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Co _ ' Abstract:
J " A measure w is called Carleson measure, iff thé‘ condition of Carleson type w(@*)<
" 0]Q|*(a=1) is satisfied, where C is a constant independent of the cube @ with edge length
¢>0in R* and @*={(y, ¥) € B¥"'|y €@, 0<t<gq}. In this paper the following theorem is
established: “Suppose that w is a Carleson measure, P(y, £) is continuous in R%*' and
0% (z) = i tS}l]%) . |®Cy, )| . Then the following inequalities hold: (W ({|DCy,)|>s})

Y-l <t, (¥, R : - L

<01 @ @>}|oVs>0, @ [, 10D 1mm<d]] @ @], @ [ 10w, Ol
<C [ f D* (%) da:] where 3@ denotes the cube with the same center as @ but of edge length

“8¢”. In virtue of this theorem, the proof of three proposmons in' the paper of C: Feffer-
man and E. M. Stein (Acta Math., 1972) is simplified.

v - ¢+ §1. Introduction

The following three propositions, which played an imporﬁant role in the theory
of HP fuctions, were proved by 0. Fefferman and E. M. Steintin 1972.

Proposition 1. Supposs 1<Po<r<oco and r/Po=1+A. If w is the Poisson
integral of £ € LP*(R"), then

R
{4[13”-*1 tl”lu(w" t> lr d/‘vtdt} <O”f"Pw g ’ (1-1)
where O is @ constant independent of f and R+t dehbtes the upper half space of R™*,

Proposition 2. Suppose 1<Po<r and ¢/Po—1+7\. Let f€ L"°(R”), u be its
Pozsson mtegml and '

T(s, h)={(y, £) € RE| |y—| <h, 0<1<h},

then the 7
n the mapping , . ayds dt r
JM P lu(, Dl
f—>sup : o L =K (f)
j Tz, )

>0
t

és of weak type (Po, Po) and sirong type (P, P) for P>Po, 4. 6., the following two
tmquahtws hold respectively -

(GEBIKD @ <Ol @D
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where for any measurable set K, | K| denotes its Lebesgue*ﬁwwswe, and, ‘
| (H) [<C|flz (P>Py). 1.3)
Proposition 3. For any u=u(w, ) harmonic in R+, lot .

dt
Jmh) t* | u(y, t)l-—'“dz 1
M, () (o) = sap {126 B
<h<oe A
JT(-'Pon)t

Suppose now 0<Po<1l and Pyt 1—!—7& then the mwpp’mg u—>M; (u) is of weak type
(P, Po) and sirong type (P, P) for Py<P<oco, i. e. .
| (@€ B*| M, (%) (@) >0} | <O{[ul ns/a} " (1.4)
| M. () |[p<C|u|ge, Po<P<oo, (1.5)
In this note we shall establish a result concerhing the measure of Oarleson type.
By making use of this result, the above mentioned three propositions will be easily
* deduced. thus we obtain a quite simple proof of the inequalities (1.1)—(1. 5)concerning
harmonic fuctions in R}*. It seems to us that our resuls may have further applications
%o the theory of H” fuctions. Before we state our main result, we have to give soma
 definitions: | |
Deﬁmtlon 11. 4 posztwe measure w on R satisfying the condition of Carleson
type '
w(@)<01Ql" <a>1> (1.6)
s called measure of Carleson type or simply O’wrleson measure. Here Q is an arbitrary
“oube in R* fwfz,th stdes parallel to the axes.
={(y, D ERM|yeQ, 0<i<g= length of the side of Q}
- ond the constant O is independent of Q.
Deﬁnltlon 1.2. Let i (y, ¢) be-a function defined on RY™ and
I'(@) ={(y, ©) €BY*||y—w| <t}
be the cone with vertex at 2 € R*. We denote by
Y (@)= sup [Py, ©) l (z€ BY)

WHEr®@
‘the nontangentml maximal function of i,

Our main result runs as follows: _
Theorem. ILe: u be a Carleson measure with a=>1 and yi(y, t) be a continuous

. fumetion on R, Then we have

&) u({YQ, H[>$)<0| W@ >3 | @7

for each §>0;
b) {,. 1@, t>|“du<a{[m¢*<m>dw}“; o SR
[ olwsof]_rwal” aw

for each cube Q, >whefre 3Q denotes the cube with the same center as Q but with the lengthl
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of side equal to 3q, later on, KQ(K >0) will have the same meaning.

§ 2. Proof of fhe' theorem

a) For each s>.0, applying Whitney’s theorem™ to the open set {if*(#)>s}, we

obtain a pairwise disjoint family of cubes {Q;} with {{*(z)>s} =)@ and 3}|Q;| =
. . J J

1{e: ¢* (@) >s} |. Moreover, these cubes have the following property: For an appropriate

“choise of the positive number K, actually we may choose K = 10\/ n, each cube KQ, .

intersects the set {#: Y*(«) <s}. We now have ‘

{, D ERP| Y, | >SUAV 0 @) x [0, VO nq:]
—U(lO\/ nQ)* (g;=length of the S1de of Q).

‘To see this, mote that if (z, r) € {(y, ) € RE™| [P (y, 1) |>s}, then * (a;) >s.
Hence @ belongs to some Q. It suffices to prove r& [0, 104/ ng;]. Suppose r>10/ng;,
then we bave ¢/* (@) >s as long as Z€ Rrand |a; x| <r. This contradlcts the Whltney s
theorem. So : |

w({G, §) ERI| [y (y, 1) l>s}><M(U(10\/nQy) <zm:<1wn@> 1 o
<012|1an9|“<a 21@1%0{21@”}" ouw Vs <m>>s}|“'

which proves a,)
b) ‘We have - S
[[1@, 1= @, D114, H1>5)ds
A _ | | o

| <02j: 1| {o: * (2) >s} | *ds
<0, ups| ¢*<w>f>s}|}“-i.(j I w<w>>s}1ds) |

<0{L”¢f (w)@}“ 1{j " (m)dm} {[ ¢ (w)dw} ?

c) Lot g« be the characteristic function of Q*, then

([ 19, 010 du<0 [ F@a),

whlch proves b).

le
where L
= t * .
I @ (y,ggg() 90, Dol
It is clear that - ' e
' ﬂlsb(y, 1)) I“dn<0{f ¢*(w)dm}
Q‘

~and:

F@<t@- mp 14,

WHer@w
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It suffices to prove that *(¢) =0 as long as #Z3Q. I fact, if »E3Q and
(y, t) €Q*, then |o—y|>8¢q. From this, (y, t) EI'(w). Therefore if #&€3Q and
(y, ©) €I'(@), then (y, ) EQ*. It follows that ¢ (=) =0, 4

Remark. We could use the ball § instead of Q and §*={(y, t) ER*||y—=|
<h, 0<t<h} instead of Q*, where  is the cénter of' S and b is the radius of 8. =~

§ 3 Apphcatlons—smpler proof of Proposmons 1-—3

We require the following well- known deﬁmtlons and- 1emmas o

Definition 8.1. Let f be locally integrable on R". We define Hardy-LwttZewood
mawximal fuction M (f) by

B (5) @) =sup o, @l
whea"e the supremum is taken over all finite @ in R".

Lemma 8.2. M () is of weak type (1.1) and strong type (P P) fo'r 1< P<co.

The proof was given in [2]. .

Lemma 3.3. Supposs w 45 the Poisson integral of an f€LF(R") (P>1) then
there is a constant O independent of f such that

u* () <OM (f) (2).

The proof was given in [4].

Lemma 3.4. (harmonic majorant) Suppose u(w, t) € H?, 0<P<L1. Then there
is @ Py, 0<P,<P, such that .
o, ] <o, DY,
where v (x, t)is the Poisson integral of f€ L¥/F*(R"). Moreover

| ulw = IF1¥5.

The proof was given in [1] and [3].

Now we are going to give the apllications of our theorom.

i) Proof of Proposition 1. ’I‘he meastire du ="~ dy di satisfies the condltlon of the
Carleson measure with a=1+A. Since '

[[pe-2ayar= 1@~ 1ql"
¢ el :

Applying the result b) with (y, #) ;lu(y, £) |iﬂ$ We ol;ﬁ ain
{[[ 10, 1" dydt} -4 s, 01 1+">1+"d,u,} "

Ryt Ront

a+a/r

<of[, (v, 17 @as} ™" <0{[, ;E@%@J Tda)
<0{[,, () @1Taa} " ~OLH () [n<O|f .
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ii) Proof of Proposition 2, When P=co, the: proposition is-obvious. By the
Marcinkiewicz interpolation theorem, it suffices to prove that K7 (f) is of weak type
(Po, Po). Now d;x,——-t"”‘idydt satisfies the condition of the Oarleson measure with
a=1+A. Lot §={yc R"| |y—w| <h} and T (e, k) =85*. In virtue of the remark of our
theorem, we have | ' |

: ” *u(y, 1) l-’:fd/yfl,—tcﬂ{lu(y, ) |i5?$%+¥.dw

T(@,h) 8

A}

) %o;{j (10,9 !‘i%)*(w)d?a}”‘,

- Thus
jt‘"lu(y, 8y | g | | | |
— t <02{‘ ; U (u*(w))ﬁ?dw]m}i/r
” t"”M |s|*** L)asg

T (&, k)

<O, @™ <0 e w (@l

<O{M (LM (F)TT) Y0 = Ou{M (LM ()™ @)},
For each a>0 applying Lemma 3.2, we obtain
He: K5(F) @) >a} | <|{o: O{M (LM (f)17) @)} P >a} |
=1{m: OFM ([M(£)17) (&) >a"} | <Csa | (M (£)]%|1
=Osa ™| M (f) | B:<CaP|f 5.

iii) Proof of Proposition 3. In virtue of Lemma 8.4, we know that there is a Py
satisfying 0< Py<Po= (1+A)~%, the function »(#, t) being the Poisson integral of
FE LP/P+(R"), such that |

luw, ) | <{v(@, H}™,
Moreover
|t] 2o = | £ | ¥
Let 7=P;*, By=P,/Py and 7/Py=1+A. From Proposition 2, the mapping -
¥

- dy dt
[ o]0, o7 L2

. (@, )
f -—>§E§> o dy dt
t

IO
is of weak type (Do, P,) and strong type (P, P) for P > P,. Note that

[ #l0, o172

{M,(w) (w)}1/7<snll? 75,k ﬁ ” T . (8.1)
Tt

T, k)

Thus we obtain for each o>0
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| (o I, <u> (@) >a} 1=l ar, <u> @) B
A e, t)l'd@"” '5

< 2| sup Z&mn

h>0 ' J:[ tM,

T(@,m)

<0 FIF 15 = Ca®|u] us,.
~ When P> Py, it is clear that Pfr>P Applymg (8. 1) and Propo1st1on 2 we - see ‘that
M, (u) (w) is of strong type (P P) for P>Po, i, e, '

1M,(w) |2 <O ts] o,
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