G) = 2 and exp(G/G’) = p. Then G’ and G/G’ are
elementary abelian. Assume that

G=G/G = (@) x @) x - x (@) and G = (t1) x (ta) x --- x {t,.).
Then G = (a1, a2, -+ ,a,). Since ¢(G) = 2, we have
[ai, tu]) =[ti,tu] =1, 1<i<n, 1<ul<r

Suppose that [a;,a;] = H tu'?, Tui; € Fp, 1 < 4,5 < n. Then X, = (Tuij)nn is a skew-

symmetric matrix over ]Fp, for each 1 <wu < r. In this case, X1, Xo, -+, X, are non-zero. We
call the n x nr matrix X = (X1, Xs,---, X,) a commutator matrix of G.

For sake of convenience, we denote

AoXoB=Ao(X1,Xs, -, X,)oB=(AX,B,AX;B, .-, AX,B)

and
XoC=(X1,X,,X;)oC= (chle, ZCkQXka"' 7ZCkT‘Xk)
k=1 k=1 =1
for any A € ]FLX", B € Fp*™ and C = (cij)pr € Fp*7. In fact, the operations “o” is just

[P 2]

the multiplication of partitioned matrices, and the operation “o” is just the multiplication of
“formal matrices” (i.e., consider (X1, Xo,---,X,) as a 1 X r matrix). It is easy to verify that
EoXoB=X0B, AcXoE=A¢X,EcXoE=X,XoE=Xand XoCoC™! =
if C' is non-singular.

We first give a characterization of special p-groups.

Proposition 4.1  Let G be a finite p-group of class 2, exp(G/G’) = p and X € F*"" is

a commutator matriz of G. Then G is a special p-group if and only if rank(X) = n.
Proof By the definition of special p-groups, to prove our result, it is enough to prove

Z(G) < G & rank(X) =n.
Let g,h € G be such that § = 1‘[ “and B = [[ @y with k = (ki ko, k)T, 1 =

j=1
(I, 12, ,1n)" € F2. Note that G’ < Z(G) and exp(G/G’) = p. We have

[Ha ﬁ }:iﬁl[aiaaj Hthuw

= i,j=1u=1

ST
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:UHL“J J—Ht7J1

and
[g,h]=1<:>2$uijl€ilj=0, 1§UST’<:>kT<>X<>l=0.

ij=1

It follows that
geZ(G)&lg,h)=1 foralhe Gk o Xol=0 forallleF) < k"X =0.

Therefore

Z(G) < G’ < the system of homogeneous linear equations X & = 0 has only
the trivial solution in F)

< rank(X) =n,

as required.

Now we can give a characterization of special MC-p-groups.

Theorem 4.1  Let G be a finite special p-group and X € F*"" a commutator matriz of

G. Then G is an MC-group if and only if
rank(X ok, X ol)=n  for all k,l € F with k™ o X o1 # 0.

Proof By Theorem 3.1 (2), G is an MC-group if and only if

Ca({g,h)) = Z(G) for all g,h € G with [g,h] # 1.

Let g,h € G be such that g = [[ @ and h = H El with k = (k1, ko, -+ ,kn)T, 1 =
=1 j=1
(I1,lz, -+ ,1,)" € F?. Then by Equation () in the proof of Proposition 4.1, we have
g, h] #1 e kT o X ol #0.
Suppose that [g,h] # 1. Let b € G such that H with b = (b1, by, -+ ,bn)T € FJ.

Then by Equation (x), we have

be Ca((g,h) & [bg] =[b,h] =1
SbToXok=0 and bToXol=0

b (Xok,Xol)=0.

Note that G’ = Z(G). It follows that

Cal(g,h) = Z2(G) &
srank(X ok, X ol)=n

(X ok, X ol)Tx = 0 has only the trivial solution in Fy
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Therefore
G is an MC-group < rank(X ok, X ol) =n for all k,1 € F} with k" o X ol # 0,

as required.

The following result gives a necessary and sufficient condition for two special p-groups being

isoclinic.

Proposition 4.2 Let G and H be two finite special p-groups with commutator matrices X ,
Y € Fp*"", respectively. Then G and H are isoclinic if and only if there exist two non-singular
matrices C' € F*"™ and D € F}*" such that

(CToYoC)oD=X.

Proof Let G be a special p-group with the assumption given at the beginning of this
section, and let H be a special p-group such that

H=H/H = (b)) x {b) x ---x (b,) and H' = (s1) x (s9) x -+ x (s,).

Then H = (b1, b2, - ,b,). Assume [b;,b;] = H $9" 7 Yuij € Fp, 1 < 4,5 < n, Yoy = (Yuij)nn
and Y = (Y1,Y2,---,Y,). Since G and H are special p-groups, we have H' = Z(H) and
G' =Z(Q).
If G and H are isoclinic, by Definition 2.1, there exist the following isomorphisms
a:G/Z(G)— H/Z(H)

and B:G — H’
Z(G)a— Z(H)d

such that [a,b]® = [a/,b'] for a,b € G. Assume (Z(G)a;)* = Z(H) H ba” and 7 = H s

Let A = (aij)nn € Fp*™ and B = (bij)rr € F)*". Then A and B are non-singular matrlces

since a and (8 are isomorphisms. Now

T kA
. B LTuij b Z bluwuu
o = (L) = Tt = I (TT) ™ = L =TT
u=1 u=1 u=1 =1 =1 =
L3 .
Note that Z(H)a, = Z(H) ] b3*. Hence
k=1
n n n
I (4273 Ay j a a Yikm GkiGmyg
= [T T ] = T v = 1T (T14
k=1 m=1 k,m: k}m 1 =1
T n T Z YikmakiAmj
yllwnak?am] YikmAkiQmyg k,m=1
= ] =115
km=11=1 I=1k,m=1 =1
Therefore
r biuTuij Z Yikm ki Gmj

[aivaj] = ay, ] H H e

=1 =1
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r n
= Z bruTuij = Z Yikm kiGm; foreach 1 <1 <7
= k,m=1

& XoBT"=AToY o A
eX=(AToY oA oB T,

Let C = A and D = (B~1)T. Then C and D are non-singular and X = (CT oY ¢ C)o D.
Conversely, suppose C' = (a;)nn € Fp*™ and (D~1)T = (by;)pr € Fj*". Define two maps

a:G/Z(G)— H/Z(H) and B:G — H’

n ks
such that (Z(G)a;)* = Z(H) H b}’ and = Hl s?”, respectively. It is routine matter
j:
to Verlfy that o and g are group isomorphisms. Moreover, for any a,b € G, assume that
a= Hai and b = Hﬁl Then
=1
n n B n
@t = [T[a TLat]" = T1 Gasa™)* = T (o a1y,
i=1

j=1 ij=1 ij=1

-
|

Let Z(H)d' = (Z(G)a)* and Z(H)a; = (Z(G)a;)*. Then Z(H)a' = Z(H) ﬁ (al)ki. Simi-

larly, we have Z(H)b' = Z(H) [] (a/)%. Thus

I
a
—-
—
£
=
=
—
S
~
o
I
—
BN
=
Eol
:N

[/, 0]

From the necessity of proof, we have

X =(CToYoC)oD & [a;,a;]’ = laj,a}] for 1 <i,j <n.

Thus [a, b]® = [a’,b']. Tt follows from Definition 2.1 that G’ and H are isoclinic.

Remark 4.1 (1) Let X = (X1, Xo,---,X;), Y = (Y1, Y2, ,Y,) € Fp*". X and Y
are said to be isoclinic if there exist two non-singular matrices C' € F;*" and D € F}*" such
that

(CToYoC)oD = X.

It is easy to see that the isoclinic relation is an equivalence relation. Now Proposition 4.2 can
be restated as “two finite special p-groups are isoclinic if and only if their commutator matrices
are isoclinic”.

Let X = (X1, Xa,---,X;) € Fp*"" and D be an r x r elementary matrix over I,,. Consid-
ering X as 1 x r formal matrix, it is clear that X o D is just the formal matrix obtained from
X by performing elementary column transformation. For convenience, we call such elementary
column transformation formal elementary column transformation. Clearly, the matrix obtained
from X by performing formal elementary column transformation is isoclinic to X.

(2) Let X = (X1, X2, ,X;), Y = (Y1,Ya,---,Y,) € Fp*". If X is a commutator
matrix of some finite special p-group and Y is isoclinic to X, then both X, X5, -+, X, and
Y1,Ys, - Y, are linearly independent.
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To classify special MC-p-groups, we need the following two lemmas.

Lemma 4.1 Let G be a finite special p-group. Then G is isoclinic to a special p-group K
with |K| = |G| and K = Q1(K).

Proof Since G is a special p-group, Z(G) = G' = ®(G). Assume G = (a1, a2, - ,a,).
Then o € Z(G) for all 1 < i < n. Let A = (by) x (b2) x --- x (b,) with o(b;) = p* for all
1 < j <mn. Considering L = G x A. Then Z(L) = Z(G) x A and L' = G’. By Corollary 2.1, G

and L are isoclinic. Take
N = ((azbz)p | a; € G,bz S A,l <1< Tl>

It is easy to get N < Z(L) and NNL' = 1. Let L = L/N. Then L and L are isoclinic by

Lemma 2.8. Notice that L = G« A = K % A, where

b= T, [aibi,ajbj] = [ai,aj],di € E,El S Z,l <1,7< n>

K = (a;b; | aib;
Then L and K are isoclinic by Corollary 2.1. Thus G and K are isoclinic, |K/Z(K)| =
|G/Z(G)| = p™ and |K’| = |G’|. Obviously, K = Q1 (K), ®(K) = K' < Z(K) and |K/K'| = p™.
It implies K/ = Z(K). Therefore K is a special p-group and |K| = |G]|.

Lemma 4.2 Let G be a special MC-p-group with |G'| = p". Then

G/G'| = p?, r=1,
p? <|G/G'| <p*, r>2.

Proof Since G is a special p-group, Z(G) = G’. If G has an abelian maximal subgroup,
then |G/G'| = p|Z(G)| = p"*! by Lemma 2.5. If G' has no abelian maximal subgroup, then
r>2and p* < |G/G’'| < p?” by Lemmas 3.4 and 3.5 (1).

Up to now, we can give a method to determine or classify special MC-p-groups in the

following remark.

Remark 4.2 Let p be a prime number. Firstly, for each pair (n,r) with (n,r) = (2,1) or
r>2and 3 <n <2r <n(n-—1), find all matrices X = (X1, Xo,---,X,) € Fp>mr with X;

being skew-symmetric, ¢ = 1,2,--- ,r such that rank(X) = n and
rank(X ok, X ol) =n for all k,1 € F? with k" o X ol # 0.

If such a matrix does not exist, then there is no special MC-p-group G with |G'| = p" and
|G : G'| =p".

Secondly, let &), ;. be the representative system of the isoclinic classes of the matrices deter-
mined above. For simplicity, one can translate the matrices in &, , into relatively simple forms
by using the operations ¢ and o as in Proposition 4.2.

Thirdly, for X = (X1, Xa, -, X;) € Xy, let Xy = (zyi5) € FY*™ for u = 1,2, 7.
Define

T

Hx = <a1,a2,--- caniti,ta, oty | al =0 =1, ]a;, a4] = H touid ag, ty] = [t tu] = 1,

u=1
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iaj:1727"' ,TL;U,Z:].,Q,"' 7T>'

Then all isoclinic classes of Hx, X € X, ., give all special MC-p-groups G with |G’| = p" and
|G: G| =p"

We give some examples to end our paper. We first consider finite special p-groups having
an abelian maximal subgroup. The next result gives a characterization of such groups.

Theorem 4.2 Let G be a finite special p-group with |G'| = p". Then G has an abelian
mazimal subgroup if and only if |G/G'| = p"+! and G is isoclinic to the special p-group H whose
commutator matriz is

T
0 e,

Y:(YE,YVQ,-H 7K”)(T+l)><(r+1)’r7 Y, = < e O 1<u<r.

3

>(r+1)><(r+1)

Proof (=) Since G has an abelian maximal subgroup, by Lemma 2.5, |G/G’| = p|Z(G)].
Note that G is a special p-group. Then Z(G) = G’ and |G/G'| = p"+!.

Let G = G/G". Then G is an elementary abelian group of order p"+!. Let A be an abelian
maximal subgroup of G. Assume that A = (by) x (b3) x --- x (b,41). Take by € G\ A. Then
G = (bi,ba, -+ ,bry1) and [b;,b;] = 1 for 2 < i,j <r+1. Let Z = (Zy,Z>,---,Z,) be the
commutator matrix of G. Then

_( 0 By .
Zu_(_/@u O)’ Bu€F, 1<u<r

Since G is special, rank(Z) = r + 1 by Proposition 4.1. Note that rank(Z,) < 2 for each w.
We get rank(Z,) = 2 for v = 1,2,--- ,r. On the other hand, rank(Z) = r + 1 implies that

rank(B1, B2, ,B3-) =r, and so (31,82, ,B,) has no zero row.
By Remark 4.1 (1), without loss of generality, we assume that the (2, 1)-th entry of Z; does
not equal 0. Then by some appropriate formal elementary column transformations, we can

translate the entries of the second row of Z into 0 except for the (2, 1)-th entry. Let
z' = (Z{,Zé, T ,Z;)

be the resulting matrix. Clearly, rank(Z’) = rank(Z) = r + 1. Then the (3,1)-th entry of Z
does not equal 0 for some 2 < s < r. Without loss of generality, we may assume that s = 2.
Again by some appropriate formal elementary column transformations, we can translate the
entries of the third row of Z’ into 0 except for the (3,r + 2)-th entry.

Note that rank(Z’) = r + 1. Repeat the above process, we get a matrix

Z/I — (Zi/ Zé/ . Z/I)
such that

T
Zi':(_xoe s ) O#z, €F,, 1<u<r

Let Y = Z" oD = (Y1,Ys,--,Y,) with
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Then

0 el
pu— u < <.
Y. <—€u O)’ 1<u<r

Clearly, Y is isoclinic to Z. Therefore G is isoclinic to a special p-group H with the commutator
matrix Y, as required.

(<) Let H be a special p-group such that

H=H/H = (b)) x (bg) x -+ x (by11) and H' = (s1) x (s2) x --+ x (s,.)
with the commutator matrix given in the theorem. Then H = (b1, ba, -+ ,br41) and
[bisbi]=1, 2<id,j<r+1 and [bg,su]=1[s1, su]=1 1<k<r+1, 1<ul<r

Let A = (by,b3,--- ,b,11). Then A is an abelian maximal subgroup of H. By Correspondence
Theorem, the preimage A of A under the natural homomorphism H — H/H’ is also a maximal
subgroup of H. It is clear that A is abelian. Hence H has an abelian maximal subgroup. Since
G is isoclinic to H, it follows that G has an abelian maximal subgroup, as required.

By Theorem 4.2, Lemma 4.1 and Proposition 3.2 (1), we immediately get the following

corollary.

Corollary 4.1 Let G be a finite special p-group. Then G has an abelian mazimal subgroup
(of course an MC-group) if and only if there exists a positive integer r such that G is isoclinic
to the following group:

<a17a27' o 7a’r+1;t17t27" : 7tr | azi) = tﬁ = 17 [a17ak+l] = tkh [ajaav] = [ai7tu] = [thtu] = 17

=12 r+15,v=23,-,r+ Lul,k=1,2--- 7).

In particular, for any prime number p and positive integer r, there exist finite special p-groups

G having an abelian maximal subgroup such that |G'| = p”, all these groups are isoclinic.

The following theorem gives a classification of finite special MC-p-groups G with |G/G’| =
.

Theorem 4.3 Let G be a special p-group with |G/G'| = p3. Then G is an MC-group if
and only if |G| = p? or p3, and G is isoclinic to the group (1) if |G'| = p?, G is isoclinic to the
group (2) if |G'| = p>, where

(1)

(a1,a0,as;t1,ta | a =t =1, (a1, a2] = t1, [a1, as] = ta, [az, as] = [a;, t,] =1,

[t t] =1,i=1,2,3;u,1=1,2),

with the commutator matrix

Z =(Z1,2Z5) =
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(2)

(a1, a2,a3;5t1,ta,t3 | al =8 =1,[a1, as] = t1,[a1, as] = t2,[az, a3] = t3, [a;, t,] = 1,

[t ta] =1,i=1,2,3;u,1=1,2,3),

with the commutator matriz

1 0
Z =(Z1,22,2Z3) = -1.0 0},
0 0

Proof (=) Let G be a special MC-p-group with |G/G’| = p3 and |G’| = p". Then
r > 2 by Lemma 4.2. Let X = (X, Xo,---, X,) with skew-symmetric matrix X,, € F;** for
u=1,2,--- ,r be a commutator matrix of G. Then rank(X,) = 2 for u = 1,2,--- ,r. So by

Lemma 2.1 there exists a non-singular matrix A € F2X3 such that

T B : _(J 0 (0 1
AXlA—Zl with Zl—(O O),J—(_l O)

Let ATX,A = Z,, v = 1,2,---,r and Z = (Z1,Zs,--- ,Z,). Then every Z, is skew-

symmetric. By Remark 4.1 (1), without loss of generality, we assume that

_( O s : _ [ ¥s _
Zs—<_n3~ O) with ns—<25>,5—2,---,7‘.

Thus Z5 # O. There are two cases.
Case 1 y2 # 0. Take

1 —y2_122 0
p- (P O with D; = ! (_)1 and C = [0 1 0
O B 0 v o 0 1

Let Z' = (CT o Z oC)oD. Then

Z' =(2,,25,Z%--- ,Z)),

T

where

O O 1 O / !
zi=10 0 o], Z;=< P ’75) with n’:<5f>,3<s<r.
1.0 0 - s

If r = 2, then X is isoclinic to the matrix Z' = (Z1, Z}), and so G is isoclinic to the group
(1) listed in the theorem.
If r > 3, by Remark 4.1, we assume that y, = 0 for s > 3. Then 2, #0. Let Z”" = Z' o D
with
E, O O
D=|0 z' o0
O 0 E, _;
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Then
ZN = (Zlazévzga"' ,Z;/)
with
0O 0 O 0 0 0
Z}!=10 0 1), Z!/=10 0 =z/], 4<s<r
0 -1 0 0 =2/ 0

If » > 4, then Z” should be isoclinic a matrix of the form
(Zla Zév Zéla 07 o )a

it contradicts Remark 4.1 (2). Thus r» = 3 and X is isoclinic to the matrix Z"” = (Z1, Z}, ZY).
Therefore G is isoclinic to the group (2) listed in the theorem.
Case 2 ys =0 and 25 # 0. Let

01 0
D:(_Ol EO ) cC=|(10 0
Tl 0 0 1
and Z' = (CT o Z o C)oD. Then
O O Z9
Z'=(2,,2y,---,Z!) withZb=| 0 0 0
—Z9 0 0

This is Case 1.

(<) Let H be the group (1) listed in the theorem. Obviously, rank(Z) = 3. Then H
is special by Proposition 4.1. It follows from Theorem 4.2 that H has an abelian maximal
subgroup. Thus H is a special MC-p-group by Proposition 3.2 (1). Therefore G is also a
special MC-p-group.

Let H be the group (2) listed in the theorem. Obviously, rank(Z) = 3. Then H is special
by Proposition 4.1. Let k = (1,22, 23)", I = (y1,y2,y3)" € F3. Then

kT o Z ol = (z1y2 — m2y1, T1Y3 — T3Y1, T2ys — T3Y2)
and

To T3 0 Y2 Y3 0
(Zok,Zol)=|—-21 0 23 -y 0  ys
0 —x1 —xz2 0 —y1 —uyo

If kTo Z ol # 0, without loss of generality, we may assume x1y2 — z2y1 # 0. Then (z1,22) # 0
and (y1,y2) # 0. Without loss of generality, assume x; # 0.
If yo # 0, it is easy to verify that

T2 Zs3 Y2
rank | —z1 0 -y | = 3.
0 —X1 0
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Hence rank(Z o k, Z 1) = 3.
If yo = 0, then x5 # 0 and y; # 0. Thus

T2 0 Yo
rank | —z; 23 —y1| =3
0 —xI2 0

and so rank(Z ¢ k, Z ol) = 3. Whence the commutator matrix of H satisfies the condition of
Theorem 4.1. It follows from Proposition 4.1 and Theorem 4.1 that H is a special MC-group.
Therefore G is a special MC-p-group.

Proposition 4.3  Let G be a special p-group with |G'| = p" and |G/G'| = p*". If G is an

MC-group, then the commutator matriz of G is isoclinic to a matriz of the form

Z = (J2T3227" ! 7Z’I“)a

0 1 0 0
-1 0 0 O
where Jop., Zo, -+ , 4, € F?fﬂr are skew-symmetric, Ja, = | - |, such that
0 0 0 1
0 0 -1 0

(1) Jop,Zs,- -, Z, are linearly independent,
(2) rank(Zy) =rank(Ja,) =21, s =2,--- 7,
(3) rank(z1Ja +22Zo + -+ + . Z,) = 2r for any (1,72, ,1,)T € Fy\ {0}.

Proof Let G be a special MC-p-group with |G’| = p" and |G/G’'| = p*". Assume X =
(X1, X9, ,X,) is a commutator matrix of G. By Theorem 4.2, our result is true for r = 1.
So we assume r > 2. Since X7 # O, rank(X;) = 2v for some v with 1 < v <r. By Lemma
2.1, there exists a non-singular matrix A € IF?,T“T such that

. Jo, O
ATX1A = Zl with Zl = < 5 O> .

Let AT X, A =2Z,,u=1,2,---,rand Z = (Z1,Z2,--+,Z,). Then Z = AT o X o A and
every Z, is skew-symmetric.

If the (i,j)-th entry Z[i, j] of Z, does not equal 0 for some s € {2,--- ,r}, i€ {1,---,2r},
je{2w+1,---,2r}, let e;, e; € F2" be the elementary unit column vectors. Then ef Z,e; =
Zli,j] # 0 and so el oZoe; # 0. On the other hand, Z1e; = 0, and so rank(Zoe;, Zoe;) < 2r.
It contradicts Theorem 4.1. Therefore the (i, j)-th entry of Z; equals 0 for s = 2,--- | r,i =
1,--+,2r, j =2v+1,---,2r. Similarly argument, we can prove that the (¢, j)-th entry of Zj
equals 0 for s=2,--- ,r,i=2v4+1,--- 2r, j=1,---,2r. Thus

Y. . .
Zs = (OS g) for some skew-symmetric matrix Yy € F§VX2”, §=2,--,T.

Hence rank(Z) = 2v. Note that X and Z are isoclinic. Then rank(Z) = rank(X) = 2r by
Proposition 4.1. So v = r and X is isoclinic to Z = (Ja,, Zo, -+, Z,.). That Ja,., Zs,--- , Z,
are linearly independent follows from Remark 4.1 (2).
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Suppose that rank(Z,) = 2k < 2r for some s € {2,---,r}. Without loss of generality,

assume that s = 2. There is a non-singular matrix B € IF?,T“T such that

Jox O)

T _
BZ2B—<O 0

Let Y =BY0ZoB. Then Y = (B J,,B,BYZ;B,--- ,BTZ,B) is isoclinic to X. Let i =

2k + 1. Since rank(B™Js, B) = 2r, there exists a j € {1,---,2r} such that (BT J, B)][i, j] # 0.

Then e} o (BTJy.B)oej # 0 and so e] oY oe; # 0. But (BTZ,B)e; = 0 and rank(Y ¢

e;,Y oe;) < 2r. It contradicts Theorem 4.1. Therefore rank(Z;) = 2r for s € {2,--- ,r}.
That (3) is true follows from (2) and Remark 4.1 (2).

Remark 4.3 (1) We do not know whether the converse part of Proposition 4.3 is true or
not.

(2) We also do not know whether the matrix satisfying the condition of Proposition 4.3
exists for any prime number p and any positive integer r > 2.

The matrix Z = (Jg, Z2, Z3) with

O 0 0 0 0 1 0 0 1 0 00
0O 0 0 1 0 0 0 0 0 1 1 0
0O 0 0 0 1 0 1 0 0 0 0 0

Z2=1¢o 1 0 0 0 of ™ Z=14g 10 0 01
0 0 -10 0 1 0 -1 0 0 0 0
1 0 0 0 -1 0 0 0 0 -1 0 0

satisfies the condition of Proposition 4.3 with respect to p = 2 and » = 3. It is a routine matter
to verify that the special 2-group with the commutator matrix Z is an MC-group.

But the matrix Z = (Js, Z2, Z3) above does not satisfy the condition of Proposition 4.3
with respect to p = 3 and r = 3 since rank (Js + Z3 + Z3) =4 < 6.

The following two propositions give a classification of special MC-p-group G such that
|G'| = p* with p = 3,2, respectively.

Proposition 4.4  Let G be a special 3-group with |G'| = 32. Then G is an MC-group if

and only if G is isoclinic to the one of the following groups:
(1)
(a1,az,a33t1,t2 | af =t =1, [a1,a2] = t1, [a1, a3] = ta, [az,a3) = 1,

[aivtu] = [tlvtu] = 17Z = 17233;’“31 = 172>7

with the commutator matriz

0 1
Z=(Z,,Z)=||-1 0
0 0

(2)

(a1,a2,a3,as;t1,ts | af = ti =1,[a1, a2] = [as, as] = t1, [a1, a4] = [a2, a3] = to,
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[a17a3] = [042,@4] = [aiatu] = [tlatu] = 171 = 1727374;’“71 = 172>7

with the commutator matrix

0 1 0 0 0 0 0 1
-1 0 0 0 0 0 1 0
Z=(21,2,) = 0 0 0 1’0o =10 0
0 0 -1 0 -1 0 0 0

Proof (=) Since G is a special MC-3-group with |G’| = 32, by Lemma 4.2, 3% < |G/G’| <
3% If |G/G'| = 33, then by Theorem 4.3, we can get the group (1) listed in the proposition. If
|G/G’| = 3%, then by Proposition 4.3, G is isoclinic to the special 3-group whose commutator
matrix Z = (Z1, Z>) with

0O 1 0 O
Z, = _01 8 8 (1) and  Z, € F3** is a skew-symmetric matrix
0O 0 -1 0

satisfies the condition of Proposition 4.3. By Remark 4.1 (1), without loss of generality, we

assume that

0 0 a b
0 0 c d .

Zy = 4 —c 0 e with a,b,c,d, e € Fs.
—-b —d —e O

Case 1l a=0. Let ej,es € IF§ be the elementary unit volumn vectors. Then

1 0 0 0
eg‘QZQelz(—:[’O)?éO and (Z<>627Z<>el): 8 _OC _01 8
0 —d 0 b

By Theorem 4.1, rank (Z ¢ es, Z ¢ e1) = 4 implies that b, ¢ # 0.

Let

1 —=b'd 0 0
0 1 0 0
C= 0 0 1 0
0 0 0 1

and Z' = CT o Z o C. Then

7' = (Z4, Zé)
with

0 0 0 b
, o o ¢ o
Z3 = 0 —c 0 e
-b 0 —e O
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By Remark 4.1 (1), without loss of generality, we assume that b = 1, that is,

0 0 0 1
;|10 0 c 0
Z; = 0 —c 0 e
-1 0 —-e O
Then
0 1 0 1 0 2 0 1
-1 0 c 0 -2 0 c 0
Zl—l—Zé: 0 e 0 14 and 221+Z§= 0 e 0 91 e
-1 0 -1-e 0 -1 0 —-2-e 0

Now rank (Z; + Z}) = 4 implies 1 + e+ ¢ # 0, and rank(2Z; + Z}) = 4 implies 1+ 2e + ¢ # 0.
If e =0, then ¢ # —1 and so ¢ = 1, hence

o
I
—
co o
oo

Therefore G is isoclinic to the group (2) listed in the proposition.
If e # 0, whence ¢ = —1. If e = 1, then

0 0 0 1
o o -10
Z2=10o 1 0 1
-1 0 -1 0
Let
1 0 10
0 1 00 11
020010’D2(01)
0 -1 0 1

and Z" = (CT o Z' o C)o D. Then

0 0 0 1
"o " . " 0 0O 1 0
Z" =(Z,,Zy) with Zj = 0 -1 0 0
-1 0 0 0
Therefore G is isoclinic to the group (2) listed in the proposition.
If e = —1, then
0 0 0 1
, 1o 0o -1 o0
Zy = 0O 1 0 -1
-1 0 1 0
Let
1 0 1 0
0 1 0 0 1 1
C=lo 0o 10] P= ( 0 1 )
0 -1 0 1
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and Z" = (CT o Z' o C)o D. Then

0 0 0 1
" _ % . » [0 0 -1 0
Z" =(Zy,Zy) with Zj = 0 1 0 1
-1 0 -1 0

Similar argument as above, we get that G is isoclinic to the group (2) listed in the proposition.
Case 2 a #0. Let

al¢e 1 00
-1 0 0 O
C= 0 0 1 0
0 0 0 1
and Z' = CT o Z o C. Then
Z/Z(Zl,Zé),
where
0 0 0 v
/ !
Z = 8 _OC, % TV Sith v, d, ¢ € Fs.
B

This is Case 1.

(<) Let H be the group (1) listed in the proposition. Obviously, rank (Z) =3. Then H
is special by Proposition 4.1. It follows from Theorem 4.2 that H has an abelian maximal
subgroup. Thus H is a special MC-3-group by Proposition 3.2 (1). Therefore G is also a
special MC-3-group.

Let H be the group (2) listed in the proposition. Obviously, rank(Z) = 4. Then H is special
by Proposition 4.1. Let k = (21,22, 73,24)%, L = (y1,v2,v3,y4)T € F3. Then

kT o Z ol = (z1y2 — Tay1 + T3Ys — TaY3, T1Ys — TaY1 + ToYz — T3Yo)

and

(Zok,Zol)=| "1 T YV
Ty —T2  Ys Y2
—r3 —T1 —Ys —W
Suppose that rank (Z ¢ k, Z 1) < 4. Then the column vectors of (Z ¢ k, Z ¢ 1) are linearly
dependent, hence there exist k1, ko, ks, ks € F3 with (k1, ke, k3, ks) # 0 such that
k1zo + kawy + k3ya + kays = 0,
—k1z1 + kows — kay1 + kays =0,
kx4 — koxo + k3ys — kay2 = 0,
—k1w3 — kowy — kays — kay1 = 0.
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Note that IT ¢ Z ok = —kT o Z o 1. Only the case of k1 # 0 or ks # 0 needs to be considered.
If k1 # 0, without loss of generality, we may assume that k& = 1. Then

Xy = —koxg — k3y2 — kaya,
w1 = kows — ksy1 + kays,
xy = kowa — ksys + kayo,
x3 = —kox1 — k3ys — kay1.

It follows that

T1Y2 — Tay1 + T3ya — Tay3 = —k2(T1ya — Tay1 + T2y3 — T3Y2)

and

T1Ys — Tay1 + T2Y3 — x3y2 = ko(T1y2 — Toy1 + T3Ys — T4Y3).

That is
(1 + k3)(v1ya — Tavn + 22y3 — 23y2) = 0.

Then x1y4 — Tay1 + T2y3 — £3y2 = 0 and so T1y2 — Toy1 + T3ys — ay3 = 0. Hence kT 0 Zol = 0.
If ko # 0, without loss of generality, we may assume that ks = 1. Then
xy = —k122 — k3y2 — kaya,
x3 = k121 + k3y1 — kays,
Ty = k1x4 + k3ys — kayo,
1 = —kiws — kays — kayr.

It follows that

T1Y2 — Tay1 + Taya — Tays = k1 (T1Ya — Tay1 + T2y3 — T3Y2)

and

T1Ys — Tay1 + T2Y3 — T3y2 = —k1(T1y2 — T2y + T3ya — T4Y3).

Similar argument as above, we get kT ¢ Z ol = 0.
Summing up, we have proved that the commutator matrix of H satisfies the condition of
Theorem 4.1. It follows that H is a special MC-3-group. Therefore G is also a special MC-3-

group.
Proposition 4.5 Let G be a special 2-group with |G'| = 22. Then G is an MC-group if

and only if G is isoclinic to one of the following groups :

(1)

(a1,az,a3;t1,t2 | a2 =12 = 1,[a1,a2] = t1, [a1, az] = t2,[az,a3] = 1,

[aite] = [t t] = 1,0 = 1,2,3;u,1=1,2)
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with the commutator matrix

0 1 0 0 0 1
Z=(2,2)=]1 0 o],[o 0 o]];
0 0 O 1 0 0
(2)
<a17a27a’37a4;t17t2 | az? = ti = 17 [CLl,CLQ] - tla [a17a4] = [CLQ,CLg] = tQa [a37a4] = t1t27

[04_,(13] = [a27a4] = [aiatu] = [tl7tu] = 172 = 1727374;’“71: 172>

with the commutator matrix

0100 00 0 1
100 0 00 1 0
Z=(21,2) = 000 1]°lo1 0 1
0010 101 0

Proof (=) Since G is a special MC-2-group with |G’| = 2%, by Lemma 4.2, 2% < |G/G’| <
2%, If |G/G'| = 23, then by Theorem 4.3, we can get the group (1) listed in the proposition. If
|G/G’| = 2%, then by Proposition 4.3, G is isoclinic to the special 2-group whose commutator
matrix Z = (Z1, Z>) with

01 0 O
Z, = (1) 8 8 (1) and Z € Fg” is a skew-symmetric matrix
0 0 1 0

satisfies the condition of Proposition 4.3. By Remark 4.1 (1), without loss of generality, we
assume that

Zy = with a,b,c,d, e € Fs.

Qe OO
Qo OO
o OO0 2
[==ENCIRSUIS

Case 1l a=0. Let e1,es € IF‘Q1 be the elementary unit volumn vectors. Then

e;oZoe = (1,00#0 and (Zoey, Zoe)=

o O O
QLo OO
oo = O
O OO

By Theorem 4.1, rank(Z ¢ es, Z ¢ e1) = 4 implies that b,¢ # 0. So b=c = 1.
If d =0, then

Zy+ 2y =

—_ O = O
O = O =
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Now rank(Z; + Z5) = 4 implies e = 1. Hence

Zy =

_o0 o o
o= O O
— O = O
O = O =

So G is isoclinic to the group (2) listed in the proposition.

Ifd=1,let

1 0 0 O
01 0 O
C= 0 0 1 1
0 0 0 1

and Z' = CT o Z o C. Then
Z/:(Zlvzé)

with

0 0 0 1
, oo 1o
Zy = 0 1 0 e
1 0 e O

Similar argument as above, we get ¢ = 1 and G is isoclinic to the group (2) listed in the
proposition.
Case 2 a=1. Let

1 0 0 O 1 0 0 O
01 0 0 . 0 1 0 0 .
C = 00 1 0l ifb=1;, C= 00 o0 1l ifb=0
0 0 1 1 0 0 1 0
and Z' = CT o Z o C. Then
Z':(Zl,Zé),
where
0 0 0 VvV
0 0 ¢ d .
Zh = 0 o 0 o with ¥, ¢, d', e’ € TFs.
v o d e 0

This is Case 1.
(<) Similar arguments as in the proof of the sufficiency of Proposition 4.4, we can prove

that G is a special MC-2-group.

Remark 4.4 By Theorem 4.3 and Propositions 4.4-4.5, we know that the bound of |G/ |
for special MC-p-groups given in Lemma 4.2 is sharp, we do not know the distribution of |G /G|
between p? and p?".
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