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Abstract :

In this paper we have extended the Putnam-Fuglede Theorem of nomal operators and
discussed the condition for the Putnam-Fuglede Theorem holding. We have proved that if
A and B* are hyponomal operators and AX=XB, then A*X=XB*; that if 4 and B* are
semi-hyponomal operators and X is invertible operator such that AXB=X, then A*XB*=
that if T is a contraction and P is a positive compact opertor such that 7*PT'=P, then R(P)

~reduces T' to unifary. In the meantime, we have proved that AXB=X and A*XB*=X both
are true if and only if 1° N(X)4, R(X) reduce B, 4 to invertible operators, respectively;
2° Tet X=WP, be polar decomposition, then we have that B~Y|yx. and 4|z are unitary
equivalent by W which is unitary from N (X)+ to R(X), and P, and B commute.

In the operator theory of Hilbert space the normal operators have an importaf
property: If 4 is intwining between normal operators Ny and Ny, i. e. 4 satisfies
. NiA=AN,,
then A is 1ntw1n1ng between N 3 and N} > too, i. e.
NiA=AN;,
This theorem is called the Putnam——Fuglede theorem. n recent years there have been
many extensions of this theorem. » |

(1) In [1] it has been proved that if A and B* are hyponormal operators and
X is Hllbert—Schmldt operator, then we can obtain A*X X B* from AX =XB,

(2) In [4] it has been proved that if 4 and B* are hyponormal operators and X
is 1nJectlve operator with dense range such that AX =X B, then we have that A*X =
X B* and A and B are normal operators

(8) In [2] it has been proved that if A and B* are subnormal operators then we
can obtain A*X = X B* from AX =X B.

(4) In [6] Yan has proved another form of this theorem: If Ny and Na are normal
operators and X satisfies Ny X Ny= X, then we have NiXN s X too. Note that this
form is more gereral, since we can deduce the above form from it. o

(8) In [7] we have proved that if 4 and B* are semi-hyponormal operators and "
0€0p(B) and X is injective operator with dense range such that AX =X B, then we
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have A*X = X B* and 4 and B are normal operators.
 Thig paper divides into two parts. The first part proceeds fo extend the putnam-
Fuglede theorem and  second, part dlscuses the. cond1t1ons for the Putnam—Fuglede
theorem holding. ' B

Theorem 1. If A and B* are hyponormal opefrators on Hilbert spaces H and H’
respectively (and X is an operator from H' to H such that AX =XB, ‘then A*X = X B
and N (X)* and R(X) reduce B and A to normal opefmtors respectmely

Prroof From AX = X B we know that N (X)* and R(X) are invariant subspace
of B* and 4 respectively. Hence 4 |7z and B* | wex are hyponormal operators too. By
the decompositions H =R(X)@DR(X (X )tand H'=N(X)L@N(X), we have

A= (0 As) B~ ( Ba)’ X“(O‘ 0)

Here Al—Al D and Bl—-B | Nyt 8Te hyponorlnal operators and X 1 is. 1nJect1ve
operator with dense range We can obtam AlX 1=X3B; from AX =XB. Hence we -
have 41X ;= X, B} too and :4; and By are normal. By the propertles of the hyponormal
operators we obtain that N (X)L and: R(X ) reduce B. and A to normal operators
respectively. Therefore we have ' ‘

'A=A1'O,B B, 0 X=<X10,
0 4, 0 B) “ \o o)

 Hence we can obtain A*X =X B* through calculation. _
Theorem R. If A and B* are hyponormal operators and X 4s mvertoble opemtor
such that AX B= X, then A*XB*=X and A (md B are invertible normal operators.
Proof From AXB=X and X'is 1nvert1ble we know that R(4) = H and N (4*)
={0}, but A is hyponormal and so we have N (A) <N (4*), hence 4 is bijective i. e.
4 is invertibe. Likewise we have that B is 1nvert1ble Hence we can erte AXB=X
ag A X' =X B and 41 and B* are hyponormal operators I—Ience A‘i*X X B* and
A and B are normal’ operators therefore we obtaln that A*XB* -X and A and B
are 1nvert1be normal operators. ‘
Theorem 3. If 4 and B* are semo—hyponormal opemtors and X 48 Hzlbefrt~
- Schmidt operator such that AXB= X, then A*X B*= x. : ‘
Proof All Hllbert—Schmldt operators compose a Hllbert space o with 1nner
‘product
X, ¥ ) = tr (XY *)
We deﬁne an operator oh 02 as follow =~
_ ' : ‘ TY =AY B,
It is obv1ous that 7 =0 when A>0 and B>O and
| T*TY = A* AV BB*, |
And hence we know that " is a somi- hyponormal operator as well as A and B* aro
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serni-hyponormal operators. But we have known that T X = X from the condition
AX B=X. Therefore we have 7 *X =X ‘too by the propertles of the semi~hyponormal
operator, i. e. A XB'=X,
Similar to Theorem 2, we have
Theorem 4. If A and B* are semi-hyponormal cperators and. X 48 imvertible
operator such that AXB=X, then we harue that A*X B*=X and A and B are mwrmble
 normal opemtors :
Theorem 5. If A isa semi- byponorfmal opemtor, Bisa 'rwfrmal operator, cmol X
is 'mgectwe opemtorr with dense range such that AXB=X, thet we hcwe that A*X B=X

~and A is a imvertible normal operator.
| Prroof From AX B=X we know A"X B'=X. For 8< I A|| ) we denote Os= |
{l2{<3}. If B= jsz is the spectral decomposﬂ;lon of B, when yE E(C;) H we have

<(sH4k)

- Let N—>0, We obtam Xy=0 and since X is m]ectwe we have y= 0 I—Ience B is
mvertlble So that we can write AXB=X as AX=X B“1 and we have A*X = X B‘i*
by (B),i. 6. A*X B =X. Thus, 4 is a normal operator ' '

Note. In Theorem 5if Aisa hyponormal operator, fhen ws have that'if X satis-
fies AX B=X then A*X B*= X, and N(X)* and R(X) reduce B and A to normal
operators respectively Just as in Theorem 1. Here we only need to prove that N(X)
and R(X)L are mvarlant subspaces of B and 4 reSpechvely from the condition 4AX B

| Xyl —HA“XB"@/H |

=X.In fact, from AX B X we know R(X)CR(A) and’since 4 is hyponormal S0

that B(4) c R4 = _N (A) + hence if € N (X), we have AXBo—Xw= 0-and so that
X Bo= 0, i. . Bs€ N (X). Similarly we can prove that B(X) is mvanant under 4.
Theorem 6. Let A and B be opamtorrs with polar decomposet'bons A UP and
B=P'V* on Hilbert, space H and H' respectively, and lot X be an opefrator ffrom H to
H with polar decomposmon X = WPO Then AX B— X cmd, A*X B*=X both hold zf _
' afnd only of followfmg conditions are satisfied. ' - ‘
1. R(X )and N (X Y+ reduce A and B to 'mfuertzble opemtors frespectwely
2. W, as umtary opemtoa" ffrofm N (X )l to R(X ), tmnsforms B 1 (e b0 Al s
- and Py is commute with B. ' : : ‘

N Pa"oof From AXB= X and A*X B*=X, we-can obtain N (X ) and R(X R(X) reducer"__ :
‘B and 4 respectively. In fact if € N (X), then AX Bw Xu=0. But R(X)cR(4Y =

_N(X)l hence we have X By=0 from AX Bo= 0, 1. 6. BvE N (X). Similaly from -

- A*X Bo= Xw 0, we have XBw 0, i. e. B*a;f'N(X),_,o that. N(X) reduces. B o

Likewise, we know that R(X) reduces 4, . o - _
- Therefore we can suppose that X .is mJectwe operator Wlth dense range,. smce we .
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can disscus on N (X)! and R(X), .
Now we prove that 4 and B are invertible. From 4X B X and A*X B*=X we

can obtain P2X (P)?=X. Let P’-—I AE), when d<—= 1T ” FE and yE€ B H ’ we have

1291 1P ()< (L) 1 X,
Lettmg K—>c0, wo obtain Xy= O and 5o that y=0, Hence P’ and B are 1nvert1ble
Likewise, we can prove that 4 ig invertible.
| Since P’ is invertible, we can write P°X (P)?= X as PPX =X (P’) -2 hence we
"have PX =X (P’)~%, therefore PXP' =X,

From PX P’'= X we have W*PW PoyP’ =Py, i. 0. PPy=P, (P")~* where P= W*PW
Taking adjoint we have PP = (P')~1P,, so that PP2= P, (P")~1Py=P%P and we obtain
PPy=PoP and Po(P— (P)~) =0. Since X is injective, we have obtained P= (P,
i. 6. (P)"*=W*PW. Thus, we have (P')~Py=Po(P')™%, i. e, PP’ = P'P,,

From AXB=X and PXP'=X, we can obtain UXV*=X. From A*XB*=X
and PX (P')~*=X, we can obtain U*XV =X. So that we have X*X =V X*X*,
henoe PV =V P} and PoV =V P,. From UXV*=X, we obtain (UWV* W) Py=0,
 but range of Py is dense, so that UWV*=W, i.e. V=W*UW. And so we have B'=
W*AW and P, is commute Wlth B,

 If 4, Band X satlsfy the conditions 1 and 2, we can obtain AXB=X and
A*XB*=X d1rect1y through calculation.

Theorem 7. Let A and B be opsrators on H’l/le'I‘t space H and H’ respectwely,
and let X be an operator from H' to H with polarr decomposmon X = WPO Then AX
=X B and A*X = X B* both hold if and only 'bf followfmq conditions are satis ﬁed

1. R(X) and N (X)* reduce A and B respectmely, _

2 W as unitary operator fq*om N(X)*to R(X) tmnsforms B| N(D* to Al o) and
" Py is commute with B,

Proof From AX=XBand A'X~X B*, we know that (A+)»)X (B—l—?») "l
and (A+21)"X (B+A)=X for |A|>max(|4], |B]). Hence we know N (X)+ and
R(X) reduce B+A and A+A respectively, and so they reduce B and A respectlvely
t00. And We also have that P, is commute with (B+2)~* and so Py is commute with
B t00. On the other band, from AX = X B and 4*X = X B*, we obtain that

AWPy=WPoB=WBP,, AWPy=WP,B*<=WB*P,,
Hence on N (X)* following relations hold
. AW =WB, ‘AW = WB*
i. o. W, as unitary operator from N.(X)! to B(X), transforms B| Nens to AI 75y Lhe
inverse statement is known directely through calculation. S
-~ Corollary 1. T f AXB=X,A*XB*=X, and A is g-hyponormal operator, then
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B| nay O p-hyponormal, where (1) =1 / @ —1— . O'émersely, if B is g-hyponormal

operator, then 4|zt is @- hyponormal operator :

Gorollary 2. If AX=XB,andA*X =X B*, and A is q;—hyponormal operator, then
By 68 (p—hyponormal operator. Cowversely, if B is gv—hypqnormal operator then A|zm
is p—hyponormal operator. _

Note. If an operator and its adjoint are both gemi-hyponormal, then it is normal ;

operator. Hence in Theorem 1, 2, 4, and 5, the normalily is a direct result of the
Putnam~Fuglede theorem.

At last, we disscus the operator equation T*X T=X,

Theorem 8. If T* is @ hyponormal operator and X is o posztwe opemtor suck
that T*XT=X. Then R(X) reduce T to a unitary operator.

Proof From X>0and 7*'XT=X, we know

| XY )= | X*%|, for o€ H,
Hence there is a isometric operator V from R(X) to WCR(X ) such that
VX1/2 Xi/ﬂT
Since ¥ is a hyponormal operator on B(X R(X), T*is hyponormal operator. From Theorem
1 we have that N (X% +=R(X) reduces 7' to a normal operator and TXT*=X by
(4). By Theorem 6 and X =0 we know that X is commute with 7%, i. e.
Tr*X =X, TTX=X,
Hence on N (X)L=R(X) we have T*T'=TT*=1,1i. o. T'gx; is & unitary operator.

Corollary 8. ILet T* be hyponormal operator. Then T*XT=X has a solution
X>0(1. . X=0 and 0E0p(X)) if and only if T is a unitary operator.

Proof From X >0 we have E(X)=H. By the theorem 7' is a unitary operator.
For unitary operator 7', T*XT =X has a solution X =1>0,

Note. The condition that T* is hyponormal can not change to that T’ is hypo[
normal. Take T unilateral shift, 7*XT =X has solution X =1, but T is not
normal.

Theorem 9. Lot T be a contraction operator and P be a positive compact operator
such that T*PT = P, Then N (P)* reduces T to a unitary operator.

Proof Let o(P)={Ain=1, 2, «=, }, A>Ag>++->As>+++ such that A,—0 and
E,=ker(P—A,). We prove that ¥, reduce 7', v

By spectral decomposition of P we know Hy= {s||P"s| =M|e|, n=1, 2, --}. For
o€ By, from T*PT =P and |T|<1, we have

1] X || PTo] > |7*PTo| = | P] =hulal,
M|#|=|PT| = |T*"PTw || = |T*PTT*PI'w| = | P?o| =]
Likewise we can obtain

| P*To| =Af"|«].
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For m, We take n such that 2”>m and s0
M || =] PrTal =0 2"HP”"T~’0H~N"IIwH
Hence we have TmE E1, i.e. Hyis invariant under 7" and from
. T*PTw Pa; A= AlT Tw,

we know that T is isometric on E1 But H; is ﬁmte dlmensmn space so that Hy
reduce T’ - '

OOntmumg this process we can obtain that R(P) N (P) L reduce T 1o a unitary
operator

Note. If we take T as umlateral shlft we know that the condltlon of the com-
pactness of P can not be omitted. '
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