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- Abstract
Tn this paper, we study the first boundary value problem for quasilinear. equations of .
the form S T R T P 2
a2 % D (s 0, L) B2 5w, 0=
Lu"‘" at i,J‘-.l‘ axi' a: (u) wl t) awj E aa;‘ f (u) m) t) g(u) w} t)
with ¢¥=q’* and [ T
3 o, 0 DEEZ0, V= b oy f) CBT.
Under certain conditions, the existence of generalized solutions in BV is proved by means
of the method of parabolic regularization. To do this, we need some estimates on the family .
{u} of solutions of regularized problems and the most l&iﬁ‘jcult step is to estimate|grad | z:.
In addition, some rresults on the uniqueness and stability of generalized solutions are
established. ' o R - " '

§1. Introduction -

The investigation of global solutions of the first boundary value problem:_‘f;oft
quasilinear degenerate parabolic equations of second order :bégan at the fifties [1] and
has been continued in recent years (e. g.[2, 8]). Howe ver most of the previous works
were concerned with special equations. The paper [4] by A. 1. Bol’pert and 8. L
Hudjaev was the first devoted to the global solutions for general quasilinear degenerate

‘parabolic equations; there the existence and the uniqueness of solutions in BV, a class

of discontinuous functions, were established for, t-he.. Cauchy -problem. In a recent paper
[5], one of the authors studied the global solutions of the first boundary value
problem for such genéral equations in one épace variable and some results on existe;ncgi
and uniqueness were obtained. In this paper! we wish o extend these results to the

equations in several space variables. :
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Let 2 be a bounded region in R™ with boundary X appropriately smooth. We
will investigate the first boundary value problem for quasilinear degenerate parabolic

equations of the form

D (s du \_ of(u, @, 1) o |
Lu= ot ox; <a <u, e t) ox; > o, "'g(u: 2, t) (1.1)

in the cylinder @ =Qx (0, T). For simplicity, we consider only the homogeneous
boundary value problem. Here a“=qaf, f* and g are appropnately smooth for
u€ (—o0, o0) and (&, ) € Qr and

a¥(u, ®, &;=>0, Vé= (&, &y, -, €m) ER™, 1.2)
Throughout this paper, pairs of equal indices imply a summation from 1 up to m. We
will assume that f5, and g, are bounded for u€ (— oo, oo) and (@, ) € @,

When ¢¥=0(%, j=1, 2, ---, m), the equation (1.1) degenerates to a first order
equation. In this case, the same problem has been investigated in [6],

As in[5], we will investigate the solvability in BV (Qr), the class of all integrable
functions on @r whose generalized derivatives are measures' with bounded variation.
Similar to [5], the existence will be proved by means of the method of parabolio
regularization, namely, the solution of our problem will be obtained as a limit point
of the family {u,} of solutions of regularized problems -

Lo Gt = b= (o, 2, 0300) = FG0 0 =, 0,9, (>0)

ot on; o,
o (1.8)
u(w, 0) =u(2), @9
%| 3x10,m =0, (1.5)

In order to prove the compactness of {u.} we need to establish some estimates on
{u:}. However, in present case of several space variables, it is more difficult to estimate
lgrad % |g. In addition, since for the limit function u of a certain subsequence of

{w,}, it is possible that the trace y( a(u, , t) ) on 3 does not exist <a” (u, @, t)
.‘7

need not have the trace ¥y (a" (u, ®, t) ) on 2) we have o make a detour to
1

A
avoid vy (a“ (u, ®, t) ) in defining solutlons

?
Let
Si={(&, )€2Zx [0, T]; a“(0, ®, t)nmn;=0},
Sa={(z, H)€IX0, T1; a?(0, @, t)mn;>0},
where n= (1, ng, -+, n,) denotes the inner normal on 3. We will assume that
o - SiNSa=¢p; | - @D
in other words, Sy ann Sa can be expressed by o o
Si=2:%[0, T] and Sa=23%x[0, T]

2:U2a=2, 2iNZa=¢,

(1.6)

with
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The paper is constructed as follows. We first define solutions of the first boundary
value problem for (1.1) in § 2. Subsequently, in § 8, we establish the required
estimates of solutions u, of regularized problems (1.8), (1.4), (1.5). On the basis of
these estimates, we then prove the existence of solutions of our problem in § 4. The
last section (§ ) is devoted to the unigueness and stability of solutions.

We begin with some prehmmary d1scuss1ons

Let 80>0 be small enough such that :

an— {{UE .Q dlst(a} 2) <80}C U Vq,',

where V', is a region, on which one can introduce local coordinates :

vp=Fi@) (=1, 2, =, m), Yn|z=0 ‘ (1.8)
with F% appropriately smooth and F7=F" on VNV, such that the y,,—axies coincides
with the inner normal.

Let 8(¢) €0=(R), 8(c)=0, 3(c) =0(|o|>1), ‘j:__a(;r)da;—x Denote
oer-3a(%).

ObViOUSly, 8;,,(0') EC‘”(R), 8},(0‘) >O, 6;;(0') =O(|O’I>h), ji 6h(0')d0'=1 and |6h,<0') l

¢
<—h- for some constant ¢,

By a theorem on partition of unity, there exist nonnegative functions g.(#) €

N
0% (Vq;) su0h tha,t %¢7= 1 for me E6o/2.
Let ‘ h |
oc—2h
P =1-["" ).
We will frequently make use of the functlon |

m(w) 2 %(w)pv(w). - )
where

o (w) =p"(F7 (). - O (1.10)
Since supp ¢,V ,, we may think p,(%) to be defined on Q. Obviously .p, (%) € 0?(2)

and
pn(w) =1, near X,

lim p, (@) =0, for an, wE.Q :
Ji->0% Ph( ) Y : (1.11)

0<py(®) <1, |grad ps| <7{

where ¢ ig a constant independent of A.
We need the following auxiliary propositions concerning the trace of BV functions."
Lemma 1. Lot u€ BV (Qr) N L=(Qr). Then u (more precisely, certain fwnotion
equivalent to u) has its trace yu at almost all of the boundary points of Qr and yu& L™,
By the trace 'yd at a boundary point we mean the limit of » at this point taking
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along the normal. . ' SR
Proof 8ince u€ BV(Qr), for almost all 6€ R, as a function of 7, u(x, t) E BV (0,
T). Hence u(w, £) has the right limit at every point of [o, T) In. partlcula,r the 11m11;

llmu(a; ?) exists. Obviously, fqu L= (Q),

Now we consider the trace on 3 x (0, T). : 'Introdu'ce local 'coordinatee (1'8') on
V.. Since u€ BV (Qr), for almost all t€[0, T, as'a function of ¢, ru(rz/, ) u(yl, |
Ys, ***, Ym, t) =u(w, £) EBV(V,). Hence u(y, %) has the’ r1ght 11m1t on X*=2NV,
almost everywhere a8 yn—>0*, namely, (e, £) has the'limit taking along the normal.
Obviously, yu€ L~(2"x (0, T)). , .

Lemma 2. Let u€ BV (Q) N L°(Q). Then

lim u(w) 3‘0" da = —J‘ Yus n,do‘,

. h-0t
where py, i3 the function in(1.9),
Proof It suffices to prove

B0+ J 207y

| tim [ u@) 2P o=~ yupinds,

~ From the definition ef p% we have ' R
Jénvru(“’)w dm-“-Jg Vru(w)%%j—pé‘dw+f or apv
= @) e [ (o) pei(—20) 2
. (w)—?—m -

180 ([, vy 3 s Vs, k20 9 2L Kl s )3

where S, (o) = {WEV4; y=v0o}, Vo~ bemg the reglon obtamed from V by local coor-
dinates transfor mation, u(y) = u(m) By Lebesgue’s dominated convergence theorem

we deduce

%141(1):\ Dmu(w) T d= o yu|g.=o P Y1 By = — s 7Y %m{%cr.

Lemma 3. Let u(a;) EBV@Q) NL~(Q). Then .
v au . . . .
| , L P dew = L) yusndo,.
Proof Since 1—p,€ 05(Q), we Iiave

.[o ow; (1 ph)m ,[.Qu' awi da:..v |

‘and héhee

(ow g [ 0w Cops g
'-'J’Q_GTidw—J’n pre ,,dw—l—j u@w,da;

Letting 70, by Lemma 2 and Lebesgue’s theoreini, we obtain the desired resul.
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§2. Deﬁmtlon of generahzed solutlons

Let I", e the set of all j Jump pomts of uE BV (QT), v the normal of - I‘_u a,t X =
(@, £), u*(X) and v (X ) ‘the approximate limits of u at X € I'y with, respect fo (v,
Y =X)>0 and (v, ¥ —X) <0 respectively. For continuous function p(u ®, t) and

U= u(w 1) €EBV (Qr), denote
(u @, 1) = Jp(w’.’—l—‘(l-—rv)u*, @, t)dv,

which isbcalled the composite mean value of p(u, =, t) and u—u@ ht) " _
. Definition. 4 ffwnotfwn u€ BV (Qr) N L= (Qr) s said to be the genemlmed solution
of the fitrst boundary value problem for (1.1) with homogeneous boundary fvalue and
“indtial value Uo () if the follo'wmg conditions are ful filled.: :
" 1. There exist functfbons g€ L? (QT) (¢=1, 2, m) suoh that
Hq,(m t)g @ z)dmdz_”ga(w t)fr”(u o, t) dwdt Ve€R(Qn, (2.1
@ S | S
:'whefre (r’f) is the square root of the matmw (a’j)
2. For almost all € .Q _ _ _ :
e O=k@. @)
3. For almost all t€ [0, T] - : T
. - A (yu, @, Dnn;=0 a. e. on3, R (2.8)
where AY(u, =, t) =ﬁa“ (%, #, t)dv, |
- 4. usamsﬁes ’ - .
”{m | a‘i’i —'sgﬁ'<u;ie)[ ""(u ! z) 3“ 24”1 (f‘(u o, z) fi(lc o, t)) .

@r

!'

T ¢2 1 / — \ _.@.
(/] (’U/ @, i) aw’ a @5 - (f (’M, z, t) f (k: vw: t)) aw‘ .

+ (o h, o, t)—l—g(u @, t))q;,,}d,mdt>0 SR - (2.4)

where g, p2€O0*(@n), ¢1>0 ¢1|zx<o,m @a) 3,7, SUDD @1, Supp ¢2C9>< 0, T and
ke R, : :
| Proposition 1. C’ondzt'mo 8in the above deﬁm',tfion is equimlent_to the. f(wt _that '
» . qu=0 a.e.onS o @B)
and for almost all po'mts of Si 'wzth yu#EQ , R
@i (s, , D)n;=4(s, o, Hn=0, Vs€I(0, yu),  (2.6)
where I(a, B) denotes the closed interval with endpoinis o and B, If fbrr any go+0
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Jja"’" (s, @, H)nnds+0 a. 6. on 8y, 2.7

then - : :
yu=0 a.e6 on 2x[0, T], (2.8)

Proof The first conclusion follows from the definition of Sy and S (see (1.6))
and the assumption (1.2). The second conclusion is evident. :

Proposition 2. If u€ BV (Qr) N L”(Qr) satisfies conditions L and 4 in the above
definttion, then

4. u satisfies

Jej{lu—klﬁqi—sgn(u—k)[ a(u, x, 1) aa;‘ gz

(@, 8, O = F B, D)2 (Fh, o, D +g(, 5, t))qo]}dwdt>0 2.9)
for any nonnegative function € OF (QT) amol k€ R
Conversely, if € BV (Qr) N L™(Qr). satisfies conditions 1, 3 and 4, and yu=0
a.e.on Ix[0, T}, ¢ € L~(Qr) (¢=1, 2, -+, m), then u satisfies 4,
The first part is evident. In order to proVe the second part, we first prove
‘Lemma 4. If u€ BV(Qr) N L~ (Qr) satisfies conditions 1, 3 and 4’ with ¢*€ L~ (Qr)
(i=1, 2, «-+, m), then for any ¢1, 02 € 02 (@) with ¢1|zx(o m=0a| sx0,m and O%kER

h»O*.J’I ”(u “ t)

where py, ts the f'wnctzon in (1.9) .
Proof We have

” 4 6 (¢1sgn(u la)+qogsgnk) p;, dwdt

Oz

(% sgn (u—k) +pa sgn k)-ﬂ- dosdt = 0

N

T
- 2.[ f 2nv, g (p15gn (u—k) +¢2 sgn k) ( Lo p«:’l‘ ¢w8h(F’"r - 2}&)

‘=1

)dw .

It is enough to prove that for almost all tE [0 T]

lim gt (ps sgn (u—1) +ps 530 F) 9.0y <Fm—2h>
n

olsv=0°

h-0F

Since ¢’ are bounded,

LW g’ (pasgn (u—k) +pasgn k) poSs

mn ﬂ J‘Sh J‘
<5"‘21 1 d/ym s-r(Jm)
" (pysgn (u-—'k) +pasgn k) 2

- E s [ -1 B J s,f'zh+2h) am d?/i‘ . 'd/ljm-.z,

wheére 8. (%o) ={yEV s Yn=0o}, Vo bemg the regmn obtamed from VT by local
coordinates transformation.
From (2.5), (2.6)

" (py5gn (u— k) +@asgn k) """—|d?/1 W1

| Ym=2h+2h

yu=0" a.e. on g
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~ and
whenever _ o - yu#0,
“Therefore o
lim r¥g’ oF (p1sgn(u—k) +pasgn k) =0
ot Y Omy ; . . Ty S

By Lebesque’s theorem this yields the desired result.
. Now we return to the proof of the second part of proposition 2. :
- Let Pss ps€ 0°@r), p1=0, @s|sx0.1=9a| 3x0,m, SUDD ¢, SUPP <P2CQ x (0, T). Set
. pi=ght+ol, pr=ghtoi
with ¢h=0; (1 -on), Pi=@pn, Pa=ga(l— ph) ), P2=@apn, P being the function in
(1.9); and substltute into the left hand side of (2.4), we obtam | |

{f{u#122 - a2 B (£, 8, 0P 0 D) 3«:»1

N Qz'

s o el 2 8

(P, 5, = o, )2 (1L, 0, ) o)t |dwde

[ aQ”’z g GY ou 341)2 o
Hegn k«[} j [u o6 ow; “om; -7 (u,. @, 1)

| Oph _gu Qu s . @ ) — 1.0
s i - 1100

+ (f (R, @, ) +g (U, o, §)phl dodi=Is+Ts+Is+ 1,
implies I;=>0 and I;=0. Obv1ous1y_ (2.9)

.12f14=j9j{|u 4128 msgn =B [ 5 201 oyt (1w, @, 1)

Z5G o ) 3;’;1 o= (b, 0, )+ 0o ok

. . ops Ay 3&6 ¢’2 1 o a‘PB
v [[o B i oGm0 =S 0 )

¢2-. ! ’ .
ety 0, t)gh |dodt

(b, 8, )0 puoy dwdt— | [ 2;‘ Bex (g, sgn(u—h)

Qr

 rmsnbiod [, 9

—fih, o, 1)) p" (gv sgn(u k) +gasgn k) dads,

‘ The first two 1ntegra1s of the rlght hand side tend to zero as h—>0. By Lemma 4, so do
~ the last two mtegrals if k0. Thus © satlsﬁes (2.4) for k+0. By a limit process we
_can agsert that (2 4) holds even for k= 0 :
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§ 3. Estimates on Solutions of regularized Problems

Assume that uo(2) is appropriately smooth on £ and certain compatibility condi-
tions on the boundary of the lower base of @y are fulfilled, for examplé, uo () itself
and its derivatives up to the fourth order vanish on 3 and f%,(0, #, t) +¢(0, ®, t)
itself, its first order derivative with respect to ¢ and its first and second order
derivatives with respect to # vanish for «€ 3, #=0. Then for any fixed £>0, the
problems (1.3), (1.4), (1.5) have a unique solution u, from 0?(Qr) N C*(Qy).

The first estimate we need follows from the standard maximum principle, namely

lu: | <M, (8.1)
where the constant M is indepehdent of s,
Proposition 3. The solution u, of the problems (1.8), (1.4), (1.5) satisfies

of, |5 )
= 121 (%))

: (8.2)
with constants ¢y, ca independent of e,
Proof Denote

“(O @, t)n;n,' a@n <O’1+02<Igradus“v<m+|

f (w, t) =8edu,+ azi (a" (u,, =, ©) —2—%‘—),
N ([0, if f(e, 1)>0,
7@ "{ 0, it f(o, <0,

~f(@, 1), if f(a, )<O0,

fre 0= { , it f(a, >0,

For any fixed ¢, consider

{sAul—l— 63;- < " (u;, @, 1) 3u1) ft(z, 1),

u1|2=0.

I'rom the nonpositivity of the solution of the porblem

0 OUy,
{ ASAullﬂ'l'" aw,; (aij (um @, t) awj;’ — N1y =f * (m: t) <n>0> ’
Uiy I == O}

we can assert ;<<

+ P 3@61 _f if / . aul
L)f dw 6L o do K 0, =, H)nn;—=— o do

_ ouy 3u1'
—SL on l '

Similarly, for the solution u, of the problem

olo‘—l—J a0, @, t)nm;
]
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2 at a’“ﬁ!
{ezlu2+ E)an( (us, =, t) ) ~(#, 1),

u212=0’

- _ a’dg
.[af do 8."2 on

Since the function u;—us is a solution of the problem
0 (g _@_>=
{sAu—l— o, <a (u,, @, 1) 7, S, 1),

UI3=0,

we have
aug

|40

dcr—l—L @ (0, @, t)nn;

by uniqueness of solutions, %3 —ta=u,, Thus

ou, . | ou, | j ,aull
sL P dcr+La 0, =, t)nny e ldcr<s N do
+sj Oty dcr+J (0, z, t)nmny au1 da+J (0, =, H)nm; % | iy
= on b : on
o
: J Ifldw<01+02<]gra.d the | cor + 3116? L’(D))'
This completes the proof.
Let -
1 (w>n),
sgn, 7= -:g— (|zl<m),
-1 (v<—n).
1
For £= (fl: 62; M) f’m); letlfl = (§%+§%+'"+§ﬁz)2
(]
1, - |, sn, v,
Clearly
3§ sgn,,lfl |§|
(sgm) |€1) |€16.6,— 6ok, smal ] (s3)
3217, — |§|3 i (3.3)

o0&, 9¢, (Sgniylfl) !flféﬁ%_‘fpfssgnnlé" +Sg?n!§l (s=p).

Yemma 8. Let (¢**) be the square root of the mairiz ( 9. 0 § ) T hen there ewists
8 ?

a constant My >0 such that

IIGIES MIO% (3.9

Proof Since (¢*) is satisfies (qs")”=< ) we have

% 6§p
RCEe S

for some constant N >0, so (3.4) bolds.

(8.8)gives l

I§I
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The main purpose of this section is to prove

__ Theorem 1. Suppose SlﬁSg—qS and o ©, =, t) can be. smoothlru ewtended toa

, _;nezghborhood of Sy such thet in ‘this neighborhood _ _ :
a4(0, o, HEE0, VEER, . 5) |

- Suppose thefre ewisls @ oonstant 8>>0 such that _fOfr lu| <M (M is the constwnt in (3 )

(@, ) €EQr

i~ 822<a )10, VEECRM . (3.6)

(w,,,+1—t) Then the solutzons us of regularized problems (1.3), (1 4) (1 B) satisfy
' |grad uB|Lx(Q)<M1, ) 3.1

| fwhem gradu= (Uy,, s, ***, u,,,,‘”'_,»uwmﬂ).— (s, ux,, oor, Uy, U) and thewconnsmnt My is
mdependent of e. : ” . o |
Proof Difforentiate (1. 3). w1th respect t0 @5 (s 1, 2, «i, m4-1) and sum up for

sgn, | grad |

s after multiplying the resulting relation by uws ~Tgradu] . In what follows, we

simply denote u, by u. Integratln_g over .Q yields

| sgn,,|grad |
dtjf(igradul)dw s[ (i, B B

sgn,|grad v/ e

— 45y - ol
J U, Qo+ @ umsa,,) U ey
j. (fuu%—l-fgs)u% sgn,[grad u| do= J ( > \ Sgn,,lgrad A
|grad u]| 3% _ Tgradu]
By 1ntegrat1ng by parts, the last equahty becomes o o
oI, '
7 f I (|gra.du|)dw+ej 3 6§,, IR/
[ 0°L, #I,
. ij _ Y =0 ij
‘ +Uv Qa ags aé-p uz‘sm‘duwﬂidw'*"j ay uw, 8§s agp ump,,,sdw
. r a ‘ .
T g< o, “ZJ) (| grad u|sgn,|grad ul “I)de

~ (3% fu)(lgrad u|Sgn,,|grad ul I)dw

- "Q &g, (| grad u |sgn, |grad u| —I,)dw+e -[ oI,

P awi dO'

4 ai” mda-!-j aifu, I, mda

4] -sgn,,lgradu] I S e
o+ | | Godthati, Teradu] ndo+| fil, mda - (8.8)

— 4 3 0\ gnnlgra'nu! :
J(aw . +6m g)” |gradw| dav;v

Here pairs of equal indices of 4 and j 1mp1y the summation from 1 up to m, while

“pairs of equal indices of s and p imply the summation from 1 up to m+1
We first estimate the third and fourth terms on the left side of (3 8)
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Set o .
, o 1gis, .. gt mel Yoty
A qMg*eg? ™ Vi
’I):n_|_1 . v qm+1 1qm+1 2., ,qm+1 m+1 ummfw«

- where (¢®) is the square root of ( 2.2 § ) Then
s 0

’01
3
aiiy .___.a_Iﬁ__..u
W2, 3ty o

?1 (a;{u%) awsus’vj) ag;mlu-r,) ( sp)

) ’vm+1

‘ m+4+l m n
= |aus, g, | <3 Z‘E(aﬁ@%)“r 2 23(q"us)?,
. &I, ' mel
@Y e Uy o U = 2 A0 fv’
o, e
Thus by virtue of the a,ssumphon 3. 6) and Lemma '3, there exists a constant ,B>0
such that . T '

oI, i I, |
jg“ ags aé-p umgum‘dw+J- Ds w, ags a§p u@p@‘tdo’ o

== f 2 z(qspuw)sdm> BJ lgraduldw, - (8.9)

0 s p=17=1

Observe that on 2 we have

eéy_ - — 0 4y O 4
- G am) 50, o, 9 —F50, 3, ).

Thus the five surface integrals in (3.8) can bo rewritten as

. I oI I,
~[, 00, 0, )10, a, t))féda+sjz<—é;;i'—n¢ =5 do
E on . em
o (oL, I, J oI, I,
*)5° (a, e “Wf_a_g)d"f 5 <,8% Yo _@___)d"
on on
( I, | oI
-— 4 7 — 4 1
) 5, 96, P do L’ au,, o do
on . on .
+” atfu ﬁg_n_nl____gmM.l_ndGJrJ i B lgradul o
Js, P | gradu| ’ sy e |gra,du[ N

"11+12+131+132+I41+I42+151+152
Obviously Iy is bounded. From the assumption (8.5) and the definition of 2‘1, it
is easy to see that for (@, 1) ESy=34%x [0, T

aj,{uwjn,—,—a% 0, , t)nm; T =0,

and hence I5;=0. Similarly, for (w, ¢) €81, a¥m=0 and
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i i, ‘ 0 ;i ;
0y, A, = (@0, 5y — AUy, = > (@) 1y — @,

= <—3672‘- aﬁ)uwjnf,"*" a ("a_a;l" ua,‘;)n aujud?iu"”j 0°

Hence
131+14.1=f a¥ ZI I

2 m{

do =0,

ndo — I (AL ,+ a¥u, ,)

3n
Since g is a closed subset of =, it follows from Proposition 8 that I, and Iy can
be estimated by |gradu| g, ‘ |
It remaing to estimate Iy and Isg. Since u,,,, |s=u|z=0, we have

Ig>I9= J sgn( gn ) (thy o 05 — Lus) do,

I 32"’1 (3)2 = J‘E. sgn ("g%) a¥ (uwsz‘snsn:l - u:wm) do

as 7—>0. Here pairs of equal indices of & imply 3 summation from 1 up to m,
As in § 1, we introduce Local coordinates on V,(v=1, 2, +--, N)
h=Fr@) (k=1,2, -, m), yn|5=0,
By elementary computations we obtain on ZJ"=2NV,

m—1

& T m
uwm 2 uZ/m:lhsF Z-tF Wj+ 2 quUkF ;ZF @‘¢+uymF 04

Uga sTty = 1:21 Yy 5 B 5, F 5 le/ |grad F™|*

m—1

+ 2 U P B oy + 00, Foe FoFi/ | grad £

in which F*=F",
Hence
Uno sty — Q= (B F Fy./ | grad F™|?— Fi.),
From this and Proposition 3 we see that I} can be estimated by |grad u .
To estimate I3, we choose nonnegative functions 7,€ 0?(Z3) (v=1, 2, +--, N)

N
with supp 7, 2i=2aNV, and Zlm=1 on Yy, Write I3, as

182=§N]I a"sgn(a >(u Nl — Uy, ) Ao,
- N on 5w’ Y3105 T Wiy

v=1

We have
i ( o
o o0 sen o (uwsm‘nsn, Ug,y,) dO°
= z 'r),a” Sgn( on >u?/m'!/k Fstzngz/ l gra‘d B I ? F];O) FzLJK dyi dym—i

+L:r N0 sgn( Zn )u,,m (FooFuFy /| grad F™|2—Fr, ) K dyyeedyyy,

Integrating by parts and noting supp 7,33, we obtain
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[ symeaogn (2L oy oy (P2 12/ | grad |2~ FE) 5 K dyyedi s

T s sgn( 2 )“ym e [n.a (FyF r'v"sF w/ |grad F™|?~ F) i K 1dyy-dym-1.

on
Therefore | 1% <O, N 5{, do,
Since for (w, t) € 2y, a¥(0, @, t)mn=a with some constant >0, it follows that
|18 <04 a¥(0, &, tynmy| 22 g,

This and Gronwall’s Lemma yield tne desired estimate and the proof is completed.
Using Theorem 1, we can easily obtain another estimate.
Proposition 4. Under the assumptions of Theorem 1, the solutwns U= =t of
regularized problems (1.3), (1.4), (1.5) satisfy
”a” (w, @, )UpUsy, do dE< My
0r
Sor some constant My independent of e,

§ 4. Existence of generalized solutions

Theorem 2. Under the conditions of Theorsm 1, there ewists a subsequence {u, } of
the family {u,} of solutions of reqularized pfroblems 1.8), (1.4), (1.5), which converges
sirongly in L' (Qr) and the limit function u is a generalized solution of the ﬁfrst boundary
value problem for (1.1),

Proof The existence of a sirongly convergent subsequence {v,,} of {u,} follows
from (8.1), Theorem 1 and Kolmogoroff’s Theorem. Let % be the limit function, Then
uC BV (Qr) N L @r).

By Proposition 4

[J]7 %

il Z2en,
w.’)

a@ {;» } is weakly compact in L?(Qr). Without loss of generality,

7

17 O,
@j

9'€ L?(Qr). Thus for any ¢ € 0?(Qy),

” @d* do di =lim rJ'gp 4 aau‘*" dex dt = hm”q) (J:e" (v, ®, 1) dfr) de dt
C Qr i

This means that {fr“

we may assume that {r } itself converges weakly in -L?(Qr) to a function

6y~>0 &40,
r i3

- ”gp “ frﬁ,fj('z: @, t)dvdodi= —hn%” a@;p J " (z, , t)dv dodt

reor

(o [“ 19z, @, 8)dw dwdi= —U
J JO
Qr Qr

3<p

2, J ”(1: @, t)dvdedt

(1
- qodofr?,’l{'v, z, t)dvdedt,
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and hence, by Lemma 3, we obtain

. T v ou :
3 — 3 / N of Y2 .
L{ 9 da dt L L qo (%, @, 1) d’a‘)cpm dw dt + anrr 7, dwdt, (4.1)
In particular, for € C3(Qr)
| . ”q)gi dw dt = ”q:fr” -—gﬁ— dedt, : (4.2)
@z 7 )

This means that u satlsﬁes (2.1). By a limit process we can assert that (4 2) holds
even for p € 0%(Qr). Combining (4.1) with (4.2) gives.

T o
4 . _
J qu (s, a, t>d7>¢n’da.}dt 0

/0

for any (pE 0*(Qr). Hence
,‘-Z Y(z, @, t)nm}dw 0, a. 6. 0n zx[0, T],

This shows that u satisfies (2.8),
From (8.7) it is easy to see that u satisfies (2. 2) _
Now let ¢, € 02 (QT), 910, supp (p1C!2 % (0, T'). Multiply (1.3) by @. sgn,, (u,—F)
and mtegrate over Q. Integrating by parts, we obtain

"”In(us k) a% de dt—}—”sgn-,,(us Ia)[ Ous . 0ps 4 iy s Ops

0 _wi 8mi ax] 393,
(P e, @, 8 —F (b, @, 1)) 228 U —i) (e e 08
+ (i @, )= E, 0, )2 |dwdit | gty k)(e e T

QOr

ol e g ) dwd””Sgn (1= B) (e 2, D) ~Fh, @, 1)) S prdods *
7

T

+{ [sen, (0B (72, 2, 0 =g © ) prdodt

Qr

T o
—sgn,,loj f ( gz“ +a¥ gu" )(plm do dt

—sgﬁ lcfj (FiQ0, «, ¢) —fi(k, =, t))<p1n,dadt =0, |

- Bince the third term is nonnegatlve and the fourth term tends to zero asn—>0, we have

~ 3% _ Ous Bpy oy Ous Opy
”{lus k| Sgn(“* k>[ "o, ow, Ow; 0w

Qr

(P, 0, 0 ~FC, 0, 0) L= (A, 5, D9, 2 0)os]Jduds

+sgn laj j < g:: +a¥ g )qximdadt

+sgnkj I (f‘(O éz 1) —fik, @, §))puudo di=0, . (4.3)
~ Olearly ‘ '




THE FIRST BOUNDARY VALUE PROBLEM FOR QUASILINEAR DEGENERATE PARABOLIO
No. 1 EQUATIONS OF SECOND ORDER IN SEVERAL SPACE VARIABLES 71

i U Opy = _JTJ U dp1 L
Hsgn(u —k)at ——= o dw d , Esgn&A (&, ®, t) 20, n; do- df

~ ([ sgn (u—5) (4%, , 8) — 49k, o, ) 33 2L g dt
o o . Ty

~( sgn (v, — k) (J:s ai (%, @, 1) dw) ?D: de df, | '

. (( du,, o
t§ O, OP1 4
2:346 sgn (v, —k)a 7, o da dt

T .
-_——[ [ sgn hAY (K, o, §) 201 n;dadt—jfsgn(u—k) (4(u, o, ©)
0/> 3&7;

Qr

_.AU<]{;’ @, 1)) 322(2; - dw dt-—”sgn(u——k) (J’ af ('v @, t) dr)) 001 g dt,

Observmg that sgn (u—~%) (4Y(u, o, ¢) —AY (&, o, 1)) EBV (@r) and
‘__[sgn(u —E) (A (u, o, t) —A¥(h, o, 1))]

= — )9 (44 — At
| R (4, @, = 4Gk, 5, 1)
(see[5]), we derive

lim Jsgn (%, — k) @t —tn.

6,0
Qr

3us,, 3¢1

70, aiddt

= —rf sgn kAY(k, @, t) 3‘7’1 njdaolt+rf sgn (yu—Fk) (4% (yu, , t):

— A%k, @, £)

3991 ndatﬂi-l—fjs:gn(u k)a" ou a@i da;olt, . (4.4)
3, &v,

In order to compute lm%I ‘[ < aazf;" +a 3aus,, )¢1n¢ do dt, we take @2 € C*(Qr) with
Ep—> {1

supp %CQ X (0, T), galsxo,ry=01|sx0,m. Using (1.8) we have
6u
s 173 ]
J f Bw,, +a )¢1n¢d0'dt

- ou, a% J'J i [ Opa
J Fr aa:i da dt — ——~—-A (s, ®, £) —| a¥i(z, o, t)dfr) B0, dx dt

T .
-U Fus, @, )29 Gyt +- [ [, 222 dmdt-i—”g%dwdt—I J F0, o, 8) pyudo dt,
” 3w; A ot o - 0/ .

Hence

T ., | i OU, )
Iméj L(S" 2w, 7 Gy )P0

” 1 3” 8%’(1 dt— Jff(u @, 1)

JJA"yumt)

O, dwdt—l—” Opa ozmzt+Ug¢,,dwdt
Qr

72 n;do dit — '[ J’z F0, =, §)pm;do dt, - (4.5)
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Let & = &,—>0 and combine (4 4), (4.5) w1th (4. 3) Usmg @. 3) and Ploposmon.
1 we deduce the mequahty (2.4),

§5. Uniqueness- and’ stability Of géneralized solutiOns

Sumlar 40 Lemma 4, We can prove .
Lemma 6. Let u be a generalized solution of the first bowndwry value. problem for

(L.1) with ¢ € L (@) (6=1, +++, m) in (2.1). If 8y=2x [0, T, then -
| .hmH o 3?‘ 99'» dodt—0 (6.1)

h->0F
where ¢€ L™ (Qr) and py is the function in 1.9).
© Using this lemma, we can obtain
Proposition 5. Let u be a genemlszed solution of the Sfirst boundwy fmlue pfroblerm,
for (1.1) with ¢ te L™ (QT) (4= ., m) in (2.1). Then | _
(sgn(fyu k) —l—sgn ]G) (f‘('yu e, ) —f'(k, @, t))n¢>0 - (6.2)
“almost everywhere on Si, :
Proof Choose g1= pa=y (%) ph(m)gv(w) in (2 4) with ¢(m) >0 z[:(t) =0, v,b(t) €
020, T, pw)€0? (.Q) and p(2) =0 in a ne1ghborhood of Sa. 'I‘hen

(¥ n0m - [ Bt 07 0)

Qr.

X(g‘p pn+¢ )90 (i, 2, t)+g)¢¢ph]}dwdt

| +Sg_nk”[u¢’¢pn (”——ﬂ“(u @, t) f’(k 2, t>>(

T

aph

Pn+(p oy )lp
(b, @, 9 +9) e |dadt=>0,

Letting 2—>0, by virtue of Lemma 6, we have

ﬁj [sgn (yu—k) +egn k1 [f (v, o, &) =F(k, @, t)]¢(w)¢<t)nzdadt>0

The inequality (8.2) follows from the arbitrariness of ¢ (?) and o (@),

| Lemma 7. Let Q be a bounded region of m~dimensional, u(v) € BV @), V()=
(0 (@), +, (@) EBV(Q) and |V |<K|u| a.6. on Q with some constant K. If on 3
eithor yu=0 or p=0, and p€ C*(Q2), then - -

J o div(p, V)dw-— I ¢ (sgnut—sgnu” )(V v)de__i,

where o= ——(sgn u*—l—sgnu ), Iy is the st of all jump points of u, v=(v4, vy, o Vm)

4s the normal of I'y and u*(wo) and u~ (%) are the approwvimate limits of u at 2,€ Iy
with respect to (v, x—wo) >0 and (v, ©— ) <0, V is the symmetric mean valus of V.
The proof is similar to the respective proposition in [4]. Since for any (v, £) € X
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at which yu=0 we have Yo, =0, the boundary integral obtained by integrating by parté
- is also equal to zero, although in present case ¢ need not be zero on p everywhere.
The folloang two propositions can be found in [4].
_ Proposition 6. Let u bs a gensralized solubion of (1 1). Then for almost all' .
points of Iy, o _ ‘
| (Wt =Y (P, @, 1) ~F', 3, )9 =0,
Proposition 7. Let u bs a genemhzeol solution of - (1 1) T}wn for almost oll
points of I'y,
sgn(ut—B) [ =)= (F(ut, o, )= F (k, 0, 9)7a] )
<sgn (u~ —k)[(u —B)vi— (filu~, @, 1) -—f‘(k @, 1)) vs,]. (5.8).
Proposition 8. Let uy, ug be generalized solutions of (1.1) with the respeot%e
functions ¢i, gb(e=1, +--, m) in L™ (Qr) and for almost all ¢ E [0, T], as functions of
@, ¢, hEBV(Q). Then '
[ [{ 10— s 22 +-gm s~ [ 9 s, @, 1) g2, 2, D)o

()

(P 5, 9P, 2, )2 (0, 5, 92

dug \ 9 ,
— gt 2 4
. (ua, @, t) 7, ) 7, ]}dwdt>0 A (5.49)
where p=0, q)E c? (QT) and @=0 in a neighborhood of S,

Pa"oof Let 2=u; —us. sgn 2 in (5.4), may be replaced by o= -—(sgn #t4-sgn 2%).

Using equation (1 .1)-, we can rewrite the left hand side of (5.4) as

: J-(ulJ Ua, ';D) =J1 (u1: Ug, <P) +J2(u11 Usa, ¢)). . (5'5)
where ' .
_ opz _ OpBh _
J1 £ I (% oo, Jiwd,
Ja= — [[o -2 p(rtgi~righIdad,
1 - '
=L Fulom+ (L= )us, o, £)ds,
¥ =1 (uy, ?0, 1y (kh=1,2),
By Lemma 7 -

Jy=— L @ (sgn 2zt —sgn 27) (zv; — ,'B_izva,,) dH .
By Proposition 6
— Bave,=2*vi— (B2) *vo, =2 vi— (B%’) Voee.
Thus takmg b=uf and k=u7 in (5.8) respectively, we derive
sgn A B’zzzm,) =sgn 2+ (#*v;— (B8%) tv,,) .
' <Sgn(u2 —up) [ —ur) ve— (fi (i, @, 1) —fi(ut, @, 1))v,]
<sgn 2~ (27w — (B 2) "v,) =8gN &~ (gpt_:é-{gpm) - 
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Hence J4(u1, 42, @)=>0.
-Obviously -

Ja(uy, us, @ )-———llmj dtf < (22+58)1/2 ) [p(r¥gi—r¥9l) 1dw dt,

&0

Bince we have y2=0 on S3 or p=0 on Sl, integratmg by parts yields

j ( (zi‘+z«s)1/2 /a [p(rigi—righ) ] dw

=s —(zT'—)e:/—s‘(’I'ijgnt—’f ) —a_.?o—dw

The last integral can be rewritten as

Ja R s) oy =i a@; dw
- j ATOUTH0 ‘D"(ZT'_F%‘)'W (rifgl—r¥
+ j Totyv F,(t)q’ @%WE (g —rTgh) dw
gj O\TsOUT®) ¢ ngi 9a|*da
- j' BT UTe) @ﬁ—%)_‘w (rff —rd) (91 o — g ?)ZI )dw
+ j raour®’ ZF.F%W (riigl—1% 9%) (5.6)

where I',(¢) denotes the set of all jump pomts of z for ﬁxed ¢, I'y(t) denotes the union

of the sets of all Jump points of gi, 98(j=1, m).
MThe first term on the right hand side of (5.6) is nonnegative. Since on the

complement of I, ()
|74 (uy, @, ) —Ta(us, 2, )| <K|z|

-(—zﬂ—_l_iz?,,—g is bounded uniformly for &, we can assert by Lebesgue’s theorem that
the second term on the right hand side of (5.6) tends to zero as e—>0. Observe that
i _____A__ T — o g
]3-3)].[ F R ONEIO] (z2 +¢)%?2 (Tl 91 T2 9'2) -y dw
= ____/:_.—- %3 o] o+
18-»0 J I:@® (Zﬂ -+ 3) 8/2 (”'1 g 1—72Yg 2) (Z g )Vw.dH =1
=, o(gna—sgna) (¥l —rfgh) e s, 6.7

It is clear that the integrand of the last integral vanishes whenever 227 >0. If 2*.2~
<0, then ' |
(7, B, )v,,=0, minuf, ur, wf, uz) <v<max(ul, uz, uf, ur)
(seo [4]). From this it follows that the integrand of the last integral vanishes too.
Therefore Ja(uy, ts, @) ==0. The proof is completed.
Theorem 3. Suppose 81N Sa=¢p, U, us are generalized solutions of equation(1.1)
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with homogeneous boundary value and

yus (@, 0) =to(®), yus(e, 0) =uj(a).
If the respective funciions gi, gh (4=1, +-+, m) in (2.1) are bounded and for almost all
$€ [0, T, as functions of @, gi, o€ BV (Q), then for almost all 1€ [0, T],

jn|u1(m, 1) —us(@, ©) |do<N j’gwg(m) — (@) | do

with constant N independent of wu;, ua,

As a consequence, we have

Theorem 4. Under the conditions of Theorem 3, the ﬁfrst boundary value problem
for (1.1) has at most one generalized solution.

Proof of Theorem 3 By Proposition 8

[[{ 1l 2 ogn ) [ (g, 9, =g, 3, D= (Fn, 0, 1)

T

£ 3 A 8u1 ] 3u2 aQ } .
fius, @, )71 P, < 4 (uy, @, t) —a (ua, w, t) ;> awt] dxdt?O?

where =0, p€ 0?(Qr), supp pc-2 X (O, T) and ¢ =0 near S,
Since 3: N Za=¢, we can construct function ) (v) € C?(2)such that
ph(@)=1 mear 3
ph(®) =0 mnear 2
lim g}, (&) =0 for any s €Q

B OF
0<ph(@)<1, |gradph|<O/h,
where the constant ¢ is independent of A,
Take p= (1—h(@))$ (@), $(&) €G3, T), $(5)>0. Then

[[{1ea—al = by +sgn (a—s)[ (g, @, ) 9o, @, D) A=)

T

(0, )= P, 0, )Ly

N [
( i (’ul, @, t) ou - ij(um @, t) 3%2 ) opn l,b]}dﬂﬂit}O,
j 69;;
Let /0. By Lemma 7 and Lemma 3, we derlve

([~ wal” dwati=+ [ [sgn =) g0, 9, ) ~gsa, 3, YY)l
Or

Or

> " [ sen =) (s, @, ) =F G, , D)mdo i,
Now we define '
yus(e, 1), i yu €I, yus),
ke, t)=<0 , if O0€I(yuy, yus),
. yus(e, 1), if yua€I(0, yus),
It is easy to show that
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sgn (yus—yua) (f(vua, @, 1) —f'(yua, @, 1))
=sgn (yuy—&) (f*(yws, @, &) —f*(h, ®, ©))m
- +sgn(vua—k) (f‘(vus, e, t) —f(k, @, t))ne.
This and Propos1t10n b give

sgn (yu; —yus) (f* (yws, @, 1) f‘('rua, w, t))ne>0 a. 0. on Jy,
Hence

- @ o
Lot 0<s<w<T. Taking ,
t—s -
b= au(o)de,

where 8, (¢) is the function in § 1, we 6btain

T S ' T pims
,[0 [8h (t — S) - 6;,, (t - ’lf) ] l UL — Ug I Li(g)dt -+ ,[0 00 I Uy —Uag l A0 (J;__/v 8;,, (0') dO')dt}O

where O, is a ‘c(;nstanﬁ. From this we deduce by letting A—0
lua(+, ) —wa(s, 2 lm@<lwa(s, 8) —ua(s, #) |y
| | +0uf e, D —nCe, 9 oot
Hence, by Gronwall’s lemma we obtéun

s (e, 2) ~ua (e, ¥) << lus (e, 8) —ua(e, 8) | oo™

and the desired result follows by letting s—0 and using initial value conditions.
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