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Abstract Over an algebraically closed field of characteristic p > 2, the 0-dimensional and
1-dimensional cohomology of the queer Lie superalgebra ¢(2) with coefficients in all baby
Verma modules and all simple modules are determined.
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1 Introduction

The Lie superalgebra cohomology is widely used in mathematics and physics, which is of
great importance for studying extensions of modules as well as extensions of Lie superalgebras
themselves. For instance, relative cohomology is fundamental in the Borel-Weil-Bott theory (see
[4]) and cohomology of nilpotent radicals of parabolic subalgebras is crucial in the Kazhdan-
Lusztig theory (see [2]). It is the second Hochschild cohomology group, with coefficients in the
algebra itself regarded as a bi-module, that classifies the formal deformations of an associative
algebra. Lie superalgebra cohomology is the foundation of the deformation theory of universal
enveloping algebras of Lie superalgebras. In addition, the Hochschild cohomology group for the
universal enveloping algebra of a Lie superalgebra can be shown to be isomorphic to the second
Lie superalgebra cohomology group with its coefficient module being its universal enveloping
algebra under the adjoint action. In 1977, Kac posed a challenging question: Determine the
low-dimensional cohomology of simple Lie superalgebras with coefficients in arbitrary simple
modules over a field of characteristic 0. For the simple Lie superalgebras s[(m, n) and osp(2, 2n),
Schunert, Su and Zhang have answered Kac’s question in [5, p. 5052] and [6, Theorems 1.2-1.3].

Our concern is the modular-version of Kac’s question above. This paper is a sequel to
[7], in which H!(sl(2,1), M) is determined for any finite-dimensional simple s[(2,1)-module
M over a field of prime characteristic. This paper aims to determine the 0-dimensional and
1-dimensional cohomology of the smallest queer Lie superalgebra q(2) with coefficients in all
baby Verma modules and all simple modules over an algebraically closed field of characteristic
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p > 2. Note that the 0-dimensional cohomology of ¢(2) with coefficients in all simple modules

is trivial by definition. Hence we list our main results in the following two theorems.

Theorem 1.1 Ouer an algebraically closed field of characteristic p > 2, let Z,(\) be the
baby Verma module of q(2) with highest weight A\ and p-character x. Then

01, (Ax)=(0,0),
sdim Ho(q(2),ZX()\)):{O:O ith::wm( ) (1.1)
L[1,  (Ax)=(0,0),

Theorem 1.2 Ouver an algebraically closed field of characteristic p > 2, let Ly (\) be the
simple module of q(2) with highest weight A and p-character x. Then

2 | 2, ()‘aX) = (0,0),

0|17 )\:(Lp—l)vX:Oa
x=0

sdim Hl(q(Z)va()\)) = 210, A=(p—1,1)

)

01]0, otherwise.

2 Preliminaries

In this paper, we write I for the underlying field and F, for the prime subfield of F. All
vector spaces, algebras and (sub)modules are assumed to be Zs-graded and finite-dimensional
over F. Hereafter Zy = {0,1} is the field of two elements. We make some conventions for a
vector (super)space V = Vg @ Vi

(1) For v € V5 U Vg, write |v| € Zy for the parity (Zs-degree) of v and the symbol |a| always
implies that a is Zs-homogeneous in a vector space.

(2) Write sdim V' = dim Vg | dim V7.

(3) Write V = <U17"'7Um | wl;"',wn>, Wthh means that {’Ula"'avm | w17---7wn}
is a Za-homogeneous basis of V. In case m = 0 or n = 0, write V.= (0 | wy,--- ,wy) or
(1, , v | 0), respectively.

2.1 The low-dimensional cohomology of a Lie superalgebra

Let L be a Lie superalgebra and M be an L-module. Recall that a Zs-homogeneous linear

mapping ¢ : L — M is a derivation of parity |¢] if

o(z,y]) = (D)W lzp(y) — (1) Dyp(z)  for 2,y € L.

Denote by Der(L, M) the vector space spanned by all the Zs-homogeneous derivations from L
to M; each element therein is called a derivation. For a Zs-homogeneous element m € M, the
map ®,, from L to M is defined by

Dp(x) = (=1)*IMlzm,  where z € L.
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Then ®,, is a Zs-homogeneous derivation of parity |m/|. Write Ider(L, M) for the vector space
spanned by all ©,,, with Zs-homogeneous elements m € M; each element therein is called an
inner derivation. In general, L-module Homp(L, M) (consisting of all linear maps from L to
M) contains Ider(L, M) and Der(L, M) as submodules.

Let b be a Cartan subalgebra of L. Suppose that L and M possess weight space decompo-

L= L, M= M,

vehg vebg

sitions with respect to bg:

Hereafter, denote by L* the space consisting of all linear maps from L to F for Lie superalgebra
L. Write

Homp(L, M)y = {¢ € Homp(L, M) | $(La) C My, Vo € b5},
Der(L, M)y = {¢ € Der(L, M) | $(La) C Ma, Vo € b5}

A linear map (resp. derivation) in Homp(L, M) (resp. Der(L, M) ) is called a weight-map
(resp. weight-derivation) with respect to h. It is a standard fact that

Der(L, M) = Der(L, M) q) + Ider(L, M) (2.1)

for a standard proof of which the reader can see [1, Lemma 3.2] or [7, Lemma 2.1].

By definition, the 1-dimensional cohomology of L with coefficients in M is
H'(L, M) = Der(L, M) /Ider(L, M) (2.2)
and the 0-dimensional cohomology is
HY(L,M)={m & M |zm=0,Vx € L}.

Two 1-cocycles (elements in Der(L, M)) are said to be cohomologous if their images in H(L, M)
are equal. From (2.1)—(2.2), we get the following lemma, which gives a useful reduction method

in computing the 1-dimensional cohomology of Lie superalgebras.

Lemma 2.1 Retain the above notations. Let p € HY(L, M). Then ¢ is cohomologous to a
weight-derivation. In particular, p(h) lies in H*(L, M) for any h € bg.

Proof 1t is sufficient to show the last assertion. Since ¢ is cohomologous to a weight-
derivation, we may regard ¢ as a weight-derivation. Let h € bz and 2 € L, for any o € bg.
Then

a(h)p(z) = p([h,a]) = he(x) — (=1)lap(h) = a(h)p(x) — (=1)#lzp(h).
It follows that z@(h) = 0. This implies p(h) € H°(L, M) since both z and « are arbitrary.

2.2 The queer Lie superalgebra q(2) and its representation theory

We follow the reference [8] for the structure and representation theory of q(2). For the

convenience of the readers, we summarize some information as follows.
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For k =1, 2, set k = 2+ k for convenience. Write

hl = E11 + Eii, h2 = E22 + EQQ, € = E12 + Ei?’ f = E21 + Eﬁi?
Hy,:=FE,; + Ej,, Ha:=FEy+FEs,, FE:=FE;+F,, F:=EFEy;+Es.

Hereafter F;; is the 4 x 4 matrix unit. The queer Lie superalgebra
q(2) = <h17h2767f | H17H27EaF>

and we write it as g for short. We call b := (hq, ho | Hy, Ho) the standard Cartan subalgebra
of g. Let \ € b%. If A(h;) = A; for i = 1,2, write A = (A1, A2) for short. With respect to by, all

weight spaces of g are listed below:

go = (h1,he | Hi, Ha), ga,—1y=1(e|E), g11)=(f|F).

Letting n™ = (f | F) and n™ = (e | E), we have a triangular decomposition g =n~ @ h & n'T.
Recall that a restricted Lie superalgebra is a Lie superalgebra where the even part is a

restricted Lie algebra and the odd part is a restricted module of the even part by the adjoint

action. Then g is a restricted Lie superalgebra with a p-mapping [p] which is the usual pth

power. Let V' be a simple g-module. Then there exists x € g5, such that

aPv — zlPly = x(x)Pv, Yz € gy veV.

In this case we also call V a simple g-module with p-character x. Fix x € gg. Denote by I the
ideal of U(g) generated by the elements x? — z[P) — y(z)? for all = € g5. Write U, (g) = U(g)/Ly,
which is called the reduced enveloping superalgebra with p-character x. Note that a simple
g-module with p-character x is the same as a simple U,(g)-module. Any p-character x’ is
G-conjugate to a p-character y with X(‘%L) = 0 and U,/(g) = U,(g), where g5z = Lie(G).
Therefore the study of simple g-modules is reduced to the problem of studying simple ones
with p-character y when x runs over the representatives of coadjoint G-orbits in g% (see [3,
Remark 2.3]). Recall that there are three coadjoint G-orbits with the following representatives
(see [8, Sec. 6]):

(1) nilpotent: x(e) = x(h1) = x(h2) =0 and x(f) = 1.

(2) semisimple: x(e) = x(f) =0, x(h1) = a, x(h2) = b for some a,b € F.

(3) mixed: x(e) =0,x(f) =1, x(h1) = x(h2) = a for some a € F\{0}.
Hereafter the symbol x implies that x € g5 and x is either nilpotent or semisimple or mixed.

Below we recall simple Uy (h)-modules constructed in [8, Sec. 2.3]. Let A € bz and b a

maximal isotropic subspace with respect to the following bilinear form on by
(a,b)x := X[a,b]), Va, b€ by.
Then A can be extended to a one-dimensional (hy + bh1)-module F by letting hiFy = 0. Write

Ay ={xebg [ A(R)” = A(h) = x(R)"; h € b5}
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Then F) is a Uy (hy + h1)-module if and only if X € A,. Write
VX()‘):UX([')) ® Fr, A€A,.
Uy (bg+bh1)

Then V,(A) is a simple U, (h)-module. Recall that the baby Verma module of U,(g) with
highest weight A and p-character x is

Zy(N) =Uylg) Q) Vi(N), AeA,.
Uy (hont)

Denote by L, () the unique simple quotient of Z, (A), which is also of highest weight A and
p-character . Write vy for the highest-weight vector of weight X in Vi (X) and set |vy| =
0. For convenience, write (4,7, k) and [i, 7, k] for the elements f'F7HFvy and f'FIH%vy in
Zy(N), respectively. In this paper, the symbols f%, (a,j,k),[a,7, k] and a always imply that
a is the smallest nonnegative integer in the residue class containing a modulo p. We also

use (4,7, k) or [4,7,k] to represent the residue class containing (7,7, k) or [i,j, k] in Ly (). If

p=1 1 1 .
z=> 33 aiyr(i,j, k), we write 2% for a;p.
i=0 j=0 k=0

Remark 2.1 (see [8, Sec. 5]) Let x € g> and A = (A1, A2) € Ay
(1) If A =0, then Z,(\) has a basis

{(a,7,0) | 7=0,1,0<a <p—1}.
(2) If A1 # 0, then Z,(X) has a basis

{(a,j,k) | j.,k=0,1,0<a<p-—1}
(3) If Ay =0 and Ay # 0, then Z, (\) has a basis

{la,5, k] [ j,k=0,1,0<a <p—1}

3 H(g, Zx(\))

In this paper, the symbol dp means 1 if a proposition P is true, and 0 otherwise. We list

some formulas about the g-action on Z, () (see [8, Sec. 5] for details) in the following.

Remark 3.1 The g-action on Z, () is given in the following.
(1) If A = (0, A2) # 0, then

Fla,j, k] = dj=ola, 1, k],
f[a .77 _611751) 1[a+1 ]7 ]+6a:p—1X(f)p[Ovjak]a
HZ[CL 0,k ( ) [CL - 1,1, k] + 5i:2(5k:() + /\Q(Skzl)[a, 0, 5k:0],

Ela,0,k] = —a(dk=0 + A20k=1)[a — 1,0, 0x=0] — a(a — 1)[a — 2,1, k], (3.1)

k| =
k]
] =
Ela,1,k] = a(dg=0 + A20k=1)[a — 1,1, dk—0] + A2[a, 0, k],
] =
] = —ala = (=1) + Xa)[a — 1,4, k] = 8(j.0)=1,0)[@, 0, 1] = 8(; ) =(1.1) A2, 0, 0],

ela, j, k
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Hi[a, 1, k] = (5a¢p_1[a + 1,0, k’] + 5a:p_1x(f)p[0, 0, k’] — 0i=2(0k=0 + )\25k:1)[a, 1, 5k:0]~

(2) If A = (A1, 0) # 0, then

F(a,j, k) = 6j=0(a,1,k),
flay 4, k) = bazp-1(a+1,4, k) + da=p-1x(f)" (0, ], k),
Hi(a,0,k) = (=1)"a(a — 1,1, k) + 6i=1 (k=0 + A\10x=1)(a, 0, dx—o),
E(a,1,k) = —a(0k=0 + A\10k=1)(a — 1,1, 0x=0) + A1(a, 0, k),
E(a,0,k) = a(dg=0 + Mdk=1)(a — 1,0,0k=0) — ala — 1)(a — 2,1, k),
e(a, 3, k) = a(\ —a+ (=1)7)(a— 1,4, k)

+0¢j,k)=(1,0) (@, 0, 1) + 6. 1)=(1,1yA1(a, 0,0),
Hi(av 1? k) = 5G¢P—1(a + 13 07 k) =+ 6a:P—1X(f)p(07 Oa k)
— 8i=1(0k=0 + M0x=1)(a, 1, 0x=0).

(3) If A1 = Ag £ 0 or 0 A7 # A3 #0, then

F(a,j,k) = dj=0(a, 1, k),
fla,j, k) = bazp-1(a + 1,4, k) + da=p-1x(f)"(0, ], k),
E(a,1,k) = —a(dr=o0(1 + =) + (A1 + pA2)dk=1)(a — 1,1, 65=0)
+ (A1 + A2)(a,0,k),
E(a,0,k) = a(Sp—o(1 + =) + (A1 + pA2)dr=1)(a — 1,0, 6x—0)
—ala—1)(a—2,1,k),
e(a,j, k) = 6(m)=(1,1) (A1 + pA2)(a, 0,0) + 0 y=1,0) (1 + ) (a,0,1)
+a(M — A2 —a+ (1)) (a—1,4,k),
Hi(a,0,k) = (-1)'a(a — 1,1, k) + §i=1 (6k=0 + A16k=1)(a, 0, dp—0)
— Gi=a(Sk—opt™ " + ptA20k=1)(a, 0, 6x—0),
Hi(a,1,k) = bazp-1(a+1,0,k) + ba=p-1x(f)"(0,0, k)
— 0i=1(0k=0 + M10r=1)(a, 1, 6x=0)
+ Sim2(Sk—opt ™" + pA2dk=1)(a, 1, 6k=0),

where 2 = —1if A\; = Ay # 0, and pla + A=t = 0if 0 # A2 # A2 # 0.
(4) It A = (A1, —\1), then

hi(avjﬂ k) = (_1)i(a+j - )\1)(@,]’, k)a
F(a,j,k): jzo(a,l,k),

. . X(f)p(ovjak)v ifa:p—l,
f(a’]’k)_{(aﬂ,j,k), if a#p—1.

Besides, the following formulas are true.
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o If \; # 0, then

e(avja k) = CL(2)\1 —a—+ (_1)3)(a - 17.ja k) + 5(]'7/6):(170)2(&5 07 1)a (37)
; X(f)p(ovoak)v lfa’:p_lv

H;(a,1,k) = ((=1)"0p—0 — Mp=1)(a,1,0k—0) + 3.8

( ) = ((—=1)"dk=0 — A1dk=1)( k=0) {(a+1,0,k), fatp—1, (3-8)

Hi(a,0,k) = ((=1)" k=0 + A10x=1)(a, 0, k=) + (—1)‘a(a — 1,1, k), (3.9)

E(a,j, k) = 0(j.1)201,1) (6k=0(—1)"2a(a — 1,5,1) = §;—pa(a — 1)(a — 2,1, k)). (3.10)

o If /\1 = 0, then

e(a,§,0) = —a(a — (=1)7)(a — 1,4,0), (3.11)

Hi(a,1,0) = {X(f)p(o’ 0.0), Ha=p-1, (3.12)
(a+1,0,0), ifa#p-—1,

H;(a,0,0) = (=1)"a(a —1,1,0), (3.13)

E(a’j’ O) == j:oa(a - 1)(0’ - 27 17 O)
In the following, we give a proof of the first part of Theorem 1.1.

Proof of Formula (1.1) in Theorem 1.1 Let z € H(g, Z,()\)). Since H%(g, Z,(\)) is a

weight-module, x may be viewed as one of the following forms:
z1(a+1,0,0) + 22(a,1,1) or z3(a+1,0,1)+ z4(a,1,0), if A\ #O0;
yila+1,0,0] + yola,1,1] or ysla+1,0,1] +y4la,1,0], if A= (0,)) #0;
z1(a+1,0,0) or z2(a,1,0), if A=0,

where z;,y;,2; € F. By Fau =0, we have
1 =23 =y1 =y3 =2 =0.

Case A = (0,2) # 0 Note that

0= Bysla, 1,1] 2 yads(ala — 1,1,0] + [a,0,1]),

0= Eyala, 1,00 2 ya(ala — 1,1,1] + As[a, 0,0)).

It follows that yo = y4 = 0.

Case A = 0 Note that

3.12
0= Hiz3(a,1,0) 2 25(8ape1X(£)P(0,0,0) + Garip_1(a+1,0,0)).

It follows that zo = 0 in case a # p — 1 or x(f) # 0. As a result, v = 29(p — 1,1,0) if x = 0.
It is clear that (p — 1,1,0) is in H%(g, Z, (X)) in case (A, x) = (0,0). Then H%(g, Z,(\)) = (0 |
(p—1,1,0)) if (A, x) = (0,0), and 0 otherwise.

Case \; =)\2;é00r0;é)\§7é)\§7é0 Note that

(3.3)
) p—

0= H1x2(a7 1,1 x2(6a75p—1(a + 1,0, 1) + 6a:p—lX(f)P(07 0, 1) - A1 ((l, 1, O))7

24(Sazp—1(a+1,0,0) + Saep_1x(f)F(0,0,0) — (a,1,1)).

5.3) (3.14)
0= Hyx4(a,1,0) "=
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It follows that x9 = 24 = 0.

Case A = (A1,0) # 0 By using (3.2), we may get equation (3.14), which implies that
To = x4 = 0.

Case A = (A1, —A1) # 0 By using (3.8), we may get equation (3.14), which implies that
To = x4 = 0.

It follows that

H(g,Z,(\)) = (3.15)

0, otherwise.

{<O | (p_ 1, 150)>7 (Xa /\) = (0,0),

As a result formula (1.1) is true.

4 H'(g, Zy (X)) and H'(g, Ly()))

The following proposition determines the unique simple quotient L, (A) of Z,(X) in case
A= ()\1, —)\1) S Fg = Fp X Fp.

Proposition 4.1 Let A = (A, —\1).
(1) Let Ay € F,\ {0}. Denote by M, the subspace of Zy(\) with a basis

(a,1,1), (¢,0,0), (¢,0,1), (c,1,0), (b+1,0,1)= A (b,1,0), (2\1,1,0),

where
0<a<p—1, 0<b<2\—1, 2\ +1<c<p-—1.

Denote by Ms the subspace of Zy(\) with a basts
{(a,1,1),(a+1,0,1) — A (a,1,0) |0 <a <p—1}.
Then N/
Z.(\)/Mi, x =0,
Ly ="
Zy(X)/Ms, x is nilpotent.
(2) Let A =0. Denote by M3 the subspace of Z,(\) with a basis
{(CL, 07 O)a (av 1a 0)7 (Oa 17 0) | 1 S a S pP— 1}
Then

I (/\) . ZX()‘)/M37 x =0,
X Z\(N), X s nilpotent.

Proof Let i = 1,2 or 3. From Remark 3.1(4), it is routine to show that M, is a submodule
of Z,(\) under the corresponding condition.

It is sufficient to show that Z, (X\)/M; can be generated by any nonzero element. M; is a
weight module, so is Z, (\)/M;. Then it is sufficient to show that Z, (\)/M; can be generated
by any Zs-homogeneous weight vector.

Note that Zy(A\)/M; has a basis consisting of the following Zs-homogeneous weight vectors

{(a,0,0),(a,0,1) |0 <a <2\ }.



Cohomology of q(2) in Prime Characteristic 581

Let 0 < a < 2)\;. By (3.7), one sees that Zs(\)/M; can be generated by (a,0,0). Then
by Hi(a,0,1) (32 A1(a,0,0) in Zg(N)/M; and Ay # 0, one sees that Zy(\)/M; can also be
generated by (a,0,1).

Note that Zx(/\) /M3 has a basis consisting of the following Zs-homogeneous weight vectors
{(G,0,0),((LO’]_) | 0 S a Sp_ 1}

Let 0 < a < p—1. Hence Z, (\)/M> can be generated by (a,0,0) in case x is nilpotent because
of (3.6). Then by Hi(a,0,1) 2 A1 (a,0,0) in Zy(\)/Mz and A # 0, one sees that Zy(\)/Ma
can also be generated by (a,0, 1).
Note that Z,(\)/Ms has a basis {(0,0,0)}, which can generate Z, ()\)/Mj3, obviously.
Let x be nilpotent. Note that Z, (0) has a basis consisting of the following Z,-homogeneous
weight vectors
{(a,0,0),(a,1,0) |0 <a<p-—1}

Let 0 < a < p—1. Hence Z,(0) can be generated by (a,0,0) in case y is nilpotent because of
(3.6). Then by (3.12), Z,(0) can be generated by (a, 1,0).
4.1 Target-weight spaces

In view of Lemma 2.1, in order to determine Der(g, Z,()))) and Der(g, Ly (), we
shall give the weight-spaces Z,(\)q and Ly(\)q for a = (1,-1),(—1,1),0. The weight-
s (1,—-1),(—1,1) and O are called the target-weights of Z, (\) or L,(\). The following two
lemmas determine all the target-weight spaces of Z, (X) and L, (\).

Lemma 4.1 For A = (A1, \2), the target-weight spaces of Zy () and Ly (\) are listed below.
(1) Let Ay = —X2 ¢ F, or Ay # —Xa. Then

ZyNa = Ly(Na =0, a=0, (1,—1), (=1,1).

(2) Let \y = =X € Fp\{()} Then

((A1,0,0),(A\ —1,1,1) | (A1 —1,1,0), (A1,0,1)), a=0,
Zy(Na = (M +1,0,0), (A, 1,1) | (A1,1,0), (A + 1,0, 1)), a=(-1,1),
(A —1,0,0), (A —2,1,1) | (\; —2,1,0), (A1 — 1,0,1)), = (1,-1).

(3) Let A\=0. Then

<(07050)| (p—1,1,0)>, a =0,

ZX()‘)OL = <(p_170a0) | (p_27170)>7 Q= (17_1)7
<(17050) | (07150»7 = (_151)7
((

I 0,0,0)]0), a=0,
0( )04 - {0’ o= (1,_1); (_171)'
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Proof Note that in Z, (), (a, j, k) or [a, j, k| has the weight (A1 —a — j, A2 + a + j), since
hi(a,j,k) = (di=1(A1 — a — j) + di=2(A2 + a + j))(a, j, k).
Then the condition A1 + A2 # 0 or A\ = —A2 ¢ F,, implies that
Zy(N)a =0, a=0, (1,-1), (—1,1).

Then
LX()\)Otzov QZO, (13_1)3 (_171)

in case A1 + X2 # 0 or Ay = —A\y ¢ F,,. Hence (1) is true. By a direct computation, the
conclusions on Z, (\) in (2)—(3) are true from Remark 2.1 and (3.4).

Let A = 0. Then the conclusions on L, () in (3) are true from Proposition 4.1.

Lemma 4.2 Let A = (A, —\;) € F2.
(1) If \y =1, then

((1,0,0) | (0,1,0)), a=0,
LO(/\)Ot = {<(27070) | (17 170)>7 a = (_17 1)7
((0,0,0) | (0,0,1)), a=(1,-1).
(2) If \y =p—1, then
0, a=0,
LO( ) {<(0705 ) | (0705 )>7 = (_151)7
<(p 5070) | (p 3, 170)> = (17_1)'
(3) Ifp>5and 2 < Ay < B, then
<(/\1,0 O)| (/\1—1,1,0)>, a=0,
LO()\)Oz = <(/\1 +1 O 0) | ()‘13170»3 o = _131)7

(
(A —1,0,0) | (A —2,1,0)), a=(1,—1).

(4) If p>5 and L <\ <p—2, then Loy(A\)a =0 for a =0, (—1,1),(1,-1).
(5) Let x be nilpotent and Ay € F,\{0}. Then

((A1,0,0) | (A — 1,1,0)), a=0,
LX()‘)OL = <(/\1+17070) | ()‘17170»7 o = (_Ll)v
<(/\1 — 1,0,0) | ()\1 — 2, 1,0)>, o = (1,—1).
(6) Let (x,\) = (0,0). Then
L) = {<(0,0,0) |0), a=0,
0, a=(-1,1),(1,-1).

Proof Case x = 0 From Proposition 4.1, Ly(\) has a basis

{(a,0,0),(2X1,0,0),(a,1,0),(0,0,1) | 0 < a < 2X\; — 1}
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and the following equations hold in Lg(\):

(a’+17071):A1(a7170)7&07 OSQS2A1_17
(b+1,0,1) = \i(5,1,0)=0, 2\ <b<p—2,
(p—1,1,0)= (¢,0,0) = (d,1,1) =0, 2\ +1<ec<p-1 0<d<p-—1.

Then for x = 0,41, —2, it is necessary to compare A\; + « and 2A\; by Lemma 4.1(2). To that
aim, we get the following conclusions:
eIfp>5and 2 <A\ <251, then

Mo2< M- 1< <M Hl<2h
e If p>5and A\ =1, then

Mol <Abl=20 <A -2
elfp>>5and \; =p—1, then

ML <A —2<A —1=2) <\

elf p>5and A\ =p— 2, then
Mo2=20 <M -1<h <MtL
oprZ?and%S/\l < p—3, then
2 <A -2< M —1<h <AL
e If p=3and A\ =1, then

/\1—1<ﬁ</\1+1:&:)\1—2.

o If p=3and \; =2, then

AM+1=XM—-2<A —1=2\ <A1

Therefore, the conclusions on target-weight spaces of Lo()) in (1)—(4) are true.

Case x being nilpotent From Proposition 4.1, L, () has a basis
{(a,0,0),(a,1,0) |0 <a<p—1}
and the following equations hold in L, (\)
(a+1,0,1) = A\i(a,1,0) #0, (a,1,1)=0, 0<a<p-—1.

Then (5) holds.
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4.2 Weight-derivation spaces

In this subsection, we determine all of weight-derivations from g to Z, (\) or L, (A).
From Remark 3.1 and Proposition 4.1, we get the following formulas about L, (\) as the
g-module in case X = (A1, —A1) € F2\{0}, which will be used in the future and only need a

direct computation:

H4(0,0,1) = H5(0,0,1) = A1(0,0,0), (4.1)
F(a,,0) = dj=0(dy=000<a<2x, -1 + dx0)(a; 1,0), (4.2)
H;(a,1,0) = (6y=000<a<2x,—1 + Oy0)dazp—1(a+1,0,0)
+ 0x00a=p-1X(f)"(0,0,0), (4.3)
H;i(a,0,0) = (dy=081<a<2r, +dx0)(=1)"(a = A1)(a —1,1,0)
+ 0(a0=(0,0)(=1)"1(0,0, 1), (4.4)
E(a,j,0) = 0j=0(0y=002<a<2r, + Oyz0)a(2A1 —a +1)(a —2,1,0)
+ 0(j,x.a)=(0,0,1)2(0, 0, 1), (4.5)
f(a,4,0) = bazp-1(dx=000<a<2x,—1 + dj=00x=00a=21,~1)(a + 1, 5, 0)
+ 0x#00azp—1(a +1,5,0) + da=p—10,20x(f)*(0,0,0), (4.6)

e(a,j, 0) = a(2/\1 —a-+ (_l)j)(5(x7k7a):(070,&) + 5X7g())(a — 1,j, 0)
+ a(2)\1 —a -+ (—1)j)5X:0(50§a§2>\1_1(a — 1,j, 0)
+ (3., k)=(0,1,0) (20001 (@ — 1,1,0) 4 20,=0(0,0, 1))
+ 25X¢0)\1(a - 1, 1, 0) (47)

Lemma 4.3 (1) If x is semisimple, then
Der(g, Zy (X)) = 0.
(2) Let o € Der(g, Z, (M) o) and 7 € Der(g, Ly ()))0y. Then
a(hi) = 0, n20,07(hi) =0, i=1,2.
(3) Let o € Der(g, Zy (X)) o) and 7 € Der(g, Ly(X)) o) 1- If
(11,41, k1) # (A1, 1,0), (i2, 2, k2) # (A1, 1,1), (i3, 3, k) # (A — 2,1, 1),
then

S0 TE) = poan 200 TE) =0,
5(X))\1):(0)1)(2T(F)(>\1+1’O’0) + T(E)(Al—LO,O)) =0,
5‘0‘:60—(F)(i1)j1)k1) = 5|O.|:TO'(F)(i27j2’k2) = 5‘0‘:TU(E)(i37j3’k3) = 0.
Proof (1) Let x be semisimple. There exists h; such that x(h;) # 0. Since X € A, that
is, A — \; = x(h;)?, we get \; ¢ F),. From Lemma 4.1(1),

Home (g, Z,(A))0) = 0.
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It follows that
Der(g, Zx(/\))(o) =0.

(2) From Lemma 2.1, (3.15) and Lemma 4.1, it is sufficient to show
8g=g0(hi) P10 =0, i=1,2
in case (x,\) = (0,0). Let (\,x) = (0,0) and || = 1. By the definition of derivations,

Then
~o(h)P 0 (p — 1,1,0) = o(H;) “0 1;(0,0,0) “=" 0.

As a result, o(h;)®~ 510 =0 in case (), x) = (0,0) and |o| =T.
(3) From Lemmas 4.1-4.2, it is sufficient to show

5‘0‘:65A1¢00(F)(A1+1,0,1) - 5‘0‘:TU(F)()‘1+1’0’0) — 5|U|:T0(E)(A1—1,0,0) —0,

()\1-‘,-1,0,0) — 5( (Al—l,0,0) — 0

Ie a0, T(F) x #0107 (E)
5()(7)\1):(0,1)(27-(F)(>\1+1y070) + T(E)(k1—1,070)) _ 0’

in case \; = —\y € F,,. Let Ay = —\3 € F, and |7| = 1. By the definition of weight-derivations
and [F, F] = 0,
0 = Fo(F) = 6 5(0n 500 (F) M HLODF( +1,0,1) + o (F) P19 F (0, 1,0))
+ 01— (On 200 (F) AP E (M, 1,1) + o (F) MO0 F(N +1,0,0))

" 5\0\:65>\1¢00(F)(>\1+170)1)()‘1 +1L,L1)+ 6|0|2T0(F)(>\1+170y0) (M +1,1,0),

0= Pr(F) "2 7(F)M+100(\; 41,1,0).

Hence
(5X:05>\17éi1 + 5P1)T(F)()\1+1)070) = 07

6|U|:55A1¢00'(F)()\1+1)071) = 6|U|:TU(F)(>\1+170)0) =0,

where the first equation is from
(M1 +1,1,0) #0in Ly (A) ©x =0 and A\; ¢ {1,p— 1}, or x is nilpotent.

For convenience, hereafter denote by P; the position that x is nilpotent; P; the one that
2 <\ <L
Let |o] = |7] =1 in the following. Then by [E, F] = hy + hy and (2),

0= _U([Ea F]) = 5A1;£00'(F)()\1’171)E()\1, 1, 1)
+ 0200 (B) M 2LV RN —2/1,1)
+o(B)M 00 P () - 1,0,0)
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(3.5);3.10) O’(E)()\l_LO’O)F(Al _ 1’ 170)’

0= —7([E, F]) = (txa0=0.1) + 60an=0p-1)27(F) MOV B +1,0,0)
+ ()M OO RN - 1,0,0)
(4.2),(4.5) ~
= 6()(,)\1):(0)1)(2T(F)()\1+170’0) + T(E)O\l 1,070))()\1 _ 1’ 170)
+ 0y=06p,T(E) MO0 (A — 1,1,0)

+ 0p, 7(B) M =100 (N —1,1,0),

where the last equation is from

-1
(M —1,1,0) #0in Ly (A\) ©x =0and 1 <\ < L , or x is nilpotent.

It follows that
8g1—10(E)M~100 =,
6(X)>\1):(0)1)(27_(F)(A1+1,0,0) 4 T(E)(Al—l,o,o)) — O7
Sy=00p, (E) M~ 100 =,
5P1T(E)(>\1_170’0) =0.

It remains to show 0(y ., )=(0,p—1)T(E)*1 7100 = 0. By [E,E] = 0 and the definition of

derivations,
0= E7(E) = 7(E)* =29 B(A = 1,0,0)(3(x,x)=(0p-1) + O(xA)=(0.1))
4.5 _
) =0y T (E) 100 (5, 42(0,0,1) — §,252(A1 — 3,1,0)).

It follows that

S ) =(0.p—1)T(E) 217100 =,

For convenience, define two linear maps from g to Z, () as follows:
(1) Define ¢ € Homg(g, Zy (X)) by

p(H1) = ¢(H2) = (p—1,1,0), ¢(z) =0,
where x = e, E, F, f,h1, ho.
(2) Define ¢ € Homg(g, Z,(\)) by
Y(H1) = ¢(Hz) = —(0,0,0),  ¢(f) = (0,1,0), ¢(x) =0,
where x = e, E, F, hy, hs.
In the following, we give a proof of the second part of Theorem 1.1.
Proof of Formula (1.2) in Theorem 1.1 Claim that
Dan-1,11)9200,00 | Da-1,1,0,D0,01)) A= (A1, —A1) € F2\{0},
<©(0,070)7<P | ), (A, x) = (0,0),

Der(g, Z, (A =
# 2N (000,00 [ Dp-1.1.0); A = 0,x is nilpotent,

0, otherwise.
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It is routine to show that ¢, ¢ are weight-derivations if (X, x) = (0,0). It is a standard fact
that the space Ider(g, Zy(A)) o) = (D(0,0,0) | 0) in case (A, x) = (0,0), which implies that the
derivations ¢, 1) are not inner.

Firstly we show that the elements are linearly independent in the right sets of the above

claim.

Case A = (A1, — A1) € Fz\{O} On one hand, let
a®n—1,1,1) T 0D 00 = 0=cDn,01) T dD N —1,1,0)5
where a,b,c,d € F. For convenience, we write
0 =090 -1,1,1) T 0D ,005 T=D,01) T dD0-1,10)-
Then

0=0(F) =aF(\ — 1,1,1) +bF(A1,0,0) "2 b(\1, 1,0),

0=7(F) = cF(M,0,1) + dF(\ — 1,1,0) 2 ¢(A\, 1, 1),

which implies b = 0 = ¢. Furthermore

(36

0=0o(f) =af(h —1,1,1) T a(r, 1,1),
(3.5)

0=7(f) =df(M —1,1,0) ="d(M,1,0),
which implies a = 0 = d. Then

Po-110:P0000)F o {D00,01), D0 -1,1,0}

is linearly independent in case A = (A1, —A1) € F2\{0}.

Case A = 0 On one hand, it is routine to show that ¢ and i are weight-derivations.
It is obvious that ¢,v and D (g, are linearly independent in case (A, x) = (0,0), so are
Y =D-1,1,0 and ¢ =D (g,0,0) in case A = 0 and x is nilpotent.

Secondly, we prove that weight-derivations must be in the right sets of the above claim in
case A = (A1, —\1) € ]FZQ,.

Let o € Der(g, Zy(A))(g),5- On one hand, by the definition of derivations, Lemmas 4.1 and
4.3(3), we get the following equations:

o([H;, F]) = o(F)A 10 (0, 1,0) + 65, 200 (H;) MO Y F(M,0,1)
+ o (H;) M BEO PN —1,1,0)
(3.5)7(3@7(3.12) 5}\#0((_1)1‘0(};‘)(,\171,0) +U(Hi)(’\1’071))(/\1,1,1)
+ Oxp-10(F) PO (A +1,0,0) + 63, —p10(F) P10 x(£)7(0,0,0),
o(le, Hy]) = 0, 2o(o(Hi) A1 OVe(A,0,1) — o(e) M =2V H (A — 2,1, 1))

+ o (H;) M 110N —1,1,0) — o (e) M MO0 Hy (A, —1,0,0)
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(3.7)—(3.9)@.11),(3.12) 5A1¢0(U(H) (A1,0,1) )\1()\1 + 1) + 20(H )(,\1 1,1,0) )()\1 —-1,0, 1)

+ 63 20(—0x, 210 (e) M THEY 4 (—1)ig(e) M THO) (A — 1,0, 1)
+ Ox,20(a (H)M 0N (A = 1) + a(e) P =2LDA ) (A — 2,1,0)
+ 020 (—(=1)io(e)M=E0O (N — 1)) (A —2,1,0)
— x,=10(e) M 2N (£)P(0,0,1) 4 8x, =o(=1) 0 (e) 17100 (p - 2,1,0),
(e, f1) = dxz0(a(£) PP Ve(Ar, 1,1) — a(e) M 721D F(A = 2,1,1))
+ o (f)MFLO0e (X +1,0,0) — o(e) P 7H00) £(X; —1,0,0)
GOLED 51 o(@(HPT DA (A — 1) — 8x,z10(e) 21D (A — 1,1, 1)
+ 0, 20(0(F)ITHOON (A1 + 1) = 0 () M TH00)(41,0,0)
— x=10(e) M TAEIX(F)P(0,1,1) = 263,200 () M TR0 x(£)7(0,0,0),
o([f, E) = 6x,20(a(£)P VBN, 1,1) + o(B) XM 10D £(A = 1,0, 1))
o(f)MFTLOO BN 4+1,0,0) 4+ o(E)M =210 £(X; —21,0)
COLAN 5, (o (B)M=H0D a6 (£)FLO0 (X 4 1))(A,0,1)
+ 020 (On, 210 (B) P 7210 G (HYGFLOO N (A + 1)) (A, — 1,1,0)
+ 03, =10 (E)P =210 (£)P(0,1,0) 4 63, —oo (E) M1 =210 (p —1,1,0),
o([H;, Hy]) = 205, 200 (H;) MOV H;(A,0,1) + 20 (H;) M =20 Hy (A —1,1,0)
(3:8)=(3.9),312) 5 ¢ NG (H) P OD N 4 o (H) P =110 (—1)i(\ — 1,1,1)
+ (A1,0,0)) + 205, —oo (H; ) M= E10 4 (£)P(0,0,0).

On the other hand, from the multiplication of g and Remark 3.1, we have the following

equations:

o([Hi, Hi]) = 20(hi) =0, (e, f]) = o(h1 — ha) = 0,
U([Hiv F]) = U( ) 1#00(f)(A1)1’1)(/\17 L 1) + U(f)()\l—’_l)o’())()‘l +1,0, 0)7
o(le, Hi]) = (~1)'0(E) = (~1)'65, 200 (E) M 0D (A, — 1,0,1)
+ (=D (BN 20 —2,1,0),
o([f, E]) = o(Hs — H1) = 6x,20(0(Ha) 0D — o (H) A+ 0V)(M,0,1)
+ (0 (Hy) =0 — o (H) =B (A —1,1,0),
where the first two equations are true from Lemma 4.3(2). Then each even weight-derivation
is in the right set of the above claim.
Let o € Der(g, Zy(\))(g)7- On one hand, by the definition of derivations and Lemma 4.1,
we get the following equations:
—0([H;, F]) = 0,200 (F) APV H (A, 1,1) + o (Hy) MO F(A1,0,0)
+ 0y 200 (H) M~ BLDE(N —1,1,1)
(3.5),(3.8) Sx,20(— Mo (F YALLD) 4 o) P00y () 1,0)
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+ 63,2000 2p_10(F)AED (N +1,0,1)
+ 63,200 (Hi) %90, 1,0) + 65, =p—10(F) P~ 11D x(£)7(0,0, 1),
o([e, Hy]) = 0xy0(o(H) M2 e(A — 1,1,1) + o (e) M =20V H (A —1,0,1))
+ o (Hy)P2109¢(71,0,0) + o(e) M 2L Hy (A —2,1,0)
(3»7)—(3»9),(:3»11)—(3-12) 5}\#0(0([{1_)()\1—1,1,1)/\1()\1 1)
+ (=1)io(e) M =210y (N —2,1,1)
+x20(—1) (M = Da(e) M POV (N —2,1,1)
+ 63, 20(a(e) MOV N o (H) P00\ (A 4 1)) (A —1,0,0)
+ 03, 2000, 210 (€)M 2LO (N —1,0,0)
+6x,=10(e)PHHOX(£)P(0,0,0) + 63, =00 (e) P10 (p — 1,0,0),
a([e, f1) = O z0(o(F)MHH0Ve(A +1,0,1) — o (e) OV f(A = 1,0,1))
a(f)Pr10e(A,1,0) — o(e) P =219 £(N; —2,1,0)
(3.6)=(3.7),(3.11) S 20(@(F)PIFEODN Ay + 1) + 20(F) P10
_ U(e)()‘l_l’071))(/\1,0, 1) _ 5/\#10(6)(&—2,170)(/\1 —1, 170)
— x=10(e) PN (£)P(0,1,0)
+ 00,200 (F)PEON (A — 1) (A — 1,1,0),
o([f, Hil) = 0x,20(c(H) M HED (A = 1,1, 1) + o (/)M OV H; (A + —1,0,1))
+o(H) P00 £(A1,0,0) + o (f)* PO Hy (A, 1,0)
(3.6)—(3.9),(3.12) 20\ + D)o (f)(A1+1,0,1) + a_(f)(Al,l,O))(_ )i(/\h 1,1)
+ Oy zo Mo (FYMFLOD (N +1,0,0) + 6y, 00 (H) M ~HED (A, 1,1)
+ O zp1 (0(/) D) 4 o (H) M) (A +1,0,0)
+ =1 (0 (H) P00 4 o (£) 7RO x(£)7(0,0,0),

where the first equation is from Lemma 4.3(3). On the other hand, from Lemmas 4.1 and
4.3(2), we have the following equations:

o(le, f]) = o(hy — hy) =0,

a(le, Hi]) = (=1)'0(E) = (=1)'0x,200(E) M1 =21 (A1 = 2,1,1),

o([f, Hi]) = (=1)" o (F) = (=1)F 65,200 (F) XD (A, 1, 1),

o([Hy, F]) = 0(f) = dx,200 (/)M HEOD (0 + 1,0, 1) + o (£) P10 (A, 1,0),

where the first three equations are true from Lemma 4.3. Then each even weight-derivation is
in the right set of the above claim.

It follows that the above claim is true. As a result formula (1.2) holds.

For convenience, define some linear maps from g to L, (\) as follows:

(1) For i = 1,2, define ¢; € Homg(g, Ly ()\)) by

wi(hi) = (0,0,0), ¢i(x) =0,
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where © = e, B, F, f, Hy, Hy, 6;—1h2, 0;—2h1.
(2) For i = 1,2, define ¢; € Homg(g, Ly (\)) by

wz(Hl) = (07 0, 0)7 %(x) =0,

where z = e, B, F, f,hy, hg, 6;—1H3, 8;—2H.
(3) Define 3 € Homp(g, Ly (\)) by

903(.]0) = _(05070)3 4103(F) = (0307 1)5 @3(17) =0,

where x = €, E, hl, hQ, Hl, HQ.
(4) Define ¢4 € Hompg(g, Ly ())) by

@4(6):(1)_23070)? @4(E): (p_33170)? 904(17)207

where x = f, F, hl, hQ, Hl, HQ.
(5) Define 93 € Homg(g, L, ())) by

1/)Zi‘(E‘) = _2(07050)7 ¢3(F) = (27050)7

Y3(Hy) = (1,0,0), 43(Hs) = —(1,0,0), 3(x) =0,

where x = e, f, hy, hs.

In the following, we give a proof of Theorem 1.2.

Proof of Theorem 1.2 Claim that

Der(g, Ly (A) ) =

Dn+1.0,0 | Du-11,0), x=0, A=(A1,=\1) € IE‘% with A\ # 0, &1,

{e1,02 [ 1, 92), (A x) = (0,0),
(D1,00) | D0,1,0),¥3), A=(L,p—1), x=0,
(03,504 | 0), A=(p-11), x=0,
(D00,0,0 | Dai=1,1,00) X is nilpotent,

0, otherwise.

It is routine to show that ¢;,1); are weight-derivations under the corresponding condition
for 1 <i < 4,1 < j < 3. Itis a standard fact that the space Ider(g,L,()\))) = 0 in
case (A, x) = (0,0) or A = (p — 1,1),x = 0, which implies that the derivations ¢;,1); are

not inner, where ¢ = 1,2,3,4,j = 1,2. In addition, Ider(g,Ly(A)))7 = FD(0,1,0) in case

A= (1,p—1),x = 0, which implies that the derivation w3 is also not inner. It is true that

the elements in the right sets of the above claim are linearly independent, the proof of which is

omitted.

In the following, we prove that weight-derivations must be in the right sets of the above

claim.

For convenience, denote by P, the proposition that 1 < A\ < p—;l; Ps3 the one that 1 < )\ <
p—;l or \{ = p —1; P5 the one that 2 < A\ < p—;l or A\ =p—1.
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Let o € Der(g, Ly(A))(g)5- On one hand, by the definition of derivations and Lemma 4.2,

we get the following equations:

o([H;, F]) = o(F)* 195, _06p, + 6p,)Hi(M1, 1,0)
+ o (H;) M =805, _6p, + 0p, ) F(M —1,1,0)
+ 6xan=0p-1)0 (F) OOV H; (0,0, 1)
WDZED) (YO L0/(5 _6p, + 8py 0, 2p—1) (A1 +1,0,0)
+a(F) X1 06p, 65, —p-1x()P(0,0,0)
= S an=(0,p-1)0(F)**1(0,0,0),
o([H;, E]) = o(E)M =295, _o6p, + 6p, ) Hi(M —2,1,0)
+ o(Hy) M =110, _o6p, +6p,)E(A —1,1,0)
+ Sean=(0.0)0 (B) @OV H;(0,0,1)
D=L ED) () M=210) (5 055 + 6p,6x,21)(\1 — 1,0,0)
+o(B)M 72106, 55, _1x(£)P(0,0,0)
+ v =0.1)0(E)**(0,0,0),
o(le, Hy)) = o(H;) M= 110(5, _op, 4 dp, Je(M\ — 1,1,0)
—o(e)M 00§ _dp, 4+ dp, ) Hi (M — 1,0,0)
LD\ O + Do (H)P =120 (8 _o6p, + 6p,) (A1 — 2,1,0)
+ 80 =(0,1) (20 (H) M1 7HE0) 4 (—1)ig(e) M —109)(0,0,1)
+ (=)o (e) M =100 (5, _o6p, +6p,) (A1 — 2,1,0),
%a([Hi, Hy)) = o(H) M =115, _o8p, + 6p, ) Hi(A — 1,1,0)

U ()M =110 (5, _dp, + dp, ) (A1, 0,0).

On the other hand, from the multiplication of g, Lemmas 4.2-4.3, we have the following equa-

tions:
o([Hi, F]) = o(f) = o (/)0 (8 =00p, + 3p,) (M +1,0,1),
o([H;, E]) = o(e) = a(e) =100 (5, _odp, + dp, ) (A1 — 1,0,0),
o([e, Hi]) = (—1)'0(E) = (=1)"(dy=00p, + 0p, )o(E) M =310 (X —2,1,0)

+ (=10 a)=0.1y0 (E) 0D (0,0, 1).

Then each even weight-derivation is in the right sets of the above claim.
Let 7 € Der(g, Ly (\))(g)7- On one hand, by the definition of derivations and Lemma 4.2,
we get the following equations:

7([e, Hy]) = (€)M =210 (5, —0p, + 6p, ) Hi(A1 — 2,1,0)
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+ 7(H;) X005, _o6p, + dp, )e(A1,0,0)
+ 80 am)=(0,1)7(€) C OV H;(0,0,1)
D@ ED L) A00 N (Ay +1)(8y—o0p, + 0, ) (A1 — 1,0,0)
+7(e)MT2L0(§ _06p 4+ 0p,6x,21) (M1 — 1,0,0)
+7(e) M 72O s y=(0,1) + 0, 0x,=1)(0,0,0),
([f, i) = 7(/) X1 (8y=00p, + 6p, ) Hi(A1, 1,0)
+ 7(Hi) 00 (63206, + 0p,) f(M1,0,0)
+ 80 =(0p—1y () OOV H, (0,0, 1)
UD=EEO L gy Ma00) (5 65+ 8p b, 2p-1)(A1 + 1,0,0)
+7(f)P 105, _o0p, + 0p,0xy£p—1) (M1 + 1,0,0)
+7(f) A0 (03, —p—1X(F)P = S n)=(0,p—-1))(0,0,0)
4+ 7(H) 0065 65, =, 1x(£)P(0,0,0).

\]

)
)

On the other hand, from Lemma 4.3, we have the following equations:

(e, Hi]) = (=1)'7(E) = (=1)'6(x x)=(0.)7(E)**?(0,0,0),
T([fs i) = (=17 (F) = (=1 6y n)=0.)7(F) #9(2,0,0).

Then each odd weight-derivation is in the right sets of the above claim.

It follows that the above claim is true. As a result Theorem 1.2 holds.
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