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Abstract

Tn 1979 R. S. Singh (Ann. Statist, 1979, p. 890) made a conjecture concerning the
convergence rate of EB estimates of the parameter § in an one-dimensional continuous
exponential distribution family, under the square loss function, the prior distribufion family
being confined to a bounded interval. The conjecture asserts that the rate cannot reach o(1/n)
or even O(1/n). In this article, the wealker part of this conjecture (i. e. the o(l/m) part) '
is shown to be correst. ' ' ' '

1. Introduction _

Suppose that there are given a sample space %, a family of probability
distributions depending on an one-dimensional parameter ¢, and loss function
(6 —a)®. Suppose also that there are gisven a family & of prior distributions. and the

“historical” samples X4, -+, X, and “cOntempora,fy” sample X, in a standard

empirical Bayes structure. Denote by de (X) the Bayes estimate of § when the prior is
G. In the case we know only GEZF and ¥ contains more than one member. ¢ can
no longer be determined, and one may resort to the empirical Bayes: (EB) estimation
based on X, ++-, X, and X. The Bayes risk of 3¢ and the “over-all” Bayes risk of an
BB esfimate 8,20, (X) Ad,(Xs, +, Xy, X) will be denoted by R(@) and R(,, &,
respectively. If o o -
lim B(3,, @ =R(&, for each GEZF, 1)

then §, is said to be asymptotically optimal '(a. 0.) with respect to the prior family
. Recently, there has been much interest in the rate of convergence in (1), in the
case of exponential family. Under various (rather complicate) conditions, Lin, Singh
and Zhao, among others, obtained rates of convergence in the form
R@®., —-R(@G=0@™ - = @
(see [11~[3D). R RN
Tn 1979, Singh™ considered the Lebesgue-exponential family |
f(@, 8)da=C(6)h(z)e*dw, (8)
He showed that under certain conditions, EB estimate 3, can be constructed such that
in (2), ¢ may take values arbitrarily closs to, but less than, one (Zhao established in
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[8] a similar result for discrete exponential family). In view of this result Singh
made the conjecture that however the concrete form of (3) may be, and even if we
assume a “well-behaved” prior family such as :

Z4,p={G:G has a support within (a, b)} ' (4)
(where —co<a<<b< o), we cannot find an EB estimate d, such that the left hand

side of (2) is of the order o (;Lb) or even O <1> for any G belonging to the prior

family.
The purpose of this article is to show that the weaker part of Singh’s conjecturs,

tho o (1) part, is correct. It remaing unknown whether the O< ) part of the

conjectnre is correct or not.
2. The main theorem
For simplicity we shall consider the case of discrete exponential family. The
result, together with its proof, carries over to the continuous case (8) without any
difficulty.
Oonsider the exponential famrily o
P(X=x|6)=h(»)B(6)6% x=0, 1, 2, ®)

where _
' h(z)>0, =0, 1, 2, ... ' (6)

and the parameter space is
@-—-{ 0:0>0, 3 h(m)0”<oo},
We may assume 2€ @, for otherwise we can choose suitable 5>0 and use 56 as the

new parameter. Thus i h(z) <oo, and
=0

o<( S h(@) <BO)<~ (O) E <o 0<h<l, )
Theorem 1. Under the above assumptions and suppose the prior distribution
family is Fo,1 (so0 (4)_) » Jor any EB estimate O, there ewists G€ Fy, 1 such that
lim inf n(R (3, @) —R(G))>0, (8)
Henos, at least for this G, R(8,, G) —R(G) is not of the fofm 0 (%)
Proof Take a subfamily Z#* of %, 4 as follows

={a&: 4G, (8) = ]BW <<§~>> 6T 0 1, (0)dH, 0<7»<<>o}, | ©)
where | |
M) = (j 5T mda)
which is continuously differentiable in A>0. ' s

Under the prior G5, X has a marginal distribution
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o (@) = Py(X =2) = M (MW k(@) 1+A+2) ™, 0=0, 1, 2, e 10)
and the Bayes estimate of § is '
_ @) potl) _ 1+t
%.(2) h@+1) p.(®)  2+A+e° . (11)

Now suppose in the contrary that there is an HB estimate 3, such that

R(8,, G2)— R(G,,) ——o( ) for each A>0, | - (12)
By the well-known formula |
R (8, Gv) —B(Gh) = Em(w)Ex[b‘ (Xi: vty X 0) = SA(w)]’ (13)
and the fact thatp,(x) >0(Wh1ch is an ea,sy consequence of (6)), one finds that
Jim E;,[S (Xi, “', ﬂ) w) ax(w)] -"'0 . ) (14:)
for each A>0 and x= 0 1,2, ., and th1s in turn contains that ag n—> oo _
g,,(?» w) AE;[G,,(X;L, "'t_ n; a;)]-—>b‘,,(w) | . (15)

for each A>0 and #=0, 1, 2, -- .. Take arbitrarily positive mteger @0, and for S1mpl101ty
write 3(\) for 8, (o). We can view 8,(Xy, v, X, o) 28 an estlmate of (1), with
" the éid. samples X;, X, - drawn from a population possessing  probability
distribution . (10). ' ' e SR

It is an easy maeter to verify the following facts: : ,

a) The parameter space of d1str1but1on family (10) isan interval (i. e. (O oo))

b) p, (w) >0, 9p, (o) /) exists and is a continuous funotion of A, for A>0 and
2=0, 1,2,

¢) For each 7\.>0 | .
2 om(a) fo1=0. o (16)
Since, as pomted out earlier, 2 h(a;) < o0 and M (?\.) is oontmuously differentiable, it

follows easily that the series 2 op, (@) /0N converges umformly in a<<A<CH for any
0<a<b<oo. This, together with th (@) =1, estabhshes (16).
d) dd(A)/d is continuous for A>0, and*

14 . 2
I(8) = 3,10 Tog p,(X) /01 = 3} mm)( T ) -
Hence I(A) is continuous and posmve for A>0. So S :
) :
O<ZA séligz I(A) <oo, _ an

Now we observe that, under any prior distribution Gh€ F*, the Bayes estimate
3,(+) can take values only in (0, 1). Hence, if-'we introduce a new KB estimate
85,="84(ws, *++, @, @) as follows - | '
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0, for 9,<0,
6,=40, for 0 <d,<I,
1, for 9,21,
then we have
0SR(G)<R(,, <1, R, G)<R(@, &) - (18)
for any A>0. From (12), (18), it follows that
R(5,, G)) —R(G,) =0 (i), for any A>0, o 19)

The argument leading to (15) apphes to J,, rendering
gﬂ(}“) A-EZ [5 (Xi: e Xm mO)]_'>8<}\') » . (20)
for any A>0 as n—> co. Since 0<5,<1, it follows easily that the series o

gn(A) = 2 %Z_S w(@g, +or, G, %)Mn(wl_‘[—i—-l%

(an be d1ffrent1ated under the summation sign, and hence g¢,(A) is eontmuously
_d1ﬂ’rent1able in A>0. From this and the faots a)—d) proved above, it follows that (see
[4]) the condltlons for applying the Oramer-Rao 1nequa,11ty are fulfilled. Hence,

noticing (17), we get
var, (u(X, o, X, an)>B0N"> 4 <gn<n>>=* 1<a<2, (@U)
From (18) and (19), usmg Fatou’s lemma we have

tim sup [ (R G, G) ~R(@5))dh

<[ tim cup ((RG., @) ~R@)IA=0, (22)
On the other hand, denote
AN 1nf pl(wo)> (a:o) inf M(A) >0,

0 1<A<2
by (18) (veplacing 3, by &,), (20) and Oauohy-Schwarz inequality, we also have as

7 —> 00

[in(RG, @)~ R@))d
2 <
> 10 @0) BL[a(X s, +ve, X, 00) =B (8]0
> ndvan, [8,(Xs, -+, X,, a)ldrz4d]] 16, 1%

> Ad (ﬁ g () dA )2 = Ad(ga(2) — ga(1))*

—> Ad(8(2) — 8 (1)) 2= Ad/ [ (4+0) 2 (8+0)2] >0 (23)
which contradicts evidently (22), and the theorem is proved '
3. Some further remarks.
a) It is easily seen that the conclusion and the proof of the theorem remain valid
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when the prior family is changed from Fo,1 10 F 4, for any €0, b€O, and a<b.
b) In case of (6), not being satisfied, it has been shown in [B] that there
exists no 2.0. EB estimate of #, unless the prior distribution family satisfies a
condition of very peculiar nature. With some necessary modifications to look after this
point, the whole argument in section 2 goes through without difficulty.
" ©0) The method of proof employed in this paper applies to a wide class of
distributions, not only the exponential. Supposing that the distribution family of X,
{P,, 9€ @}, is rather “well-behaved”, one can usually find a prior family {Gh, A€ I},
where I is an interval of (—oo, oo), such that
(i) The family of marginal distribution of X, i. e.

PZ(XEA)=LP9(A)OZGA(0), Xy

satisfies the conditions for employing the Oramer-Rao inequality.
(ii) The Bayes estimate of 6,8, («), under the prior distribution @,, is a sufficiently
smooth function of A. for each € 2~ with the possible exception of a Z*-null set.
If this is the case, then, starting from the basic equality

RG,, 6 —B@) = B.18.(Xs, ) Xo, 0)=0,@]%Pi(a)

one has not much difficulty in carring through the arguments of section 2 to reach
the conclusion that it is impossible to have

R(5,, G) —R(G) =o(%.), for all AE I,

with any possible choice of 3,. Particularily, in case of exponential family this can be
eagily done. '

However, the O (—3—;) part of Singh’s conjecture looks difficult.The author does not

know whether an easy and satisfactory answer can be reached.
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