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Abstract

This paper introduces a new characteristic subgroup (@) for a finite p-group G, called
the p-center of & (Definition 1). A property of p-centers for metabelian p-groups (Theorem
1) is proved. Applying this theorem to regular and p-abelian p-groups, we obtain several
known results for these groups once again (Theorems 2, 3 and 6),

The notation and terminology used here are standard. (See [1].) But we use
G=G1>Gg>>Gop1=1 ¢))
40 denote the lower central series of a nilpotent group &, ¢=c(@) being the nilpo-
tence class of G. And for commutators we use round brackets, e. g.,(a,5), (@, -, ay),
and use square brackets to denote the p-commutators defined as follows
| | (4, b] =b?a"*(ab)®, @)
It is obvious that
(ab)?=a*b’& (@, b] =1, _ (3)
We call a group G metabelian if G" =1, or equivalently, if G’ is abelian,
Some formulas of commutator calculation used in this paper are collected without
proof as follows, and their proofs can be found in [1] III§ 1, [21, or [3].
Let G be an arbitrary group and a, b, ¢€G, then

(@, b)=(, &), 4
(ab, ¢) = (a, ¢)*(b, ¢) =(a, ¢)(a, ¢, b) (b, ¢), )
(@, be) = (a, ¢) (a, b)°=(a, ¢) (&, b)(a, b, e), (6)
And let G be a metabelian group. Suppose @, b, ¢c€G, d €@, then
' (ad, b) =(a, b) (d, b), _ )
(@, &) =(d, a)}, for i an integer, (8)
(d, @, b)=(d, b, @). 9)

For brevity of writing we make the convention that
' i-1 j-1
. . P, A,
((l’w; jb)—": (wL b; a, +*, &, b; " b):
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where 4, j are positive integers. Owing to (9), any simple commutator with entries
@ and b in a metabelian group can be reduced to the form (¢, §b) or (b, im).

In order to prove the main resul of the paper, we also need the following
formulas, mentioned as lemmas below,

Lemma 1. Let G be a nilpotent group of class e. Assume that &y, -, 6% € G and
B, +++, G are PoOSitive integers. Then ‘

(“g.;; M) wci:o)::(ai; **t ao>h"%.

Proof Using (5) and (6), it is easily proved that if @, y €Gs, 1<8<0, and 2E€Q,
then

(ay, ) =(a, ?) (¥, #) (mod Ga), - (10
and if € @G, 1<s<c, and y, 2€G, then '
(@, ¥) =, ) @, ) (mod Gur). (11)

Applying (10) and (11), the conclusion can be obtained by induction on 4y -+
4+, The details are omitted,
Lemma 2. Let G be a metabelian group, and a, bEG, n a positive integer. Then

 awe have

(@, ) =TI (@, ) D).

Proof By induction on n. The cage n=1 is trivial. Now we suppose n>1. From
(8) and the induction hypothesis we have

(0, B = (@, B30) = (4, B) (@, B*0) (4, " D)
(a0 i & (T @ ») ¢, 5)
@i @ DT @ o™ (by ()

1

n—1 n—-1 n
(@, 5@ =T @ @)1 @ 8
n—1 n—1 n—1 ) %
—@ o 1 @ 7D ) =T )P,
i= =
Lemma 3. Let G be a metabelian group, and let @, bEG, n a positive integer.
Then we have '
(@b =a® T1 (ia, ) 0™,
{+j<n
Proof By induction on n. The case n=1 ig trivial. Now suppose n>1. Applying
the induction hypothesis, Lemma 2 and the formula '

ay=ya(®, Y),

we have
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(abt)r= (ab~1)n-1wb—1d_wn -1 - (w 1)) (H-j)b (=1 gp—1
, ¢+

) _==“é_l . (w yb)(‘“)w(w bn 1)b—n (bj b—(n-—i)“ w(w b”'i)b (n——:l))

$4j<n=

a1 [(ia, j5)(G+D)s, 716 (a, b7

n—2

= g’ H (“ ]b) (.7+1> H (’bw jb) (¢+J) II (’MZ ]b) <i+a——1> H ((Z jb)<j )b-,,

e H (a, §b) (!+1) ( ] )(as (n— 1);,)

x I (s, ) () (,+,_1> JL G iB)b

i+:<n—1
¢>1

=a (@, ﬂ)) () II  (ia, jb) (&) [I (m jb) b=

i+5<n-—1
=1

=én (,w; ]b) (s+j) H (,w, ﬂ)) (n) b-—n___ 7 [[ (,w; jb) ('s+j)b-n

6+,’l<n—-

Definition 1. Let G bo o ﬁmta p-group. Suppose
LD ={a€@|[a, 2]=[o, d] =1, VsEG, .
It is easily pa"o'ved that Z(G‘) is a chwmctefmstw subgroup of G. We call Z(G‘) the p- center
of G.

Lemma 4. Let G be @ finite p- grroup Suppose a € Z(G) and & € Q. Then (@, 2?)=1.
From this it follows that { (@) <0s (6‘1 (@), where U1(G) =<g"|gEG, .

Proof Since a€ {(G), we have _

a ‘Pa= (0 pa)*=a"? (va) P a""Pa?,
hence g~ VgPa?~1=2?, i. e., a”‘iedg(m”). Since (p—1, p) =1, we have {a?*>={a).
Hence a € Og(a?), i. e., (a4, a*) =1 as degired.
' Theorem 1. Let G be a finite metabelian p-group. Suppose @€ {(&) wnd s€G.
Then <a, @) is an elementary abelian group and c((a; ) <y,

Proof It will be proved by contradiction. Let @ be a minimal counter-example.
Then there exist a€{ (@) and € G such that <{e, )’ is not eleInentary"abel_'ian or
c({a, #))=>p. From the minimality of &, we have {e, #)=G Since to be p-abelian iy
reserved under homomorphisms, if @ is a homomorphic image of @, we can deduce
a €L(@) from a €{(G). Thus we claim that ¢(@) <p. If it is not the case, we have
(&) >p, Gpya#1. Writing G= G/G‘p+1, we have IGI <|@| and ¢(@) =p. This con-
tradiots the minimalty of @, S

Next we prove that @ is elementary abelian. Since ¢ € { (G’) we have (a m”) 1
by Lemma 4. Accordlng to Lemma 2, it follows that

| G-Il m>()—1
For c(G) <p, We have (a, pz) =1. Hence
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(@, @)°(a, 20)Beea, (p-1)0) G2 oy,
where all exponents of the commutators are multiples of p. Now we claim that (@, ©)?

D
—1. If not, we can choose >>1 such that (a, ) ) =1, but (s, j) (3) —1 for each
4§, 6<j<p-—1, hence we have

(@, 0)°(a, 22) B e (a, i) P =1, (12)
(1;) Thus we have (e, jo)?=1 from

Furthermore, since 1<{<j<p—1, we have p

(a, jx) (-1, Making repeatedly commutator operations by @ 6—1 times in (12) we
obtain ’

(@, i)(a, G+ P e, @-12) D = (o, in)r=1.

This contradicts (e, i) ® +1. Thus we’ve proved that (e, w)?=1. Applying [1] 111,
1.11a), we have G =<(a, #)’| gEGH. Therefore exp G'<<p, i. e., G is an elementary
abelian p-group, | ' ‘

Finally we shall deduce ¢(G) <p and get a contradiction. Since G=<{a, =) and
Gpp1=1, using [1] IIL, 1.11b) and formulas (9), (1) and (8), we have

o G, =< ((p—Na, jo)|j=1, =, p—><Z(&).

Because a € {(G), we have (aa™*)?=a’s™" for each s, 1<<s<p—1. Applying Lemma 3,
we have '

» (aw—S)p=ap II (,m’ jw“) (i-{j) a:“".
, ¥i<p
Note that exp G'<p and G,<Z (&), we get

(aw~)?=a?a~* 11 (ia, ja%),
+i=p _

p—1
Tl (2=, o) =1.
And using Lemma 1, we obfain

j[__j; ((p—pa, jo)*=1, for s=1, -, p—1,
These equations, if written in the additive notation, can be viewed as a system of
linear equations over the field GF (p) with p—1 “unknowns” ((p— j) @, jx), whose
coefficient determinant is a Vandermonde determinant
1 2 e p=1.
B2 e (p-D)?

1p-1 211—1 (p-—-'l)"""
Mhis forces that all the “unknowns” ((p—7a, jw) =1. Therefore G;=1 and (@) <p
The proof is completed, -
_ Remarks. It is well known that from exp G'<pand ¢(@) <p it can be deduced
that G is p-abelian, i. e, L&) =a. Thus Theorem 1 implies that a 2-generator
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metabelian p-group must be p-abelian, if one of the generators is contained in L&),
_ This result is not trivial. The following example shows that for p+2, p-commutativity
is qﬁite different from commutativity in that 2-generator metabelian p-groups need
not be p-abelian even if the two generators are p-commutative. (But for p =2, because
being 2-abelian is equivalent to being abelian, the situation i, of ocourse, very
simple.)
Besides, for a non-metabelian p-group G-=<a, o>, if ¢ € {(G), we can. also prove
that G is p-abelian. To save space, no proof will be given,
Example 1. Let G be a Sylow p-subgroup of the symmetric group Sp. Then G
is a semi-direct product of an elementary abelian p-group N =<as) X -+ X<{ap by 2
oyclio subgroup <b) of order p, where N<IG and the following relations hold:
A=y, ay=ag, ***, Gy1=0p, Gy=01, _
Mherefore G-=<ay, b and G'<N, i. e., G is a 2-generator metabelian p-group. Write
w=bat and y=a;b~2, then it ig obvious that G'=<&, y»>. Now we have
| v (e =t TI (ias, j5)b7= (as, (p=1)D),
o= (@b~ =ak I (ia, j6*)b7"= (s, (p=1)8%) = (an, (p—1)b)*,
By Fermat’s theorem, 2”"1=1 (mod p) if p#2; hence
o= (a1, (p—1)b) =9,
It follows that
aff=1 and g¢fa?=1,
Moreover, #y=>0, yv=a,bai", and henes
(wy)?=0b=1" and (yo)?= (@ba;’)?=
Therefore (ay)?=a"y? and (y&)?=g"®, but =<, > is not p- abellan
Asg a direct consequence of Theorem 1, we mention
Theorem 2. A finite metabelian p-group G- with two generators is p-abelian if and
only if ewp G'<p and ¢(@) <p, '
This theorem is equivalent to the following theorem, first published by W. Brisley
and I. D. Macdonald™*, ' |
Theorem 3. A finite metabelion p-group G is regular if and only if for every
2-generator subgroup H of @, it holds that H,<O.(H").
| Using Theorem 1 we can also deduce the following theorem which gives a con-
nection bétween the p-centers and the upper central series of metabelian p-groups,
Theorem 4. Let G be o finite metabelian p-group. Then [(G)<Zy(G), Where
| Z,(@) is the (p-+1)-th term of the upper central series of &.

In order o prove this theorem, we need the following result due to N. D. Gupta -

* In 1964, the author also proved this theorem in his thesis “On finite regular p-groups” §2 at Peking
. University. But that paper was not published, '
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and M. F. Newman. (cf. [8] Lemma 2.2.)
" Lemma 5. Lét G be a metabelian group, and let dEG, n @ positive integer. If

(d;, na) =1, Ve EQ, then (d, b, (n—Da)"=1, Va, bEG, ‘

Proof of Theorem .4 Suppose aC{(G). We must show a€Z,(G"); and this is
equivalent 0 (@, @1, +-+, @) =1 for all @y, -+, 2, €G. Since 4 L(F)<G, we have
\(as wi) €¢(6). Thus ((a, @1), (p—1)w,) =1 by Theorem 1. Using Lemma b we get

. - (@, w1y ®a, (p ), PV =1, '
Beoause (( p—l) p) =1, wo get
((@, @, v3), (10 2)%) =1,
Using Lemma 5 again, we get
(@, @1, @a, w5, (P—8)mp) P! =1,
and
(@, w1, 2, ®3, (P—3)2p) =1,

Applylng Lemma B repeatedly as above, we finally obtam (@, @1, ==, Bp) =1 ag
required, _ :
For any finite p-group G, G=G/ G’r” is metabelian. From Theorem 4 we have
(@) <Z (@) =Z,(DG"/ G", and since (@) <§(G‘) we obtain the following

Theorem 5. Let G be o ﬁmbe p-group, then {(G) <Z9(G)G”

Applying Theorem 4 to the nietébelia,n p-abelian p-groups, we obtain the follow-
ing noteworthy resul, '

Theorem 6. Lot G be a ﬁmte metabelion p-abelian p-group, then (@) <p,

Proof Sinoce G is p-abelian, then {(G) =G But by Theorem 4, we have {(G) <
Z,(@). Therefore Z,(G") =G and ¢(G) <p,
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